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Divergence of Fourier series

Masako IzumI and Shin-lchl IzumI

Carleson has proved that the Fourier series of functions
2

belonging to the class L converge almost everywhere.

Improving his method, Hunt proved that the Fourier series of

functions belonging to the class Ip (p > l ) converge almost

everywhere. On the other hand, Kolmogoroff proved that there is

an integrable function whose Fourier series diverges almost

everywhere. We shall generalise Kolmogoroff's Theorem as

follows: There is a function belonging to the class L(logLF

(p > 0) whose Fourier series diverges almost everywhere. The

following problem is s t i l l open: whether "almost everywhere" in

the last theorem can be replaced by "everywhere" or not. This

problem is affirmatively answered for the class £ by

Kolmogoroff and for the class L(log log i ) " (0 < p < l ) by

Tandori.

1. Introduction

See [ / ] , [3], [6], and [5] for the statements in the above abstract.

Generalising Kolmogoroff's Theorem [6], Chen [2] and Prohorenko [4] proved

that there is a function belonging to the class L(log logL)^ (0 < p < l )

whose Fourier series diverges almost everywhere. We shall prove the

following:

THEOREM. There is a function belonging to the class L(logL)

(p > 0) whose Fourier series diverges almost everywhere.

For the proof of the theorem, we can suppose that p i s a positive
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i n t e g e r s ince £ ( l o g £ ) " z> L(logL)^ for p

2.

We shall first prove the following

PROPOSITION. There are a sequence of trigonometric polynomials [f )

and a sequence of sets [E ) in the interval (0, 2TT) , satisfying the

following conditions:

1° the measure of E tends to 2ir as n -*- °° ,

2° for each t e E 3 -there corresponds a partial sum of f whose

absolute value is not less than Alogn/log logn .

We denote t h e mth D i r i c h l e t k e r n e l by D (t) and the mth Fe je r

k e r n e l by F (t) ; then

, . ,« , . i

and

sin2(m+l)t

(m+l)(2sint/2)2

It is known that

0 < F (t) £ Am±n[m, l/mt J .

By F*(t) we denote F (t) without the constant term. Let n be a
m tn

large posi t ive integer and take n points (e.J on the in terval

(0, 2IT) , defined by

cv. = ki-n/{2n+l) (i = 1, 2 , . . . , « )

and
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ci = ioi+oi+i)/2 (* = 1. 2 n) .

[m.) be an increasing sequence of integers defined by

m. = ±((2n+iP3-lj (i = 1, 2, ..., n)

where q is a positive integer > p + 2 . Then

(2n+l) | (2/TK+I) (i = 1, 2 n) .

Let h be a function periodic with period 2ir , defined by

hit) = 0 for e.-l/n log log n < t < a.+l/n log log n (i = 1, 2, ..., n)

= 1 otherwise in (0, 2ir) .

We denote by e ( t , h) the wth partial sum of the Fourier series of the

function h at the point t and consider the trigonometric polynomial

3+2

nere a = \dn*L)*

f

where tf = (2n+l)^ . The (m.+tf)th partial sum of the Fourier series of
3

m .

£ = ^ + l /c=l %

m.+N

+ - y 3i

= P l + P2 + P 3 •

We suppose that

log n < j < n - 7n

and

( l ) c .+2/n log log n < t < a'.-X/n log log n
0 0
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c'.+l/n log log n < t < a. -2/n log log n
0 i)+i-

Then we get

|P1| s£ j £

s i n c e t-o. > A(i-j)/n for 1 5 ( 5 j - \ , and s i m i l a r l y

n m.-m. X
K—x

w 77? . + 1

n m.-w.

sinfm-+l/2)t. n m.-m. s.,(t;h)

A +l 2 i [ t ] / 2 +

+ 0 (1 )

; h)

where t . = t - c . . On t h e other hand, us ing Abel ' s t r ans fo rma t ion for
3 3

the inner summation of P_ , we write
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K
= i . j + 1 kXi I1" ^}cosk[t-°i] \o h{u)

j
n r m.+N\ sin[m.+N+l/2)[t-c.) f2i

_i_
TIM

m .•*

0

- ;j~] J ̂

then we can easily see that

P'2 - Q2 = O(log n/rP*1)

and

Q3 = 0(1) .

Now we shal l estimate Q, .

28in(t-u)/2
du

-u)
28in(t-u)/2

2sin(t-«)/2

- i ._l 2sln[t-e.)/2 I 3 -

ff-l n sin [m.+k+l/2) [t-c.) ,2

and we write the inner sum of Q^ as follows:
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2sln[t-c.)/2

n sin(m .+k+l/2) {t .-h(i-j

L 2sin(t .-k(i-j

sin [m .+fe+l/2) [t .-h(v-j)Tt/(2n+l))

2s'in[t.-lt(u-j')ir/(2n+l)J/2
0

where

= [u] - V + 1/2 = [
1=1

and further

t .-2-n/(2n+l)

K = TW~ sin(m.

" 5fe + sk •

I f t belongs t o t h e i n t e r v a l ( l ) , then

t. - 2ir/(2n+l) £ -1/n log log n
0

( 2 )
and then 5^ = 0 \n log log n/m . . Similarly S'l is also of order not

greater than n log log n/m . log n , by using the second mean value theorem
J

and the fact that (u/2sinw/2) - 1 > 0 , and decreasing in the interval of

integration. Therefore

N-l f2TT
Q' = — I R! \ h(u)cos{N-k)(t-u)du = 0(1) .

4 m k=l K >0

On t h e o the r hand, i f t belongs t o t h e i n t e r v a l ( 2 ) , then

t . - 2ir/(2n+l) > 1/n l o g log n
d

and we can estimate
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2rt+l — — — rhi) —
W

_oo

-f *\
•/t.-2u/(2n+l) J-

f 2 1
= 4(2n+l) + 0\n log log n/m . ,

c» = , 2n+l
l / n sin(m .

I.
t .-27T/(2w+l)
3

l /n

2,= O(M3 log log n/m. log n) + 0(l /«2) ,
0

sinalarly as before; so that Q! is also bounded for t in the interval

(2). Hence we have to estimate the rest of <Ji :

N-l ,2.
IT I K\ Mu) cos (N-k)(t-u)du
™ k=X K > 0

where
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rfi+1/2 , rsin[m .+k+l/2)[t .-k(v-j)-n/{2n+l))

** = ' 1 -+1 2 JiV) *> d 2

- 1 °° 1 f"+1/2

O-TT L 7 I

1/2 cos27TZy#sin(m-+/C+1/2) [t .-k(v-j)7r/(2n+l)j

w + 1 / 2 - [r*'W>> coSl(n+l/2)(^t.]sin(m..

Z=l ' -2+kj-n/(2n+l )+t.
0

t .-
n+l/2

2TT

t.2TT/(2n+l

J l /2 J-2+l*jTT/(2n+1/2 J-2+l*jTT/(2n+l)+t^.

Zfm+l /?U;j-t

2sinu/2 ""

We shall first estimate T . Changing the order of integration and using

the second mean value theorem, the first part of R'^ . becomes

i+l)

« ;

cosZ(n+l/2)(i<?-t .)
'1/2 J

*-2ir/(2n+l) sjn^(n+l/2) (u-^.) • sin (rn^-

O/2'Bin [mj+N-l/2)w

= 0(1) ,

and the second part of R'^ . is
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J-

t.-2ir/(2n+l)

1 / 2 J-2Tr+UjTT/(2n+l)+t.
(7

cosZ (n+1/2) [w-t.) • sin [m .+N-i/2)w

2sinu/2

t.-2ir/(2n+l)

1/2 J-2ir+UjiT/(2n+l)+t .
J

V

u - t . ) sinZ(n+1/2) [w-t.) sin(m . )

2sinw/2

t.)sln[m.

2sinU/2

)
J l /2

where we can suppose .that M is an even integer. The last inner integral
is

M . ' . .M

Jl/2

°° 1 fW= I X T sin2lfeTT«sin(n+l/2) [w-t .)dl
fe=l 27T" J l /2 3

= I ITT f {cos(n+l/2)(u-t.-2irk)l-cos ((n+1/2) [w-t.)+2irk)l}dl
k=1 M ix/2 0 0

Jl/2

°° 1= I XT27T" Jl/2

ITT f
k=1 M ix/2

2-k-n) s i n ((n+1/2) ( u - 1 . . ) / a k ) i

^ fe i (n+1/2) (iJ-t .j-2feir " (n+1/2) [u - t .j+2feTT. J

x °° x (Sin ((n+1/2) (y- t .)-2feir)w s i n ((n+1/2) [w-t .

(w-t .)

^ [ w - t ^ - 2 j

where we use the convention that sinx/x = 1 for x = 0 . Substituting

sin ((n+1/2) [w-t )-2ki\)M
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the first term on the right side into U" In , we get

1/2)2 r V / (

n J*.-2ir+ltj*.-2ir+ltjir/(2«+l) 2 s i n u / 2

8in(n+l/2)(»-tO/2

. *.-2(2ro-l)ir/(2n+l)
(n+1/2)2 V f ^ D (U)

[w-t .)d-(2kir)d

0

00 (-1) s in(n+l /2) (u- t . ) /2
•) I p ; -? SL-~-du>

3 k=l {n+l/2)2[w-t.)2-(2k-nr3

= 0(1)

by the second mean value theorem, since the last sum is expressed as the
difference of bounded monotone increasing functions in each interval of
integration. Therefore

, ^ / ^ D 2sin»/2(w-tt.+2k*/(n+X/2))/2)
0

sin (u- (t .-

n-o s in (m .+W-

, 2sin (t .-

n sin (

by the Dirichlet formula and then we get

n sin(m.+iV+l/2) (fr-c.)A > J 7 %

= ^ + 0(log logn) .

By a similar estimation, we can see that
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Tn
n 8in(m.+3/2)(*-e.)

Now

N-2 rn+1/2 ,
= — I 8 At; h) J(v) -j- sin [m.+k) [t-kvn/(2n+l))dv

where the above integral equals

*l/2
T3 -

[m.+k) rn+l.
—* J(v)cos [m .+

By t h e t r ans fo rmat ion Ut/Tt/(2n+l) = W ,

m .+

2

m .+

<*> f2 i r

I 4 sin(n+l/2)lwcos [m .+k)(t-w)dw
1=1 J2(2j+l)ir/(2n+l) °

-(m..+ft)}hH-(mj.+fe)t)

(n+l/2)U[m.+k)
V

cos ( {(n+1/ 2) i+ (m .+k) \w- [m.+k) t)2ir

m.+k (-l)Zcos ((m7-+

(-l)lcos(m.+fe)t (-1) lcos ([m .+k) (2j+l) v/ (w-t-1/2)- [m+k) t)

m.+k
[[m.+

{coS[m;j+k)UcoS[[mj+k)[(2o+lU/(n+l/2)-t))} J

= A{cos [m .+ [m .
0

OK/-J .

where * means the sum omitting the term with vanishing denominator.
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Therefore

N-2
T3 = Tl k=X

h){AcoB[m.+k)t-A[m.+k)[t+{2j+l)-n/(n*-2))

~A[m.+
*7

where

. r2ff
V. = -

1 " J 0

n Jn

cos {(u-t)/2+u/2-m .t)-cos ((iV-3/2) {u-t)+u/2-m .t)

2sinM/2«2sin(w-t)/2

.t)-cos [(N-3/2)(u+t)+u/2+m .t)

t~a .-

! .-1/nlog logn

2sinw/2'2sin(M+t)/2

du
sinw/2«sin(M-i)/2

•dw

= 0(1) + 0 I V . ?• + I
n .~. I i-j | i?ilog logn n

(wiog logn) '
nlog logn

= 0(log logn)

and similarly V- and K̂ , are also 0(log logn) . Collecting the above

est imates, we get

m
+N[t> fn) ~ Q± ~ logn) = T2 + 0(log logn)

;. n
+ O(log logn)

for a l l t belonging to the in terva ls ( l ) and (2) .

We denote by E . the se t of t in the in te rva ls ( l ) and (2 ) ,

sa t i s fy ing the condition
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|sin(m .+1/2) t .| > I/log logn
3 3

am .„(*; f ) \ > A logn/log logn for all t in E . .
Ill •"**• I W ) J
3

= V [E . ; logn < j < n - /n] ;E V fe

then [f ) and [E ) satisfy the conditions of the proposition stated at

the beginning of this section.

3.

Let (r\(a:)J be the Rademacher system on the interval (0, l) and we

shall consider the function

/ ( * , * ) * I f [qkt)r.(x)/log logp
k=l pk K K

where / is defined in Section 2 and [qA is the sequence of integers
Pk «

defined such that / iivj-i *) have no overlapping terms for each k and
pk K l

(pj will be determined such that / € L(logL)P . We write

r(t) = t(logU+e))p , Z(t) = Y{Ji) for t > 0 ;

then, by the Jensen inequalities, we get (af. [5]),
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fl (-2TT f2ir fl
dx Y[\f(t, x)\)dt =\ dt X[\f(t; x)\)dx

}o >o Jo Jo
f2TT f l „

= dt Z{\f(t, x)\d)dx
J0 J0

Jo
f [fit, x)) •dx dt

-i:
~ >o k=i

f2ir °°

J 0 k=l

-l \
fc=l J i

fe=l >• p k

4P

X C
If the last series is convergent, then there is an x~ • such that

f[t, xa) € L(logL)P . Therefore it is sufficient to prove that

[ y[\f ( t ) | / l o g lognjdt -• 0 as n •*• «
Jo n

which follows from

(3) r for all n .

The left side integral is

• T f
fe=l Jc.-J

'c,-2Tr/(2n+l) r 2TT/(2K+I)

(t)\+e) dt

n-1

A k n
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We shal l prove that each W^ i s bounded. For 1 £ k 5 n-1 , we write

c,,+2ir/(2n+l) plt c,+2ir/(2n+l)

Cj,-2ir/(2n+l) J 0^-211/(2n+l) Jefe

and

, *- ••% e,+l/2nlog logn c, +2ir/(2n+l)

Wk=\
Jok >ck+l/mk

 }ak+l/2nlog logn

Since

and

we have

£ An

eN{t; h) = O(nlog logn/N) for cfe < t < efe+l/2nlog logn ,

Arf log

i=l m^.(i-k)2 mk

•i+k

+ A

dt + A

^ log logn
n

lognrl/2nlog logn dt

2
'1/m, m,t

and

Jl/2nlog logn m.t i=\ m .(i-k)
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Therefore we have proved tha t W'J i s bounded. Similarly WJ i s bounded.

Since WQ and W are also bounded, a l l W, are bounded, which proves

(3 ) .

Thus we have proved that f[t, xQ) € L(logLr • The theorem is now

completely proved, since the Fourier ser ies of f[t, x«) diverges almost

everywhere which follows from Section 2.
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