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Divergence of Fourier series

Masako lzumi and Shin-ichi lzumi

Carleson has proved that the Fourier series of functions

belonging to the class L2 converge almost everywhere.

Improving his method, Hunt proved that the Fourier series of

functions belonging to the class P {p > 1) converge almost
everywhere. On the other hand, Kolmogoroff proved that there is
an integrable function whose Fourier series diverges almost
everywhere. We shall generalise Kolmogoroff's Theorem as
follows: There is a function belonging to the class L(logL)p
(p > 0) whose Fourier series diverges almost everywhere. The
following problem is still open: whether "almost everywhere" in
the last theorem can be replaced by "everywhere" or not. This

problem is affirmatively answered for the class L by

Kolmogoroff and for the class L(log 10gL)P (0 < p <1) vy

Tandori.

1. Introduction

See [1], [3], (6], and [5] for the statements in the above abstract.
Generalising Kolmogoroff's Theorem [6], Chen [Z] and Prohorenko [4] proved
that there is a function belonging to the class L(log 10gl)? (0 < p <1)
whose Fourier series diverges almost everywhere. We shall prove the

following:

THEOREM. There is a function belonging to the class L(logL)p

(p > 0) whose Fourier series diverges almost everywhere.

For the proof of the theorem, we can suppose that p 1is a positive
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integer since L(logL)p > L(logr)?  for p<q.

2.

We shall first prove the following

PROPOSITION. There are a sequence of trigonometric polynomials

(,)

and a sequence of sets (E'n] in the interval (0, 2w) , satisfying the

following conditions:

1° the measure of E  tends to 2n as n >,

2° for each t € E, there corresponds a partial sum.of f‘n whose

absolute value 18 not less than Alogn/log logn .
We denote the mth Dirichlet kernel by Dm(t) and the

kernel by Fm(t) ; then

m .
D(t)=l+ ) coskt=w
- 5 2sint/2
k=1
and
() < L ’f D (2) = sin(m+1)¢
m mtl k=0 k (m+l)(25int/2)2
n
1 k
== + Z [1 _—]coskt .
2 k=1 mtl

It is known that

0 < Fm(t) < Amin (m, 1/mt2)

mth Fejér

By F”r"(t) we denote Fm(t) without the constant term. Let 7 be a

large positive integer and teke =n points (ct) on the interval

(0, 2mw) , defined by

c; = Yin/(en+l) (i =1, 2, ..., n)

https://doi.org/10.1017/5S0004972700042532 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700042532

Divergence of Fourier series 291

c,l':- e; 01’*_1)/2 (i =1,2, ..., n).

Let (mi) be an increasing sequence of integers defined by

m, = %((2;“1)‘737:-1) (¢=1,2, ..., n)

where ¢q 1is a positive integer =z p + 2 . Then
(2n+1) | (2mi+l) (£=1,2, ..., n) .

Let h be a function periodic with period 2w , defined by

h(t) = 0 for ci-l/n log log n < t < ci+l/n log logn (i =1, 2, ..., n)

1 otherwise in (0, 2m) .

[}

We denote by sm(t, h) the mth partial sum of the Fourier series of the

function %k at the point ¢t and consider the trigonometric polynomial

e~
3

£ (8) =2 T B2 (t-c;)e,(t; B)

=1 7
where N = (2n+l)p+2 . The (mj+IV)th partial sum of the Fourier series of

f. is

n

o, wlts £,) =% % £y (e Jey(ts 1)
J =

L1y k
+= 7 % [1 - ]cosk[t—c.]s (t; h)
" i=j+ k=1 m*l v
mJ.+IV
1
+ = ) - ]cosk[t -c, ) (t; h)
* i=g4 kem 41 my*l Stk
= Pl + P2 + P3 .
We suppose that
logn < j<n- v
and
(1) cj+2/n log logn < t < c';.-l/n log log n
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or

C’."’J n ]og ]Og n <t < a. =-2/n Iog ]og n .
Jd / Jll /
Then we get

|P ] sin2 (mi+l) (t—ci)
1

+ A

IA
BYES
e~
E] II_J

i (esin(t-c;)/2)?

2
n

IA
3|

W(nloglogn)2+A5A

L 12
=1 m, (i-g) J

since t-c, > A(Z-G)/n for 1 =i = j-1 , and similarly

1 " m.+l g k
P == 2 —l— % (l- ]cosk(t—c.)s (t; n)
2 n i=j+1 m7’+1 k=1 mj+l N
1 R _J_
+ = Z cosk(t— ) (¢35 h)
n i=g+1 m, +1 k=1 IV
1 n m +1 .
== _Z —-‘l—m T F. [t—ci)sN(t; h)
=g+l % J
1 n omeems
+2 1 SRRt o (te)sy(ts h) + 0(2)
i=4+1 1 J
sin(m.+l/2)t. n mem. s,(£5h)
= : 7'+1J Zsin(t-c.)/2 © o(1)
n i=da ™ sm( -c,
- '
= P, +0(1)
where tj =t - aj . On the other hand, using Abel's transformation for

the inner summation of P3 , we write
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n J 21 sin (IV+m .—k+l/2) (t-u)
_ 1 v k J
P, ==} ! {l - ]cosk(t-c.) j R(u) - du
3™ i2%n k-mJ+1 m +1 iy 2sin(t-u)/2
1 noy s +N 51n(m +N+1/2) (t-c.) (2m
“m |, L, 2 [1 m, +15 T CE v J Plu)du
O Py sin(t-¢; 0

m.+1y sin ['1111/2) (t-—ci) 2 - in(W-1/2)(t-u)
- [1 - mi+l] 2sin(t-c;}/2 Jo A (u) 2sin(t-u)/2 du
TP sin(ken/2) (t-e;) (| per sin (Vem -1/2) (£-u)
* =1 2sidIt—ciI]2 {mi+1 Jo h(u) 2sin(t-u)/2
J

k 27
- []_ - m1:+1} JO h{u)cos (mj+N-k)(t—u)du}

=Q -9+ (Qr9re) s
then we can easily see that

Pé - Q. = O[log n/np+l)

)
and

=0(1) .

Now we shall estimate Qh .

n N-1 2T
Qh = -“%; '_§+1 —Sm Z sin mj+k+1/2) (t—ci] J h{u)cos (N-k)(t-u)du
1

= ]
¥-1 »n  sin(m .+k+1/2) (t-c.) 2
= L J Z _
. kgl P Ssin (t'ciJfa Jo h(u)cos (N-k)(t~-u)du ,

and we write the inner sum of Qh as follows:
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n Sin(7j+k+l/2)(t'ci)
i34 2sinft-c;})/2

n  sin [mj+k+l/2) (ti-h (i-3)m/(2n+1))
25in[tj-h(i-j)n/(2n+l))/2

o
il

1=g+1
n+1/2 sin[mj+k+1/2) (tj—h(v-j)n/(zml))
J QSin[tj—h(v—j)n/(Znﬂ))/Q

(dv+dd (v))
Jj+i/2

B * Ry s

where

sin2nly

J(v) = [v) -v+1/2= ] 2=

1=1
and further

tj—2n/(2n+l)
2n+1 . 1 2sinw/2-w
R;( =S ) sin (mj+k+l/2)w[; - 21?;?nw/2 ]dﬂ
—2+hgn/(2n+l)+tj N

' "
Sk + Sk .

If t belongs to the interval (1), then

tj - 2n/(2n+l) = -1/n log log n

and then Sé =0 n2log log n/mj . Similarly SZ is also of order not

3

greater than n~log log n/mj log n , by using the second mean value theorem

and the fact that (w/2sinw/2) -1 > 0 , and decreasing in the interval of

integration. Therefore

, 1 N-1 , 21
Q, =7, 21 Rk jo h(u)cos (N-k)(t-u)du = 0(1) .

On the other hand, if ¢ Dbelongs to the interval (2), then

tj - 2w/(2n+l) =2 1/n log log n

and we can estimate
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) _ 2ntl sinw
YT r o -

sin (m_+k+1/2)w
_d

-2n+hjn/(2n+1)+tj
| =

-, |
tj—2n/ (2n+1) ~c0

A(2n+1) + O{n2 log log n/mj] s

-1/n sin{m .+k+l/2)w
_

s =4

2n+l n
w

bm |logn —2m+bjn/ (2n+l )+tJ.

tj-zvr/ (2n+1)
+ sin[mj+k+l/2]w[u£—2-s—i£m-ég Ex

“1/n 2sinw/2

H

O(ns log log n/mj log n) + 0[l/n2) R

similarly as before; so that QL is also bounded for ¢ in the interval

=

(2). Hence we have to estimate the rest of Qh :

Qﬁ = Q’-& - Q!i
1 IVi-l 2 ( (
= = R! f h(u)cos (N-k)(t-u)du
™ o2 k 0
1 N-1
== k£1 Ry(ey_o (ts B)-gy o (85 h))
1 N=-2
= . " . " . "o _pn
= {'so(t’ W)y 1 *egy (ts RIRY + kz=1 8, (t5 MRy RN—k-l)}
= P Tyt I3
where
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i
1

+1/2 g (sin(m +k+1/2) [fj-h(v-j)n/(2n+l))
'r [ 2sin(tj-h(u-j)1r/(2n+1)]/2 ]”

L +1/2 sin(m.+k+1/2) (£ .-L(v-G)1/(2n+1)
=L 1 r sin2nlv 4 (J It d J]dv
J

+1/2 dv | 2sin(tj-h(v-j)ﬂ/(2n+l)]/2

® m+1/2 cos2nlvesin (mj+k+l/2) (tj-h(v—j)ﬂ/(znﬂ)]
f; 2sin (tj—h(v-j yn/(2n+1)] /2

dv
i=1 ‘j+1/2

<

- n+l/2

2m

tj-ZTT/(Zl"’l) COSZ(n+1/2) (w_tj) sin (mi+k+l/2]w

2sinw/2

1=1 ‘-2+hjn/(2n+1 )+tJ.

t ~27/(2n+1)
= %@r (di+dr(2)) f
1/2 -2+hjn/(2n+1)+tj

cosl(m+1/2) [w-tj] sin (mj+k+l/2]w
2sinw/2

H e
Uk + Uk .

We shall first estimate Tl . Changing the order of integration and using

the second mean value theorem, the first part of RI'I;-l becomes

t 21/ (2n+l .
Ly omin/2 /(' ) sin(m +N-1/2)w b
n n-l  n . 2simw/2
-2m+hgm/(2n+1 )+tj

. r cosl(n+1/2) (w-t .)dL
1/2 J

t =271/ (2n+1)
1 J '
= 1im

" g J_omelgn/ (2n+1 Wt

sinM(n+1/2) (w-f:j] -sin (mj+1V-1/2)w
(w—tj) +2simw/2

t;-2m/(an+1) sin(n+1/2) (- ;) (2°sin (m +¥-1/2)w

[w-tJ.T' 2sinw/2

1
n _21r+hjn/(2n+1)+tj

o),

and the second part of R;.',_l is
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tj-zn/(eml)
717"161=L'L+12r (1) .
- n oy -21r+hjn/(2n+1)+tj

cosl(n+1/2) (w-tj) *sin (mj+1V—1 /2)w
2simw/2

tJ.-2’n‘/ (on+1)

2
= {nri/e) J J(1)dl .
-1/2 —21r+hj11/(2n+1)+tj .
(-t )sini(n+1/2) [w;tj) “sin(m +-1/2)
) 2sinw/2
(ni1/2)? ¢ -2/ (2n41) (-t )sin(m +0-1/2)w
=TTy o um 2sima/2

Mo _2m+hgn/ (2n+d )+tj

M

. ! J(Z)sinZ(n+l/2)(w—t .)dZ .
1/2 J

where we can suppose.that M 1is an even integer. The last inner integral

is

M
[ J(Vstnlne1/2) (- ) dl

1/2
-3 1 M
= 7 Eﬁj sin2lk1r°sin(n+l/2)[w—tj)dl
k=1 1/2
= kgl = Jl:/e {eos (1+1/2) (- ¢ ~27k) 1-cos ((n+1/2) (w-t jJvemk) L} al
.- N sin((n+l/2)(w—tj)/2-kn) sin((n+l/2)(w-tj.)[2+?<ﬂ]
ARt kzl 3 { (n+1/2) th]—zkn - (n+1/2) (w—tJ.)«rgkn }
- sin((n+l/2)[w—tj]-2kn)M sin((n+1/2)[w—tj)+2k‘n)M
*ur kzl I3 { (n+1/2) [w—tj]-2k1r - (n+1/2) th]h?kn }
. 3 (-1)*

- sin(n+1/2) (w-t.)/2
) kzl (n41/2)? (w-tj)z-(zkn)e

ot sin ((n+1/2) (- )-2km)M
+ kgl {(n+l/2)(whtj]—ekn}{(n+1/2)Tupth+2k,,} s

where we use the convention that sinaz/x =1 for x =0 . Substituting
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the first term on the right side into U;; l/n , we get

_ :222 tj-21r/(2n+1) [w-tj)sin mj+1v-1/2)w .
n tj-2ﬂ+hjﬂ/(2n+l) 2SiHIJ)/2
% k
. (-1)
» sin(ntl/2)(w-t_)/2
( «7) k£1 (n+1/2)2(w-tj)2-(2k1r)2
t ~2(2m-1)1/(2n+1)
_ /)2 M [ ' D () .
" me1 e -2(emi)n/ (2ne) m -1
© (-1 )ksin(n+l/2 ) (w-tj)-/z
* -ty 2 2 2
7" k=1 (n+1/2) (w-tj] - (2km)
= 0(1)

by the second mean value theorem, since the last sum is expressed as the
difference of bounded monotone increasing functions in each interval of
integration. Therefore

tj-2'n/(2n+l)

=]

-t Jsin (mJ+IV—l/2)
= 1lim

1l 0 1
n 1T Moroo kgl tJ—21r+hJTr/(2n+1) 2sinw/2 (w— [t okn](n+1/2))72)

sin (- (¢ -2kn/ (n+1/2)) (n+1/2) )4

w—(t —okn/(n+1/2)) @ + 0(1)

n-g sin [m7.+1v-1 /2) [tj-ekn/ (n+1/2))

T
T 2n k7 2sin (¢ ,-2kn/ (w1/2)]/2 +oa)
. 7 sin [m AN+1/2) [t—c )
= on Z + 0(1)
" iedel 2smTt—c }/2

by the Dirichlet formula and then we get

n sin [mj+IV+1/2) (t—ci)
2sin [t-cij/z

+ 0(1)

]
1]

1
== a (t; h)
1 2n 0 i=j+l

e + 0(1log logn) .

By a similar estimation, we can see that
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n  sin [r11.+3/2) (t-c;)

1
T, ==—s_ . {t; ) § - +0(1) .
2 2n N1 i=j41 2sin{t-c;}/2
Now
1 2 1) £ stn o o) (st (2ne))
T g, (t; h) J(v) 5= sin (m +k) (t=bvn/(2n+1) )dv
37 m Lk J+1/2 do J

where the above integral equals
bu{m +k) m+1/2
_d -

] iy J(v)cos (mj+k] (t-bom/(2n+1) )dv
By the transformation Uun/(2n+l) =w ,
&
2
= (m_+k) J J[ien—zl)ﬂ]cos (m +k) (t-w)dw
I Ja(2441) 0/ (2n41) I
m.+k = 1 [T
e ) 3 J sin(n+l/2)lwcos (m_+k)(t-w)dw
2 1oy b la(ege)m(en) J
_ +k °z°,, 1 "cos({(ml/z)l- (mj+k) Jurt [mj+k)t)
b 5 1 L (n+1/2)Z-(mJ.+k]
cos ({(n+1/2)2+ (m +k) Ju- (m_+k) ¢) ]2
M (n+1/2) 1+ (m +k)
J 2(24+1) 7/ (2n+1)
_omgk E* 1 ¢ 1)Zcos{m +k) t (—l)lcos((mj+k)(2j+l)1r/(n+l/2)+[mj+k)t)
= - —‘L—lm 4 n+1/2)l—ﬁ+k) (n+1/2)1~ (mj+kj

(-1)%cos (mj+k)t (-1)cos ([m +k](2.7+1)1r/(n+1/2) (mﬂ;k]t)
* (n+1/2)Z+(mJ.+kT - (n+1/2) Z+(m +k)

m 4k . el f;l ) 1
- S o e ) esrwrmarere)) sy

o Z
. (-1)
+{cos (mJ.+k) t~cos ((mJ.+k) ((24+1)7/ (n+1/2)-¢)) } Zzl TTi/2) s (mj+k) }}
= A{cos (mj+k) t-cos (mJ.+k) (t+(27+1)n/ (n+1/2)) }

+ Afcos (mj+k) t-cos (mj+k) (t-(2j+1)n/(n+1/2))} + O [nz/mj] ,

where * means the sum omitting the term with vanishing denominator.
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Therefore
. V-2
T =% kzl 8y (3 h){Acos (m #K) t-a(m +k] (t+(25+41)/ (n#2))
-A(mj+k) (t-(2g+1)n/(m+2))} + 0(1)
=V1_V2-V3+0(1) s
where
v, =2 Fﬂ h(t-u) ”52 D, (w)cos (m +k) tdu
2 Wl K J
4 N2
=2 21 cos [mj+k)t
L e cos ((u=t) /2+u/2-m £)-cos ((#-3/2) (u-t)+u/2-m t)
- Jo (1-n(t-u)) 2sinu/2+2sin(u-t)/2

cos ((u+t)/2+u/2+m7.t)—cos ((w-3/2)( u+t)*u/2+m7.t)
2sinu/2+2sin(u+t)/2

+ du

t—ci+l/nlog logn

oo .
J noo t—ci-l/nlog logn sinu/2+sin(u~t)/2

S

[}

LB
o(1) +ol= 1§
n .
=1
i¢d
O(log logn)

e + 1 (nlog 1ogn)®
Ji-dlinlog logn ~ n nlog logn

and similarly V, and V3 are also 0(log logn) . Collecting the above

estimates, we get

smj,,,.,(ts &)

Q

., - @, + O(log logn) = T, + O(log logn)

2
sin(m +1/2)t, n 1 A
= —————J;——-——l i=§+1 EEIHT;:Z;T7§ + 0(log logn)
for all t belonging to the intervals (1) and (2).
We denote by En J the set of ¢ in the intervals (1) and (2),

]

satisfying the condition
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|sin0nj+l/2]tj| > 1/log logn
then

8 )l > A logn/log logn for all t in E

mj+IV( 3 fn n,g °

We write

E = \V/(E .3 logn < j<n-+vn);

n n,J
then (fn) and (En] satisfy the conditions of the proposition stated at

the beginning of this section.

3.
Let (rk(x)) be the Rademacher system on the interval (0, 1) and we

shall consider the function

flt, z) = kzl fbk(qkt]rk(x)/log logp,

where fb is defined in Section 2 and [qk) is the sequence of integers

k
defined such that fb (qk+lt) have no overlapping terms for each k and
k

(pk) will be determined such that f € L(logL)? . We write

¥(t) = t{iog(t+e))P , 2(t) = ¥(VE) for ¢t >0 ;

then, by the Jensen inequalities, we get (ef. [5]),
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1 on o 1
j dax J Y(lf(t, x)])dt = dt I Y(|£(t; 2)])dx
0 0 0
2T 1
dt I 2(|£(t, z)|%)dz

l
|

A
o n
5

S

1
J F{C :c))2dx]dt
0

2
[fpk(qkt)/log logyk] ]dt

1A

J
Jen OZO z [f‘pk(qkt)/log 1ogpk]2}dt
]

i Yif. (q,t)/1og logp ]dt
0 k1 UPg K k

@ 27
z J Y|f (q t)/log logp ]dt .
k=1 Jo UPp K k

If the last series is convergent, then there is an Ty such that

ft, aco) € L(logL)P . Therefore it is sufficient to prove that

27
[7 11700111108 20am)as +0 a5 n =
0
which follows from
27
(3) J Y(|fn(t)|)dt <A for all n .
0

The left side integral is

+ +
0 k=1 ck-2‘n/ (2n+1) cn_1+21r/ (2n+1)

X

[ J?-TT/ (2n+1) m-1 e ren/ (2n+1) o ]

p
log(lfn(t)|+e) dt

n,
izl Fr;i (t—ci) s,(ts h)]
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We shall prove that each Wk is bounded. For 1 < k = n-l1 , we write

ck+21r/ (2n+1) % ck+21r/ (2n+1)
Wk = = +
ck-21r/ (en+1) ck—211/ (en+1) e
- ] "
= Wk + Wk
and
ck+l/mk ck+l/2nlog logn ck+2n/ (on+1)
W;é = + +
% ck+1/mk ck+l/2nlog logn
= Xl + X2 + X3 .
Since
log(lfn(t) |[+e) = 4n
and
sN(t-, h) = O(nlog logn/N) for ey < t < ck+l/2nlog logn ,
we have
gt ckﬂ/mk n
|x,| <4z log logn [F (te,) + ) F (t—c.]]dt +4
1 n m k A Tm. 1
ey k =1 "1
T#k
E.llrzp+]'log logn |, . ’f An2 i 4
n i=1 m, (i-k)° Mk
i#k
<4,
| < AP og 10zn Jl/2nlog logn dt_, A}
2 n llmk mkt2
<A
and
21/ (2n+1) n 2
X3_Anpf [12+Z——”—2dt
1/2nlog logn m,t 1i=1 rni(i-k)

Ko ik

1A

A .
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Therefore we have proved that Wz is bounded. Similarly Wé is bounded.
Since W, and Wn are also bounded, all Wk are bounded, which proves

0
(3).

Thus we have proved that f(¢t, xo) € L(logL)p . The theorem is now
completely proved, since the Fourier series of f(t, zo] diverges almost

everywhere which follows from Section 2.

References

[7] Lennart Carleson, "On comvergence and growth of partial sums of
Fourier series", Acta Math. 116 (1966).

[2] Yung-ming Chen, "On Kolmogoroff's divergent Fourier series", Arch.
Math. 14 (1963), 116-119.

[3] Richard A. Hunt, "On the convergence of Fourier series", Orthogonal
expansions and their continuous analogues, 235-255 (Proceedings
Conf. Edwardsville, Illinois, 1967. Southern Illinois Univ.
Press, Carbondale, Illinois, 1968); (cf. MR38#6296).

{43 B.H. Mpoxopenko [V.l|. Prohorenko], "0 pacxogsupixcr pagax ¢ypse”
[Divergent Fourier series], Mat. Sb. (N.S.) 75 (117) (1968),
185-198.

[5] Karoly Tandori, "Ein Divergenzsatz fir Fourierreihen", Acta Sei. Math.

30 (1969), L3-L8.

[6] A. Zygmund, Trigonometric series, Vol. 1, 2nd ed. (Cambridge
University Press, Cambridge, 1959; reprinted 1968).

Department of Mathematics,
institute of Advanced Studies,
Australian National University,
Canberra, ACT.

https://doi.org/10.1017/5S0004972700042532 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700042532

