Canad. Math. Bull. Vol. 43 (3), 2000 pp. 282-293

Characteristic p Galois Representations That
Arise from Drinfeld Modules

Nigel Boston and David T. Ose

Abstract. 'We examine which representations of the absolute Galois group of a field of finite characteristic
with image over a finite field of the same characteristic may be constructed by the Galois group’s action on the
division points of an appropriate Drinfeld module.

0 Introduction

There are well-known methods of producing representations of the absolute Galois group
of a number field. These include the use of elliptic curves, modular forms, and most gen-
erally étale cohomology groups of varieties [FM]. There are many conjectures as to which
Galois representations are produced this way. For instance, Serre’s conjecture [S] states that
every odd, irreducible representation of the form Gal(Q/Q) — GLz(FTD) should be asso-
ciated to a modular form of a particular kind. Here odd means that complex conjugation
maps to a matrix of determinant —1.

In this paper, we consider representations of the absolute Galois group of a field of
nonzero characteristic. Suppose that K has characteristic p # 0. We describe a method,
due to Drinfeld [D], of obtaining representations of the form Gal(K*? /K) — GLr(F_p)
and address the problem of which representations arise this way. This construction resem-
bles the way that Galois representations are given by the Galois action on the p-division
points of elliptic curves (but does not only produce rank r = 2 representations). We ob-
tain a fairly complete answer in the case r = 1 (which actually involves some nontrivial
computations) and a partial answer for larger r. This has applications to finding generic
equations for cyclic extensions of K of degree m, even when the m-th roots of unity are
not all in K. The question of what representations of the form Gal(K*P /K) — GL,(R) (R
a discrete valuation ring of equal characteristic with finite residue field) are produced by
extending the method of Drinfeld, is addressed in the second author’s University of Illinois
Ph.D. thesis [O].

1 Drinfeld Representations

Let K be a field of characteristic p. Suppose that K contains F,. Define the Ore ring to be
the set of polynomials in F over K, K{F} = {3" a;F' : a; € K}, with the noncommutative
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multiplication Fa = a%F. This ring is also known as the ring of F;-linear polynomials
or alternatively Endg, (G,/K), where G,/K is the additive group scheme over K with F

interpreted as the Frobenius morphism that sends x to x? hence Fx = x1, F?x = xqz,
... . For its basic properties, see Chapter 1 of [G]. Let g(F) € K{F} be of degree r > 0.
Let ¢ € A = F,[T] be irreducible and of degree d > 0. We make the assumption that

¢(b) # 0, where b is the constant term of g. The set V. = {x €K: (¢(g(F))>x = 0}

is a vector space over F of dimension r, sometimes called the ¢-division points, on which
Gk = Gal(K*P /K) acts (the assumption on ¢(b) ensuring that <¢ (g(F)))x is separable

so that V' has the claimed cardinality). The following examples will come in handy later.

Example 1.1 letq =2,¢(F) =aF+b,and ¢ = T?> + T + 1. Then

(#(etP) )x = a'x* + a(b + b+ 1 + (B + b+ Dx.

Example 1.2 Letq = 3,g(F) = aF + b,and ¢ = T? + 1. Then

(#(e(P) )x = '’ + a(®? + b)* + (0 + .

Example 1.3 letq=2,¢(F) =aF+b,and ¢ = T°> + T + 1. Then

(¢(e(P) )x = @' + @(0" + b+ D)x* + a(b? + 5 + b2+ D + (67 + b+ Dx.

We therefore obtain a representation p: Gk — GL;(Fy). The question we wish to ad-
dress is what representations arise this way. Such representations will be called Drinfeld
(but note that Drinfeld modules may be more general). More precisely, p: Gk — GL(F)
is Drinfeld if there exist an irreducible polynomial ¢ € A of degree d, an F;-algebra iso-
morphism A/(¢) = F, a rank r Drinfeld A-module defined by T — ¢(F) = Z::o b;F
with b, # 0 and ¢(by) # 0, and an A/(¢)-basis of V4 = {x € K> : qb(g(F))x = 0}, such
that the resulting representation

Gk — GL(Vgg) = GL,(A/(¢)) = GL,(Fu)

is p.

2 A Useful Lemma

Let g(F) = aF + b and so r = 1. Then p maps to F;‘d, and hence factors through Gal(L/K),

where L/K is a cyclic extension of degree dividing ¢ — 1 (L = K(V') in the notation of the
introduction—we will denote it by L, j, 4 in later work). Let ¢ be a root of ¢, K’ = K(¢),
and L' = L(().

L=Kkx) —— L' =1L(({)

I I

K —— K'=K()
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The extension L’ /K" is a Kummer extension since K’ = K(¢) contains Fy({) = F .. Thus,

d d
L' = K'(v) where I ~! € K/, sayv! ~! = c.
What we need to know is the following. What is ¢ in terms of a, b, ?

Lemma 2.1 With the set-up as above,

Db (b

gltat--+q*!

Proof Let ¢(T) = (T — ()y(T), so (T) is a polynomial over F,;(() = Fy of degree d — 1.
Let x # 0 satisfy (gzﬁ(aF + b))x = 0, so that L = K(x) (since L/K is cyclic) and L’ = K’(x).
We claim that if v = (@[)(aF + b))x, then L’ = K’(v), and most importantly

1

A= (= B¢ — b1 (¢ — b fatrd

This follows from the following identity in K’{F} (here [q]x = (¢ — 1)/(g — 1) and
¢ =C—b):

(@ — cocrcy - - - cq_ ) (aF + b) = h(F)¢(aF + b),
where
h(F) = al@i-1pa=1 y glali—zg,  pa=2  glalaac, ey s P73 4o alfogy 1eq oo cy.

This is verified by checking that the coefficients of F" of each side of the identity agree
for all n. This calculation is omitted. (In fact, the identity was discovered by exten-
sive computer algebra calculations with Mathematica of small degree cases.) We apply
both sides of the identity to x. This yields aldlaya’ coC1Cy -+ ¢c4—1v = 0. Hence ' =
((coclcz e cd,l)/a[q]d)v, and we are done, if we can show that L’ = K’(v) (note that this
will also show that v # 0). We shall see that this follows from the next lemma.

Lemma 2.2 The (right) greatest common divisor of ¢(aF + b) and y(aF + b) is 1, i.e., they
are (right) relatively prime.

Proof As described in Example 1.10.3 of [G], the greatest common divisor is calculated
as follows. Let Wy and Wy, denote the set of zeros in K*F of (gzﬁ(aF + b))x = 0 and
(¢¥(aF + b))x = 0 respectively. If W = W, N Wy, then the greatest common divisor is
the additive polynomial ], (x — a). We therefore need to show that W = {0}. This is
accomplished by using the easily verified identity

G(aF +b) = —C(aF + b) + (aF + b)(aF + b).

Suppose that u € W, u # 0. By the last identity, (w(aF + b))(aF + b)u = 0. Since the
coefficients of ¢ are in Fy, (¢(aF+ b)) (aF+b)u = (aF+b) (¢(aF+ b)) u=0,s0aF+bisan
endomorphism of W, i.e., W is an F,[aF+ b]-submodule of W . Since W, is 1-dimensional
over Fy[aF +b]/ (qb(aF + b)) = Fu, W = Wy, which contradicts the fact that #W,, < #W,.
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This incidentally shows that the identity in the proof of Lemma 2.1 above in fact gives
the least common multiple of ¢(aF + b) and ¥ (aF + b) since its degree is

deg(@(aF + b)) + deg(vp(aF + b)) — deg(gcd(¢(aF +b), (aF + b)))
—dt(d—1)—0=2d—1,

(see section 1.10 of [G], where consequences of the existence of a right division algorithm
in Ore rings are discussed).
By the lemma, we can find polynomials j(F), k(F) € K'{F} such that

j(F)Y(aF + b) + k(F)¢(aF + b) = 1.

Applying this to x gives j(F)v = x, so x € K'(v) and since v = (1/1(aF + b))x, v € K'(x)
andso L’ = K'(v).

This can also be proven in a more conceptual way by using Hayes’ theory [H].

3 TheCasesd=1andd =2

Lemma 2.1 allows us to show that every representation Gx — GL1(Fg) is Drinfeld ifd = 1
or 2, except for one special case for d = 2, namely when K = F; and the image of the
representation is in GL;(F;). The idea is to let L be the fixed field of the representation’s
kernel and to show that L = L, 4 for some a,b € K and irreducible ¢ € F,[T] of degree
d. Note that this is enough to show that the associated representation is Drinfeld since the
Drinfeld property depends only on the field L, whereas the representation can be changed
by picking a different basis for the corresponding V.

Theorem 3.1 If d = 1 or 2, then every representation Gx — GL1(Fy) is Drinfeld, unless
d = 2, K = F, and the image of the representation is in GL; (F,).

Proof There are two cases.
(I) d = 1. Given representation Gx — GL,(F,;), we let L be the fixed field of its kernel.
Then L/K is a Kummer extension and so is of the form L = K(v), where vI~! = ¢ € K.
Takinga = 1,b = —¢, and ¢(T) = T (so that ( = 0), we get by the Drinfeld construc-
tion a representation that, by the last lemma, yields L, ; 4 = L (since (( — b)/a = ¢).
(II) d = 2. There are now three cases, namely accordingas { € K, { ¢ L,or{ € L — K.
Case (i): ¢ € K. Then F;(¢) = Fp < K and so L/K is a Kummer extension, say

L = K(v) with v ~! = ¢ € K. We wish to find a, b € K such that

C-b—bn _

adt 1

Note that

aqtl ¢1-b

(C—H@—W):C—b<@—byH
a )
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soif weset b = (¢¢?1— ()/(c — 1) and a = {7 — b, then this all simplifies to c. We just
have to make sure that ¢ # 1, but c is only defined up to a (g> — 1)-th power, so we have
the necessary flexibility, unless K = Fp = L. In that case, we need to pick b € K such
that ({ — b)(¢ — b?) is a (g + 1)-th power in K*, i.e., is a nonzero element of F,. This is
accomplished in exactly the same way as described in case (ii) below.

Case (ii): ¢ ¢ L. The idea is to show that the process, considered in the lemma of
Section 1, for obtaining L’ as the compositum of K’ = K({) and L can be suitably reversed.

Since L and K(¢) are disjoint, the extension L’ /K is Galois with Galois group () x (7)
where o has order 2 and 7 has order m dividing g*> — 1. The fixed fields of o and 7 are L
and K’ = K(¢) respectively.

The extension L’ /K’ is Kummer and so L’ = K’(v) for some v such that W-l=cecK.
We claim that there exist a,b € K such that ((C - b)(¢ — bq))/aﬂ“ = ¢. The argument
goes as follows.

Let w = o(v). Then wi 1 = o(c). Suppose, without loss of generality, that 7(v) = nv,
where 7 is an m-th root of unity in K’. The fact that o and 7 commute, implies that
7(w) = niw. Let y = wv~ 9. We check that 7(y) = y and so y € K'. We calculate that
a(y)ylc=1.

At this point, we have a division into two cases depending on whether y € K or not.

Say y € K. Then o(y) = y. Hence, c = (1/y)7*! is the (q+ 1)-th power of an element of
K and so, to write ¢ in the form (¢ — b)(¢ — b%)/a?"! (up to (¢* — 1)-th powers of elements
of K'), we must equivalently be able to pick b € K such that (( — b)({ — b?) isa (g + 1)-th
power in K times a (g — 1)-th power in K’. This can be done so long as K # F,. For
instance, in the case of odd characteristic, suppose ¢ = T? — \. Pick any u € K — F,. Set
b= (u"" — \)/(u? — u). Then

+1 +1 5
<<b><4bq>:<<4u><cm>>q _ (”f)q (cu+ )™,

ad+! (w1 — u)a

which is of the desired form. In the case of even characteristic, suppose ¢ = T?> + T + \ €
F,[T]isirreducible. Picku € K—Fjand setb = (T +u+ \)/(u? — u). The rest proceeds
as the odd characteristic case.

If K = F,, then since c is a (q + 1)-th power of an element 1/y of K, we can pick v so
that ¥I~! = 1/y € K. Then L = K(v) has degree dividing g — 1 over K. Suppose now
(¢ — b)(¢ — b1) = ki*'r7 " for some b,k € K, r € K'. Since K’ = Fp, 11~ = 1.
Moreover, k1t! = k* and b = b since they are in K. The equation reduces to (( — b)? = k?,
so ( — b = £k, which is impossible because ¢ ¢ K.

Say y ¢ K. Since 1/0(y) € K’ — K and K’ = K(¢) has degree 2 over K, we can write
1/o(y) = s¢ — rwithr,s € K, s # 0. Then (s¢ — r)(s¢ — r1) = 1/(c(y)y1) = c. Let
b =r/sand a = 1/s. We have shown that ((§ - b)(¢ — bq))/aqul =c

It follows that L’ is the compositum of L, 4 and K. The fixed field of o equals L and
L, 1,4 and so the two fields must coincide.

Case (iii): ¢ € L — K. In this case we have a tower of fields K € K’ C L = L’ with,
say, Gal(L/K) = (o) so that Gal(L/K(¢)) = (¢?). Since L/K(¢) is Kummer, there is v
such that o%(v) = nv with  an m-th root of unity, where m = [L : K(¢)]. Note that since
[L: K] = 2m divides g* — 1, 7 is a square in E,. We can write ) = p9 then with p € E.
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Setting y = v1o(v) ™!, we check that o(y)y? = Wl =g, say. So longas y ¢ K, we

can pick a,b € K such that (( — b)/a = o(y) and we are done. The case of y € K is
handled exactly as in (ii) above.

Lemma 3.2 Let ¢ be a root of irreducible quadratic polynomial ¢ € F,[T]. IfF, C Kisa
proper subfield, then there exists b € K such that (¢ — b)(¢ — b?) is a (q + 1)-th power in K
times a (q* — 1)-th power in K(C).

Proof We do two cases, namely where g is even and ¢ has the form 7% + T + X and where
qis odd and ¢ has the form T? — \. Other cases are handled similarly (see the comments
at the end of this section). In both cases we pick any u € K — F,.

For q even, set b = (u1*! + u + \)/(u? + u). We compute

(Cu +u) + W™+ u+ X)) (T +ud) + (i@ + 4 + X))
(w9 + u)a+!

(E) €-b(—-b") =

The numerator of (E) is checked to be ((§ —u)(( — uq))qﬂ.
For q odd, set b = (17! — \)/(u? — u). As for even characteristic, we compute

(= w) — (™ — X)) (C(uT” — u) — (™) — X))
(uq _ u)q+l

©) (C=b-b)=

As before, the numerator of (O) may be rewritten as ((C —u)(( — uq))qﬂ.
In both characteristics, the expression is (u — b)1*! times a (g2 — 1)-th power of an
element of K((), as seen in

((C —u)(¢ — uq)>qJrl _ {(u — b)q“(g(u + C))qtl, when char(K) > 2

ul —u (u—b)T" u+ ¢+ 1)”12_1, when char(K) = 2.

Corollary 3.3 Every cyclic extension of K # ¥, of degree dividing q* — 1 is the splitting field
of an equation of the form

a4 a( + b+ Dx !+ (P + b+ A)  (char(K) = 2)
a4 a(b 4+ bt + (0P~ ) (char(K) > 2),

where A € F is chosen so that T2+ T+ )\ respectively T2 — )\, is irreducible over F,.

Proof In the case of characteristic two, pick A € F,; such that ¢(T) = T2+ T+ Xis
irreducible over F,. Then ¢(aF + b) = a?"'F* + a(b? + b+ 1)F + (b* + b + \). Applying
this to x and dividing by x yields the desired equation. The odd characteristic case proceeds
similarly with ¢(T) = T? — X (X chosen to make ¢ irreducible over E,).

Note The corollary still holds if K = F, and the degree does not divide g — 1. If the degree
does divide q — 1, then the extension is Kummer and so a splitting field for e.g. ax?~! + b.
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Example 3.1 (See Example 1.1) Let K be a field of characteristic 2 and L/K cyclic of degree
3. Then L is a splitting field over K of a polynomial of the form y® + ¢y + ¢ with ¢ =
1+b+b*(b € K). Note that this also comes from Serre’s characteristic-free generic equation
x* — bx* + (b — 3)x — 1 [S2] on setting x = y + b in characteristic 2.

Example 3.2 (See Example 1.2) Let p: Gx — GL;(Fy) be surjective, K of characteristic 3.
This defines a Cg-extension L/K. We therefore have a tower of quadratic extensions K C
N C M C L. All C4-extensions (in odd characteristic) are determined by a triple («, 3, )
of elements of K, where ¢ = ﬁ{’TZVZ, N = K(y/¢), and M = K(y/a + B+/€). We calculate
that our Drinfeld representation yields the C,-extension with invariants (f(b2 +1),b, 1).

It is easy to see when triples (a, 8,7) and (4,7, 0) yield the same Cy-extension, namely
if and only if

(1) (n* +6%)/(B8*+~?%) isasquare in K,
(2) 0/ is the sum of two squares in K, and
(3) n/B =m*— n*e wherem,n € K.

In light of our result, we wonder whether all triples are equivalent to a Drinfeld triple
(—(b2 +1),b, 1). Using condition (2), we see that

b +1
m? +n?’

in which form not every element o can be written. This is, however, exactly the criterion
for M/K to be extended to a Cs-extension (as seen by computations in Br,(K)). Indeed,
our results are equivalent to establishing the criterion for a C4-extension of any field of
characteristic 3 to extend to a Cg-extension.

Partway through the main result of this section, we made the choice b = (u1"! — \)/
(u1 — u) for odd characteristic, and b = (49" + u+ \) /(49 — u) for even characteristic. We
now explain this choice in the case of odd characteristic. A similar approach works in even
characteristic.

Setting y = ax?~! in the second equation of the corollary leads to

™ y + (b1 + b)y + (b — \) = 0.

The field K(y) is an important intermediate field between L, 4 and K, as evidenced in
the next section. The choice of b that we are discussing, is one that will ensure that the
equation (*) splits completely. The idea is to set y = u — b which yields

(1) (Wt —X\) = b(u? — u) = 0.

Hence the choice of b. The fact that the equation splits completely can be forcefully seen by
the next lemma.

Lemma 3.4 Let i = 1/\ and H,, be the image in PGL,(F,) of the nonsplit Cartan subgroup

a B\ .
{(Mﬁ O[).(a,ﬁ)#(O,O)},
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a cyclic group of order q + 1. Then
W = A) = b —u) = [] (u—o)),

o€H,

where U is one root of (1) and o acts by fractional linear transformation.

Proof The proof follows automatically by checking that o(U) satisfies ().

4 Genus Constraints

In this section, we consider properties of L, j, /K. Without loss of generality, we can replace
K by its subfield F,(a, b). The important facts are as follows.

Theorem 4.1 Let L = K(x) where x satisfies (¢(aF+ b))x = 0andy = ax1™'. The extension
L/K(y) is Kummer and the equation satisfied by y has coefficients involving b but not a.

Proof Letting M = K(y), L = M(x) is obtained by adjoining a (q — 1)-th root of y/a.
Since F, <K, this extension is Kummer.

To show that (¢(aF + b))x is x times a polynomial in y, coefficients not involving a, it is
sufficient to show this for ((aF + b)")x. This can be proved by induction on n, using easily
=7

It is therefore sufficient for our purposes to study the case of K = F;(b) and ¢ = T + b.
(This case of the Drinfeld construction was first considered by Carlitz and, in greater detail,
by Hayes [H].)

The idea is to calculate the genus of the intermediate field N of the extension L/K which

m m+1

Lg+--+q" 4 q 1+q+---+q"

verified equation (aF)""'x = a - x for every positive integer m.

has degree % =T ) over F,(b) where k is a divisor of and of [L : K]. This intermediate

.. d_q
field exists and is unique because the Galois group of L / K is cyclic of order dividing qu.

Lemma 4.2 The genus of N is
1 d
v =5d=2)((g" = D/(Kg-1) - 1).
Proof By Riemann-Hurwitz,

d
2on—2 = — (k( 1))+deg<93>,

where D = B*, B is the totally ramified prime of N over (¢), ands =e— 1 = k?;:}) — 1.
Then deg(B) = d implies that

N -1 -1
Bvm2= 2 (k(qn)*d(k(qn‘l)’

Corollary 4.3 The genus gy = 0 ifand onlyd = 2 or k = q;%ll.

whence the result.
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Example 4.1 This can now be used to produce an example of a representation that is not
Drinfeld. We thank Lenstra for pointing this out. Let K = F,(¢) and p: Gx — GL;(Fs) be
the trivial representation. If p were Drinfeld, say associated to ¢ = T° + T + 1, then, using
Example 1.3, there would be a, b € K such that

A+ AW+ +a P+ D+ (PP + b+ Dx=0

would split completely. Setting y = ax, we would get a degree 7 equation in y over K, with
coefficients involving only b. Then there would exist a point (Y, b) over K on the curve. It
is easy to verify that it could not be a constant point. A non-constant point would give a
genus 3 field F,(Y, b) embedded in the genus 0 field F,(¢), contradicting Liiroth’s theorem.
The other choices for ¢ are handled likewise.

Theorem 4.4 If p: Gk — GL1(F) is Drinfeld, then

(1) d=1lord=2or
(2) m o psurjects onto GL, (qu)/ GL,(F,), where 7 is the quotient map

GLi(Fy) — GL1(Fy)/ GL(E,).

Proof Take k to be #(7r o p(GK)). Then b is such that N specializes to K and so by Liiroth,
gn = 0, leading to the desired result.

There are two important consequences to this, first that Drinfeld representations tend
to have large images (results like this were already established by Goss [G, section 7.7])
and second that representations that are not Drinfeld certainly exist (by picking d > 2
and taking a representation which does not surject onto GL; (Fg) / GL1(F,)). In the next
section, we show that there are many representations that are not Drinfeld but that are
surjective.

5 Surjective Representations That Are Not Drinfeld

Take ¢ = 2, d = 3. We assume that K does not contain Fg and set K’ = KFs. Then
Gal(K'/K) = (o) has order 3. We will always fix a choice of o and of € Fg such that
7’ = n+1and o(n) = n*. We provide a method (that in fact generalizes to any d > 2
and to other g) of obtaining numerous representations that are not Drinfeld, so long as K
satisfies a certain hypothesis (P) below.

Definition LetS = {o(x)x? : x € (K')*}, a subgroup of the multiplicative group of K'.
Say that K satisfies hypothesis (P) if there is a coset of S in (K’)* which contains no element
of the form r + s for some r,s € K and some ¢ € Fg.

Theorem 5.1 Suppose that K satisfies hypothesis (P). Then there exists a surjective represen-
tation (in fact many such) Gx — GL1(Fy), that is not Drinfeld.

Proof Let f(x) = xo~'(x?)o~%(x*), a homomorphism of the multiplicative group of K’
to itself. Note that f satisfies two useful identities, (i) o (f(x)) = f(x)?o(x)~7 and (ii) x” =

F o (fx)
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Pick y € K’ such that the coset of y contains no element of the form r + s((r,s € K).
Letc = f(y) and L’ = K(v) with v/ = c. Then L’ /K is Galois with Galois group C; x Cj.
(Note that v ¢ K, since otherwise f(v) = v/ = f(y) and, by the injectivity of f proven
below, y = v € K, a contradiction.)

We claim that c is not of the form ((¢ — b)(¢ — b*)(¢ — b*)) /a’ times a 7-th power of
an element of K’ for any a, b € K, and so the subfield L of degree 7 over K is not obtained
by the Drinfeld construction and we are done.

We first show that f is injective. Suppose that x € K’ satisfies f(x) = 1. By identity (ii),
we get that x” = 1 and so x = ¢’ for some i. Since f(¢') = ¢*', it follows that x = ¢’ = 1.

If the subfield L of degree 7 over K is obtained by the Drinfeld construction, then c is
of the form k(¢ — b)(¢ — b*)(¢ — b*))/a’ for some a,b € K, k € K'. We check that
x = k7 'o7!(k?) is a solution of f(x) = k’ and so, by the injectivity of f, is the unique
such solution. Then, f(k~'o~'(k*)({ — b)/a) = ¢ = f(y), and so by the injectivity of f,
(¢ — b)/a = yko~'(k=2), which contradicts our choice of y.

It remains to make some comments on what fields K satisfy hypothesis (P) and what
fields do not. It is immediately clear that every finite field of characteristic 2 fails hypothesis
(P)—indeed, as noted at the start of Section 3, the property of being Drinfeld depends only
on the field cut out and a finite K possesses a unique degree 7 extension.

Lemma 5.2 Suppose k € K. Denote the following projective curves by Q(1, k), Q(2, k), and
Q(3, k).

Q(1,k):  ku* + kidv+ 12 + kv +uv® + kuv® + kv + P w + kidw + kiPvw + kv w +v2w? +
kv w? + uw?® + vw? + kvw? + kw* = 0.

Q(2,k): vt + v+ kv + 1Py + kv + uvd + v+ dw + Pvw + kuvPw + v w + kP w o+
ki*w? + kuvw? + v2w? + kvw? + kuw?® + vw® + wt = 0.

QG3, k) ut + ku* + v + kuv® + v + kvt + kP w + wPvw + kiPvw + kuviw + v w + kuPw? +
kuvw? + uw® + kuw?® + kvw® + w* + kw* = 0.

If there are no points, coordinates in K, on Q(1,k) U Q(2,k) U Q(3,k), then K satisfies
hypothesis (P).

Proof Suppose that K does not satisfy (P). Then 1 + kn? is in the same coset of S as some
r+sC(r,s € K, € Fg —F,). So there is some x = u + v + wn? (u, v, w € K not all 0) such
that p + kn* = o(x)x=%(r + s¢).

Suppose first that ( = 7. Writing this in terms of u, v, w and clearing denominators,
we get, by comparing coefficients of 1, 1, %, three linear equations in r, s. We use two of
these to solve for r, s and plug in the third to get that some expression in u, v, w is 0. The
numerator of that expression is Q(1, k).

Likewise, ¢ = 1+ n yields Q(1,k), ¢ = n? or = 1 + n? yields Q(2,k), and ( = n + n?
or = 1+ n + n? yields Q(3, k). Since this exhausts the possibilities for {, this provides the
desired contradiction.

This lemma is very useful in establishing that certain fields satisfy (P). With a little more
work, we can establish a converse. As in the above proof, we might ask whether a + b + cn?
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is in the same coset as some r + s(a, b, ¢, 1, s € K). Proceeding as above yields X(a, b, ¢), a
union of three homogeneous quartics, with X(0, 1, k) being Q(1, k) U Q(2, k) U Q(3, k).

Lemma 5.3 If X(a, b, c) has no points over K for some choice of a, b, c € K, then K satisfies
hypothesis (P). If K satisfies hypothesis (P), then there is some choice of a, b, c € K for which
X(a, b, ¢) has no points over K.

Proof Exactly as for the previous lemma.

Theorem 5.4 The field F,(t) satisfies hypothesis (P).

Proof Setting K = F,(¢) and k = ¢ in Lemma 5.2, one checks that Q(1, k)UQ(2, k)UQ(3, k)
has no points over K.

This then yields, by Theorem 5.1, examples of surjective representations that are not
Drinfeld.

6 Higher Degree Representations

Cases where r > 1 are poorly understood, except in one instance, namely when the given
representation is into GL,(F,). In that case, we can say the following.

Theorem 6.1 Let K be infinite and p: Gx — GL,(F,) be a representation. Then p is Drinfeld.
This is not necessarily true if K is finite.

Proof Suppose that K is infinite. Let L be the fixed field of the kernel of p. Let H denote
Gal(L/K), which is isomorphic to the image of p. Let V be the F,[H]-module correspond-
ing to the embedding of H in GL,(F,). By the normal basis theorem, V' embeds F,[H]-
linearly in the additive group L* of L (since L* contains free F,[H]-modules of arbitrarily
high finite rank and by duality for group rings these are also cofree of arbitrary finite rank).
Let g(x) = [[,cv (x —a). Since V' is an F,-vector space, the polynomial g is indeed additive
and so lies in K{F}. Define the Drinfeld module by having T map to g € K{F}. Conse-
quently the T-division points are the roots of g, i.e., V, with the given action. Finally, the
extension of K generated by the elements of V, K(V), is indeed L, since p factors through
Gal(K(V)/K).

Suppose that K is finite. If p is Drinfeld, then ¢ has degree d = 1, say ¢ = aT + b. Then
qb(g(F)) = ag(F) + b = h(F), say, so V is the set of zeros in K**? of h(F)x = 0 and is an
F,-subspace of L*, where L is the fixed field of the kernel of p. The action of H = Gal(L/K)
on L* restricts to V to produce p, but for large r, V will not embed in L*, which is a free
F,[H]-module of rank [K : F,].
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