
ON APPROXIMATION BY FEJER MEANS TO PERIODIC 
FUNCTIONS SATISFYING A LIPSCHITZ CONDITION.1 

I^ee LrOrch 

( rece ived July 22, 1961) 

S. M. Nikolski [4, Theorem 1; cf. 3, e sp . pp. 144 and 
148] cons idered the remainder t e r m in the approximation by 
the n-th Fe jér mean, o* (x), to a function, f(x), of period 2ir 
satisfying a Lipschitz condition of order a, 0 < or < 1. In this 
connection, he introduced the quantity 

(1) A (<*) = sup { m a x |<r (x) - f(x) | } , 
n r n 

f x 

where the max imum i s taken over al l x and the supremum i s 
taken over al l functions of period 2IT, bounded by 1 (a notational 
convenience only) and satisfying a Laps chitz condition of order 
a. 

He observed that 

(2) A («*) = 2 1 + f f ir"1 XT* f t a ( s in 2 nt) (s in t f 2 dt 

and proved that 

(3) A (1) = 2ir~l n" 1 log n + Ofn ' 1 ) , 
n — 

(4) A {a) = 2 P (a) (s in ^cnOir"1 {l-af1^* + o[iTa), 0 < a < 1. 

1 This work was supported by the (U. S. ) National Science 
Foundation through R e s e a r c h Grant NSF-G-18650 to the 
Institute of Mathematical Sc i ences , New York Univers i ty . 

All1 O- and a - t e r m s are taken a s n b e c o m e s infinite. 
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In this note, these es t imates will be refined somewhat by 
applying the method and resul ts of [ l ] . 

Thus, it will be shown that 

(5) A (D^iZMrT1 l o g n + A, n*1 + o (n" 2 ) f 

n 1 —• 
whe re 

i r 1 «i 2 
A = (2/ir)log fir + (4/TT) I t sin t dt 

/

<X) 

t l { s in2 t - \} dt 

+ 

and 

J* K sin t t ' 

A , _ 2P(ûr) sin \av -i -2 

( <*) = ' -S + A n + 0 ( n ), 0 < Û T < 1 , 
(7) 

(l-ûf)ir n 

where 

J v sin t t / (l-a)ir 
(8) A =-2 

J s sin t t / ( l -a ) î 

F i r s t , for 0 < a < 1, 

sin nt dt a A (tt) = — J t s m n t d t . — J t — — - ] 

o o s i G t * 
2 1 + a f** «-2 . Z A 2a rh at Î 1 K , - 1 , 

, _ _ / t S i n n t d t + T T t _ r . - T j d t + o(n ), 
J i U i n t t ' 

2 
a s a consequence of [1 , (2. 7), p . 91], since the mean-value of sin t 
over a full period is J. 
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Denoting the first integral in the last member by 6 (or), 
it i s convenient to separate the cases a - i and 0 < a < i . 

The case a = 1. Proof of (5): 

6 (1) = (4/ir) T 2 V 1 s i n 2 n t dt = (4/ir) f Z i m x"1 sin2x dx 

0 0̂ 

1 -1 . 2 , . . . . . / - inn -1 . 2 
= (4/ir) / x sin x d x + (4/ir) I x sin x dx 

0 \ 

= (4/TT) f x"1 s i n 2 x d x + (4/TT) f x { sin x - 2 } dx 

+ <2/*) f*1™ x _ 1 d x 

00 

= (4/TT) J x sin x dx + (4/ir) f x { sin x - 2} dx fir) f x~ sin x d x + (4/TT) J 

0 1 

- (4/ir) f x"1 { sin2x - 2} dx + (2/ir)Iog(2irn} 

ïirn 

r 1 . 1 2 
= (2/Tr)Iog(iirn) + (4/TT) I X sin x dx 

J0 
00 

+ (4/ir) f x"1 { sin2x - $} dx + 0(n"2), 

-2 
where the indicated estimate 0(n ) is justified by [1, Theorem 
2 .4 , p. 93]. 

This proves (5). 

The case 0 < a < 1. Proof of (7). Here 

6 (a) = (2 /ir)n J x sin x dx 
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1+ûf. 1-ûr 
= (2 / irjn H 

0 2 7m 2p(ûr)s in2cnr 1-ûr 1+ûr - 1 1-ûr - 1 1-ûr f û> 
ir n i x 

J i m 

2 2 
s i n x dx . 

N o w , w r i t i n g 2 s i n " x = 1 - c o s 2 x and y = 2 x , w e h a v e 

(9) 
l+o- - 1 1-ûr f a - 2 2 

2 TT n / x s i n x d x 

gTTD. 

i-a f 

z 

- 1 - 1 1-ûr r 
a) -2TT n / 

_ a - 2 . , - 1 _ - 1 1 - a 
2ir ( 1 -

a - 2 
y c o s y dy . 

T o e s t i m a t e t h e l a s t i n t e g r a l , w e o b s e r v e that the a r e a s 
b o u n d e d by s u c c e s s i v e a r c h e s of the g r a p h of the i n t e g r a n d 
a l t e r n a t e in s i g n and d e c r e a s e s t e a d i l y in m a g n i t u d e . ( B y an 
"arch 1 1 i s m e a n t a p o r t i o n of the c u r v e j o i n i n g c o n s e c u t i v e z e r o s , 
(k + T)TT, and (k + 1)TT, k = n , n + 1 , . . . . ) 

T h i s r e m a r k c a n b e a p p l i e d o n c e t h e i n t e g r a l i s d e c o m ­
p o s e d and the a r c h e s M p a i r e d , f : 

oo 

/ 

a - 2 
y c o s y dy = 

Tr(n-f-i) oo 

/ • / ir(n+i) 

ir(n+i) u(n+7) -rr(n+i-) ir(n+£ ) . _ . . . . 

tm iT(n+i) / Tr(n+f) Tr(n-ff) 

N o w , f r o m the a b o v e r e m a r k , 

ir (n+i) 

y c o s y dy 

/ 

îr(n+! ) 
y c o s y dy 

ir(n+i) 
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dy=ir (1-or) { (n+i) - (n+J ) } 

ir(n+i) 

^# or-2x = 0 ( n ) , 

w h e r e the inequal i ty y ie ld ing the O - t e r m i s obta ined by applying 
the m e a n - v a l u e t h e o r e m of the d i f fe ren t ia l c a l c u l u s to the 
function x , us ing n + f and n + £ a s the end-po in t s of the 
i n t e r v a l . 

L i k e w i s e , 

I 
ira 

a~2 * r\i a ' Z \ 
y c o s y dy = U(n ), 

so tha t 

1-or r ct—2 - 1 
(10) n y cos y dy = 0{n ). 

im 

Combin ing t h i s wi th (9) p r o v i d e s the d e s i r e d e s t i m a t e of 
6 (or), 0 < or < 1, and t h e r e b y c o m p l e t e s the proof of (7). 
n 

R e m a r k s . 1. An a l t e r n a t i v e proof of (5) can be obta ined 
by r e l a t i ng n A (1) to c o n s t a n t s i n t roduced by L». F e j e r 
ana logous to the Liebesgue c o n s t a n t s , u s ing , say , [ l , (4. 4 ) , p . 97 ] . 
T h u s , 

nA (i) 
n 

4 f * * s i n 2 n t ,, 4 r * * f t 1 | . 2 ^ 
= - — dt + - I — I s in nt dt 

*nrj sin t ir J . 2 I 
J J' \ s in t s in t ' 

0 

2 , 2 , 4 r sin t _ 
log n + - log 2 + - I dt 

0 
IT 
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;J . î {sm « - * > * • ; [ — — ) 
^ ^ I sin t sin t / 

dt 

+ £ ( i / n ) . 

This gives a different representat ion for A from (6). 

2. Similarly, Nikolski ! s formula (3), above, can be 
derived quite easily by using [2,(7)], and noting the boundedness 
of 

!„. 
' " * 1 1 . 2 A 

sin nt dt. n 2 
sin t sin t 

3. B . Sz.-Nagy [5, p. 72] has given a different t rea tment 

of A (1), which he calls p , and obtained a complete 
n In 

asymptotic expansion. From his work, it follows that 
2/TT < A < 6/TT. 
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