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CONVOLUTION ORTHOGONALITY AND
THE JACOBI POLYNOMINALS

BY
Wm. R. ALLAWAY

ABSTRACT. Let o and 8 be any two real numbers and let {P,; B )|n =
0,1,2,...} be the Jacobi polynomial sequences. For any non-zero real
number a, {PZ%(ax + b)jn = 0,1,2,...} is an orthogonal polynomial
sequence with respect to convolution if and only if either (i) b =1, a =0
and B+ 1 is not equal to a negative integer or (ii) b = —1, 8 = 0 and
a+ 1 is not equal to a negative integer.

1. Introduction. Let R[x] be the usual vector space of all polynominals in the
indeterminate x over the field of real numbers ®. We will call {p,(x)|n =0,1,2,...}
a polynomial sequence if for n = 0,1,2,..., the degree of p,(x) is n. A polynomial
sequence {p,(x)ln =0,1,2,...} is called an orthogonal polynomial sequence if there
exists a linear functional L : R[x] — R, such that for all non-negative integers n and
m,

(1 l) L[Pn(X)Pm(X)J = kn(sn,mv

where &, ,, is the Kronecker delta and &, # 0, for n = 0,1,2,... . See Brezinski [2]
or Chihara [3] for an excellent introduction to orthogonal polynominals.

According to Amerbaev and Nauzhaev [1], a polynomial sequence {g,(x)|n =
0,1,2,...} is an orthogonal polynomial sequence with respect to convolution if there
exists a linear functional L : R[x] — R, such that for all non-negative integers n and

m.
d X
(12) L [d_/ qn(x - t)qm(t)dt] = kn(sn.rn)
X Jo
where k, # 0, for n =0, 1,2,... . If we denote the convolution product on R[x], that

is used in Equation (1.2), by () and observe that

n'm!

n+m
n+ml

Y

(1.3) xMex™ = i / x —0)'"dt =
dx 0
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then the convolution product (c) is commutative, associative and distributive over or-
dinary polynomial addition on R[x]. Equation (1.2) can be written in the form

1. 4) L(Qn(x)«:)qm(x)) = kn‘sn,ma

which is Equation (1.1) with the traditional polynomial product replaced by the convo-
lution product (c). It is interesting to note that the convolution product (c) is intimately
related to the convolution associated with the Laplace transform. Specifically, if the
Laplace Transform L is defined by

L) = /O e~ F(1)dt = F(s),
then it is well known that
d X
(1.5) £ / for— 0g@dt = L Hs(LIFODEL gD}
0

By letting f(x) = x” and g(x) = x™, Equation (1.5) becomes Equation (1.3).

We will have occasion to use the Gamma function I'(z) with the negative inde-
pendent variable z, thus we follow Weierstrass [4, Page 9] in defining the Gamma
function I'(z) by

f‘(IT) = zexp(7z)ﬁ [(1 + %) exp (—%)] ,
n=1

where z is any finite complex number and ¥ is the Euler Constant. When I'(z) is
defined in this matter it is well known that 1/I'(z) is an entire function that has simple
zeros at z =0,—1,—2,-3,....

Also define

[[a+i) iftn>o0
i=1 ’
1 ifn=0

(a+1), =

The Jacobi polynomial sequences {P, Boln = 0,1,2,3,...} are defined in [3,
Page 143] by

(1.6)  PXP)=(=2)"(n)™'(1 —x)"*(1 +x)—"% [(1 —x)y™* (1 +x)™],
or by

n

1—x k
(1+a),,z(—n)k(n+a+ﬂ+1)k( 2 )

o3 _
(1.7 P == 1+ ay k!

k=0

https://doi.org/10.4153/CMB-1989-043-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1989-043-2

300 W. R. ALLAWAY [September

Throughout this paper we will always require that o and 3 are real numbers such that
(1.8) l+a+8#—1,-2,-3,....

This is a reasonable restriction on o and [ because if 1 + o + 3 equals a nega-
tive integer —m, then the degree of PP (x) is not equal m and thus in this case
{P,‘Z’ﬁ ()|n = 0,1,2,3,...} is not a polynomial sequence. The Jacobi polynominals
satisfy the orthogonality relation

1
(1.9) / (1 = )1+ x)PPEA(x)P2B (x)dx
—1

2P+ a+ (1 +B+n)
Sl +a+B+2n (A +a+B+n) "

if « > —1 and § > —1. See [3, Page 148].
The main result of this paper is the following theorem.

THEOREM 1.1. Define the polynomial sequence {Q,(x;a,8)|n =0,1,2,3,...} by
Qulx; a, f) = Pyo(1 — 2x).

(@) If 3> —1, then

1
8 . . _ (—1)'n!
(1.10) /0 (1= (Qu(x:0,BX00u(x:0.8) d = e Pt

where nym =0,1,2,3,... .
() If 6= —1, then

(1.11) E1(Qn(x; 0, )0)0m(x; 0, 8)) = (—=1)"6m,n /2,

where E| : R[x] — R is the evaluational functional at 1 defined by

El(xn) = 17
where nym =0,1,2,3,....
() IfB#—1,—-2,-3,..., then
(112) s (00, Be0n(:0,8) = ———
: AR m 1+ B)u(1+B8+2n) "™

where the linear functional ¥g : R(x) — R is defined by

n!

1.13 Fs(x" = ———
(113 50 = B D

and nym=0,1,2,3,....

https://doi.org/10.4153/CMB-1989-043-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1989-043-2

1989] JACOBI POLYNOMINALS 301

(d) {Qn(x; o, B)|n = 0,1,2,...} is an orthogonal polynomial sequence with respect
to convolution if and only if « =0 and B+1# —1,-2,-3,....

2. Proof of Theorem 1.1. (a) Because the convolution product (c) is commutative
and distributive over polynomial addition, in order to prove the convolutlon orthogo-
nality relation (1.10), we need only show that

! (n’T(1 +B+n)
— B (K . _
2.1 fou 1) (K0Qa(x;0, ) dx = (1+B)n1"(2+[3+2n)5k’"’

fork=0,1,2,...,n
By noting that for all polynomials II(x),

% [t*©oI(1)] = k*Lolle) if k >0,

we have by using integration by parts k times on the left hand side of Equation (2.1)

1
f (1= 0 [A0u(1;0, 3] di = / (1= 081 = 1/ 0u(1:0, Byt
0

a +ﬂ)
_ k! (1+X)B(1+x)k 0
B B+ J; DB+k+1 Pn (x)dx.
k! (1+x)°x P,?’ﬂ(x)dx,

T B+ ), 2P
_n n!l'(1 + 3+ n)
T B+, TQ+B+2n) "

Equation (1.10) follows because the leading coefficient of Q,(x;0,3) is

1+ B)an(—=1)"
n(1+p8),

(b) The c-orthogonality relation, Equation (1.11), follows from Equation (1.10)
and the fact that

1
lim (3+ 1)/ 1 —x)Px"dx = 1 = E,(x™),
f——1 0

form=0,1,2,....
(c) By hypothesis 3 # —1,—2,... . Thus the linear functional Fg : R[x] — R is
well-defined by Equation (1.13). Forn =0, 1,2,...,

1 z”:(-n>k(1+ﬁ+n)k 1 _ (=D _ b
B+14 (B+2% k! (B+Du B+1

(2.2)  Fp(Qn(x;0,8)) =
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Because of Equation (2.1), we have for § > —1

n+k

2.3) H@0(r;0,8) = Y ai(B,n,k)Qi(x; 0, 8),

i=n—k

where 0 = k = n. Equation (2.3) is not only a polynomial identity in x but is also
a polynomial identity in 3 and therefore it is valid for all real numbers 5. By using
Equations (2.2) and (2.3), it follows that for 3 # —1,-2,....

(n)’T(1+B+n)
[(1+B), 02 +B+2n) "

Fs(©0n(x; 0, 8)) =

where 0 = k < n, which implies Equation (1.12).

(d) if « = 0 and 8 # —1,—2,..., then by parts (b) and (c) we have that
{Ou(x; o, B)|n = 0,1,2,...} is an orthogonal polynomial sequence with respect to
convolution.

To prove the converse, let « and 3 be any two real numbers such that {Q,(x; «, 8)|
n = 0,1,2,...} is an orthogonal polynomial sequence with respect to convolution.
Thus, there exist a linear functional S, 5 : #[x] — R defined by

2.4 Sa,5(Qn(x; , 3)) = b0ns

where n = 0,1,2,.... Because {Q,(x; o, 8)|n = 0, 1,2, ...} is orthogonal with respect
to convolution it follows from Inequality (1.8) that o + 3+ 2 # 0, and thus a special
case of Equation (1.4) is

0 = Sa g 10055 2, )]

Sas {/0 Qs (s5 0, B)ds]

Qta—1,6—1)— 030, —1,8—1)

Sas

(a+5+2)
_ (a)3
Na+p+2)
Therefore, « =0, or a = —1, or « = —2.

To show that o # —1, we first write Q,(x; «, 3) as a hypergeometric function
and use a well known summation formula for the hypergeometric function of unit
argument [4, Page 69], to show that S, 3 has the following equivalent definition

(ax+1),

St = g,

forn=0,1,2,.... Thus,

0# Sas(x©@01(x; &, B)) = Sap((1 + a)x + 2+ a + B)x?/2)
_(+a)2+a(a+p+4)
T2 (a+8+2),
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which along with restriction (1.8) implies that o # —1.
The only remaining case to consider is o« = —2. If this is the case,

0>(x; =2,8) = x*(B+ 1)
and thus because of the Restriction (1.8),

0 # Sap(020x; =2, B)©Q2(x; =2, 8)) = [(1 + B)a]* (e + 1)y /(a + B +2)s = O,

which is a contradiction. Thus o # —2 and therefore the only remaining possible
value for « is 0. Q.E.D.

Part (b) of Theorem (1.1) is especially interesting because it gives an example
of a polynomial sequence that is not an orthogonal polynomial sequence but it is a
polynomial sequence that is orthogonal with respect to convolution.

3. Some Consequences of Theorem 1.1.

(3.1) Convolution Three Term Recursion Formula; 1t is well known [3; Pages
18, 21, 22] that a polynomial sequence {P,(x)|n = 0,1,2,3,...} is an orthogonal
polynomial sequence if and only if {P,(x)|n = 0,1,2,3,...} satisfies a three term
recursion relation of the form

P_y(x) = 0, Po(x) = Yo,

XP,(x) = ayPpy1(x) + BpPr(x) +YpPp_1(x), n=0,1,2,3,...,
where v, # 0 and «, # 0. By using the same technique as was used in the proof of
Favard’s Theorem [3; Page 21], it follows that {Q,(x)|n = 0,1,2,3,...} is orthogonal
with respect to convolution if and only if

0-1(x) = 0, Qo(x) = co,
X0)Qn(X) = @nQni1(x) + b, Qn(x) + c,Qp_1(x), n=0,1,2,3,...,

where a, # 0 and ¢, # 0. Thus Q,(x;0,8) = Py?(1 — 2x), for n = 0,1,2,3,...,
satisfies a “convolution” three term recursion relation
Q—I(X; O’ ﬁ) = 07 QO(X; 07 ﬂ) = 17

3.1 X
/(; 0,(t;0,8)dt = a,Qps1(x; 0, 8) + b,Qn(x; 0, B) + c,OQpn—1(x; 0, B),

forn=0,1,2,.... By using well known formulae for the Jacobi Polynomials (see [4;
Page 263 Formula 2, and Page 265 Formulae 14 & 15]), it is easy to show that for all
real numbers o and (3 satisfying the Inequality (1.8)

2Aa+B+1+n) dP%P(x)

(a+B+1+4+2n)(a+B+2+2n) ,;;

. 2 —B) dPy’ (x)
(x+pB+2n)(a+pB+2+2n) dx

B 2a+n)(B +n) dP™ (x)
(x+B+na+B+2n)(a+B+1+2n) dx

(3.2 PIB(x) =
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forn=0,1,2,3,..., which becomes when a = 0 and x is replaced by 1 — 2x,

—(B+n+1) dQ,+1(x;0,3)
B+2n+ H(B+2n+2) dx
N B dQ,(x;0,0)
B+2m)(B+2n+2)  dx
. n dQ,—1(x;0, )
(B+2n)(B+2n+1) dx ’

(3.3) 0,(x;0,8) =

forn=0,1,2,3,....
From the equation formed by integrating both sides of Equation (3.3) and by noting

that
—(B+n+10u(©:0,) _ B0.(0:0,5)
B+2n+1)(B+2n+2) (B+2n)(B+2n+2)
nQn— 1 (07 07 IB)
B+2n)B+2n+1)
we have that the coefficients in Equation (3.1) are given by

0,

- —@B+n+1)
= Br2m+ )B+2n+2)
. g

" B+2n)(B+2n+2)

n
‘= BB+t )

forn=0,1,2,....

(3.2) The Evaluation of a Determinant: Let us define {g,(x;0,8)|n = 0,1,2,

3,...} by
=D"@B+ l)nQ @10, 5)
(ﬁ+1)2n memEn

From Equation (3.1), it follows that {g,(x;0,3)|n = 0,1,2,3,...} is given by,

(34) CI—I(X§ 0’ IB) = 07 qO(-X;()? B) =1

qn(x;0,8) =

o _ . B )
fo 010, B = (530,90 + e b 4:0,6)
np+n Gn—1(x;0,6).

C(B+2n—D(B+2n)2(B+2n+1)

Because the coefficient of x” /n! in gn(x;0,0) is 1 and because of Equation (1.3),
the polynomial sequence {g,(x;0,0)|n = 0,1,2,3,...} can be thought of as the
“convolution” monic orthogonal polynomial sequence relative to {Q,(x;0,8)|n =
0,1,2,3,...}. By using a technique similar to that used in the classical orthogonal
polynomial theory (See [3; Pages 18 and 19]), it is easy to show that forn = 1,2,3, ...,

Du2D, —n(B+n)

(3.5 Dp_1)? ~ (B+2n—1D(B+2n)2B+2n+1)
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where D, is the determinant defined by

Y% M Yo ... Yy
M1 M2 Y3 .o Ynel

D, = Y2 Y3 Ya coo Ynn2 ,and D_; = 1,
Yo Ynel Yne2 ... Yon

and 7, are the “convolution” moments of {Q,(x;0,3)|n =0,1,2,3,...} defined by

1
3 .n
/ (1= oydefnt = oo

By using the recursion relations (3.5) for D, and by noting that Dy = (1 + 8~ and
Dy =—1+pB)22+6)23+3)", we find that

(—1y[/?] H it

D, = ‘ :
[(1 +,8)n+l "+l H(”+ 2 +,3)n+l —i

i=1

where [a] is the smallest integer 2 a.

(3.3) Convolution Associate Polynomials: By using Equation (3.4) and direct sub-
stitution, it is easy to show that for 3 > —1,

1
@,x:0,8 = L / (1 = 0 gu(x +1:0, B)dr.
ax Jy

is also a polynomial solution of the convolution three term recursion formula (3.4).

For the case when 8 = —1, there is only one second solution of the convolution three
term recursion formula (3.4), namely when o = 0. It is given by
_l)n—l
M (x;0,—1) = D pro 1~ o).
9n-1 (n + l)n—l n—1

In general, if 3# —1,—2,..., then for n = 1,2,3, ...,

d
gL, (x;0,8) = —Fﬂ (gux +1,0,8)) ,

where Fjg is the linear functional (acting on polynomials having ¢ as their indepen-
dent variable) given by Equation (1.13). In all these cases the convolution associate
polynomial sequence {g'"(x)|n = 0,1,2,3,...} satisfies the convolution three term
recursion formula

B M) (.
(ﬁ + 2n)(ﬁ +2n+ 2)qu ]()C, 07 ﬁ)

- nB+n) M (x
Br2n— 1)@+ 2@+ 2n+ 1200

/ ¢\, (50, B)dt = ¢\ (x; 0, 8) +
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forn=1,2,3,....

(3.4) Another Convolution Orthogonal Polynomial Sequence: For the Jacobi poly-
nomial sequences the following symmetry relation is well known [4, Page 256]
Pyf(=x) = (=1)'P}*(x).

Thus,

PO —2x) = (—1)"PP*2x — 1).

If we define the polynomial sequence {R,(x; o, B)|n = 0,1,2,...} by

R.(x; a, B) = PP(2x — 1),

then Theorem (1.1) is also true when R, (x; 0, 3) replaces Q,(x; 0, 3).

4. A Characterization. Because {Py’(1—2x)|n =0,1,2,...}, {PP°2x —1)|n =
0,1,2,...}, and {P}0(=2x — 1)ln = 0,1,2,...}, are all orthogonal polynomial se-
quences with respect to convolution it is of interest to characterize those polynomial
sequences {Py(ax +b)|n = 0,1,2, ...}, which are orthogonal with respect to convo-
lution.

THEOREM (4.1) If {pp(x)|n = 0, 1,2,...}, is any polynomial sequence that is orthog-
onal with respect to convolution, then for all non-zero real numbers a{p,,(ax)|n =
0,1,2,...} is an orthogonal polynomial sequence with respect to convolution.

Proor. Define the linear operator n” : Rix] — R[x] by nhx” = (bx)" where
n=20,1,2,..., and note that for all polynomials p(x) and g(x)

P (p(x)ag(x)) = plax)og(ax).

Let {p,(x)|n =0, 1,2,...} satisfy the convolution orthogonality relation (1.4). Thus
for all non-zero real numbers a

(Lo nl/a)(p,,(ax)(c)pm(a«\f)) = knbpm

and therefore {p,(ax)|n =0, 1,2,...} is orthogonal with respect to convolution.
QED.

Tueorem 4.2, If {PP (ax+b)|n = 0,1,2, ...} is an orthogonal polynomiavl sequence
with respect to convolution, then either (i) b = 1, = 0 and 3+ 1 # a negative integer
or (i) b= —1,8=0and a+ 1 # a negative integer.
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Proor. By integrating both sides of Equation (3.2), we obtain

2Aa+p+n+1)
(a+B+2n+1)a+p+2n+2)
x [Piitax + )~ P0)]
2Ax—P)
(a+B+2n)(ax+pB+2n+2)
_ 2(a+n)(B+n)
(a+B+n)a+B+2n)(ax+p+2n+1)
X [P;,’;,(ax +b)— P,‘,’;l(b)]

_ 2a+B+n+1)
(a+ﬁ+2n+l)(a+ﬂ+2n+2
2(a —B)
(ax+B+2n)(a+B+2n+2)

2(a+n)(B+n)
(a+,8+n)(a+[3+2n)(a+ﬂ+2n+1) P

2 pa-16-1
- ’ b
Ca+fB+n Pr™ (0.

4. 1a / P*P(at + b)dr =
0

[P&A(ax +b) — PIP(b)]

) n+l(ax +b)

P,‘,"*B(ax +b)

l(ax +b)

Because {Py’(ax + b)ln=0,1,2,...} is an orthogonal polynomial sequence with
respect to convolution, therefore it satisfies a convolution three term recursion formula
and therefore Equation (4.1) implies that P, _l’ﬁ_l(b) = 0 for n 2 3. But it is well
known [4, Page 263] that P, ~18 _l(x)ln =0,1,2,...} satisfies the following ordinary
three term recursion formula.

2n(a+B+n—2)

X (a+B+2n— 4P P x) = (a+B+2n—3)

X [(@—12+(B— 1> +x(a+p+2n—2)(a+p+2n—4)]
x PO ) — 2(a+n—2)(B+n—2)(a+ B +2n—2)

x PO (),

for n =2,3,4,.... By letting n = 4 and x = b in this equation we get the following
four cases. (i) a+2 = 0, (i) B+2 = 0. (iii) a+B+6 = 0 or (iv) PY "*7'(b) = 0

Case (iii) can be eliminated immediately because a+3+6 =0= a+[+1 = —5
which contradicts Inequality (1.8).
For the case a = —2, we know from Equation (4.1) that
(n—=2)B+n) £0
B+n—2)B+2n—-2)B+2n—1) ’
at n = 2. Thus 8 = 0 or 8 = —3. In either case we get ¢+ 3 + 1 = a negative
integer, which contradicts Inequality (1.8). Thus o # —2. A similar argument shows
that 8 # —2.
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In a similar manner, case (iv) P;’_l’ﬁ_l(b) = 0 implies that (iv a) « = —1, (iv b)
B=—1,(vc)a+B+4 =0, or (ivd) Pf‘_l’ﬁ_l(b) = 0. The argument to show that
cases (iv a), (iv b) and (iv ¢) can’t occur is the same as the one used above to show
that cases (i), (ii) and (iii) can’t occur.

Case (iv d) P* P~ (b) = 0 implies that @ = 0 or 8 = 0 or a++2 = 0. The last
case can’t occur. Thus the only remaining cases to consider are o = 0 or 8 = 0.

For o = 0 we know that

PN = (1) (B +n— 1), (—1 ;b) =0,

for n = 3,4,5,... . Thus b = 1. Similarly, for 3 =0

Py b7lb) = (=) (a+n—1), (2%1) =0,

forn =3,4,5,.... Thus, b = —1. Q.E.D.

The following characterization theorem follows directly from Theorem (4.1) and
Theorem (4.2).

Tueorem 4.3. {Py B (ax +b)|n = 0,1,2,...} is an orthogonal polynomial sequence
with respect to convolution if and only if either (i) b = 1,a = 0 and B+ 1 is not
equal to a negative integer or (ii)) b = —1,3 = 0 and a+ 1 is not equal to a negative
integer.
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