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Abstract

Let G be a nonabelian finite p-group of order p™. A long-standing conjecture asserts that G admits a
noninner automorphism of order p. In this paper we prove the validity of the conjecture if exp(G) = p™ 2.
We also show that if G is a finite p-group of maximal class, then G has at least p(p — 1) noninner
automorphisms of order p which fix ®(G) elementwise.
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1. Introduction

Let G be a nonabelian finite p-group. A long-standing conjecture asserts that G admits
a noninner automorphism of order p (see also [9, Problem 4.13]). Liebeck [8] has
shown that finite p-groups of class 2 with p > 2 must have a noninner automorphism
of order p fixing ®(G) elementwise. For p =2, Liebeck produced an example of a
2-group G of class 2 and order 27 with the property that all automorphisms of order
two fixing ®(G) are inner. Deaconescu and Silberberg [5] reduced the verification of
the conjecture to the case where Cg(Z(®(G))) = ®(G). Abdollahi [1-3] proved that
if G is a finite p-group of class 2, 3 or G/Z(G) is powerful, then G has a noninner
automorphism of order p leaving either ®(G) or Q;(Z(G)) fixed elementwise. Jamali
and Viseh [7] proved that every nonabelian finite 2-group with a cyclic commutator
subgroup has a noninner automorphism of order two fixing either ®(G) or Z(G)
elementwise. In [11] we showed the validity of the conjecture when G satisfies one of
the following conditions:

(1) rank(G’ N Z(G)) # rank(Z(G));

2) Z»(G)/Z(G) is cyclic;

3) CsZ(D(G))) = D(G) and (Z2(G) N Z(D(G)))/Z(G) is not elementary abelian of
rank rs, where r = d(G) and s = rank(Z(G)).
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Here we show the validity of the conjecture for some finite p-groups. In fact we
prove the following theorem.

THeEOREM A. Let G be a nonabelian finite p-group of order p™ satisfying one of the
following conditions:

(1) ©(G) is cyclicy

2) exp(G)=p"

(3) s=rank(Z(G))=>(m—-1)/2;

(4) s=rank(Z(G))>2and [G : Z(G)] < p*.

Then G has a noninner automorphism of order p leaving either ®(G) or Qi(Z(G))
fixed elementwise.

A p-group G of order p" with n >3 and nilpotency class n — 1 is said to be of
maximal class. The cornerstone in the theory of p-groups of maximal class is the paper
by Blackburn [4] (see also Huppert [6, IT1.14]). If G is a p-group of maximal class, then
G has a noninner automorphism of order p which fixes ®(G) elementwise (see [11,
Corollary 2.7]). In this paper, we prove a stronger version of [11, Corollary 2.7].

Tueorem B. If G is a group of order p" (n > 4) and of maximal class, then G has at
least p(p — 1) noninner automorphisms of order p which fix ®(G) elementwise.

2. Proofs

Proor oF THEOREM A. If Cg(Z(®(G))) # @(G), then by [5], G has a noninner
automorphism of order p which fixes ®(G) elementwise. Hence we need only consider
the case where Cg(Z(®(G))) = O(G). Also by [1, Theorem] and [11, Corollary 2.7] we
can assume that cl(G) #2,m — 1.

(1) Since ®(G) is cyclic,

2(G) N Z(0G)) _ £(6) N 0(G) _ P(G)
Z(G) B Z(G) ~ Z(G)

is cyclic. Hence by [11, Theorem], G has a noninner automorphism of order p which
fixes ®(G) elementwise.

(2) Let a be the element of G of order p”2. Assume that Cs(a) # {a). Choose
x € Cg(a) \{a). Hence M = (x, a) is an abelian maximal subgroup of G. Therefore

M < C6(M) < Co(D(G6)) = Co(Z(P(G))) = D(G),

a contradiction. Thus Cg(a) = {(a). Suppose first that p is odd. Hence by
[10, Proposition 5], G is isomorphic, for m > 4, to

G,=(a,b,cla” =1,b" =1,c’ = 1,b 'ab = a'*"""

, ¢ Lac = ab, bc = cb);
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and, form > 5, to
m—2 n—4

Gs=(a,b|a”" =1,b" =1,b " ab = a'*""™),
GlO _ <a’ b | apm-2 _ l’apm—,% _ bPz,a‘lba — bl—p>'

If G is isomorphic to G;, then M =(a,b|a”" =1,b" =1,b"'ab=a"""") is a

maximal subgroup of G and Z(G) = Z(M) = {a”). Now the map ¢ defined by ¢(a) = a,

¢(b) =b and ¢(c) = a”"” ¢ is a noninner automorphism of order p which fixes ®(G)
m—4

elementwise. Now let G be isomorphic to Gg. Thus G’ ={(a” ) and Z(G) = (apz).
If m = 5, then ®(G) = (a”, b”), whence Z(D(G)) = Z(G) = (a”2>. Thus

Co(Z(D(G))) = C6(Z(G)) = G # D(G),

a contradiction. If m > 6, then G is of class 2, a contradiction. Finally let G be
isomorphic to Gyo. Thus Z(G) = (ap2> and G’ = (b”). Set a = aZ(G) and b = bZ(G).
Hence

G=G/Z(G)=(a,b|a” =b" =1, [a, b] = b").

Therefore G’ = (b”) < G”. Thus G/Z(G) is a powerful p-group and so by [2, Theorem
2.6], G has a noninner automorphism of order p which fixes ®(G) elementwise.

Now let p = 2. By [10, Proposition 7 ], G is isomorphic, for m > 5, to
Gis={a,b,c| 2 =1,0=1,32=1,blab=a"""", ¢ lac=a"*?"" ,bc = cb),
Gig={a,b,c]| A =1,=1,=1,b"ab=a"?"",clac=a*?"",
ctbe = a*" by,
Gi7=(a,b,cla®” =1, b
Gis=(a,b,cla®” =1, b
form > 6, to
Gyo=(a,bla® " =1,b*=1,b"tab=a"?""),

Gy =(a,b|a® =1,a*" =b*,a 'ba=b"),

Gu=(a,b,cla® =1,02=1,2=1,b""ab=a""?", ¢ lac =a"**""b, be = cb),
Gys ={a, b, c| 2 =1,=1,t=a*", b lab = a'*?"",

clac=a*?""b, be = cb);

and form =5 to

Gy ={a,b,c|la®=1,0*=1,>=a*,b"'ab=a’, c'ac = ab, bc = cb).

If G is one of the groups G5 or G, then G’ ={a’h)=Cys and Z(G) =
(@*"7y=C,. Hence the map ¢ defined by ¢(a)=a"", ¢(b)=b and ¢(c)=c is a
noninner automorphism of order two which fixes Z(G) elementwise. If G is the group
G17, then

I
—

1,b~'ab=a"*?"", ¢ lac = ab, be = cb),
b7 la

2
m-3 _
c? b=a"*?"", clac =a'b);

’

G =@ ", hy=CyxCy and Z(G) = {a*) = Cyns.

Hence the map ¢ defined by ¢(a)=ac, ¢(b)=>b and ¢(c)=c is a noninner
automorphism of order two which fixes Z(G) elementwise. If G is the group Gg, then
the map ¢ defined by ¢(a) = ab, ¢(b) = b and ¢(c) = ¢~ is a noninner automorphism of
order two which fixes Q;(Z(G)) elementwise. If G is the group Gy, then G’ = (a?) =
Cyns and Z(G) = (az'H) = C,. Hence the map ¢ defined by ¢(a) = a~' and ¢(b) = bisa
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noninner automorphism of order two which fixes Z(G) elementwise. If G is the group
Gy, then G’ = (b*) = C4 and Z(G) = (a*) = Cyus. Since |G/Z(G)| = 8 and G/Z(G) is
not abelian, we have Z,(G)/Z(G) = C, and hence by [11, Theorem], G has a noninner
automorphism of order two which fixes ®(G) elementwise. Let G be one of the groups
G4 or Gys. Then

G =(a*by=Cps and Z(G)={(a*")=C,.

Hence the map ¢ defined by ¢(a)=ab, ¢(b)=>b and ¢(c)=bc is a noninner
automorphism of order two which fixes Z(G) elementwise. Finally, let G be the group
Gas. Then G’ = (a*, by = C, x C; and Z(G) = {a*) = C,. Hence the map ¢ defined by
#(a) = ac, ¢(b) =b and ¢(c) = ¢! is a noninner automorphism of order two which
fixes Z(G) elementwise.

(3) If s=1, then m=3 and so ®(G) =Z(G)=C,. Hence Co(Z(D(G)) =G #
®(G), which is a contradiction. Therefore s > 2. We claim that
Z,(G) N Co(D(G)) ( G

76 2 Hom —@(G),Z(G)).

Assume to the contrary that

2O UG o

Z(G) ™aoG)y Z(G))'

Since G is nonabelian and s = rank(Z(G)) > (m — 1)/2,

2,(G) N Co(D(G)) :'Hom( G Z(G))

Z(G) (G)’

> sz > pm—l‘

'Z(GG)'Z

This is a contradiction, since s > 2. Hence by [11, Proposition 2.5], G has a noninner
automorphism of order p which fixes ®(G) elementwise.

(4) Since G/Z(G) is nonabelian, |G/Z(G) = p? or p*. If |G/Z(G)| = p°, then
|Z>(G)/Z(G)| = p. Hence by [11, Theorem], G has a noninner automorphism of order
p which fixes ®(G) elementwise. Now let |G/Z(G)| = p*. By [11, Theorem], we can
assume that Z,(G)/Z(G) is not cyclic. Therefore Z,(G)/Z(G) = C, x C,. It follows
from s > 2 and d(G) > 2 that

Z,(G) N Co(D(G)) q (
0

G
Z(G) ™oG) Z(G))'

Hence by [11, Proposition 2.5], G has a noninner automorphism of order p which fixes
O(G) elementwise. O

Proor oF THEOREM B. Since G is of maximal class, |Z,(G)| = p>. Hence by [12,
Step 1], C5(Z»(G)) is a maximal subgroup of G, My say. Since G is of maximal
class, by [4, p. 53] G has just p + 1 maximal subgroups. Let M, ..., M, denote the
maximal subgroups different from M.
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We now divide the proof into the following three steps.

Step 1. G is not the union of My, ..., M,,.
Fori=2,...,p,IM;n M| =p"2, and so |M;\ M| = p"*(p — 1). Hence

p

(o

i=1

P
< D IMA My =p" 2 (p - 1P < p' = p' =16\ M
i=2

Step 2. Z(M;)) =Z(G)=C,fori=1,...,p.

Suppose that |Z(M)| > p for some M = M;. Since by [4, Lemma 2.2], Z,(G) is
the only normal subgroup of G of order p?, and Z(M) is normal in G, we have
Z,(G) £ Z(M), and therefore

M < Cs(Z(M)) < Cs(Z2(G)) = M,

a contradiction.

Step 3. G has at least p(p — 1) noninner automorphisms of order p which fix ®(G)
elementwise.
By Step 1, we can pick xe G\ (M1 U ---U M,). Thus

G=)M; =(x)Mr =---=(x)M,.

By Step 2, Z(M;)=Z(G)=C, for all 1<j<p. Let Z(G)=(z) and 1< j<p. It
follows from
Z(G)<d(G) and Z(G)=Z(M;)=Cs(M))

that the map «; defined on G by a;(x'm;)=x'm;z" for every m;€ M; and every
ief{0,1,...,p—1} is a noninner automorphism of order p which fixes ®(G)
elementwise. Let a;=qa; for some 1< j#k<p. Pick any xo € M;\ M. Since
G = (x)M}, we have xy = x"my for some 0 < u < p and some my; € M;. Then

xo = aj(x0) = ax(xo) = X"mz" = xo2".

Therefore z“ = 1 and so p must divide u, a contradiction. It can be verified that if «;
is one of the above automorphisms, then a?, e, oz‘;_l are noninner automorphisms
of order p which fix ®(G) elementwise. By imitating the proof of the above we get
a/j. ;ta;. forall 1< j#k<pand 1 <s,t<p— 1. Therefore G has at least p(p — 1)

noninner automorphisms of order p which fix ®(G) elementwise. O
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