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Generalized D-symmetric Operators I

S. Bouali and M. Ech-chad

Abstract. Let H be a separable, infinite-dimensional, complex Hilbert space and let A,B € L(H),
where L(H) is the algebra of all bounded linear operators on H. Let d45: L(H) — L(H) denote the
generalized derivation dap(X) = AX — XB. This note will initiate a study on the class of pairs (A, B)
such that R(da5) = R(0a*p* ).

1 Introduction

Let L(H) be the algebra of all bounded linear operators on an infinite dimensional
complex Hilbert space H. For an operator A in £(H), the inner derivation on A, 0,4, is
defined on L(H) by d4(X) = AX—XA for each X in L(H).The generalized derivation
operator d4p associated with (A, B), defined on L(H) by d45(X) = AX — XB has
been much studied, and many of its spectral and metric properties are known (see
[2,6,7,9]).

J. G. Stampfli [8], J. H. Anderson, J. W. Bunce, J. A. Deddens, and J. P. Williams [1],
and S. Bouali and J. Charles [4, 5] gave some properties and characterizations of D-
symmetric operators, the class of operators that induce derivations for which the
norm closures of their ranges are self-adjoint. In order to generalize these results, we
initiate the study of a more general class of D-symmetric operators, in other words,
the class of pairs of operators A,B € L(H) that have R(d45) = R(Ss+p+), where
R(b4p) is the norm closure of the range of §45. We call such pairs D*-symmetric.

Notations

(i) ForA € L(H), 0(A) is the spectrum of A.

(i) Let K(H) be the ideal of all compact operators. For A € L(H), let [A] denote
the coset of A in the Calkin algebra C(H) = L(H)/XK(H).

(iii) C;(H) is the ideal of trace class operators.

(iv) For A,B € L(H), fR(dAB)U denotes the ultraweak closure of R(d45), and
L(H)'"Y denotes the continuous linear forms in the ultraweak topology.

(v) Let M be a subspace of L(H). We denote the orthogonal of M in the dual space
of L(H),L(H)', by M°.

(vi) For g and w two vectors in H, we define g ® w € L(H) as follows:

g®w(x) = (x,w)g forallx € H.
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2 D*-symmetric Pairs

Definition 2.1 Let A,B € L(H). If R(0ag) = R(Jaxp+), we say that (A, B) is
D*-symmetric.

Theorem 2.2 Let A,B € L(H). If A and B are D-symmetric operators with disjoint
spectra, then (A, B) is D*-symmetric.

Proof Let X € R(dsp). There exists a sequence (X,), C L(H) such that
|[645(X,) — X|| — 0. Consider the operators on H & H

0 X 0 X, (A 0
M@ O,A@Q 0» de(OB>

It follows that

R R R

Thus M € R(Jr). Since A and B are D-symmetric operators with disjoint spectra,
then T is D-symmetric by J. G. Stampfli [8, p. 260]. Hence there exists a sequence

(N,)), C L(H & H) such that 7« (Nn)uM . A simple calculation proves that there

exists a sequence (Y,), C L(H), such that §4«p« (Yn)uX. Thus R(dap) C R(d4+p=).

We obtain the reverse inclusion in the same way. ]

Remark 2.3 Let A and B be two cyclic subnormal operators with disjoint spectra.
A and B are D-symmetric operators by [4, Thm. 2.5]. Since o(A) N o(B) = @,
Theorem[2.2limplies that (A, B) is D*-symmetric.

Theorem 2.4 For A, B in L(H) the following are equivalent:

(i) (A, B) is D*-symmetric;

(ii) 04 (A)L(H) + L(H)dp- (B) € R(dap) N R(Sa+p+);

(iii) A*R(dap) + R(0ap)B* C R(ap) and AR(Sa=p+) + R(0ap=)B C R(d4=p+)-

Proof (i) = (ii). Forall X € L(H) we have

Oax (A)X = 0a»p+ (AX) — Ada+p+(X) and  X0p-(B) = 0ap(X)B" — dap(XB").

Since AR(dp+p+) € AR(048) C R(0ap) and R(d4p)B* € R(Saxp-)B* € R(dap), it
follows that
Op=(A)L(H) + L(H)0p- (B) € R(dap).

The implication (ii) =- (iii) is a consequence of the following identities. For all X and
Y in L(H),

A*éAB(X) + 5AB(Y)B* = 5AB(A*X + YB*) + - (A)X + Y g« (B)
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and
Adgxp+ (X) + 0pxp=(Y)B = Opxp+ (AX + YB) — 04+ (A)X — Y3+ (B).

(iii) = (i). Suppose that (iii) holds. Then A*"R(d45) C R(Jap) for each n in N. We
always have the inclusion A"R(J45) C R(dap) for each m in N.

We shall prove that R(04p)° = R(da=p~)°. Let f € R(dap)° and X € L(H).
Observe that

AMMAX — AA™"X = A™"54p(X) — 04p(A™"X)

for each nin N. Hence A*"AX —AA*"X € R(S4p) for each nin N. A similar argument
using mathematical induction on m shows that A*" A" X—A"A*"X € R(d4p) for each
nand m in N. Thus f(A*"A"X) = f(A™A*"X) for each n and m in N. It follows that
f (e*4ePA" X) = f (€74 e*AX) for all complex numbers o and f3.

An induction argument shows that

f((@A+pAY)'X) =) (Z) f((aA)*(BAT)"*X)
k=0

for each n in N and for all complex numbers o and 3. Hence
f(eaA+5A*X) — f(eaAeﬁA*X) _ f(eﬁA* eaAX)

for each X in L(H) and for all complex numbers o and 3. A similar argument using
:R((;AB)B* - :R((SAB) shows that

f(XeaB+ﬁB*) _ f(XeaBeﬂB*) _ f(XeﬂB* eaB)

for each X in L(H) and for all complex numbers o and .

Since f(AX) = f(XB), it follows by induction that f(A"X) = f(XB") for all
n € N, and hence f(e*X) = f(Xe*®) or f(e**Xe *B) = f(X) foralla € C and
X € L(H). These relations yield, for all A € C, the equations

f(et)\A*Xe—z)\B*) _ f(erAezAA*Xe—z,\B*e—lXB)
_ f(e1(XA+>\A*)Xe—1()\B*+XB)).
Define the function g on C as follows:
g\ = f(eM Xe ).

Since NA+AA* and AB*+\B are self-adjoint operators, then ¢+ ") and ¢=/(AB™+AB)
are unitary operators . Thus for all A € C,

g < (I FIIX-

By Liouville’s theorem, the entire function g side must be constant. In particular, the
derivative vanishes at A = 0. This gives f(A*X — XB*) = 0 forall X € L(H). Thus
R(64p)° € R(dap~)°. We obtain the reverse inclusion in the same way. [ |
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Corollary 2.5 If A and B are normal operators, then (A, B) is D*-symmetric.
Corollary 2.6 LetU andV two isometries, then (U, V') is D*-symmetric.

Proof LetP =1 — UU". Then forall X € L(H),

Su~y+(X) = 6yy (=U*XV*) — PXV*.

Hence, to prove that R(5y«y+) C R(dyv), it suffices to show that PX € R(dyy) for
all X € L(H). Let

n—1
k k *k+1 *
Tn:Z(;—l)UPXV . neN,
k=0

where N* = N\{0}. A simple calculation shows that

1 n
Suv(T,) — PX = — =Y UFPXV*,
ov(T,) n;

Since (U/Px, U*Py) = 0 for j # k and x, y in H, then

n 2 n
2.1) H ZUkPXV*ka = 3 [UPXV |2 < nf| PX]P ]
k=1 k=1

Thus |6y (T,) — PX|| < n~2||PX||, that is, PX € R(3yv).
For the reverse inclusion, first prove that if Q = I — VV*, then PX € R(Sy~y~)
and XQ € R(dy~y+) forall X € L(H). Let

n—1

k k+1 xk *
Sn:Z<E—1>U PXV*™ neN*.
k=0

A simple calculation shows that

1 n
Suev+(Sy) + PX = - ; Ukpxv**.

It follows from (ZI) that ||5y«y-(S,) + PX|| < n~z||PX|. Thus PX € R(3y-y-).

Consider
n—1

k ) )
Rn:Z(;—l)U"“XQV K oneN-
k=0

Then

1 n
Su-ve(Ry) +XQ == > U*XQV*.
" k=1
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Hence

(Bu-v-(Ry) + XQ)* = = 3 VEQx U™
n
k=1

Thus ||6y-v-(R,) + XQ|| < n™2||QX*||, and so XQ € R(dy~y-). Since
Udy~v+(X) = dy=v=(UX) — PX and dy-v~(X)V = dy-v+(XV) — XQ,

then

UR(by+v=) + R(6y=v+=)V C R(y=v+).

It follows from the proof of Theorem 2.4 that R(dyv) € R(dy~v+). Thus (U, V) is
D*-symmetric. u

Definition 2.7 ([3]) Let A, Bbein L(H) and J be a two sided ideal of L(H). The
pair (A, B) is said to possess the Fuglede—Putnam property (F, P)4 if AT = TB and
T € J implies A*T = TB*.

Theorem 2.8 For A,B € L(H), the following are equivalent:

(1) (A, B) is D*-symmetric;

(i) (a) ([A], [B]) is D*-symmetric in C(H), and
(b) (A, B) and (B, A) have the property (F, P)¢,;

(iii) (a) ([A], [B]) is D*-symmetric in C(H), and

(b) R(Gap) = R(Gapr). -

Proof Note that fR(&AB)U = R(Og=p~ )U if and only if

R(Ga5)° N (LCH)) " = R(Gpep-)° 0 (LCHD)) .
On the other hand
(2.2) R(0ap)° =~ R(dap)° N K(H)* & ker (054) N C1(H),
[10, Thm. 3]. In particular,

R(645)° N L(H)'Y ~ ker (6g4) N C,(H).

This proves that fR(éAB)U = R(5p+p+ )U if and only if
ker (6BA) N GI(H) = ker (6B*A*) n Gl(H)

Thus (ii) < (iii).

Clearly the above shows that (i) = (iii). Suppose that (iii) holds. Let f € R(Jap)°.
Then by (Z2), we have f = fy + fr such that f; € R(dap)° N K(H)’ and T €
ker (0ga) N C1(H) (where fr(X) = tr(XT) for each X in L(H)). Since R(éAB)U =
fR(éA*B*)U, it follows that T € ker (dg+a«) N C(H). Let Z € R(5s+p+). Then
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[Z] € R(O1a=)(B+1)- Since ([A], [B]) is D*-symmetric in C(H), then [Z] € R(J[aj(5))-
There exists a sequence of operators (X,), in L(H) and a sequence (K},), of compact
operators in K(H) such that AX,, — X,B+ K, — Z. But

ﬁ)(AXn — XuB + Kn) = ﬁ)(AXn - XnB) + ﬁ)(Kn) =0,

and thus f(Z) = 0. It follows that fo € R(Jaxp~)° N K(H)’, and hence f €
R(6axp+)°. Therefore, R(54p)° C R(Sa=p~)°. We obtain the reverse inclusion using a
similar argument. ]

Corollary 2.9 IfU andV are two isometries, then (U, V') has the property (F, P)e,.

Proof (U,V) is D*-symmetric by Corollary 2.6 It follows from Theorem [2.8] that
(U, V) has the property (F, P)e,. [ |

Theorem 2.10 Let A,B € L(H). If there exist two nonzero elements f and g in H,
and A € G such that B(f) = A\f, B*(f) # \f and A*(g) = Mg, then (A, B) is not
D*-symmetric.

Proof Since forall A € C, R(dap) = R(d(a—x)B—»))> we may assume without loss of
generality that A = 0. Note that B* f = w # 0, wherew 1L f. If X = |jw|72(g ® w)
andY € L(H), then

((A*X — XB")f,g) = (A*X(f),8) — (XB*f,g)
=(0,8) — (X(w),g) = —(g.8) = —|lg|I’

and
((AY —=YB)f,g) = (Yf,A*g) — (0,g) = 0.

Suppose that A*X — XB* € R(éAB)U. Then there exists a net (Y,,),, in L(H) such that
for all x and y in H, we have:

((AY, —YoB)x,y) — ((A*X — XB*)x,y),
so that

It follows that ¢ = 0. This proves that A*X — XB* ¢ R(0a5) , that is, R(0ag) %

R(5pxp+ )U. Consequently we obtain that (A, B) is not D*-symmetric by Theorem[2.8]
|
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