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General radical theories were obtained by Amitsur ( 1 ; 2; 3) and Kurosh 
(6). Following Kurosh we say tha t a property © of rings is a radical proper ty 
if: 

(a) Every homomorphic image of an ®-ring is an ®-ring; 

(b) Every ring R contains an ^-ideal S which contains every other &-ideal 

of R; 

(c) The factor ring R/S is ©-semi-simple (that is, has no non-zero ^-ideals). 

The property 31 of being nil is a radical property and for rings with D.C.C. 
(the descending chain condition on left ideals) this becomes the so-called 
Classical Radical. Nilpotency is not a radical property for the union of all 
the nilpotent ideals of a general ring need not be nilpotent . However, for 
rings with D.C.C. all nil radicals are nilpotent. 

The question we are concerned with is which general radical properties 
coincide with 31 on rings with D.C.C. If © and X are two radical properties 
we say © ^ 2 if every ©-radical ring is also ï - r ad ica l , and if we work with 
the class of all (associative) rings this is equivalent to the s ta tement t ha t for 
any ring R, the ©-radical of R is contained in the ï - r ad ica l of R. We say 
© = X if a ring is ©-radical if and only if it is ï - r ad ica l , or if, for every 
ring R, its ©-radical equals its ^-radical . However, if we consider only rings 
with D.C.C. these s ta tements are not equivalent for an ideal of a ring with 
D.C.C. may not have D.C.C. itself. T h u s it is possible to have properties © 
and X such t h a t a ring with D.C.C. is ©-radical if and only if it is ï - r ad i ca l , 
bu t there exist rings R with D.C.C. whose ©-radicals are smaller than their 
^-radicals . We seek general radical properties O which coincide with 31 on 
rings with D.C.C. in the strong sense t h a t for any ring R with D . C . C , its 
O radical equals its 31 radical. T o this end we shall use Kurosh 's upper and 
lower radical constructions. 

Given any set of rings P, the lower radical property determined by P is 
denned as follows: 

A ring is of first degree over P if it is a homomorphic image of some ring 
in P or if it is zero (this is to complete the definition in case P is vacuous) . 
We say a ring R is of degree f3 > 1 over P if every non-zero homomorphic 
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image of R contains a non-zero ideal which is a ring of degree 0 — 1 over P. 
If p is a limit ordinal we say a ring is of degree ($ over P if it is of some degree 
a < /3, over P . Then we consider all rings of any degree over P and we say 
a ring is radical if it is of some degree over P. This yields a radical proper ty 
for which all rings in P are radical and it is less t han or equal to any other 
radical proper ty for which all rings in P are radical. 

Given any set of rings Q with the following proper ty : 

(d) Every non-zero ideal of a ring of Q can be homomorphically mapped onto 
some non-zero ring of Q; 

the upper radical property determined by Q is defined as follows: 
We consider the class Q, the set of all rings R such t h a t every non-zero 

ideal of R can be homomorphically mapped onto some non-zero ring of Q. 
We then say a ring is radical if it cannot be homomorphical ly mapped onto 
a non-zero ring of Q. This yields a radical proper ty for which all rings in Q 
are semi-simple and it is bigger t han or equal to any other radical proper ty 
for which all rings in Q are semi-simple. 

We make the following definitions: 

2 = the lower radical property determined by all the zero simple rings. 

35 = the lower radical property determined by all nilpotent rings which are nil 
radicals of rings with D.C.C. 

S3 = the lower radical property determined by all nilpotent rings. 

%l — the lower radical property determined by all nil rings. 

U = the upper radical property determined by all finite dimensional total 
matric rings over division rings {since this class consists only of simple 
rings it clearly has property D.) 

I t is clear then t h a t 

? < 3 5 < 9 3 < 9 i < U . 

If G is any radical proper ty t h a t coincides with %l on rings with D.C.C. 
then all zero simple rings are O-radical , for zero simple rings have D.C.C. 
and are ^ - rad ica l . Therefore 2 < G . On the other hand, all finite dimensional 
total matr ic rings over division rings have D . C . C , are nil semi-simple and 
are therefore G semi-simple. T h u s G < U. Consequent ly 8 < G < U. How­
ever, every nilpotent ring is of course ïïl-radical and if it is a nil radical of a 
ring with D.C.C. then it mus t also be G radical. Therefore 35 < G < U. 

T H E O R E M 1. A general radical property G coincides with the nil radical 5ft 
on rings with D.C.C. if and only if 35 < G < U. 

Proof. We have already proved half of this theorem. T o prove the other 
half it is sufficient to show t h a t both 35 and U coincide with ft on rings with 
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D.C.C. T o see t h a t 9Î and U coincide let R be any ring with D.C.C. Let N 
be its ^- radica l and U be its U-radical. N Q U. We consider R/N which is 
well known to be a finite direct sum of D/s, where the Dt are finite dimensional 
total matr ix rings over division rings. Now U/N is an ideal of R/N and mus t 
then be a finite direct sum of the D/s t h a t it contains. Then U can be homo-
morphically mapped, via U/N, onto one of the Dt which is U-semi-simple. 
However, U is U-radical and so is every homomorphic image of U and the 
only ring t ha t is both radical and semi-simple is the ring consisting only of 
zero. T h u s U/N mus t be zero, U — N. 

T o see t ha t 91 and 3) coincide again let R be any ring with D.C.C. Let N 
be its ^- radica l and D its ©-radical. D C N. Now N is nilpotent and it is 
a nil radical of a ring with D.C.C. and therefore N is ©-radical, N — D. 
Q.E.D. 

Kurosh makes the s ta tement t ha t a general radical property O coincides 
with the nil radical 9t on rings with D.C.C. if and only if 2 ^ G â U. How­
ever, he overlooked the fact t ha t though this is t rue in the weak sense t h a t 
every Q-radical ring with D.C.C. is 2-radical, this is false in the strong sense 
as the following example shows: 

Let A be the set of all ax + pe where a and 0 are rational numbers and 
where x2 = 0, e2 = e, ex = xe = x. This is a commutat ive ring which is a 
two-dimensional vector space over the rationals. The only non-zero proper 
ideal of A is N = {ax}. Clearly N is the nil radical of A and A has D.C.C. 
We wan t to show tha t A is 8-semi-simple. The 8-radical of A is contained 
in N and thus it remains to show tha t N is 8-semi-simple. Assume then t h a t 
N contains some S-ideals, each of them being of some degree over the class 
of all zero simple rings. Let y be the minimal ordinal such t ha t N has an 
ideal I which is of degree y. Clearly 7 is not a limit ordinal. Since I is of 
degree y, every non-zero homomorphic image of / must contain a non-zero 
ideal of degree 7 — 1 and in particular / itself must contain a non-zero ideal 
/ of degree 7 — 1. However, since N2 = 0, JN = 0 and J is therefore an 
ideal of N. T h u s N contains a non-zero ideal of degree 7 — 1, which contra­
dicts the minimali ty of 7, unless 7 = 1. Thus if N contains any 8-ideals it 
mus t contain one of degree 1. However, any homomorphic image of a zero 
simple ring is a zero simple ring and thus the only rings of degree 1 are the 
zero simple rings themselves. However, any non-zero ideal of N is merely 
an addit ive subgroup and contains a t least the infinite cyclic addit ive group 
generated by a non-zero element, and thus cannot be simple. Therefore N 
has no S-ideals and N is 8-semi-simple. 

T h u s A is a ring with D.C.C. whose 9l-radical is not equal to its 8-radical. 
This proves also t ha t 8 ^ 33. 

W h a t is t rue is t ha t every sJt-radical ring R with D.C.C. is also 8-radical. 
For if R is nilpotent, Rm = 0 5* Rm-\ By D.C.C. Rm-1 contains a minimal 
ideal I of R. If J is any ideal of I it is also an ideal of R for JR C Rm~lR = 0. 
T h u s I is a zero simple ring. T h u s R contains a zero simple ring. Similarly, 
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every homomorphic image of R contains a zero simple ring and therefore R 
is of degree 2 over the zero simple rings and thus R is 8-radical. 

Of course in the example above, though N is contained in a ring with 
D . C . C , N itself does not have D.C.C. Curiously every homomorphic image 
of t h a t N, which is not isomorphic to TV, is 8-radical. 

I t is clear tha t , in general, U ^ 91 for the set of all rat ional numbers of 
the form 2m/(2n + 1) is a Jacobson radical ring which is clearly U-radical, 
bu t is 91-semi-simple. Also S3 ^ 91, for 91 is the Baer upper radical and S3 is 
the Baer lower radical and Baer (5, § 2 ) has given an example where they 
are different. T o see t h a t S3 is the Baer lower radical we first point out t h a t 
S3 is identical with the lower radical proper ty determined by the zero ring 
on an infinite cyclic addit ive group W. Clearly if all ni lpotent rings are radical 
then in part icular W is radical. On the other hand, every ni lpotent ring 
contains an ideal which is a zero ring on a cyclic addi t ive group and this 
is a homomorphic image of W. T h u s every nilpotent ring is of degree 2 over 
W and thus if W is radical so are all ni lpotent rings. Kurosh has pointed out 
t h a t the lower radical determined by W is precisely Baer 's lower radical. 

T o see t h a t all five radical properties are different in general, t h a t is, 

we must finally show t h a t 2) ^ 33. 

T H E O R E M 2. The radical property 35 < S3, the Baer lower radical. 

Proof. We know t h a t 3) < S3 and the question as to their equal i ty will be 
settled if we show t h a t W, the zero ring on an infinite cyclic addi t ive group, 
is 35-semi-simple. 

Suppose then t h a t W contains some S)-ideals. However, every non-zero 
ideal of W is isomorphic to W and thus if W has a non-zero 35-ideal, it mus t 
be ©-radical itself. Let a be the minimal ordinal such t h a t W is of degree a 
over the class of all ni lpotent rings which are nil radicals of rings with D.C.C. 
Then clearly a is not a limit ordinal. Every non-zero homomorphic image of W 
then contains a non-zero ideal of degree a — 1 and in part icular W contains 
such an ideal and therefore W itself is of degree a — 1 which contradic ts the 
minimali ty of a, unless a = 1. Then W is a homomorphic image of a nil radical 
of a ring with D.C.C. 

Let J? be a ring with D . C . C , let A be its nil radical and let H be an ideal 
of A such t h a t A/H ^ W. Then A2 C H. W e consider then the ring R/A2. I t 
also has D.C.C. I t s nil radical is known to be A/A2 and this can be homo-
morphically mapped onto W for A/A2/H/A2 ^ A/H ^ W. T h u s we m a y 
assume wi thout loss of generali ty t h a t A2 = 0. 

Every element of A is of the form mx + h where m is an integer, h is in 
H, and where x is a representat ive of the generator of the infinite cyclic 
addi t ive group A/H. Note t h a t if mx is in H then m mus t be zero. 

https://doi.org/10.4153/CJM-1961-052-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1961-052-7


GENERAL RADICALS 643 

Consider the sequence of left ideals of R: 

R> Rx> R-2x > R-22x > . . . > R-2nx> 

None of these can be zero for if R-2nx = 0 then 

{2nx} > {2n+1x} > . . . > {2n+rx} > . . . 

where [2n+rx] is the additive group generated by 2n+rx, is a properly descending 
chain of non-zero left ideals of R, which contradicts D.C.C. 

Again by D.C.C. there must exist an integer n such that 

R-2nx = R-2n+lx. 

Thus for every element / in R there must exist an element g in R such that 
f-2nx = g-2n+1x. 

We note that R ^ A else A has D.C.C. and therefore A/H^W has 
D.C.C. which is impossible. Therefore R contains an idempotent e such that 
every element a of R is: a = ae + (a — ae) where a — ae is in A (4, pp. 
17-19). Thus ax = aex, since A2 = 0. Then a{x — ex) = 0 for every a, 
R(x — ex) = 0. 

If ex = x + h then there must exist an element b in R such that e-2nx 
— b-2n+lx. However, bx is in A and therefore bx = mx + /^, where m is an 
integer. Then e-2nx = 2nx + 2nh = 5-2w+1x = 2w+1wx + 2W+1A/. Therefore 
x(2" - m2n+1) = 2n+lh' - 2nh which is in H. Thus 2n - m2n+l = 0 which is 
impossible. 

On the other hand, if ex ^ x + h then ex = qx + Ai where g ^ 1 and 
x - a ^ 0. Then {x — ex} > {2(x — ex)} > {22(x — ex)} > . . . > {2n(x 
— ex)} > . . . is a descending chain of left ideals of R\ where again {2n(x —ex)} 
is the additive group generated by 2n(x — ex). Each is non-zero for if 
2n(x - ex) = 0 then 2n(x - qx - hx) = 2n(l - q)x - 2nAi = 0. Thus 
2W(1 — q)x is in H which is impossible unless q = 1. 

This is a properly descending chain for if {2n(x — ex)} = {2n+1(x — ex)}, 
then there must exist an integer k such that 

2n(x - ex) = k2n+1(x - ex). 

:.2n(x - qx - hi) = k-2n+l{x - qx - hi). 

:.x[2n{\ - q) - k2n+l{\ - q)] = hi{2n - k2n+1) 

which is in H. 

.\2*(1 - q)(l - 2k) = 0 

which is impossible for an integer k. 
Thus in either case we have a contradiction. Therefore W is î)-semi-simple 

and the theorem is proved. 
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