J. Austral. Math. Soc. (Series A) 51 (1991), 331-342

GROUPS OF ODD ORDER IN WHICH EVERY
SUBNORMAL SUBGROUP HAS DEFECT AT MOST TWO

JOHN COSSEY

(Received 23 November 1989; revised 24 October 1990)

Communicated by H. Lausch

Abstract

In 1980, McCaughan and Stonchewer showed that a finite soluble group in which every subnor-
mal subgroup has defect at most two has derived length at most nine and Fitting length at most
five, and gave an example of derived length five and Fitting length four. In 1984 Casolo showed
that derived length five and Fitting length four are best possible bounds.

In this paper we show that for groups of odd order the bounds can be improved. A group of
odd order with every subnormal subgroup of defect at most two has derived and Fitting length
at most three, and these bounds are best possible.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 20 D 35, 20 E 34.

1. Introduction

Groups in which every subnormal subgroup is normal (so that normality is
transitive, and hence the name T-groups) have been extensively studied, the
study of finite soluble T-groups was begun by Zacher [15] in 1952. Gaschiitz
[3] gave a detailed picture of their structure in 1957, Robinson [12] and Peng
[11] provided some additional detail. A summary of their structure can be
found in Robinson [13].

In 1980, McCaughan and Stonehewer [10] began the study of finite soluble
groups in which every subnormal subgroup has defect at most two (we call this
class of groups %, , following McCaughan and Stonehewer). They showed
that groups in %, have bounded derived and Fitting lengths, the bounds
they obtained being 9 and 5 respectively. They also observed that the split
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extension of the natural module for GL(2, 3) by GL(2, 3) is a group in &,
of derived length 5 and Fitting length 4. Their bounds have been improved
to 5 and 4 respectively by Casolo [2], and these bounds are thus best possible.

Our aim in this paper is to show that these bounds can be improved for
groups of odd order. We show that the best possible bound for both derived
and Fitting length is 3 for odd order groups in 4,. In fact we will prove
a little more. Any finite group can be written as a subdirect product of
monolithic groups (that is, groups with a unique minimal normal subgroup);
since %, is quotient closed, any group in %, can be written as a subdirect
product of monolithic groups in %, (though not every subdirect product of
groups in &%, isin %,). Thus to establish bounds for the derived or Fitting
length it is enough to consider monolithic odd order groups in %, . We show
that the structure of a monolithic odd order group in %, is quite restricted.
Note that for a monolithic group, the Fitting subgroup must be a p-group
for some prime p.

THEOREM. Let G be a monolithic group of odd order in &, and let p be
the prime dividing the order of F(G). Then one of the following holds.

(i) G is nilpotent of class at most 3.

(ii) F(G) is nonabelian and G/F(G) is an abelian p'-group.

(iii) F(G) is abelian and complemented in G, by H say. Moreover,
Oq(H) is cyclic if q does not divide p— 1, and if q divides p—1,
either O,(H) is abelian and every chief factor K/L of H with K <
O,(H) has |[K/L| < q or O,(H) is nonabelian and every chief factor
K/L of H with K < O,(H) is central.

That a monolithic odd order group in %, has derived and Fitting length
at most 3 is an easy corollary. If F(G) is nonabelian then since F(G) is
in &, we have F(G) metabelian by (i) and so G clearly has derived length
at most 3 and Fitting length at most 2. If F(G) is abelian let H be a
complement for F(G) in G. It follows immediately from (iii) that if K/L
is a chief factor of H with K < F(H), |K/L| < q*, for some prime ¢q. Thus
H/C,(K/L) is either cyclic or an odd order subgroup of GL,(¢), and it then
follows that H/C,(K/L) is abelian (using Curtis and Reiner [1, Theorem
53.17] for example). Since F(H) is the intersection of the centralisers of
chief factors of H contained in F(H), we get H/F(H) is abelian. If ¢
is a prime dividing |F(H)|, we let C be a normal subgroup of H chosen
maximal such that CNO,(H) = 1. We then have that F(H) < C.0 (H) and
so H/C-O,(H) is abelian. Thus if O,(H) is abelian H/C is metabelian. If
O,(H) is nonabelian, we have all ¢ chief factors of H/C central and hence
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H/C is a g-group and since it is also in %,, H/C is again metabelian.
Finally H is metabelian, being a subdirect product of metabelian groups. To
see that this bound is best possible, let p, ¢ be odd primes with ¢ dividing
p -1, let H be a nonabelian group of order pg, and let U be a faithful
irreducible GF(q)H-module. Then G = UH is a group in %, of derived
and Fitting length 3.

2. Preliminaries

Our notation is mostly standard. The following should be noted. We
denote the centre of G by {(G), the ith term of the lower central series of
G by 7,(G), and the socle of G by o(G). The class of g-nilpotent soluble
groups, ¢ a prime, is denoted by . , and the class of finite soluble
groups of nilpotent length at most 7 is denoted by .#". If ¥ is a class
of finite soluble groups closed under taking subdirect products, and G is a
finite group, we call the smallest normal subgroup N such that G/N is in
F the & -residual of G and denote it by ¢ .

For the remainder of this paper, all groups are finite and of odd order.
Throughout this section, let p, g be distinct odd primes and let X be a field
of characteristic p .

There are a number of results we will need to use frequently, most are
well known. Results concerning modules for which no reference is given can
be found in Huppert [7] or Curtis and Reiner [1]. We will also need the
following results.

LEMMA 1. Let A be an abelian group on which H acts as a group of oper-
ators. Let N be a normal subgroup of H of order coprime to |A|. Then A =
BxC, where B and C are H-subgroupsof A and [B, N1=1,[C, N]=C.

For a proof see Higman [6].

LEMMA 2. Let G be a group with a faithful irreducible representation over
K. If N is a normal subgroup of G with N < 6(G) then N is the normal
closure of a single element.

This is a special case of a theorem of Gaschiitz [4].

LEMMA 3. Let G be a p-nilpotent group and U an indecomposable KG-
module. Then all the composition factors of U are isomorphic.

For a proof see Huppert and Blackburn [8, Theorem VI1.14.9].
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The next group of lemmas are technical ones we will need in the proof of
the main theorem.

LEMMA 4. Let H = QR, where Q is a nonabelian normal q-subgroup
and R is a q'-group. Suppose that Q = MN, where M, N are abelian
subgroups of Q with M, N normalin H and Q/M , Q/N noncentral cyclic
chief factors of H. If Q/M , Q/N are nonisomorphic as H-modules then H
is not in B, .

Proor. Note that if we set L = M NN, L < {(Q). Since quotients of
groups in %, are also in %, , it will be enough to prove the lemma for the
case where Q' is a minimal normal subgroup of H . Moreover, L must be
cyclic (so that all chief factors of H in L are isomorphic as H-modules).
Note that R actson Q/M and Q/N as distinct power automorphisms and
hence on Q' as a power automorphism distinct from both of these. Thus
M, N cannot be cyclic and it is now easy to see that L = Q' and Q has
order q3 and exponent ¢ . But then we can choose an element x with x in
neither M nor N such that (x)H = @. Since (x) is not normal in 0 we
have H ¢ %,.

LeMMA 5. Let H be a group with an elementary abelian normal q-sub-
group N such that N is the normal closure of a single element, |N| > q3
and either N has at most one subgroup of index q which is normal in H or
H/Cy(N) is cyclic. Let U be a faithful irreducible K H-module, let W be a
homogeneous component of Uy, andset C = Cy(W). Then for some h in H
we have W" W, ch # C but (ChnC)H = N. If X is a diagonal subspace
o Wo W' and V= XY, where Y is a complement for W & w* in Uy,
then U/V is trivial as a (C" N C)-module but V is not an N-submodule of
U.

PROOF. Since [,y C" =1 wehave C # C" for some & in H and then
W # w*. Set CnCh = C, and suppose that C,f’ # N for any & such that
C,#C.

Suppose first that N has a unique maximal subgroup M with M normal
in H. Then we must have C,fl < M. Since |N/C| =gq,|N/C,| = qz.
Moreover CNM cannotbe M andsoweget M >CnNM > cnMnct =
C,. Thus CNM =C, and M > (CnM) =C"nM > C,, giving
(CnM)h =CNM forall h in H. But CNM # 1 and C can contain no
nontrivial normal subgroup of H, a contradiction.
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Hence suppose that H/C,(N) is cyclic. If A is an element of H such
that hCy(N) generates H/Cy(N), then C,{’ = M # N. As above we see

that CNM = C"n M and hence (CNM)*=CnM forall a in H, again
giving a contradiction.

To complete the proof of the lemma, observe that X = V'n (W & Wh)
would be an N-submodule if V' were, and X is clearly not an N-submodule.

LEMMA 6. Let H be a group in &, and suppose H = QR, where Q is
a q-group and is normal in H and R is a p-nilpotent group whose order is
prime to q. Suppose that Q is nonabelian and [Q, R] # 1. Suppose further
that U is a faithful irreducible K H-module. Then there is a subgroup S of
Q and a subspace V of U such that V is an S-submodule of U and S acts
trivially on U/V but V is not an SH submodule of U .

ProOF. We suppose the lemma is not true and let H, U be a counterex-
ample with H chosen to have smallest possible order.

If M is a maximal normal subgroup of H with Q < M, then |H/M| is
prime to ¢ . We have U,, completely reducible so let U, = Wo X, with W
irreducible and set C = C,,(W). Since 0,(M/C)=QC/C and N,y ct =
1 we have O,(M/C) nonabelian. It then follows from the minimality of
H thatif T is a Hall ¢'-subgroup of M and [O,(M/C), TC/C]# 1 then
there is a subgroup S/C < O,(M/C) and an S/C submodule V' of W with

S/C (and hence S) acting trivially on W/V and with ¥ notan (S/C )M/ c.
submodule of W . It is then clear that if S, is a Sylow g-subgroup of S then
VeV isan S -submodule of U with S, acting trivially on U/(V & X),

but V & X is not an S;’ -submodule of U. Thus H, U is not a counter-
example, a contradiction. Hence we may assume that [QC/C, TC/C] =1
and since this holds for each irreducible constituent of U,, we may assume
that [Q, T]=1.

Next choose M maximal such that M is normal in H and properly con-
tained in Q. Consider U, .. Since H is p-nilpotent, by Lemma 3 U, .
is a direct sum of indecomposable modules each of which has all its com-
position factors isomorphic. Let W be an irreducible submodule of U, ,
and C = C,x(W). Moreover, U,, is a direct sum of conjugate irreducible
modules and as before, if M is nonabelian then M C/C is nonabelian. If
as well [MC/C, RC/C]# 1 we again get a contradiction. Thus either M
is abelian or (M, R} =1.

Suppose that M = ®(Q). Then Q/M is an irreducible module for the
group R/T of prime order. Since Q is not cyclic, any noncentral g-chief
factor of H must have order at least q2 . We consider the cases [M, R] =1
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and [M, R] # separately. If [M, R] =1 then M = Q' since Q/Q’ can
contain no elements centralised by R (by Lemma 1). Moreover, if Q has
class greater than 2 we would have y,(Q)/7,(Q) is clearly not centralised by
R if y,(Q)/7,(Q) is; hence Q must have class 2 and M is abelian. Since
Q/Q' has exponent g, so does Q' and since Q' is central in H it must be
cyclic by Lemma 2. Thus |M| =g¢q and Q is itself monolithic. By Huppert
[7, Hilfssatz I11.12.2}, Q contains an element x of order ¢ notin M. If
Uy = W & X with W irreducible, W is clearly faithful. Thus Wi is
faithful and so 0 # [W,x] = {wx—w:w e W} # W. Put S = (x) and
V =[W,x]eX. Then V isan S-submodule of U, § acts triviallyon U/V
and S¥ = Q,sothat V isnot an SH? _submodule of U. If [M, R]#1 then
M is abelian and it follows that o(M) contains a subgroup N which is the
normal closure of a single element and contains a nontrivial chief factor of
H.If |Q/M| > q3 then |N| > ¢’ and Lemma 5 gives a contradiction. Thus
|Q/M| = ¢° . We then have that [R, Q1< 7;(Q) and hence (M) contains
both central and noncentral chief factors of H , giving that o(M) contains a
subgroup N which is the normal closure of a single element in H and with
|N| > q3 . Again Lemma 5 gives a contradiction and so it follows that M
cannot be abelian.

If Q/M is a central chief factor of H, we must have [M, R] # 1 and
hence abelian. Again by Lemma 1 we have M = 4 x B, where 4, B are
normal in H and [4,R] = 1,[B, R] = B; note that B # 1. We also
have that B is the 52&’; residual of H and so is complemented in H
(Huppert {7, V1.7.15]). If S is a Sylow g-subgroup of a complement then
S is a complement for B in Q. Suppose that [S, B] = 1. Then we must
have Q =S x B, H =5 x (BR), and S nonabelian. By Huppert [7, Satz
I11.12.3], S contains an elementary abelian normal subgroup E of order q2 .
Since H is faithfully and irreducibly represented on U, and E is normal
in H, it must be the normal closure of a single element. If D < g(B) is a
minimal normal subgroup of H then N = E x D satisfies the hypotheses
of Lemma 5 and which then gives a contradiction. Thus for some x in
S we have [B, x] # 1 and the minimality of H then gives S = (x). If
U, =W, & - W, where the W, are the homogeneous components of
Uy, we have ¢ > | and we may suppose that W, and W,, are non-
isomorphic, where D < ¢(B) is minimal normal and noncentral in H.
Noting that Z = (x?) is central in H, we have U, is homogeneous. If X
is an irreducible submodule of W, then we have X = Y2, where Y is an
irreducible KX M-module. It then follows from the Mackey subgroup theorem
that X = YZS and hence the W are all isomorphic. Let ¥, be a diagonal
KS-submodule of W, @ W, andset V = VoW, .- W,. Then §,V
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satisfy the hypotheses and conclusion of the lemma, giving a contradiction.
Thus we may assume that there is no M with Q/M a central chief factor.
If

Q/P(Q) = (M,/P(Q)) x -+~ x (M,/D(Q)),

with M,;/®(Q) a (noncentral) chief factor of H, then each M, is abelian
and so [M,, Mj] # 1 forsome i, j. If t > 2 then MiMj < M for some M
maximal in Q with M normal in H. But then M is abelian, a contradic-
tion. Hence Q = M| M, and since M,, M, are both abelian, Q has class 2
with ®(Q) < {(Q). Set L = ®(Q) = M, N M, and suppose that M, /L is
noncyclic. Since Q can contain no elementary abelian subgroup normal in
H of order greater than q3 , M, must be homocyclic and indecomposable
as R-group and |M,/L| = q2 , i =1, 2 (this follows easily from Taunt [14,
Lemma 6.1 and Corollary 6.2]). We thus have that L is the unique maximal
subgroup of M, normal in H and M;/L is isomorphic as R-module to
o(L). It is easy to see that if M is any subgroup of Q such that Q/M isa
chief factor of H then M is homocyclic. If x is an element of Q notin L
and M is the normal closure of (x) then we have Q/M a chief factor of H
and hence x does not have order ¢ . But then, since Q cannot be generated
by 3 elements it has an abelian normal subgroup (and hence an elementary
abelian normal subgroup, S say) requiring at least 3 generators, by Huppert
[7, Satz II1.12.3]. Since we must have S < L and L is a 2-generator group
we have a contradiction.

Thus we can assume M, /L and M,/L cyclic and hence Q is a 2 generator
group of class 2. By Lemma 4 we can assume that M,/L and M,/L are
isomorphic as H-modules and hence Q' is not central in H . Note that any
subgroup of Q containing Q' is then normal in H . Further, if L/Q’ is not
cyclic then H will contain at least two minimal normal subgroups isomorphic
to Q/M, as H-modules, a contradiction. Thus Q/Q' = (X/Q') x (Y/Q'),
wher X, Y are normal in H and we may assume |X/Q’| = ¢. But then
it follows from Taunt [14, Lemma 6.1 and Corollary 6.2] and the fact that
X/Q' is not isomorphic to the chief factors of H contained in Q' that we
can find S < X with SNL=1. Let UQ= U &---oU,, where the U, are
the homogeneous components. If ¢ divides p — 1 then we have that UQ,
is not homogeneous since Q' is not central in H and so we may suppose
in this case that U,, is not isomorphic to U,, . If W is an irreducible
constituent of UQ , the Mackey subgroup theorem gives W, contains a trivial
irreducible. Let U;g =T, ®Z,,U,; = T, ® Z,, where T, T, are trivial
irreducible modules. Let D be a diagonal subspace of T, ® 7, and set
V=DoZ &Z,oU,® ---©U,. We now have V is an S-submodule of U
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with U/V trivial. Clearly Q' < S and V isnota Q'-submodule of U.
This completes the proof of the lemma.

LeEMMA 7. Let G be a group with F(G) = 0,(G) nonabelian. Set P =
0,(G) and suppose that for some chief factor A/B of G with {(P)< B, A<
P, we have G/C;(A/B) nonabelian. Then there is a subgroup S of OP(G)

with S not normal in S°.

PrOOF. Suppose the result is not true and choose G to be a minimal
counterexample. It is easy to see that G must be monolithic. Set H/P =
0,/(G/P) and let Q be a Hall p’-subgroup of H . Suppose that C,(P/{(P))
= D # 1. Then we must have [{(P), D] # 1 (since [P, D] # 1). But
0(G) < P' and hence [0(G), D] = 1. Since ¢(G) < {(P), Lemma 1 gives a
contradiction. Thus D=1.

Choose M/P minimal such that M/P is nonabelian and subnormal in
G/P and every subnormal subgroup of M/P is abelian. Since Op(M /P)=1
and CM/P(P/C(P)) = 1, we must have some chief factor U/V of M with
{(P)<V, U<P,with M/C, (U/V) nonabelian, a contradiction unless
M = G. Thus we have G/P has all subnormal subgroups abelian. If G/P
does not have a unique maximal normal subgroup then it will be nilpotent
(since it is then the product of nilpotent normal subgroups). If G/P is not
a p'-group it cannot be nilpotent and hence must have a unique maximal
normal subgroup (which is then an abelian p'-group) whose quotient has
order p. In either case (G/P)' = X,/P is an abelian p'-group. Let X be a
Hall p’-subgroup of X .

Let

P/®(P) = (U, /P(P)) x --- x (U,/®(P)),

where the U,/®(P) are indecomposable as G-modules. If G/P isa p'-group
then all the U,/®(P) are irreducible. If G/P is not a p'-group then G/P
is p-nilpotent and so all the composition factors of U,/®(P) are isomorphic
by Lemma 3. If U,/V is a nontrivial irreducible then it is an easy deduction
from Blichfeldt’s Theorem and the Mackey Subgroup Theorem that U,/V is
projective and hence U,;/®(P) is irreducible.

Suppose that P/R is a noncentral chief factor of G with G/C,(P/R)
abelian. Since P/R is the &,.%, residual of G/R, P/R is a complemented
chief factor of G. Let H be a complement for P/R in G. Note that R is
the Fitting subgroup of H and that R contains a chief factor 4A/B for H
with H/C,(A/B) nonabelian. The minimality of G also gives that if C/D
is a chief factor of H with {(R) < D, C < R, H/C,(C/D) is abelian. If
R is nonabelian we get [R', X] = 1. We have that XR/R is a normal
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p’-subgroup of G/R and Lemma 1 then gives us that {(R) = U x V', with
[U,X]=1and [V,X]=V and we have U # 1,V # 1. Since both
U and V are normal in G we have a contradiction. Thus R must be
abelian and if A/B is any chief factor of G with 4 < R we cannot have
X < C;(A4/B) and so we must have G/C;(4/B) nonabelian. Again from
the minimality of G we see that P/g(G) must be abelian and hence P has
class 2.

Now suppose that no noncentral chief factor P/R has G/C,(P/R)
abelian. It is then clear that ¢(G) = P’. Thus P must have class 2 and
D(P) < {(P).

We may suppose that G/C, (U, /®(P)) is nonabelian and {(P)<U,---U,.
If U, is nonabelian and x is an element of U, notin ®(P) then (x)°®(P)
= U, and so (x)G is nonabelian. We can then choose x so that (x) is not
normal in U, and hence not normal in (x)G , a contradiction. Thus we have
that U, is abelian and also that ¢ > 1. Moreover since [U,, X] # 1 we
have by Lemma 1 and the fact that G is monolithic that [U,, X] = U, . We
may also suppose that [U,, U,] # 1 since U, is not central in P.

Suppose that U,/®(P) is not isomorphic to U,/®(P) as G module. We
can then find an element x in U, U, but not in U, or U, with (x) not
normal in U, U, and U, U, = (x)G<I>(P) and hence {x) not normal in (x)G
Thus we must have U, /®(P) and U,/®(P) isomorphic as G modules. Note
that we may deduce as above that U, is abelian. Now consider ®(P). Since
it is central in P, we may regard it as a G/P module. Also, all the chief
factors of G contained in ®(P) are projective as G/P modules and hence
o(®(P)) is completely reducible as G module. But G is monolithic and
so o(P(P)) is irreducible and it follows that ®(P) is an indecomposable
homocyclic subgroup. If U; is not indecomposable homocyclic, then o (U;) >
P' and a(U)n P’ is irreducible. Set V; = U, if U, is an indecomposable
homocyclic subgroup and ¥, = o(U,) otherwise. By relabelling if necessary,
we may suppose that the exponent of V] is at least the exponent of V.
If P, = V|V,, then ¥V, ¥V, are abelian normal subgroups of G and P, is
nonabelian. Set W, = ¥V, N ®(P), then X, = V,/W, is a chief factor of
G and ®(P)) = W, W,. Regarding X, as a GF(p)G-module we have E =
End, F(p)G(X 1) is a field and since G/C;(X,) is nonabelian and of odd order,
we have dimg(X,) > 3 (using for example Curtis and Reiner [1, Theorem
53.17]). We have P,/®(F,) isomorphic to X, @ X, as GF(p)G-module
and then by Curtis and Reiner [1, Theorem 61.16] P,/®(F,) is generated
(as module) by a single element. Thus we can find u € V), v € V, such
that (uv)G = P,. Then (uv) is normal in P, by hypothesis and so, setting
Co = Cpy((uv)), Fy/C, is a nontrivial cyclic group. Moreover ®(F,) is
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central in P, giving |P,/Col =p. If [V}, v] =1 then [V, v¥] =1 for all
g € G, giving [V}, V,] = 1, a contradiction. Thus, setting C = C,,(v),
we have C # V. On the other hand C = C, (wv) = C;N V], so that
|V,/C| = p . Since there is a one to one correspondence between the subgroup
Y/®(F)) = {yv®(F,): y € V|, yv®(F,) generates an irreducible submodule
of P)/®(F,)} and HomGF(p)G(Xl , X,), we have |Y/®(P))| = |E|. Thus
we cannot have Y 2 C. Choose x in V\C. Since V| is homocyclic and
C/®(F,) is not cyclic, we can choose a 2-generator homocyclic subgroup W
of C with W not contained in ®(F;) and not contained in Y. We can
then choose u, w € W so that W, = (uv, w) is a 2-generator homocyclic
group of the same exponent as W . Since W), is homocyclic, we can choose
y € W, with y = w’w’v and (y) N ([v, x]) = 1. Then we have, setting
z=uw',y" =y" = z"v" for some integer n. However we also have
y* = z"v* = zv™ andso y""! =[v, x], a contradiction.
This completes the proof of the lemma.

3. Proof of the theorem

For the rest of this section G denotes a fixed monolithic group of odd
order in &,. If G is nilpotent and hence a p-group that it follows from
Heineken [5, Theorem 2] and Mahdavianary [9, Theorem B] that G has class
3. Hence we suppose that G is non-nilpotent.

We set F(G) = P and suppose next that P is nonabelian. Suppose further
that G/P is nonabelian. Set M/P = (G/P)'ﬂOp,(G/P) then clearly M # P.
If [4, M] < B for every chief factor A/B of G with {(P)<B and A<P
then [((P)N P, M] = 1. Since we cannot have [4, M] < B for every
chief factor of G with 4 < P, we cannot have {{(P), M] = 1. Lemma
1 then gives {(P) = C x D with [C, M] =1,[D, M] =D and both C
and D nontrivial and normal in . This gives a contradiction since G is
monolithic. Thus G satisfies the hypotheses of Lemma 7 and the conclusion
of Lemma 7 tells us that G cannot be in %, .

It follows that if P is nonabelian then G/P is abelian of order prime to
D , establishing (ii). Thus we suppose that P is abelian and we suppose also
that G has been chosen minimal such that (iii) is not satisfied.

If S/R is a chief factor of G with § < P and C;(S/R) > P then we
set K/P = C,(S/R)PNF(G/P). Then § = C4(K) x [P, K] (by Lemma 1)
and since G is monolithic we must have C(K) =1 and then K acts fixed
point freely on S/R, a contradiction. Thus C,(S/R) = P and if G/P has
nilpotent length precisely n then P is the .#" residual of G and so has
a complement H in G by Huppert [7, Satz V1.7.15]. If P is not minimal
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normal then the minimality of G gives us that g(G)H has the structure
given by (iii) and hence so does H . Thus we may assume that P is minimal
normal in G and has a compiement H in G.

Let N be a normal elementary abelian g-subgroup of H, ¢ a prime.
Let Py, =U, ®--- & U,, where the U, are the homogeneous components of
Py and let C; = C,(U)); note that |[N/C;| = q. Suppose moreover that g
does not divide p— 1, N is the normal closure of a single element and that
IN| > qz; note that then 7 > 1 and |U;| > p. Let D be any subgroup of
U, of order p; note that D is not normalised by N, but is normalised by
C, and that CJ' = N. Then, setting E= (Do U, &---& U)C,, we get E
subnormal in G but not normal in its normal closure PN . Thus if g does
not divide p — 1 then N is cyclic. In fact more is true for if ¢ is a prime
not dividing p — 1 then Oq(H } is cyclic. To see this we first observe that by
Lemma 2 a(H)N Oq(H ) is generated by a single element as normal subgroup
and so is cyclic. If Oq(H ) is not itself cyclic then suppose it contains a
noncyclic elementary abelian normal subgroup, 4 say. If a € A\g(H) then
(a)" is not cyclic, a contradiction. In particular ¢(O,(H)) is cyclic and so
if U is an irreducible constituent of P, P then U is faithful. We then
have U Oq( ) in %, and Oq( ) contams a noncyclic elementary abelian
subgroup by Huppert [7, Satz 111.12.3] and as above we get a contradiction.
Thus O (H) is cyclic.

Now suppose that g divides p — 1 and that Oq(H ) is abelian. Then
O,(H) contains a chief factor of H of order at least ¢ if and only if
o(0 (H)) contains such a chief factor and if a(Oq(H )) contains such a chief

q
factor there is a normal subgroup N of H contained in o(0,(H)) with a

unique maximal H-invariant subgroup M and with |[N/M| > ¢ IfwW
is a homogeneous component of P, and C = Cy (W) then Cc¥ =N and
Lemma 5 gives a contradiction. Thus if 4/B is a chief factor of H with
A< O,(H) then |4/B| < q°.

Finally, suppose that Oq(H ) is nonabelian and suppose also that Oq(H )
contains a noncentral chief factor. Set

M/(O,(H) x O, (H)) = O, (H/O,(H) x O (H)),

q
then N = O, ,(M). Then N is p-nilpotent, O,(N) = O,(H) and Q,(N)
contains noncentral chief factors of N. Also, if W is an irreducible con-
stituent of Py and C = C, (W) then 0,(N/C) is nonabelian and contains

noncentral chief factors of N/C. Lemma 6 (with W and N/C for U and
H respectively) then tells us that W(N/C) cannot be in %, , a contradiction.
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