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Symplectic Degenerate Flag Varieties

Evgeny Feigin, Michael Finkelberg, and Peter Littelmann

Abstract. A simple finite dimensional module V), of a simple complex algebraic group G is naturally
endowed with a filtration induced by the PBW-filtration of U (Lie G). The associated graded space V§
is a module for the group G%, which can be roughly described as a semi-direct product of a Borel
subgroup of G and a large commutative unipotent group GM. In analogy to the flag variety F =
G.[va] C P(V)), we call the closure G*.[v)\] C P(VY) of the G*-orbit through the highest weight
line the degenerate flag variety J%5. In general this is a singular variety, but we conjecture that it
has many nice properties similar to that of Schubert varieties. In this paper we consider the case
of G being the symplectic group. The symplectic case is important for the conjecture because it is
the first known case where, even for fundamental weights w, the varieties J7, differ from JF,,. We
give an explicit construction of the varieties Sp 9% and construct desingularizations, similar to the
Bott-Samelson resolutions in the classical case. We prove that Sp I are normal locally complete
intersections with terminal and rational singularities. We also show that these varieties are Frobenius
split. Using the above mentioned results, we prove an analogue of the Borel-Weil theorem and obtain
a g-character formula for the characters of irreducible Sp,,-modules via the Atiyah-Bott—Lefschetz
fixed points formula.

1 Introduction

Let G be a complex simple algebraic group and g the corresponding Lie algebra. Let
g = b@n~ be the Cartan decomposition, where b is a Borel subalgebra and n™ is the
nilpotent radical of the opposite Borel subalgebra. Let Band N~ be the subgroups in
G corresponding to b and n™. The Lie algebra g has a degeneration g* =b & (n17)%,
where (n™)“ is the abelian Lie algebra with the underlying vector space n™ (see [Fel],
[Fe2]). Here (n™)" is an abelian ideal in g* and b acts on (1) via the adjoint action
on the quotient (n~)% ~ g/b. The corresponding Lie group G* is the semi-direct
product B x g/b ~ B x GM, where G, is the additive group of the field and M =
dimn~.

For a dominant integral weight ), let V), be the corresponding irreducible highest
weight g-module. Let vy € V) be a highest weight vector, recall that V), = U(n™)v,.
The (generalized) flag varieties G/P (P being a parabolic subgroup of G) are known
to be embedded into the projective spaces IP(V) with A chosen in such a way that P is
the stabilizer of Cv,. Explicitly, the image is given by the G-orbit through the highest
weight line Cv) € P(V,). We denote the corresponding orbit by ).

Let V{ be the degeneration of V), into a g*-module. More precisely, V{ is the
associated graded space with respect to the PBW filtration on V), (see, e.g., [FFL1],
[FFL2] and Section 2.3). Denote by the same symbol v, its image in V'{, then V{ =
§®(n7)va. The degenerate flag variety F is defined as the closure of the orbit G*(Cv,)
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inside P(V§). In contrast with the classical situation, the orbit itself is not closed (it
is only an open cell inside F%) and the closure is in general singular. We put forward
the following conjecture.

Conjecture 1.1 J7% are normal varieties, have rational singularities and an analogue
of the classical Borel-Weil theorem holds. We also conjecture that each J§ admits a
desingularization by a tower of successive P! fibrations, similar to the Bott-Samelson
desingularization of a Schubert variety.

The varieties F§ for g = sl, were studied in [Fel], [Fe2], [FF]. It was shown
that in this case the J§ are singular projective algebraic varieties that are flat degen-
erations of the classical Fy. The varieties J§ enjoy several nice properties: as in the
classical case, J§ depends only on the class of regularity of ); they are irreducible
normal Frobenius split locally complete intersections; they have a nice crepant desin-
gularization isomorphic to a tower of successive P! fibrations; the singularities of %
are rational. In addition, the analogue of the classical Borel-Weil theorem still holds
in the degenerate case.

If w is a co-minuscule fundamental weight, then it is easy to see that F? ~ J,,.
This makes the case g = sl very special, because as a consequence one can embed F
for arbitrary A in a product of Grassmann varieties. In this paper we study the case of
the symplectic group G = Sp,,,. This is an important step in checking the validity of
Conjecture 1.1, because it is the first time that even for fundamental weights we have
F? # F, in general.

Since we often use the connection between SL,,-flag varieties and the Sp,, -flag
varieties, we use the notation Sp J% to distinguish it from the type A case. In the
introduction we describe only the case of the complete degenerate symplectic flag
variety, which we denote by SpJF4,. (In this case the highest weight A\ has to be
regular, but, as in the classical case, the orbit closure does not depend on a regular \.)
However, in the main body of the paper we work out the general case of degenerate
parabolic (partial) flag varieties as well.

Let W be a 2n-dimensional vector space with a basis wy, ..., wy,. Let us equip W
with a symplectic form which pairs non-trivially w; and wy,41—;. We also denote by
pri: W — W,k =1,...,2n the projection operators along wy to the span of all the
basis vectors different from wy. Our first theorem is as follows.

Theorem 1.2 Sp F%, can be realized inside the product [[;_, Grx(W) of Grassman-
nians as a subvariety of collections (Vy,...,V,), Vi € Gri (W) satisfying the following
conditions:

priciVie C Vi, k=1,...,n—1, V,isLagrangian.

These varieties are flat degenerations of the classical flag varieties Sp,,, /B.

Our next task is to study the singularities of Sp 3%,.. As in the type A case, we con-
struct a desingularization Sp R,,, of Sp 3%,. We prove that SpR,, is a Bott—Samelson
type variety, i.e., it is isomorphic to a tower of successive P!-fibrations. Using this
desingularization, we prove our next theorem.
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Theorem 1.3 The varieties Sp J%, are normal locally complete intersections (hence
Gorenstein). The singularities of Sp 33, are terminal (hence rational). The varieties
Sp J%,, are Frobenius split over I, for all primes p.

We note that an important difference compared to the type A case is that the res-
olution of singularities Sp R,, — Sp J%, is no longer crepant.

Finally, we make a connection between the geometry of Sp J4, and the represen-
tations V'{. Namely, we prove an analogue of the Borel-Weil theorem. Let us denote
by 1, the natural map Sp 4, — P(V{). Then we have the following.

Theorem 1.4 H°(SpJ%,,150(1)) " = V§, and H*(Sp F%,, 1;0(1)) " = 0 fork > 0.

Using the rationality of the singularities of Sp %, and the Atiyah—Bott—Lefschetz
fixed points formula for SpR,, we derive a formula for the g-character of V{ (see
[FFL2] for the combinatorial formula).

Our paper is organized as follows: in Section 2 we introduce notations, recall defi-
nitions and collect main results to be used in the main body of the paper. In Section 3
we establish a connection between the PBW filtrations on $p,,-modules and on sl,-
modules. In Section 4 we derive an explicit description for the degenerate symplectic
Grassmannians and, more generally, for the symplectic degenerate flag varieties. We
also prove that the Sp F% are flat degenerations of their classical analogues Sp Jy. In
Section 5 we construct a resolution of singularities of Sp . In Section 6 we prove
that all symplectic degenerate flag varieties are normal locally complete intersections.
In Section 7 we show that the singularities of Sp ¢ are terminal (hence rational). In
Section 8 we prove that the varieties Sp % are Frobenius split. This allows us to prove
the degenerate analogue of the Borel-Weil theorem. We also derive an Atiyah—Bott—
Lefschetz type formula for the graded characters of V{.

2 Degenerations: Definitions and the Type A Case

In this section we fix the notation and recall the main results on the degenerate rep-
resentations and degenerate flag varieties. We also collect important constructions
and theorems from algebraic geometry, which we use in the paper.

2.1 Notations

Let g be a simple Lie algebra. We fix a Cartan decomposition g = n@® h@ n~. Let
b = n @ b be the corresponding Borel subalgebra. We denote by ov;, i = 1,. .., rk(g)
the simple roots of g and by w; the corresponding fundamental weights. Let ®* be
the set of positive roots for g. For a root o we often write « > 0 instead of o« € ®*.

In particular, for g = s, the simple roots are «y, . . ., ,—; and all positive roots are
of the form
(2.1) Qi =0 t ottt o, lgigjgnfl.
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For g = sp,, the simple roots are a, . .., a,, and all positive roots are of the form
(2.2) aij=otopt-ta;, 1<i<j<n,
(2.3) aij=aitapteoctagtay_r et ag |,

1<i<n<ji+j<2n.

For a positive root « we fix an element f, € n~ of weight —a and an element e, € 1t
of weight a.. The f,, @ € ®*, form a basis of 1~ and so do the root vectors e, in 1.
We use the shorthand notations f; j = fa, -

Let P* = Zfi(lg) Z>owi be the submonoid of the weight lattice for g generated by
the fundamental weights, the elements of P* are the dominant integral weights. For
A € P we denote by V) the g-module of highest weight A. We also fix a highest

weight vector vy € V. In particular, one has
mwy =0, hvy=ARhv\y,hebh, Vy=Umn ).

Let G be a simple complex algebraic group with the Lie algebra g. We denote by
B,N, T, N~ the subgroups in G corresponding to the Lie subalgebras b, n,h, n™. Let
P be a parabolic subgroup of G; the quotient G/P is called a generalized flag vari-
ety. These varieties can be also realized as follows: for a dominant integral weight A
the group G acts naturally on the projective space P(V)). Assume that P O B and
(A, w;) = 0ifand only if f,, belongs to the Lie algebra p of P. Then G/P is isomorphic
to the G-orbit G(Cvy) C P(Vy).

In what follows we denote the orbit G(Cv,) by ). Note that F depends only
on the class of regularity of ), i.e., y ~ J, if and only if the supports of A and
coincide, i.e., (A, w;) # 0 if and only if (i, w;) # 0.

For example, for G = SL, the Grassmann variety Gr,;(n) of d-dimensional sub-
spaces in n-dimensional space can be realized either as the quotient of SL,, by a max-
imal parabolic subgroup or as an orbit in the projective space of the fundamental
representation V,,,. The quotients SL, /P, where P D B is a parabolic subgroup, are
partial flag varieties: let 1 < d; < --- < di < n be the integers such that f,, € pif
and only if d = d; for some i. Then G/P is known to coincide with the variety of col-
lections (V,-)i—‘:1 of subspaces V; in an n-dimensional space such that dim V; = d; and
V; C Vii1. We note also that the same partial flag variety sits inside P(V,, p— dk) as
the orbit of the highest weight line. We denote this variety by F4,d = (dy, . . ., di).

Another important example for us is G = Sp,,. The symplectic Grassmannians
Sp Gry(2n) (quotients of Sp,, by maximal parabolic subgroups) are known to co-
incide with the varieties of isotropic d-dimensional subspaces in a 2n-dimensional
vector space equipped with a non-degenerate symplectic form. In general, as in the
SLy, case, let 1 < dy < --- < di < n be the numbers such that f,, € p if and
only if d = d; for some i (p is the Lie algebra of a parabolic subgroup P C Sp,,,).
Then Sp,,, /P is known to coincide with the variety of collections (V;)"_, of subspaces
Vi € Sp Gry,(2n) such that V; C V. In addition, the same partial flag variety sits
inside P(Vey, ...+, ) as the orbit of the highest weight line. We denote this variety by
SpFa,d=(dy,...,dx).
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2.2 Algebraic Geometry

We recall the definition of a Frobenius split variety. Let X be an algebraic variety
over an algebraically closed field of characteristic p > 0. Let F: X — X be the
Frobenius morphism, i.e., the identity map on the underlying space X and the p-th
power map on the space of functions. Then X is called Frobenius split if there exists a
projection F,Ox — Ox such that the composition Ox — F.Ox — Oy is the identity
map. The Frobenius split varieties enjoy the following important property (see, e.g.,
[MR, Proposition 1]).

Proposition 2.1 Let X be a Frobenius split projective variety and let £ be a line bundle
on X. Ifi > 0 is such that H'(X, L™) = 0 for all m > 0, then H'(X, £™) = 0 for all
m > 1.

The following two statements are proved in [MR, Proposition 4 and Proposi-
tion 8].

Proposition 2.2 Let f: Z — X be a proper morphism of algebraic varieties such that
1Oz = Ox. If Z is Frobenius split, then X is also Frobenius split.

Theorem 2.3 Let Z be a smooth projective variety of dimension M and let Z,, . . . , Zy
be codimension one subvarieties satisfying the following conditions:

(i) VI C{1,...,M}: theintersection [ ;. Z; is smooth of codimension #I.

(i) There exists a global section s of the anti-canonical bundle w, ' on Z such that the
zero divisor of s equals O(Z; + - -+ + Zy + D) for some effective divisor D with
ﬂ?il Z; ¢ supp D.

Then Z is Frobenius split, and for any subset I C {1,...,M} the intersection Z; =

(icr Zi is Frobenius split as well.

Now we recall some results on the singularities of algebraic varieties. Let X be a
projective algebraic variety. If X is smooth, then wy denotes its canonical line bundle
of top degree forms on X. For a singular X one can define a dualizing complex of
coherent sheaves DX, which for Cohen—Macaulay varieties reduces to a (cohomo-
logically shifted) sheaf. If X is Gorenstein, then this sheaf is a line bundle denoted
by wyx. For example, if X is a locally complete intersection, then it is known that X is
Gorenstein and thus wy is a line bundle.

Let m: Y — X be a resolution of singularities of X. The singularities of X are
called rational if 7,0y = Oy and R, Oy = 0 for k > 0 (if this holds for some
desingularization, then it holds for all). An important property is that, in this case,
for any line bundle £ on X and any k, one has H*(X, £) = H*(Y, 7*£L).

An irreducible divisor Z C Y is called an exceptional divisor if dim 7(Z) < dim Z.
Assume that X is Q-Gorenstein, wy is its canonical line bundle, and

N
wy = mwx ® @Q 0(a;iZ;),
i=1

where Z;, ..., Zy are the exceptional divisors in Y. If g; > 0 for all i, then the
singularities of X are called canonical. If all the a; are positive, then the singularities
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are called terminal. We will use the following theorem from [E, Theorem 1] (see also
[F, 1.3]).

Theorem 2.4 If X is a normal Gorenstein variety with canonical singularities, then it
has rational singularities.

2.3 Degenerate Representations

Consider the PBW filtration U (1™ ), on the universal enveloping algebra U (1™ ):
Un™)s=span(x;---x:x €n 1 <s).

The associated graded algebra is isomorphic to the symmetric algebra S*(n~). For
any A € P* consider the induced PBW filtration F; = U (1™ )v) on the space V. We
denote the associated graded space by V¥, so V{ carries an additional grading:

Vi=@Vi(s) =P F/F_.

s>0 s>0

Note that the operators from n~ acting on V), induce an action of the abelian alge-
bra (n7)% on V{, where (n7)“ is isomorphic to 1™ as a vector space. Thus V{ =
§® (17 )vy, where (slightly abusing notations) we denote by vy € VY the image of the
highest weight vector in Vy. More precisely, V§{ ~ C[ f,]a>0/I), where I is an ideal.

We note that (11™)% comes equipped with the natural structure of a b-module. In
fact, we have an isomorphism of vector spaces (n~)* ~ g/b and b acts on the right
hand side via the adjoint action. This gives a b-module structure on S®(n~). We
denote this b-action by o. By construction, the ideals I are b-invariant and thus b
acts on all modules V§. It is convenient to combine the actions of (17)* and b.
Consider the Lie algebra g* ~ b & (n7)%, where (n7)? is an abelian ideal and the
Borel subalgebra b acts on (1™)? via the induced adjoint action on the quotient space
(n7)* ~ g/b. Then each V{ carries the structure of a g*-module (see [Fel], [Fe2]).
In what follows we will need an explicit description of the ideals I), for g = sl (see
[FFL1]), and g = sb,, (see [FFL2]).

Theorem 2.5 Letqg=sl, \ = Z;:ll mjw;. Then

Mi+--+mj+l

Ly =S )(U(®)o fa, |1<i<j<n-—1).

Letg = 59y, A = Z?:l m;w;. Then

A U(D) o frmrmtl | | <j < .

We will also use monomial bases in V§ (see [FFL1], [FFL2], [V]). Given an ele-
ments = (Sq)a>0, S € Z>0, we define f* = Ha>0 fi». We need the notion of a Dyck
path inside the set of positive roots for sl, and sp,,,.
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Definition 2.6 We call a sequence p = (ﬁ(O)7 B(1),... ,ﬂ(k)) of positive roots
of sl,, a Dyck path if 3(0) = «;, B(k) = aj forsome 1 <i < j <n—1and

if B(s) = cpq then B(s+1) = apgi1 01 B(s + 1) = apy1 g

We call a sequence p = (5(0), B(1),... 7B(k)) of positive roots of sp,, a (sym-
plectic) Dyck path if 5(0) = «, 8(k) = «j or (k) = ajz,—jforsomel <i < j <
n— 1and

if B(s) = cpq then B(s+1) = apgi1 01 B(s + 1) = api1 g

For a dominant sl,-weight A = Z;’;I mjw; let Py, (A) C ]R{ig(n_l) be the polytope
consisting of collections (ra)aeq,;" such that for any sl,, Dyck path p with 8(0) = «,
B(k) = «j one has

rg0) T T 18(k) < m; + -+ mj.

Let S.1, (M) be the set of integral points in P, ().

Similarly, for a dominant sp,,-weight A = Z?:l m;w; let P(\) C ]R{fo be the
polytope consisting of collections (ra)aeq,;m such that for any sp,, Dyck path p with
B(0) = aj, B(k) = «j one has

rg) t -+ 180 gmi+...+mj
and for any sp,, Dyck path p with 3(0) = «;, B(k) = a2, ; one has
To) F o Ty Syt .

Let Sy, (M) be the set of integral points in Pgp, (A).

Theorem 2.7 For a dominant sl,-weight X\ the monomials f*vy, s € S, (\), form a
basis of V' ; . For a dominant sp,,-weight A the monomials f*v), s € Ssp, (X), form a
basisof Vi , .

Finally, for g = sl, and g = sp,, the representations V{ have the following im-
portant property (similar to the classical situation): for two dominant weights A
and 1 the representation VY,  is embedded into the tensor product V§{ ® V] as the
highest weight component, i.e., there exists a unique injective homomorphism of
g?-modules:

(2.4) Vf\’w = Vi® VZ such that vy, = v\ ® v,,.

2.4 Degenerate Flag Varieties

As in [Fel], [Fe2] and [FF], let (N~ )® be the product of dimn™ copies of the one
dimensional additive group G, of the field C, so Lie(N~)* = (n™)%. The action of B
on (n7)? (= g/b) induces a natural action of B on (N~ )?. We denote by G* the semi-
direct product of B and (N )%, it follows immediately that Lie G* = g“. For a given
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dominant integral weight A the group G” acts naturally on IP(V{). By definition, the
degenerate flag variety J is the orbit closure of the highest weight line, i.e.,

¢ = G4(Cvy) C P(VY).

Note that 3§ = (N—)%- (Cvy), i.e., the group acts on J§ with an open orbit iso-
morphic to an affine space. The varieties J§ are hence (Grgim"-varieties; see [HT],
[A], [AS] for more information. The variety J¢ is not a homogeneous G*-variety, in
contrast to the classical situation.

The existence of the embeddings (2.4) implies two important properties of the
varieties F% in types A and C. First, for two dominant weights A and ;. one has the
embedding of varieties J{, , < J% x FJ sending the highest weight line Cv,,, to
the product Cvy x Cv,. Secondly, F§ ~ F provided (A, o;) = 0 if and only if
(p, ) = 0, i.e., the supports of A and p coincide.

By definition, the group G acts on the variety F§. The group G“ has a natural
one-dimensional extension still acting on J%. Consider the Lie algebra g*®Cd, where
[d,b] = 0and [d, f,] = f, forall &« > 0. Then the extended algebra acts on V{ and d
acts as “a PBW-degree operator’, i.e., on V{(s) the operator d acts as a scalar s. Let
G* x C* be the corresponding extended Lie group. Note that the dimension of the
torus of the extended group is increased by one.

Assume now G = SL,,. Then the varieties F§ are known to be flat degenerations of
the corresponding classical flag varieties. They have analogues of the Pliicker embed-
dings cut out by the degenerate Pliicker relations. The varieties F4 share some impor-
tant properties with their classical analogues, and enjoy the following explicit descrip-
tion. Let W be an n-dimensional vector space with a basis wy, ..., w,. We define the
projection operators pr,;: W — W, k = 1,...,n by the formula pr, (3, gw;) =
Zi#k c;w;. Fix a collection of numbers 1 < d; < --- < di < n. Then ?iler,,,wdk
is isomorphic to the variety of collections (V,')f»‘:1 of subspaces V; C W satistying for
i=1,...k—1

dimV; =d;, pry,, - -pry, Vi CVia.

.....

d = (dy, ..., dy). For instance, F7;) ~ F,, >~ Gra(n).

The varieties F§ are in general singular projective algebraic varieties with ratio-
nal singularities. They come equipped with line bundles £,, where (11, aq) > 0,
and (4, aq) = 0 unless d € d. The line bundle £, is the pullback of the line bun-
dle O(1) under the map F§ — P(V}}). One of the main tools for the study of algebro-
geometric properties of the degenerate flag varieties is an explicit construction of a
resolution of singularities of 7. Namely, given a collectiond = (d, ..., d,) we de-
note by Pg the set of positive roots in the radical of the parabolic subalgebra of g
containing (exactly) the simple roots oy, , . . ., ag,. We define Rq as the variety of col-
lections of subspaces V; ;, 1 < i < j < n— 1, a;; € Py, satisfying the following
conditions:

dimV;; =1, VijCspan(wi,..., Wi, Wit1,...,Wy),

Vii C Vi, Vij CVija ®Cwjy.
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The projection mq: Rq — JFg sends (V; ;) to (Vi ;). Using this desingularization, the
following theorem was proved in [FF].

Theorem 2.8

(i)  The resolution mq: Rq — JFg is crepant.

(ii) The varieties J§ are normal locally complete intersections (thus Cohen—Macaulay
and Gorenstein).

(iii) The varieties Tq have rational singularities and are Frobenius split.

(iv) For a dominant p such that (u, og) = 0 unless d € d, the cohomology groups
H™(3g, £,,) vanish unless m = 0, and the zero cohomology is isomorphic to (Vﬁ)*.

3 Filtrations: sp,, vs. s,

Letwy, ..., w,, be abasis of a 2n-dimensional vector space W. We fix a non-degener-
ate sympletic form (-, - ) defined by the conditions (w;, wa,11—;) = 1for1 <i <n
and (w;,w;) = Oforall 1 <i,j < 2n, j # 2n+1—i. We realize the symplectic group
Sp,, as the group of automorphisms of W leaving the form invariant. The diagonal

matrices
b 0 O 0 0
0 t,b O 0 0
T=<t=1¢9 o 0 0 ty... by € C
00 0 ' o
00 0 0 !

form a maximal torus T C Sp,,, and the subgroup B C Sp,, of upper triangular
matrices is a Borel subgroup for Sp,,,. In such a realization the root vectors of sp,, =
Lie Sp,,, are explicitly given by the formulas

Ej+1,i - E2n+lfi,2n7j7 1< i < ] <mn,
(3.1) fij = fai; = § Ejri + Eanri—ion—j, j = n,i+j<2n,
Eyp—ii, 1 <i<m.

As usually, E; ; is the matrix having zero entries everywhere except for the entry 1 in
the j-th row, i-th column.

Given a dominant weight A = a;w; + - -+a,w, for the group Sp,,, we can consider
this also as a dominant weight A= awy + - -+ + ayw, for the larger group SLy, D
Sp,, (i.e., the coefficients of w1, ...,ws—1 all vanish). In fact, let VX% be the
corresponding irreducible sl,,-representation and fix a highest weight vector vq,, €

V3., We identify V), -with the irreducible sp,,-submodule of V5 ; - generated
bY Vsl,,,«
Consider now the action of sy, on V5 o, - Let n;rbn,n;z” C sy, respectively be

the Lie algebra of the unipotent radical of the Borel subgroup of upper triangular
matrices Bsr,, C SL,, and of the opposite Borel subgroup Bg;, . Recall the group

SL3, = Bsy,, X Ngp, and the degenerate flag varieties J{ := SL3, -vsr,, C P(V{ ).
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The inclusions Sp,,, C SLy,, B C By, and 1™ C 1y~ give rise to an action of

S(n~) on Vg e We want to compare this action with the action on V§ . We
32420 ) n
consider the cyclic module € := S(n™).vy,, C Vj”\‘ .
122n

Proposition 3.1 €, ~V¢§_  asS(m™)-module.

)‘15‘)211
Proof Let <I>;r12n, @;rpm be the sets of positive roots for sl,, respectively sp,,, see (2.1),
(2.2), and (2.3). We define an injective map ¢: <I>;rp2n — <I>;}M between the sets of
positive roots by the formula o ; — «; ;. Fora = a4 ; € @;}ZH we write F,, for the
root vector associated to —a. Note that F, = E; ;. For v € ®{, we keep the usual
notation f, for the root vector in ™~ associated to —a. The matrix corresponding to
Jau; is given in (3.1). We use the shorthand notatigns Fij = Fq; fi,j = fo:,;- Note
that since E;; with i > n acts trivially on Vi‘ o ((\,ax) = 0 for k > n), the image
) »902n
of f, in End V~/‘\‘ﬁ5 L, is equal to the image of F,(,).

The cyclic n; -module V¥ ., can be described in terms of generators and rela-
" »¥l2n

tions, see Theorem 2.5. Let us write €y as a quotient S(n~)/Is,. Then the ideal I,
contains the ideal

U)o 57 1<i<j<n—1,
U)o furratl |1 <i <n.

2n—i

I, =

Theorem 2.5 implies that one has a natural S(n™)-equivariant surjective map
Vi, — €,. To prove that the map is an isomorphism, it suffices to show that
both modules have the same dimension. For the proof we use the bases of Vi, and

Ve constructed in Theorem 2.7. We define an injective map
122n

p: Pspz,,()\) — Pg,, (M), (5/3)88};,2" = (dﬂ/)ﬁ/etb;zyly

where (dW’)VE‘I’LZ = <p( (c5)3€¢:p2 ) is defined by the rule

cg  ify = p(B) for some 3 € ®f, ,

dy = .
0 otherwise.

It is now easy to see that
(d)seay, = @((ca)seny,, ) € Pa,, (V)

is an element in the associated polytope for g = sl,,. We know that the vectors

{3 H f;‘;avf’vz”

Bedt
€2y,

(cs)pewy, € Pszn(A)} C Visp,

form a basis. We want to show that the vectors

{ IT fiva, ‘ (cs)pear, € Psvzn()‘)} c@icVi,,
BED n 1>ien

SP2n
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are linearly independent. Recall that f3 acts on V{ ; in the same way as Fyg) for the
roots 3 = o j, 1 <i < j<mand B = ajr,—i, 1 <i < nand for B = a; j with
j>mni+j<2nfgactsasF;j + Fy,_j,,—;. Hence for (dw)nyeq);Iz = @((Cﬂ)ﬁe@m)

we get
(3.2)
3
bey = 11 f3'ven,
peDS,,
dy. . Ao, o 5
= ( I (Fij+ Fanejon—i) "’) ( [1 Fi,j]) ( F 5" )VSIzn'
i+j<2n,j>n 1<i<j<n 1<i<n
Let oy, ..., &z, be the set of simple roots for the root system ®,, (Bourbaki enu-

meration). We associate with a vector v(s,) = [ 5¢ a F; vy, the collection
2n

2n—1

Cvey) = (r1,...,125—1) such that Z lf = Z riy,

ﬂeb;n i=1
called the root weight. We define a partial order on these vectors by:

Vi) > Vi i Cvey) > Cvy))

with respect to the induced lexicographic order on the (2n — 1)-tuples. It follows for
the vector b, in (3.2) that

(3.3) b(,) = v@,) + asum Z X(¢;)V(t,) of smaller terms,

because if one chooses in a factor in (3.2) the factor F,,_;,,—; instead of F; ;, then
the corresponding (2n — 1)-tuple is strictly smaller with respect to the partial order
above. It follows in particular that b, # 0, because v(4,) is a basis vector for V¢

o
»Sln

by (3) and the smaller summands are weight vectors of different weights.

The linear independence of the vectors {b(,) | (cg) € Psp, (A)}, follows along
the same lines: given a linear dependence relation for the b,), choose a maximal
element (py,. .., pon—1) among the ((v(,(;)). By weight reasons the linear indepen-
dence of the b,y implies a linear independence relation between the summands of
associated root weight (p1, .. ., p2s—1). By maximality, a summand of b, as in (3.3)
has root weight (p1, ..., pas—1) if and only if v(4,) has root weight (p1, ..., pau—1),
so we obtain a linear dependence relation between the v(4,), which is not possible.

It follows that dim €, = dim Vf\v-,snm and the canonical map V¢~ — €, is an

. . A,5D,,
isomorphism. u

Corollary 3.2 Sp 34 C = for any dominant weight \.

Proof By Proposition 3.1, we can identify Sp F4 := Spj, -vs,, C ]P’(Vjvsp2 ) with
Sp5,, Ve, C P(€)) and hence

SpIY = Sp3, var,, C SL3, Vapy, = F§ C PV ). -
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4 Explicit Description

In this section we give an explicit description of the symplectic degenerate flag vari-
eties in terms of linear algebra. We start with the case of symplectic Grassmannians.

4.1 The Degenerate Symplectic Grassmann Variety

Let V,, be the irreducible fundamental Sp, -representation of highest weight wy
(Bourbaki enumeration). In particular, V,,, ~ W is the standard vector representa-
tion. Let V,,, = A¥W be the canonical embedding defined by mapping a fixed high-
est weight vector to wy A - - Aw. In the following we will identify V,, with the image.
By definition, the symplectic degenerate Grassmann variety Sp Grg(W) C P(V) is
equal to Sp ¢, .

Let Py C Sp,,, be the maximal parabolic subgroup associated to wy. Set p = Lie P
and let g = u~ @ [ ® u be the decomposition such that [ is the Lie algebra of the Levi
subgroup of Py containing T, p = [ & u, and u™ is the Lie algebra of the unipotent
radical of the parabolic subgroup P,” opposite to Pi. The Lie algebra u™ consists of
matrices of the form

0 0 0 0
A 0 0 0

(4.1) B o o0 ol
C B"™ —A™ 0

where A, Bare (n — k) x k matrices, X" denotes the transposed matrix with respect
to the skew diagonal, and C is a k X k matrix such that C"* = C.
We write W = Wy, © Wy, @ Wy 3, where

Wi = span(wy, ..., wx), Wio = span(Wiii, ..., Wan—k),

Wis = span(Wap—ki1, - - - s Wan)-
Denote by p; 3 the projection py3: W — Wy, @ Wi 3, ie,
pr173(x1, ey Xon) = (%1, X%, 0,00, X kD e e e X2
Proposition 4.1
Sp Grg(W) = {U € Gr(W) | pr, 5(U) is isotropic}.

Denote by Z the subvariety {U € Gri(W) | pr,5(U) is isotropic}. The first
simple observation in the proof of the proposition is the following.

Lemma 4.2 Gri(Wi; & Wyi,) C Z.

Proof Since pr1"3(U) C Wiy forall U € Gr(Wg,; @& Wy,), we have pr173(U)
isotropic and hence U € Z. ]
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Denote by Sp,; C Sp,, the symplectic subgroup acting only on the first and last k
coordinates. The matrix for an element of this subgroup looks like

A 0 0 B
0 1 0 O
0 01 0]}’
cC 0 0 D

where A, B,C, D are k x k matrices,

A B

C D
is a 2k x 2k-sympletic matrix, and 1 is the (n — k) x (n — k) identity matrix. Further,
let

Pr:={g € Spy | C =0},
then P} is the maximal parabolic subgroup of Sp,, associated to the long simple root.
The next simple observation is the following.

Lemma 4.3 Z; = Sp,, - Griy(Wi,; @& Wg,).

Proof Note first that Y = Gri(Wy,; @ Wy,) is stable under the action of P}, so
Sp,i -Y is closed. Since Z is Sp,;-stable, by Lemma 4.2 we have Sp,;, -Y C Z;. Now
assume U € Zj and let U = pr, ;(U). This subspace of Wy ; @& Wy is isotropic by
assumption, so there existsag € Sp,; such thatg-U C Wy ;,and henceg-U C Wy ;@
Wi, It follows - U € Gr(Wi @ Wi) and hence Zy = Sp,, - Gr(Wi 1 @Wi,). R

As an immediate consequence one sees that Zj is the image of the canonical prod-
uct map

1 Spy X Gre(Wi1 @ W) — Zk C Gre(W), (g, U) — g+ U,
and hence the following corollary.

Corollary 4.4 7 is irreducible.

Proof of Proposition 4.1 Recall the description of the Lie algebra u™ in (4.1) and
the inclusion of the abelianized modules described in Proposition 3.1. It follows that
if v € u” is a matrix as in (4.1), then in V{ we have exp~y - [w; A -+ A wy] is the
k-dimensional subspace having as basis the column vectors of the matrix

(4.2)

AW > =

The symmetry condition of the matrix C implies that these subspaces lie in Z;. For
P= (i, 0), 1 <y <o < <2m,wesetw; = w, A--- Aw;, € A*W, and we
denote by p; the corresponding Pliicker coordinate, i.e., p;(w;) = d; ;.
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Consider in Z the open affine set

,,,,,

The spaces having a basis as in (4.2) lie in Zi, ), so this set is non-empty and
(since Zj is irreducible) dense. Now given an element in Zi(; , ), one can find a
basis corresponding to the columns of a matrix of the form

|

O >

where A, B are (n — k) x k matrices, and the condition prm(U) is isotropic implies
that C = C™. It follows that Zy;, ) = Sp3,-[wi A --- A wi], and hence Z; =

Sp Gri(W). [ |
Remark 4.5 (a) Itis easy to check that the canonical map
T Spy Xpy Gr(Wi1 @ Wi,) — Sp Gry(W)

is a desingularization.
(b) For j > 0, denote by Z; the subset Z; := {U € Sp Gry(W) | dimpr, ,(U) = j}
and define

Gr(Wi1 @ W) i= {U € Gre(Wyy & Wy2) | dimpr, 5(U) = j}.

The set Z; (and similarly Gr,{(Wk,l @ Wi,)) isnot empty for 0 < k— j < 2(n—k).
We have obviously a partition:

Sp Gri(W) = U 2z
0<k—j<2(n—k)

One can show that the group
H := (Spy x GL(Wk2)) x (lcze © Hom(Wy; & Wi3, Wi2))

acts transitively on the non-empty Z;’s. The latter is hence smooth, of dimension
dimZ; = %(j +1) +2j(k — j) + k(2n — 3k + j),

and Z; = J, < jZi- The desingularization map above is compatible with the partition
and induces maps _
7l szk Xpl: Gl‘i(Wk,l D Wk_]z) — Zj

where
: 1 . . .
Spyk Xp/ Gr,J((Wkﬁl e Wia) = Ek(k+ 1)+ jlk—j)+ k(2n — 3k + j).

The fibres of 7/ are all of dimension %(k — j)(k— j+1). In particular, the resolution
map 7 satisfies the dimension condition for being semismall, but it is not a small
resolution; the strong dimension condition is not satisfied for j = k — 1.
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4.2 Symplectic Degenerate Flag Varieties

Based on Proposition 4.1 we derive an explicit description for all symplectic degner-
ate flag varieties. For a regular dominant weight A we denote the complete symplectic
degenerate flag variety 3§ by Sp 39,

Recall the basis wy, ..., w,, of W. We denote by pr;: W — W the projections
along the w;, i.e., pri(Zil cjwj) = Z#i ciw;.
Theorem 4.6 The degenerate symplectic flag variety Sp J%, is naturally embedded
into the product [[._, Sp Gr{(2n) of degenerate symplectic Grassmannians. The im-
age of the embedding is equal to the subvariety formed by the collections (V;)I_,, V; €
Sp Gr{(2n) satisfying the conditions

prMVi CVin,i=1,...,n—1.

Proof According to the proof of Proposition 4.1 we have
n
SpF, NIl Zia,..y ={(V1i,..., Vi) : Vi € Zia, iy, Plip Vi C Vin }.
i=1

Moreover this subvariety of Sp ¥4, coincides with the Sp, -orbit of the highest weight
line. Thus we only need to show that the variety defined above is irreducible. This is
proved in Corollary 5.6, using a desingularization of Sp J%,,. ]

For a subspace V.C W we denote by V- C W the orthogonal complement to V.
Define an order two automorphism o € Aut( HIZZ;I Gri(2n)) by the formula

(VLT = (Vieo1: Vi o, Vi),

Proposition 4.7 The automorphism o defines an order two automorphism of the com-
plete degenerate flag variety J%,. The set of o-fixed points (F%,)° is isomorphic to the
complete symplectic degenerate flag variety Sp J%,,.

Proof Follows from the definition. ]

Letd = (dy,...,dx) be a collection of integers such that 1 < d; < --- < di <
n. Let Sp J§ be the parabolic degenerate flag variety, corresponding to the highest
weight Zf: | W+
Theorem 4.8 The parabolic degenerate symplectic flag variety Sp F is naturally em-
bedded into the product Hi;l Sp Gry, (2n) of degenerate symplectic Grassmannians. The

image of the embedding is equal to the variety of collections (V;)¥_,, V; € Sp Grg, (2n)
satisfying the conditions

Prg4q---PTa, de CVdM,I'Z I,...,k—1.

Proof Asabove, we only need to show the irreducibility of Sp F§. This is proved in
Corollary 5.11. ]
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Let us fix a collectiond = (dy,...,dy), 1 < d; < --- < di < n). Assume d; < n.
Then we define an extended collection D by the formula

D:(dl,...,dk,Zn—dk,...,Zn—dl).

If d, = n,thenwesetD = (dy,...,dy,2n — dy_1,...,2n — dy). We define an order
two automorphism o4 € Aut([] gep Gra(2n) by the formula

aa(V)L_, = (V5 Vi, Vi),

where | = 2kifd, < nand [ = 2k — 1 otherwise.
The following proposition is an immediate corollary of Theorem 4.8.

Proposition 4.9 The automorphism oq defines an order two automorphism of the
SL,, parabolic degenerate flag variety Ff,. The set of oq-fixed points (Ffy)¢ is isomor-
phic to the parabolic symplectic degenerate flag variety Sp Fp,. ]

4.3 The Degeneration

In this subsection we prove that the varieties Sp 4 are flat degenerations of their
classical analogues. Let J; be the 2n x 2n-matrix

0 0

0 I 0 0 1
0 0 sl O . . .
, whereljisan! x Imatrix {0 .
0 —sl_¢ 0 0 1 0 o
—1I 0 0 0

The matrix defines a non-degenerate symplectic form for s # 0, the group Sp,, is the
one leaving invariant the form for s = 1, and

Sp Gri(2n) = {U € Gri(C*") | U is isotropic with respect to Jo .

Denote by 7 the following one-parameter subgroup:

g 0 0
n: C* — D = diagonal matrices in GLy,, s+ [ 0 slhp—k O
0 0 I

Then 7(s)" Jin(s) = Jg, and it follows that if U € Sp Gri(C?") is a subspace isotropic
with respect to Ji, then n(s~!)(U) is isotropic with respect to Jo.

Recall that Sp,,, /P is sitting in the Grassmann variety as the set of isotropic sub-
spaces. Consider

(4.3) Y = { (n(s—l)(U),s) | s € C*,U € Sp,, /Pk} C Gr(C*) x A!

together with the natural projection ¢: Y — A! onto the second factor.
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Proposition 4.10 The projection map ¢ is flat, ¢~ (s) ~ Sp,, /P for all s # 0 and
»~1(0) = Sp Gri(C*).

Proof The map is flat because Y is irreducible and ¢ is dominant [H, Chap. III,
Proposition 9.7]. It remains to show that the fibres are the spaces described above.
We assume without loss of generality: k > 2. Consider the map

U: ARC" x Al — A2,

V1A AV s) 2 D Qe ) (=)™ T A A A A A A

{<m

where Q;(v, w) = v' Jw. The map is homogeneous with respect to A*C?, the preim-
age U1(0) defines hence a closed subset of P(AFC?") x A!, and the intersection with
the Grassmann variety defines a closed subset ¥ C Gri(C*") x Al. Leto: ¥ — Al
be the projection onto the second component. By the definition of W, one has
(U,s) € 07 (s) C Y ifand only if U(v; A --- A v, s) = 0 for a basis {v, ..., v}
of U, that is if and only if U is an isotropic subspace with respect to the form Q;. It
follows that ¥ and Y have in common the subset

Y/ = { (77(5_1)(U),S) ’ s E (C*7U & szn /Pk} C Y7

so Y = Y is an irreducible component of Y. Since 0~1(0) = Sp Gr{(C*"), it follows
that o has equidimensional and irreducible fibers, and hence Y is irreducible, which
implies thatY = Y and o = ¢. [ |

Letd = (dy,...,dn).

Theorem 4.11 There exists an irreducible variety SpFq together with a flat morphism
©: SpFq — Al such that the zero fiber is isomorphic to Sp F4 and all fibers over A' —{0}
are isomorphic to Sp Fq. In other words, the variety Sp J3 is flat a degeneration of the
classical analogue Sp Fg.

Proof Let us denote by Y the variety defined by (4.3). Recall the projections
¢k Y — Al. Let SpFq be the fibered product of all Y,;, over Al i.e.,

SpFa={1,-- -, ym) 1 yi €Ya, 0a,(y1) =+ = da,(ym) }

Recall (see [Fel]) that there exists flat degeneration 1q: Mg — A! of the SL,, flag
variety Jq into the degenerate version Jg, so ¢gl(0) ~ J4 and the general fiber is
isomorphic to F4. We note that both My and SpJFy are subvarieties of the product
A"} T2, Grg, (€*"). Consider the intersection MqNSpFg and the natural projection
pa: MgNSpFq — Al. Then the general fiber is isomorphic to the classical symplectic
flag variety Sp ¥4 and @JI(O) ~ Sp Jj. Since Mg N SpFq = Lpgl(A\l \ {0}), the left
hand side is irreducible. Now [H, Chap. III, Proposition 9.7], implies the theorem.

|
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5 Resolution of Singularities

In this section we construct varieties Sp Ry which serve as desingularizations for the
symplectic degenerate flag varieties Sp Jj. We start with the case of complete flags.

5.1 Complete Flag Varieties

Recall the 2n-dimensional vector space W with a basis w;, i = 1,...,2n. Let W; ; be
the linear span of the vectors wy, ..., w;, Wji1,..., Wa,.
We define SpR,,, C Hisj,i+j§2n Gr;(W; ;) as the variety of collections of subspaces
V,',]‘, ISiSjSZTl, i+j§211

subject to the conditions

(5.1) dimVi,j = i, Vi.j C Wi,ja
(5.2) Vij CVirj,  Priy Vij C Vija,
(5.3) Vion—i areisotropicfori =1,...,n.

It is convenient to view the spaces V; ; as being attached to the positive roots «; ; of
sp,, (see (2.2), (2.3)). We fix an enumeration 3y, 3,, . . . , 5,2 of the positive roots like
in the following example for spg:

Bis 512 39 36 54 52 51 Q11 p 03 Qg4 05 Qe Q7
Bis P Bs Bs B3 _ Qoo Qg3 Qg4 Q35 (g
Bia Bro B7 Q33 (34 Q35
B3 Qg4
ie.,
ﬁl = 01.2n—1 52 = Q12n—-2 53 = 22n—-2 55 = 2213 57 = 32p—3 ... 5,.27,.“ = QO

/34 = 1.2n—3 56 = (1 2n—4 58 = 02n—4 .-

ﬂ9 = 012n—5 .- .
,an = a1,1.

Using the correspondence above between subspaces and positive roots we sometimes
denote V; j and W; ; by Vi, and Wy, ; or V5 and Wy, for 8 = a; ;. To simplify the
notation we write (i, j) < £if a; ; = By is such that k < /, and we write (i(k), j(k))
if Bx = ai@,j- Note that if (i(k) -1, j(k)) is an admissible indexing pair in the
scheme above, then (i(k) -1, j(k)) < k. Similarly we have (i(k)7 j(k) + 1) < k.

Definition 5.1 Denote by SpR, (I) C Hi:l Grj)(Wp,) the variety of collections

of subspaces Vg, C Wp, satisfying the conditions (5.1), (5.2), (5.3) for all pairs of
indices (i(k), j(k)) , k < I. In addition we set SpR,,,(0) = pt.
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Note that SpR,, = SpR,,(n?). If £ > ¢/, then the projection maps

¢ 1%
et [1 Grigg(Wg,) = ] Grigy(Ws,)
plet =1

induce natural maps 7y : SpR,, (I) — SpR,, (I').

Proposition 5.2

(i)  The projection maps g are surjective for all ¢ > £' > 1.
(ii) Foralll=1,...,n* themapms—1: SpR,,(I) = SpR,,(I—1) isa P! -fibration.
(iil) The map s;: SpR,,(I — 1) — SpR,, (1), defined by s;(V)g, = Vg, fork <1—1

and
(C 7 I 1 l p— 1
- {Ern rio -
Vio—1,jon1 ® Cwjgyrr,  ifi(l) > 1.

defines a section to the map Ty ¢—_,.
As an immediate consequence there is the following.

Corollary 5.3 SpR,, is a smooth projective variety; more precisely, it is a tower of
successive P -fibrations.

Proof To prove (i) and (ii), it is sufficient to show that m,,_ is surjective for all
¢ =1,...,n* and 7y _; is a fibration with fibres isomorphic to P'. We will only
show that the fibre over each point is a P!, but the construction can be lifted to vec-
tor bundles obtained by extending the tautological bundles on Gr;()—1 (Wi@)—1,j())s
respectively Gri) (Wi, jo+1)s to Hi: Grix)(Wg,) and then the restrictions to
SpR,, (£ — 1), so this will indeed lead to a P!-fibration, locally trivial in the Zariski
topology.

If ¢ = 1, then SpR,,(0) = pt and SpR,, (1) is the variety of lines (which are auto-
matically isotropic) in the subspace spanned by w; and w,,. Hence SpR,, (1) is iso-
morphic to P!, 7 o is surjective and a P! -fibration and s, (pt) is the line through wy,.

Assume now £ > 1, ix V = (\/'5k)i;11 € SpR,, (I-1) C Hi;l Grigy(Wg,).
Suppose first i(£) = 1 and let Vi3, € Gr;(Wjg,) be a line. Then (V‘gk)f:1 € SpR,,())
if and only if prj(é)Jrl(V@,) C Vig,j(y+1- Let v be a generator of Vi) j)+1, then this
condition is equivalent to V3, is spanned by av+bwj(y),; for some [a:b] € P'. Hence
Ty 0—1 18 surjective, it is a P! -fibration and s,(V) is obtained from V by adding the line
through w1, to the collection.

Suppose next i(£) + j(£) = 2n, we can assume i(£) > 1 because otherwise £ = 1.
Fix a point V = (Vﬁk)i;ll € SpR,,(I — 1) and let Vg, € Grj)(Wpg,) be a subspace.
Then (ng)ﬁil € SpR,,(I) if and only if
(a) Vg, is isotropic, and
(b) Viwy—1,jiy € Vg,

Since prj(z)+1(Vi(g)_17j(g)) C Viw—1,joy+1 (the latter is isotropic because i(¢) + j(£) =
2n) and Vi—1jiy C Wiw—1,ji0)» Viw—1,je) has to be isotropic as a subspace of
W,‘(/{)_j(/{). So (a) and (b) 1mply Vi(f)—l.j(k’) g Vg[ g ViJ(_Z)fl,j(f) Q W,‘(///)\j(({). In fact,
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the possible choices for Vi3, C Wi j«) are parametrized by the lines in the two
dimensional space Vi(l[)_L i /Viw—1,jwy- Again we see that 7, is surjective, it
is a IP!-fibration, and s,(V) is obtained from V by adding the subspace spanned by
Vi([{)_l"j([j)_'.l and Wi)+1 to the collection.

Finally suppose i(¢) + j(£) < 2nand i({) > 1. Fix V = (ng)i;ll € SpR,,(I-1)
and let V5, € Gr;(«(Wp,) be a subspace. Then (V3,)t_, € SpR,,(]) if and only if
(@) Viwy—1,jwy € Viw,jw) and
(b) prigy Viw.jw € Viw.jw+-
So the possible choices for Vi3, = Vi) j«) are parametrized by the lines in the two
dimensional space

Vi, jor W) /Vio-1,jo-

Hence 7y o1 is surjective, it is a P!-fibration, and s,(V) is obtained from V by adding
the subspace spanned by V;()_1,j«)+1 and wj()1; to the collection. [ |

We fix now ¢ and (ig, jo) = (i(ﬂ), j(€)) . We associate to s; (= s, ;,) a divisor in
SpR,,:
Ziyjo ={V € SpR,, : IV’ € SpR,, (I — 1) such that s;(V');, j, = Vi j, }-

We also denote by Z7 ; C Z;, j, the open part of Z;
intersection of Z;

with all other divisors:

o.jo that is the complement to the

0J0

(5.4) Zw=Zii\ U  Zj
(i,7)#(o,jo)

Denote by SpR3, C SpR,, the complement in SpR,, to the union of the divisors
Z; ;.
We have fixed a basis wy, ..., wy,. Let {wj, A---Awj |1 < jp <--- < j; < 2n}
be the corresponding basis for the i-th exterior product and denote by p;, . ;. the

corresponding Pliicker coordinates.

Lemma 5.4 SpRj, is an open cell in SpR,, (an open subvariety isomorphic to an
affine space) enjoying the following explicit description:

SpR3, ={V € SpR,, : p1..iVij # O0foralli, j},

Proof Sp R}, is, by definition, a tower of successive fibrations with one-dimensional
affine spaces as fibers, and hence Sp R}, is isomorphic to an affine space, proving the
first claim.

’,'V,) j 7& 0 for
The reverse implication is

all 4, j, then V does not belong to any of the divisors Z;
more intricate. It suffices to show that

0,jo*

dimpr;,,---pr,,Vii=1i, i=1,...,n
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In fact, let i be the minimal number with the following property: there exists j,i+1 <
Jj < 2nsuchthatdimpr;,, ---pr; Vi; =i — 1. For such an i let us take the minimal j
with this property. First, let j < 2n —i. Since pr;,, - pr; Vi; C Vi, it follows
that w; € V;;_;. The choice of i being minimal with this property implies w; ¢
Vi_1,j—1 and hence dimprj Vioyjor=i—landV;_; = pr; Vi_1,j—1. In addition,
Vij—1 = Vi_1; @ Cw;. This implies V; ;1 = V;_; ; ® Cwj, which means V €
Zi j—1, which contradicts the assumption V € SpR7,. Second, let j > 2n — i. Then
dimpr,,, ---pr,, ; Vi; = iand hence pr, , - - - pr,, ; Vii = Vj,,—;. The choice of i
asabove implies that w; € V;,,_jand py ;1 Vi_120—i # 0. Butpy ;i 1\Vio1on—i #
0 implies that there exists a vector u € V;_j,—; such that wy,_j,; appears in u
with a non-zero coefficient (recall j > 21 — i) and hence u is not orthogonal to w;.
Since u € Vi_120—i C Vi2u—i and w; € V;,,_; we obtain a contradiction with the
statement that V; ,,_; is isotropic subspace in W ,_;. [ |

We have a natural map m,,: SpR,, — SpJ%,
Tn(Vij)ij = (Vii)ie
forgetting the off-diagonal elements.
Lemma 5.5 The map m,, is a birational isomorphism.
As an immediate consequence one sees the following.

Corollary 5.6 The variety Sp 3%, is irreducible.

Proof Let (SpJ%,)° be the open (and non-empty) subset of collections V. =
AAAAA iVi#O0foralli=1,...,n Let B = {by,...,b;} be
a basis for V;. Since the projections pr; for j > i do not change the entries of a vec-
tor in the first i rows, pr i Pin (B) is still a set of linearly independent vectors. Set
U € SpRY,. Similarly: if U = (U; j)1<i<j<n € SpR},, then m,,(U) € (SpF%,)° and
Ui,j = piv1--- pj(Ui;). It follows that 75, : SpR3, — (Sp J%,)° is an isomorphism.

The irreducibility of Sp J%, is now equivalent to the surjectivity of m,,. Given
(V)i € SpJ%,, we need to construct V € SpR,, such that m,V = (V;)I,. We
construct the entries V; ; of V by increasing induction on j. In the course of the
construction, we always check that pr,, - - - pr,,_; Vi j is isotropic (this is a necessary
condition for V € SpR,,). For j = 1 we have the only space V, ;, which has to be
equal to V.

Now assume j < n. We need to define V;; withi = 1,...,j. We do this by
decreasing induction on i. For i = j we have V; ; = V. If V4 ; is already defined,
then the conditions for V; ; are as follows:

pr; Viic1 C Vi CW;;iN Vi, Prjpy Pl Vi j is isotropic.
If dim pr;Vij-1 = i, then we have V; ; = pr;Vij—1. Assume that the dimension

drops, i.e., w; € Vi j_1. Then, by induction 2 Vij—1 C W;; N Vi j. In addition
dim(W; ; N Vi, j) > i. Therefore there exists an i-dimensional subspace in between
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pr; Vij—1and W; ;N Vi ;. Now since Prj1 Py Viy1,jisisotropicand V; ; C
Wi j N Vi, j, we obtain that pr;,, - - - pr,,_; Vi j is also isotropic.

Finally, assume j > n. We need to define V; ; withi = 1,...,2n— j. Again, we do
this by decreasing induction on i. Let us start with i = 2n — j. Then the conditions
we have are

Prj, Von—jj—1 C Van—jj CWau_jj, Vau_jjisisotropic.

Ifdimpr;,; Vou—jj—1 = 2n — j, then we are done, since pr
by induction. If dimpr

i1 Van—j,j—1 is isotropic
i1 Van—jj—1 = 2n — j — 1, then we need to show that
(pr]-+1 Vz,q,j,j,l)l- MWy, j is not zero. But the first space is (2n— j—1)-dimensional
and the second one is 2(2n — j)-dimensional and the restriction of the symplectic
form to Wy,_;,; is non-degenerate. Now assume that we have fixed V;,; ;. Using the

same arguments as above one can show that there exists V; ; satisfying
pr; Vi,j—l C V,',j C Vi+1ﬁ]' n Ww', Priyy Plyy Vi,j is isotropic. |

We now establish a connection between the SL;, resolution R;, and its symplectic
analogue SpR,,. Define an involution o: R,, — R,, by the following formula: let
V = (V; j)i<i< <2 be a point in Ry,. Then

(5.5) (oV)ij= VzJ;—j,zn—i N Wi;.

Proposition 5.7 Formula (5.5) defines an order two automorphism of Ry,,. The vari-
ety of o fixed points RS, is isomorphic to Sp R,,. For the resolution map m,,: SpR,, —
Sp %, one has mw,,0 = 0my, (Le., T2y, is o-equivariant).

Proof First, we need to show that dim (V3 _ jon—i N Wi j) = i. We consider the case
i+ j > 2n (the opposite case is very similar). We note that dim V5, _;,,_; = 2n — j
and thus dim Vl-%j = j. Since Vy—jon—i C Wau_j2a—i we have

il 1
V2n—j.2n—i ) WZn—j,Zn—i ) {Wi+1a SR W]}
Since W; ; = span(wj1, ..., w;), wearrive at dim(VZJ,;f]»’aniﬂWi,j) =j—(j—i) =1i.
Second, we need to prove that all other conditions from the definition of R,, are
satisfied. This is a direct verification. [ |

Recall that for a resolution of singularities 7: Y — X an irreducible divisor Z C Y
is called exceptional if dim 7(Z) < dim Z.

Proposition 5.8 A divisor Z; ; is exceptional if and only if j > nand i + j < 2n.

Proof Fix a pairi < jsuchthat j > nandi+ j < 2n. We prove that the divisor
Z; ; is exceptional. Fix a point (V;)_, € SpJ%, and a point V € Z; ; such that
T,V = (Vi)l,, i.e, Vi; = V;. We prove that the preimage 7r2_nl(Vi)?:1 is at least
one-dimensional. Let us construct a one-dimensional family of elements U € Z; ;
such that m,U = m,,V. Weset Uy; = Vi, if I < j. Now (as in the proof of
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Lemma 5.5) let us try to extend the already fixed components of U to some element
of Z; ;. We start with U,,_;_1 j+1. In order to guarantee that U € SpR,,, we need
the following conditions:

(5.6) PTji Up—j—1,; CUp—j—1,j+1 €T Wan—j_1j+1, Uzn—j_1,j+1 is isotropic.
Since V;; D wjy (V € Z;;) we have dimprj+l Uy—j—1,j = 2n — j — 2. The

restriction of the symplectic form to Wy,_;_; j;1 is non-degenerate, thus the set
of solutions of (5.6) is isomorphic to P!. Now, using the same arguments as in

Lemma 5.5, we define successively Uy, ;3 ji1,...,Uj j11. Let us now try to define
Ui_1,j+1- We want U;_, j;; to be contained in the (already defined) U; j;;. We note
that Ui"j = Vw‘ =Vio1jn® (CW]'H and Pri Ui’j C Ui7j+1 (by induction). There-

fore, we can set U;_ ji1 = V;_y jy1, whichleadsto U; j = V; i = Uj_1 j11 © Cwjyy.
We note that since we want U € Z; ; such a relation has to hold. Now as in the
proof of Lemma 5.5, we can define the remaining Uy ; (by increasing induction on [
and decreasing induction on k) in such a way that U € SpR,, . Moreover, by the
construction, U € Z; ;.

Now let us fix j < n. We prove that the divisor Z; ; with i < j is non-exceptional.
More precisely, we prove that 7, restricted to z; f (see (5.4)) is one-to-one. So let
vVeZzy,.

First, we claim that if wi,; € Vi thenl = jandi < k < j. In fact, assume that
for a given | the number k is minimal with the property wi.; € Vi;. Then k # 1
(unless i = 1) since wiy € Vi means V € Z; ;. We know that wiyy ¢ Vi_y ;. Hence
Pry Vi—1g = Vi1 and Vi = Vi1 ® Cwyy,y. Therefore, Vi = Vi 111 ® Cwyyy,
implying V € Z ;. Since V € foj, we arrive at (k,I) = (i, j).

Second, we note that the above claim implies that for any pair (k,) except for
I=j,i <k < jwehave

(5.7) dimpr;,, Vg = Vi

In fact, for such pairs (k, ) the left and right hand sides have the same dimensions
and the left hand side is contained in the right hand side. From equation (5.7) we
obtain that if a point (V;)!_, € Sp J3,, is fixed, the spaces Vi ; with k < iork > jor
I < jare fixed as well. Also, if one proves that the spaces V j,; are also uniquely fixed
by the choice of (V)i ;, this would imply that the whole collection V € Z7; with the
property m,,V = (V;)I_, is unique.

Third, we claim that V ¢ Zl-‘f]- implies that for I > j one has p; Vi, # 0
(where p; __;is the corresponding Pliicker coordinate). In effect, first V; 5, isa one-
dimensional space, not equal to Cw,, (since V € Z? j). Therefore, p;(V124—1) # 0.
Now the statement can be verified directly by decreasing induction on / and increas-
ing induction on k.

Finally, we are left to show that the values of V; and of Vi ; with | < j fix Vi j41.
First, Vi1 j+1 = V41 is fixed. Now, we use the decreasing induction on k. The space
Vi, j+1 has to satisfy

Vi1 C Vet jor 0 Wi jar-
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We claim that the right hand side is (at most) k-dimensional. In effect, we have
P11 (Vigr je1) # 0. Since wiy & Wi js1, we have dim(Vigy j1 N Wi i) < k.
Since dim Vy j,1 = k, the space Vi j;; is uniquely fixed.

The last statement of the proposition is that the divisors Z; ,_; are non-excep-
tional. This can be proved along the same lines as the above case. ]

5.2 Parabolic Case

We define a desingularization Sp Ry of Sp Jg in the following way. Let Bg be the
subset of the set of positive roots for sp,, corresponding to the radical of the parabolic
subalgebra defined by the roots g, . . . , ag,. Explicitly, & € B4 if and only if there
existsani = 1,..., ksuch that (o, ws) > 0. We sometimes write (i, j) € P4 instead
of a; j € Pg. Now, a point in Sp R is a collection of subspaces V; ; C W, (i, j) € Pq
subject to the conditions

dimV;; =i, V;; CW;;,
Viji CViej,  Prjy Vij C Vije,
Vian—i areisotropicfori = 1,...,n.
We note that there is a natural embedding SpRy C H(i’j)egDd Gr;(W; ;).
Proposition 5.9 Sp R is a tower of successive P! -fibrations.

Proof The proof is very similar to the proof of Proposition 5.2 and we omitit. H

Proposition 5.10 The morphism (Vi ;)i ey — (Va,a,)5, is a surjective morphism
from Sp Ry to Sp T, generically one-to-one.

Proof The proof is very similar to the proof of Lemma 5.5 and we omit it. ]
Corollary 5.11 The varieties Sp Fyg are irreducible.

In what follows we denote the desingularization map SpRy; — Sp Fj by mq. As
in the case of the complete flag varieties, for any pair (i, j) € Bgq, we define the
corresponding divisor Z; ; C Sp Ry.

Proposition 5.12 The non-exceptional divisors are exactly the Z; ; with (i, j) from
the following list:

(L,di—1, i=2,....k (di+1d;j—1), i<j—2,j<k
(1,2n—1); (d,“i‘l,zn*d,‘*l), izl,...,kfl.

Proof The proof is similar to the proof of Proposition 5.8 and we omit it. ]

6 Normal Locally Complete Intersections

Our next goal is to prove that all symplectic degenerate flag varieties are normal lo-
cally complete intersections (and thus Cohen—Macaulay and Gorenstein). We start
with the case of the complete flags.
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6.1 Complete Flag Varieties

As in [FF], we first define an affine scheme Q,, which we prove to be a complete
intersection. Let W1, ..., W, be a collection of vector spaces with dim W; = i. Also
recall the space W,,, with a basis wy, . .., wy,, a non-degenerate symplectic form and
the projections pr, along wy. We now construct an affine scheme Q,, as follows. A
point of Q,, is a collection of linear maps

Ai: W; — Wy, iZl,...,I’l,
BjZW]‘—>Wj+1, jzl,...,n—l

subject to the relations
Ai+1B,'=pI'i+1A,', izl,...,ﬂ—l,

and such that the image A,(W,) is isotropic. The following picture illustrates the
construction:

pr,

W2n E— Wzn ........ W2n W2n
Ay %2 Ay 1/%
Wi B, W, W1 Bu-1 W,

We also consider the open subscheme Q3, C Q,, consisting of collections (4;, B;)
such that ker A; = 0 for all i. The group I' = []"_| GL(W;) acts freely on Q3, via
change of bases. Consider the map

Q3, = SpJ3,, (A, Bj) = (SAy,...,SA,).
Lemma 6.1 The morphism QS,, — Sp 3%, is a locally trivial I'-torsor in the Zariski
topology. The variety QS, is irreducible of dimension n* + 1% + 2> + - - - + n?.

Proof Consider the embedding Sp 54, < [])_, Sp Gra(2n). For a point p € Sp J%,
let U > p be an open part of []}_, Sp Grs(2n) such that all tautological bundles on
Grassmannians are trivial on U. Let U’ = U N Sp F%,,. Then on U’ the map Q5, —
Sp 3%, has a section. Now using the I" action on Q,, we obtain that Q5, — Sp J3,, is
a I'-torsor. In particular, dim Q5, = dim Q,, = dim Sp F%, + dimI". ]

We note that Q,, is a closed subscheme of the affine space

n n—1
[T Hom(W;, W,,) x [[ Hom(W;, Wi.1).

i=1 i=1

Lemma 6.2 Q5, is a locally complete intersection.
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Proof We note that the condition A;1;B; = pr;,; A; produces 2n X i equations
(the number of equations is equal to dim Hom(W;, W5,)). Also the condition that
A, (W,) is Lagrangian produces another n(n — 1) /2 equations. Now our lemma fol-
lows from the equality

n n—1 n—1
nin—1
diszH:ZZm’+Zi(i+1)—22m’—%. -
i=1 i=1 i=1

Theorem 6.3 The degenerate flag varieties Sp F%, are normal locally complete inter-
sections (in particular, Cohen—Macaulay and even Gorenstein).

Proof Since Q3, — Sp J%, is a torsor locally trivial in Zariski topology, Sp F%,, in-
herits the Ici and normality properties from Q3,. So it suffices to prove that Q3, is
a normal reduced scheme (i.e., a variety). Since Q5, is a locally complete intersec-
tion, the property of being reduced (resp. normality) of Q5, follows from the fact
that Q3,, is smooth in codimension one, by the virtue of Proposition 5.8.5 (resp. The-
orem 5.8.6) of [EGA]. Using again that QS, — Sp J%,, is a torsor, it suffices to prove
that Sp 3%, is smooth in codimension one. We prove this statement in a separate
lemma. ]

Lemma 6.4 SpJ4, is smooth in codimension one.

Proof We use the desingularization 7,,: SpR,, — Sp F%,. Since SpR,,, is smooth,
it suffices to show that the morphism m,, is an isomorphism over an open subvariety
M C Sp J%, such that the codimension of the complement of M is at least two. We
set M to be the union of m,, SpR3, (the open cell in SpR,,) and 7,27 i for all non-
exceptional divisors Z; ;. ]

The following theorem can be proved along the same lines as Theorem 6.3.

Theorem 6.5 The degenerate flag varieties Sp 34 are normal locally complete inter-
sections (in particular, Cohen—Macaulay and Gorenstein).

7 The Singularities of Sp J] are Rational
7.1 The Complete Flag Varieties

In this section we prove that the singularities of Sp %, are terminal (hence canoni-
cal and rational). We use the sections s; ; as above in order to compute the relative
canonical line bundle wspr, ® Wz*nws_plbrgn-

We use the notation €; ; for the determinant of the i-dimensional bundle on
SpR,,, whose fiber at a point V equals A’(V; ;)*. Also, we denote by ); the line
bundle on Sp J%,, whose fiber at a point (V, ..., V,,) is equal to A"(V}).

Consider the following general situation. Let p: E — B be a P!-fibration with a
section s: B — E. Let Z = s(B) C E be the corresponding divisor. Then for any line
bundle F on E such that the restriction of F to a fiber of p is isomorphic to O(k) one
has

(7.1) F=0(kZ) ®p*(Flz @ O(=k2)|7) .
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We consider the 2-dimensional vector bundle £, := p.Og(Z) on B, and its line
subbundle £ := p,Op = Op. Then E = P(L;) and Z = P(L;). Let  be a
line bundle such that the restriction of €2 to a fiber of p is isomorphic to O(1). The
following lemma is nothing but [Ra, Lemma 3].

Lemma 7.1 w;'=0(2)® Q2 p*(Q7 'z @wg").

Proof First, (7.1) with F = € gives
(7.2) Q=02)®p"(Qz®@0(=2)|).
Second, (7.1) with F = wE_l gives
(7.3) wp''=0022) @ p*(wp'z ® 0(=22)]7) .
We note that

P (720 0(=22)|7) =p* (WB_1 lz©0(=2)|z).
Therefore, combining (7.2) and (7.3), we arrive at

wp' =02) R0 p Q7 z0wy ). [ ]

We now consider the P!-fibration p;: SpR,,(I) — SpR,,(I — 1) and the corre-
sponding divisors Z; ;.

Lemma 7.2
Ql,j®QT,j+1v ifi=1,
0(Z; ) = 02 ® QLIJ ® Q;-fjﬂ ®@Q_1jn, fi>landi+ j<2n,
Q;® (Q;‘_I,j)@z ® Qi1+, ifi >1landi+ j=2n.

Proof The first two cases are worked out in [FF]. The only new case is the last one
i + j = 2n. Consider the space V; ,,_;. We know that

Vicin—i C Vigu_i C Vi{Lani NWian—i.
Let Qf‘l be the line bundle on Sp R, , whose fiber at a point V is equal to the top wedge

power of (Vfﬁ})*. Then one shows that det Qf-] = det Qf i Therefore, using (7.1) we
arrive at

Qion—i = 0(Zign—i) @Y1 3pi11 @ Q?ﬂzl,anl' u

Theorem 7.3 wspr, = Qi ()%’ ® Hi+j<2n,j2n 0(Zij).
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Proof From Lemma 7.1 we obtain

ws;leﬂ =Q0Z)oQN;® & Q.
17] 17]

j—i>2

Now using Lemma 7.2 we are left to show that

n n—1 n
K 0(Z;)) @ @Qi,i ® Q Qi = QQEZ ® & 0(=Z).
ij i= i=

i=1 j>n,i+j<2n

This equality follows from Lemma 7.2 again by writing both sides in terms of €); ;
only. ]

Corollary 7.4 ws, Fo = ®?:1(Q§k)®2-

Proof Recall the open cell SpR}, C SpR,, with the property that the restriction of
T to Sp RS, is one-to-one. Consider the open subvariety M C SpR,, defined by

M:SpRgnUUZlOJU U Zlc?]

j<n i+j=2n

Then the restriction of 7, to SpR,,\M is one-to-one and ,,(Sp R,,\M) has codi-
mension at least two in Sp J%,,. Because of Theorem 7.3, the canonical line bundle w
on M is equal to ®?:1(Q§ji)®2. Since we also have 73, wsp 51 = wspr,, on the image
of M, we obtain wsy 70 = @), ()2, [ ]

Theorem 7.5 The singularities of Sp J%,, are terminal and hence rational.

Proof Using Corollary 7.4 and Theorem 7.3 we obtain

*
Wepk,, = Mopwsprs, ® I 0(Zi)).
i+j<2n,j>n

Thus the singularities are terminal (and hence canonical) by Theorem 7.3 (all ex-
ceptional divisors appear in the discrepancy with coefficient one). Now rationality
follows from [E, Theorem 1] (see Theorem 2.4), since the varieties Sp J%, are normal
locally complete intersections and so Gorenstein. ]

7.2 Rationality for Parabolic Flag Varieties

In this subsection we work out the case of partial degenerate flag varieties. Our goal
is to compute wspr, ® Wsws;lsfg (note that Sp F9 is singular but Gorenstein by Theo-
rem 6.5, thus its dualizing complex is a line bundle). We will prove that the expression
for wgp, 74 coincides with the one in the classical situation. So let Sp Fq be the classical
parabolic flag variety.

—1 _ O®d; k—1 ~®R(dis1—di—1) RQn+1—dy—di_1)
Lemma 7.6 w5 = Q% @[[_, Q ®Q, .
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Proof Since the canonical line bundle is the top wedge power of the cotangent bun-
dle, its weight is given by —2ps,,, + 2pr,, where 2ps,,, is the sum of all positive roots
of sp,,, and 2py, is the sum of all positive roots of the Levi subalgebra corresponding
to d. Now a direct computation gives the desired formula. ]

Now our strategy is as follows. We define a line bundle & on Sp J§ by the formula
k—1
(.:}71 — diz ® H Qf(diﬂ—d,'_l) ® Q[(?;(ZnJrl—dk—dk_]).
i=2

We will show that the discrepancy ws,r, ® 7§ (w™1) is given by a product of excep-
tional divisors with positive coefficients. Since the images of the exceptional divisors
have codimension at least two, this will prove that in the degenerate case the expres-
sion for the canonical class coincides with the one in the classical situation.

We start with the following lemma.

Lemma 7.7 We have the equality

wer, = @ 0Zpe @ Qi
(i,/)€Ba (i,j)€Ba

where Bg C Bq is the subset of pairs from the following list:
(17 dl)) (23 d1)7 R (dl7 dl)a

(di,dv+1),(d1,di +2),...,(d1,dy),
(dl + 17d2); (dl + 27d2)a R (dZad2)7

(dk—l + l7dk)a (dk—l + 27dk)7 cey (dk7dk)7
(dy, dx + 1), (dy, dp +2), ..., (dy, 2n — dy).

Proof This proof follows from Lemma 7.1. In fact the sections s; ; are constructed in
such a way that the space V; ; at a point of the section is given by V;_; ;;; plus some
constant vector. The set By is exactly the set of pairs (iy, jo) which cannot be witten
asig =1i— 1, jo = j+ 1 for some (i, j) € Pgq. [ |

We now prove the main theorem of this section.

Theorem 7.8 There exist non-negative integers a; j, (i, j) € Bq such that

WspR, ® 773(‘;}_1) = ® o(aivjzivj)'
(i,7)€Pa

In addition, a; ; = 0 if and only if Z; ; is not exceptional.
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Proof We use the formula from Lemma 7.2:

Ql,j ® QT,]‘H? ifi =1,
(7.4)  O(Zij) =4 Qi;® Q;ZLJ» ® ij+1 ®Qi_1j1, ifi>Tlandi+j<2n,
Q,’ﬁj X (Q;kil’j)@z & Qifl.j+1; ifi >1landi+ ] =2n.

Using Lemma 7.7 we obtain

WSde®7T:1k(w_l): X O(_Zi,]‘)@) X Q;;@w;(w_]),
(i,j)€Pq (,))€Ba

Our goal is to find strictly positive integers b; ; = a; j + 1 such that
k=1
- i —di— 241 —dy—dj—
(75) @ 9 e0fee[] i el T = @ 0z
(i,j)€Ba i=2 (i,/)€Ba
In addition, we want b; ; = 1 if and only if Z; ; is non-exceptional.
First, formula (7.5) implies by, 4, = dy — 1, by g, = disy —di_y — 1 fori =

2,...,k—1and by, 4 = 2n — di — di—,. Now formula (7.4) gives a unique way to
determine other b; ; in the following order:

ba,a s ba 14055 b1as

ba, gy+15bd—1,di+1, - - - a1,

badg,—1,ba 14 —15 - -5 brgy—1,

bdzA,dzv bdz—1;d27 R b1~d27

bay a,—1,bay—1.d—15 - - b1gy—1,

bdk.,dka bdk—l,d“ sty bl.dkﬂ

b, g1, ba—1.de415 - -+, b1 g1,

bagon—dg> ba—12n—ds - - > b1 2n—dy»

bdk—l,Zn—dkH; bdk—Z,Zt’l—dk+1a ] bl‘zn—dk+la

b2n—2, b120—2,

bion—1.
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We now write down the values of the solutions b; ; (we assume dy = 0):

Letd, < j<dy—1land1 <i <d,. Then
b,"j:dzfj-l—l‘*l.
Letd, 1 < j<di—1landd;+1<i<dpy, for0<I<s <k Then
bi’j:ds—dl—]’+i—l.
Letdy < j<2n—dyandd;+1 <i <dj for0 <<k Then
b,»_j:Zn—dk—dl—jnLi.
Let2n —d; < j<2n—ds—y —landi=2n— jfor 1 <s <k Then
b,»_,j:Zn—j—ds,l.
Let2n —d; < j<2n—ds_y —landd;—1>i>d,_; +1for1 <s <k Then
bi’jZZH—stfl—j-l—i.
Let2n—d; < j<2n—dsy—landd; >i>d+1forl1 <s<ks—1>1>1.

Then
b,] =2n— d5,1 — d]_l — ]+Z

In particular, one sees that b; ; > 1 and b;; = 1 if and only if (i, j) is from the
following list

(1,di—=1), i=2,....k (di+1,dj—1), i<j—2,j<k
(1,2n—1); (d;+1,2n—d;—1), i=1,...,k—1.
Now Proposition 5.12 gives the desired result. ]
Corollary 7.9 ws, Fu = W.
Proof Similar to the proof of Corollary 7.4. ]
Corollary 7.10 Sp 3§ has terminal and thus canonical and rational singularities.

8 Frobenius Splitting, the BW-type Theorem and Graded Character
Formula

In this section we derive several applications of the results in the previous sections.
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8.1 Frobenius Splitting

In the following let k be an arbitrary field. On W = k*" let (-, -) be the same
form as defined in Section 3, and let Sp,, C GL,,(k) be the subgroup of automor-
phisms leaving the form invariant. Using Proposition 4.1 and Theorem 4.8 as a defi-
nition, the degenerate symplectic flag varieties make sense in every characteristic. To
get the connection with a PBW-filtration in positive characteristic, for a dominant
weight let V() denote the Weyl module of highest weight A obtained from the lat-
tice Uz(n™).vy = Vz(A) C Viu(\) via reduction mod p. For the construction of the
PBW-filtration we replace the enveloping algebra by the algebra of distributions or
hyperalgebra [J], the varieties Sp J§ and Sp R, can then defined in the same way.

Theorem 8.1 The varieties Sp J4 and SpRy over |, are Frobenius split for all
primes p.

Proof Lemma 7.7 says that

o.)s;le: ® O(Z,’ﬁj)@ ® Qi,]’.
(i,/)€Ba (i,j)€Ba

Now since ®(i7 J)€Bq (}; ; is base point free, the Frobenius splitting for Sp Ry and Sp 57§
follows from the Mehta—Ramanathan criterion Theorem 2.3 [MR, Proposition 8].
|

8.2 The BW-type Theorem

Let £ be a line bundle on Sp %, which is the pullback of the line bundle O(1)
on P(VY{) for a dominant $p,,-weight A\. We prove an analogue of the Borel-Weil
theorem.

Theorem 8.2 We have

H°(SpF3,, £,)" =~ H(SpR,,, m5,Lx)" = VY,
H™(Sp 34, £,) = H'(SpR,,,, 73,£,) = 0.

Proof First, we note that since Sp 3%, has rational singularities, we have the equali-
ties
H*(SpJ%,, L)) ~ H*(SpR,,, 73,L)

forall k > 0.

Second, we prove that all non-zero cohomologies H*(Sp 4, , £ ) vanish. In fact,
first assume A\ is regular. Then since the map Sp 35, — P(VY) is an embedding,
the line bundle £ is very ample. Therefore, for any k and big enough N one has
H*(Sp %, LYN) = 0. This implies H*(Sp F%,, £,) = 0, because Sp F%, is Frobenius
split over IF,, for any p.
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Now consider a non-regular A. Let Sp F] be the corresponding degenerate para-
bolic flag variety, which is embedded into P(V{). Then we have the following com-
mutative diagram of projections:

Sp R2n Sp Rd

T2n d

Sp T4, ——¢——=SpT}

Let £} be the line bundle on Sp F§ which is the pullback of the bundle O(1)
on P(V{). Then £, = ¢*L). Since £ is very ample, and Sp Fg is Frobe-
nius split over IF, for any p, H*(Sp F3,£3) = 0 (for positive k). Since Sp F§
has rational singularities, H*(Sp Ry, mjLY) = H*(Sp J4,£%) (= 0 for positive k).
Now since 7 is a fibration with the fibers being towers of successive P! -fibrations
(Lemma 5.2), the higher direct images R>On*05p r,, are equal to 0 and we obtain
H*(SpR,,, n*miL)) = H*(Spy, m;L4) (= 0 for positive k). Finally, since Sp %, has
rational singularities, and n*7; £} = 73, L, we arrive at

H*(SpJ%,, L)) = H*(SpR,,, m35,L,) = HX(SpR,,, n* 13 L)),

which vanishes for k > 0.

Third, we note that there exists an embedding (V{)* — H(SpF%,,L,). In fact
take an element v € (V{)* ~ HO° (]P’(V/ﬁ‘)7 O(l)) . Then restricting to the embedded
variety Sp J%, we obtain a section of £). Assume that it is zero. Then v vanishes
on the open cell (N7)? - kvy. But the linear span of the elements of this cell co-
incides with the whole representation V'§. Therefore, the restriction map (V§)* —
H(Sp F4,, L) is an embedding.

Finally, we recall that the varieties Sp F%,, are flat degenerations of the classical flag
varieties. Since the higher cohomologies of £ vanish, we arrive at the equality of
the dimensions of H°(Sp F4,, £,) and of V). Therefore, the embedding V) —
H°(Sp F4,, L) is an isomorphism. [ |

Similarly one proves a parabolic version of the BW-type theorem.

Theorem 8.3 Let \ be a d-dominant weight, i.e., (A, wy) > 0 impliesd € d. Then
there exists a map 1): Sp Fg — P(VY). We have

H(SpF3,30(1) " = Vi, H(spF5,550(1)) =0.
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8.3 The g-character Formula

We now compute the g-character (PBW-graded character) of the modules V{ (for a
combinatorial formula see Theorem 2.7). For this we use the Atiyah—Bott—Lefschetz
fixed points formula applied to the variety SpR,,. We first describe the fixed points
explicitly.

Lemma 8.4 The T-fixed points on SpR,, are labeled by the collections S = (S; ;),
1 <i<j<2ni+j < 2n whereS;; are subsets of {1,...,2n} satisfying the
following properties:

i) Sw‘C{1,...,i,j+1,...,1’1},#5,‘,]':i,
(i) Sij CSi1j C S U{j+1}
(i) Foranyi=1,...,nifk € Sizy_i, then2n+1—i & S;,_;.

Proof Obviously, a collection V € SpR,, is a T-fixed point if and only if each V; ; is
the linear span of some basis vectors w;. Now each collection S as above determines V
by the formula V; ; = span(w; : [ € §; ;). [ |

We call a collection S satisfying the conditions as above admissible. For an admis-
sible S let p(S) € SpR,, be the corresponding fixed point and let p(S; ;) € Gr;(W; ;)
be its (i, j)-th component.

Recall the extended degenerate group G* x C*.

Lemma 8.5 The actions of the group G* and its extension G* x C* on Sp F%,, lift to
SpR,,.

Proof Recall the embeddings Sp 5%, — 3%, and SpR,, < Ry, (see Proposition
4.7). Since the analogue of our lemma for SL,,, holds (see [FF]), we obtain the desired
result for Sp,,, as well. |

In order to state the theorem we prepare some notations. Let C[¢“', ..., ", e%]
be the group algebra of the weight lattice of the extended Lie algebra g* & Cd. We
sometimes use the notations z; = ¢, ¢ = e”. For an element y = md + Z?:l m;w;
we write ¢ = ¢" [[\_, z". Also for a homogeneous vector v € V§{ we denote by
wt,(v) the extended weight of v.

Recall the Atiyah—Bott—Lefschetz formula (see [AB], [T]): let X be a smooth pro-
jective algebraic M-dimensional variety and let £ be a line bundle on X. Let T be an
algebraic torus acting on X with a finite set F of fixed points. Assume further that £
is T-equivariant. Then for each p € F the fiber £, is T-stable. We note also that
since p € F, the tangent space T,X carries a natural T-action. Let 77, ..., be
the weights of the eigenvectors of T-action on T, X. Then the Atiyah—Bott—Lefschetz
formula gives the following expression for the character of the Euler characteristics:

(8.1) 3 (- DrehHN (X, £) = 3 cht,

M APy
k>0 pEF [LZ (=)

We apply this formula for X = SpR,,, L = 7;,L) with the action of the extended
torus T - C*. Since H°(R,, L)) = 0, the Euler characteristics coincides with
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the character of the zeroth cohomology, i.e., with the character of (V{)*. Therefore,
for each admissible S we need to compute the character of 75, L) at p(S) and the
eigenvalues of the torus action in Tjs) SpR,,.

Let 1y: Sp 3%, — IP(V{) be the standard map (which is an embedding for regu-
lar A). Then ch(73, L)) s) = €~ w(ap(S) (the minus sign comes from the fact that a
fiber of O(1) is a dual line). We note that the weight of 1, p(S) depends only on the
diagonal entries S; ;.

Now let us compute the eigenvalues of the tangent action of the torus at a point ps.
For each pair (i, j), 1 <i < j < 2n,i+ j < 2n define a collection S; ; as follows.

First, leti+j < 2n. Given thesets S;_; jand S; j;1, let uslook at the possible values
of S; ; keeping S admissible. We denote such a possible collection by §; ; in order to
distinguish it from the already fixed component S; ;. The definition of admissibility
says that there exist exactly two variants for S; ;, namely

Sij=SimjUfat or §ij=Si1;U{b},

where {a,b} = S; j1 U{j+ 1} \ Si_1 ;. Given a collection S we denote the numbers
a, b as above by aij and bij. We have:

Sij=Si—1,;U {ajs_j}y Sijri \Sic1,j = {ﬂij»bis.j}

We denote by S; ; the set S; ; \ {aij} U {blsj}

Second, assume i + j = 2n. Given the set S;_; j, let us look at the possible val-
ues of S; ; keeping S admissible. The definition of admissibility says that there exist
exactly two variants for S; ;, namely

S,’ﬁj = Si*l,j U {a} or S,‘_]‘ = S,‘,Lj U {b},

where {a,b} = {1,...,i,2n —i+1,....2n} \{2n+1—1:1 € Si_;;}. Wealso
denote the numbers a, b by aij and bij. Weset S;; =S ;U {a?_]-} and we denote
by S/ ; theset S; ; \ {aij} u {blsj}

Recall that the variety Sp J%, sits inside the product of Grassmann varieties

[1Gri(W; ;). Each /\i(Wi, ;) is acted upon by g @ Cd and therefore each Grassman-
nian carries a natural action of the group G* x C* (the additional C* part corresponds
to the PBW-grading operator). Thus for each collection S; ; we have the correspond-

ing weight wt, p(S; ;), which is the weight of the corresponding point in /\i(Wi, i)

Theorem 8.6 The q-character of the representation V§ is given by the sum over all
admissible collections S of the summands
eV (1p(5))

wtg p(S!)—wtg p(Si i)y’
[T isj<on (1— PPy
1<i<j<2n

(8.2)

Proof Recall that SpR,, can be constructed as a tower of successive P! -fibrations
SpR,,(I) = SpR,,(I — 1). Fix an admissible S. Then the surjections SpR,, —
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SpR,,(I) define the T-fixed points p ( S(l)) in each SpR,, (1) (note that S(/) consists
of §; ; such that for 3x = «; ; one has k < ). For each [ = 1,..., M we denote by
vi € Ty SpR,, (1) a nonzero tangent vector to the fiber of the map SpR,, () —
SpR,,(I — 1) at the point p(S(l — 1)) . Then it is easy to see that the weights of the
eigenvectors of the T action in T)s) Sp R,, are exactly the weights of the vectors v,
I=1,...,M.

Soletus fix, 1 <1 < Mandi,jwith o ; = ;. Let us denote by Y; the set of
all pairs (k, m) such that for the root ay,, = 3, one has r < I. Then the fiber P! of
the map SpR,,(I) = SpR,, (I — 1) at the point p(S(l — 1)) consists of all collections
(Vi.m) with (k, m) € Y] subject to the following conditions:

(1) Vi = p(Skm) if o # 51
(i) Vi; D p(Si-1j),
(iii) Vij C p(Sim1) @ Cwys @ Cwys .

Now it is easy to see that the character of the tangent vector to this fiber at the point
p(S(I— 1)) is equal to "'« P©Sis) " PSii) (recall a}; € Sijand S/ ; = ;i\ {a?;} U
{bzs j})' |

Remark 8.7 We note that the Euler characteristic

> (=1)fchH (SpR,,, 73,L1)
k>0

is equal to ch(V{)*. But in each summand (8.2) both numerator and denominator
differ from the corresponding summand in the Atiyah—Bott—Lefschetz formula (8.1)
by the change of variables z; — z; ' and ¢ — g~!. Via this change we pass from the
character of (V{)* to the character of V§{.
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