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Hermite-Fejer interpolation at the

‘practical’ Chebyshev nodes

R.D. Riess

Berman has raised the question in his work of whether Hermite-

Fejér interpolation based on the so-called "practical" Chebyshev
. _ Jm . .
points, tj = cos ) o(1)n , is uniformly convergent for all

continuous functions on the interval [-1, 1] . 1In spite of
similar negative results by Berman and Szego, this paper shows
this result is true, which is in accord with the great

similarities of Lagrangian interpolation based on these points

27-1 n

o , 1(1)n .

versus the points xj = cos

1. Introduction

This paper answers some questions which naturally arise from the work

of Berman [1] in his consideration of "extended" Hermite-Fejér interpol-

ation processes. We consider the point sets S. = {t

}ﬂ
1 Jg'g=0 "’

_ n-1 _ n-1 _ Jm
5, = {tj}j=l , and S3 = {xj}j=0 , where tj = cos - and

8
it

i+
cos[g%;l ﬂ] . In what follows, for a given function f(z) ,
-l =x =1, and Pm being the set of all polynomials of degree m or

less, we define the following three Hermite-Fejér operators:

(1) Hi(f; @) €P, ., where H,(f; t;) = £(t;) ana Dx[Hi(f-, tj)] =0,
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) H;‘;(f; %) € P, ., where Hfz[f; tj) = f(tj) and Dx[Hﬁ(f; tj)] =0,

14 =n-l;

(3) L,(f; =) €P, . , where L (f; :z:J.) = f‘[xj) end D [L (f; xj)] =0,
0=J=mnl.
In 1916, Fejér [5] proved the result that Ln(f; x) is uniformly
convergent to f(x) , for all f(x) € ¢(-1, 1] ; that is, the set of
continuous functions on the closed interval [-1, 1] . 1In 1969, Berman [1]

showed that, surprisingly, this result is not true for the "extended
Hermite-Fejér" interpolation process, that is, the polynomials are of

degree 2n + 3 and interpolate f{x) at %1 , and their derivatives are

zero at *1 , in addition to the points xj , 0=J =n1. In fact
Berman showed this process was everywhere divergent for the function
2

fley =1- 25, a« € (-1, 1) , and also for flz)=2x2 , =z € (-1, 1) ,

x #0 . Szego [9], Theorem 1k.6, p. 340, shows that the Hermite-Fejér
interpolation at the roots of the Jacobi polynomials, a > -1, 8 > -1,
is uniformly convergent to any continuous function on any closed
subinterval of [-1, 1] , and shows divergence for some continuous

functions at &£ =1 when a =20 .

This leaves open the question of convergence for the "practical"

Chebyshev nodes, Sl . Berman begins to answer this question by showing

convergence for flz) = fx' at x = 0 and uniform convergence for the

functions f(x) = x and f(x) = & . But since the sequence of operators

L .
{H;} " is not monotone (see Cheney [3], p. 67), this is not enough to
n=1

insure uniform convergence for all f € ¢{-1, 1] . However, we shall show
that this is indeed true, by showing the norms of the operators are

uniformly bounded. In all that follows Tm(x) and Um(a:) are the

Chebyshev polynomials of degree m of the first and second kind,

respectively.
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2. Construction of the interpolating polynomials

It is relatively easy, though often tedious, to compute H:'I(Tk; x) ;

1 =1, 2 ;3 for an arbitrary integer Kk , using elementary trigonometric
identities and the following discrete orthogonality relationship (Cheney
{31, p. 135):

D) nn .
(4) n L Tsle)(e) = otn £am)

where the double prime indicates the first and last terms are to be halved,

itm i:m}

and A(n, 2, m) denotes the number of integers in the set {2n s By

We will not go through the lengthy derivation of the necessary inter-
polating polynomials. In each case the derivation proceeds by writing each
u*

n(Tk; x) in the form X ¢iTi(x) and using (4) and the interpolating

properties to solve for the wi's. Calling on the uniqueness of the inter-~

polating polynomials, we shall verify our answers in one case and leave the
others to the reader, since their validity rather than their derivation is
of central importance to this paper. In all that follows, we write
k=2rm+a , with 20 and -n =0 <n-1, with »n taken as an even
integer for simplicity. Although the first case is of primary importance,
we list the results for all three cases mainly in the interests of

construction and error analyses of particular functions.
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laf(en-al) , 2n-|a] 2 Lol
e 2 o)t 20 Tons o (%)
= (2n; al) Tgn(x) , for 2 = |a| £ n-2 , even,
Ln
2
Lhn“-1 2n+l 2n-1 ,
—= T (x) - T (x) - (z) ,
w2 L g2 2n-l 8n2 Tonn
for !al =1,
1, -
(5) &, (1,; =) Ty(z) , for a=o0,
(2n- ) 2n-|o
2 T + =5 T )+ o Do o) 9
n
al(en-|al)
- 6.2 (Tppy (T (@)
for [a] =#n-1, odd

—i—To(x) + T (2) - % 7, (%) , for a=-n .

The uniform convergence of Hi for flx) =x and f(x) =z on

- [-1, 1] displayed by Berman is immediate from (5). In fact (5) yields
uniform convergence of Hi for any polynomial of fixed degree k . (Note
that for k fixed and n sufficiently large, k = ¢ , and uniform
convergence for each Tk(x) is evident.) (5) also immediately yields the
result that Hi(f) is uniformly convergent to any function f(x) which

has an absolutely and uniformly convergent Fourier-Chebyshev series on

[-1, 1] . It is easily seen from (5) that

a
2n T2n-|a|(x)

(6a) Hi(Tk; z) = gﬂ%%gl'T,al(x) +

but since Hi(Tk; z) € P2n—3 , formula (6a) is valid only when |a] 2

The cases IUI =1 and Ial = 2 mnust be considered individually. These

results are, for »n even,

2n-3 .

(6b) H (0 ) = ) [L;%]Tim , for Jof =1,
=3
odd
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2 1 s o,
(6c) Hn(Tk; z) = - S+ ) (—EZ—}fé(x) , for |al =2 .
1=k
even

The following two formulas may be used to simplify (6b) and (6c¢). (They
are proved by induction and well-known identities given, for example, in

Snyder (8], p. 97.

m m ] l-Tm(x)
(7) i§2 iTi(x) = E-Uﬁ(x) -3 1-x2 , m even,
even
(8) ? i (z) = 2Ly (2) -2 E- (1-7 _(x)) , m odd
i2y ¢ 2 ’m 2 1-x2 m+1 ?
odd

With the aid of (7) and (8) we can further Szegd's result, and show

divergence at *1 for Hi(Tk) for all k . The final formula is:

r
(;%l— [(zn-lal)Tla,(x)-lalT x)] , for a#0 ,

2n-|a|(
(9) Ln(Tk; x) =

(—1)”To(x) , for G =0 .

We shall verify only the first line of formula (5), the other cases
being similar. 'Je shall need the following identities easily verified by

elementary trigorometric formulas:
(1) Tk(tj) = Tlalttj) >
(ii) Ién[tj) =1,
(iii) T2n_|a|(tj) = T|a|(tj) ,

(iv) U

t.)=0, 1=J=n1, and
on- (%)

(v) Uzn-lal-l(tj) = _Ulal_l(tj] , 14 =n1

Tus, by (i), (ii), and (1i1), Hh(Ty; t.) = T\of (£5) = T () . wow,

n J J
1 _ on- o (2n-{al)
Dx[Hn(Tk; ’{j)] - |°‘|{—2J;TL]U|a|_1(tj) + o) L22lel) Upne ]2 (2]
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Thus, by (iv) and (v), Dx[Hi(Tk; tj]] =0 for 1=<j=<mnl. Also,

lalz[ n-|a |] + o 2n- OLL2 la| (2n-]al) o

an

Dx[Hi“ (7,5 1)]

1ol [:2n|ot[—la[2+hn2—hn|a[+|a|2-hn2+2nla[] -

D, [Hrll (7,5 -1)]

3. Convergence at the "practical" nodes

We let W(x) = [xz-l]Un_l(x) ; then the "practical" Hermite-Fejér

operator can be written as
n (z-2.)0" (t.) 2
L ox) = W(x)
(10) H;]i(f’ x) = 2 f(tj) 1- W;lt.} [lx-t.)W'lt.)] :
J=0 J d J
. . : C s ‘s ' 2 2
It is easily shown by trigonometric identities that W (tj) =n ,

1 =4 =nl, and W'(£1)% = bn® . Using the well-known differential

equation, Davis [4], p. 366, (1-2°)y" - 3zy’' + (n°-1)y = 0 , satisfied
Un_l(x) , it is easily shown that W(x) satisfies

(11) (1-2%)%0"(z) + z(1-22)W'(z) + [(1-2°) (nP-1)+2]W(z) = O

Thus we have

t.
tg—l N for 1 =29 =n1l,
W [t J J
= 4
Wt %(2712-#1) , for t =1,
_ 1 =
3(271 *1) , for t = -1

Thus (10) becomes
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1+zt .-2t2.]
i<

2 n-1
a3) B @) = MEL T g(e )| —L : E
n J=1 lftj J (x—tj
2 2
+ W(x) f(l)[l + (l-l‘)(2n ’*‘ll] 1
n® 3 (x—1)2

2 2
, Hiz) f(—l)[; L {zr1) (on +1]} 1
1n® 3 (ac+1)2
n=-1
= jzl f(tj)Aj(x) + F(VA () + f(-1)4, (z) .

Now consider any « € (-1, 1) , and let r{x, t) =1 + xt - 2t2 .

2

Now, r{x, ) =1 - 2 >0 , and thus there exists a Gx such that if

|z-2| = éx , then r(z, t) 2 0 . Note that dx is a monotonic decreasing
function of & as x * *1 inside [~1, 1] . Thus the same 6x makes the
above valid for any other x=' € [-x, ] . Let
= 7 — =< = 7. ~t . >
Iy {7 : |= tjl < Gx} v {0, n} and K, {7: l= tJI Gx} s
‘n
1<4=<mnl. Now, z A.(xz) =1, and Aj(x) 20 for J € Jx ; thus
g=o 7
n
(1s) ) IAJ.(J:)I = 7 Aj(x) + ) |AJ.(x)| s1+2 ]} |Aj(x)| .
it . . o
J i<, ek, JeK

Now, IW(x)| = % tcos(n+l)6—cos(n-l)9| =1, x=-cosb . Thus

n-1 2

n
Lo las@] = OL—lg] I =0,
JK J=1 g
where the constant bounding z IAj(x)l is independent of x because
j €
J Kx
of the monotonicity of 6x . Thus, given any Y >0 , and
n
x € [-1+Y, 1-Y) , there exists a constant M such that z |A.(x)| =M,
g=o 7

for all n . HRow consider any € > 0 and choose, by the Weierstrass
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Theorem, a polynomial pN(x) € PIV such that

If-p,ll, = max |flz)-p,(x)] <€ .
N o py(a)|

By the remark following formula (5), ”Hl(

" T ]-Tm” can be made arbitrarily

m
oo

<€

small for m fixed and n sufficiently large, and that HHi(pN)-pN|
00

for n sufficiently large. Therefore,

1A

max
~1l+ysz=<l-y

(15) max Hi(f‘; x)—f(:c)' Hi[f—PN‘, x)l

~1+y<x=<l-Yy

+.

1
H (o)l + loy-fla

L--]

1A

n
Irpyl| I las(z)]e] +

& i (o) -pN”m

(Mrl)e + € , for n sufficiently large.

N

Thus we have proved,

THEOREM 1. {Hi(f; x)} 18 wniformly convergent to any
n=1

f € cl-1, 1] on any closed subinterval [-l+y, 1-v] .
Since the interpolating polynomials are constructed such that

H;Ll(f; 1) = f(¥1) , for all f , we have the immediate result,

COROLLARY " 1. Given any « € [-1, 1} and any f € C[-1, 1],

lin B (f; @) = f(=)

n—»oo

Because of these results and because of the striking similarity

between the properties of Lagrangian interpolation on Sl versus S3
(Salzer [7], see especially comparison of Lebesgue constants and remainder
norms ), one might expect Fejér's result to be true for Hr];(f) as well as
Ln(f) , in spite of Berman's negative results in (7] and [2]. We shall
now show that this is indeed the case.

Define the continuous linear operator
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(16) R,(f3 =) = fz) - B (fi a) , f €cl-1, 1] .

Now,

n
IR I = sup IR (All, =i+ ] 14l
n fll_=1 n ‘ j=0 J Hm
n
=1+ jzo IAj(an)l , for some a, € (-1, 1] .

: - . - [ s
Since Aj[tk) = ij , it is obvious that o, # cos %T , 024 =<n, for
each #n . By choosing f € C[-1, 1] such that }(tj) = -sgn Aj(an)) R

?(an) =1, II?'II°° = 1 , we see that this upper bound is attained and
an) IR =2e 1 1450a,)]

Furthermore, we see from Theorem 1, that if the sequence {”Rn"}:=1 is

@
unbounded, then the sequence {an}n=l must cluster either at 1 or -1 .

We shall show that the norms are uniformly bounded by showing that

n o
jzo IAj(an)l is uniformly bounded for any sequence {an}n=1

3] .

converging to

Let {ao

«©
n}n=1 be any sequence converging to 1 from the left,

an #1, and 7 sufficiently large such that % < an <1 . Then there

. +
exists a corresponding sequence {en} » such that o, = cosen R Bn + 0

Again let rlz, ) =1+ zt-2t2, -1 <z, t<1 . Then

)=1-afl>o, rla,, 1) <0, and rfo, -1) <0 . Then

7
2
o - an+8 are the only two zeros of
T

<1 . (Note that Ay(xz) 2 0 and

rlo,, o

_ 31 2 -
= H'(an * Vo +8| and 0, =

A Fi

- < < <
r(a , t) and -1 o, <0<a <T

An(x) >0, x €[-1, 1] , and thus we need only consider 1 < J < n-1 .)
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= {5 . FLES ;
Let Jn {J#O.cosn._Tn.Thenforall JGJn,

r(a s tj) =0, and so Ir(an, tj)l < |r(or.n, 1]| =1- o . Also, for all

n
ied,
. -1
foos 82 - 0] 5 ()t —2—,
n n n n )
vV aS+8-30
n n

. 2 R . .
and since -é' < OLn <1, it is easily seen that there exists a constant

Kl , independent of n , such that

X X
(18) - = = 5ST— 5= ——
[cos 0 _ g ] [/OL2+8—30L (1-0‘,1) (l—cosen)
n n n 7

DN

Similarly, for O = 6 = = , there exists a constant K2 , independent of

6 , such that (sine)_:L < K./6 , and thus for J € J,

2
B2
n
1 1 2
(29) 2T T ogn- 22"
l-tj sin Jgm

Now, W(an)2 = sinzen , and so for J € Jn s

v )? el

(20) A (e )] = Lo
ivn 2 [ 2J 2
n -t |t .~
1-¢2 ) (¢ -0)
K2 K.sin%® M
- j2172 1-cos® j2 ’
since O = Gn Sg , and Ml is independent of n . Thus,
n Ml Mln2
(21) I ola,le)l s § =<
, jvn L2 6
JeJ, J=1 g

= ! . ﬂ.< y
Now, let In {J#n.cosn_o .ForJGIn,
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. =2
(Otn—cos‘%n] =1, lr(a,tjjlsh,and

n
.2
n M,sin®6 2
(22) ) IAJ-(:L')I L) —2—2——1<%M2sin26n
JeI, J=1 g
For all 4 f L]nUIn) s r(an, tj) > 0 , and thus Aj(an) >0 . Since
I 45(a,)
1= A.lo then again
g0 I
I 140,
(23) Ad. e )] =1+2 [A.{a )| =M, for all n .
J=0 3% j€JZuI i)

o«
These steps can obviously be mimicked for any sequence {an}n=l R

a > -1 . Thus, since the sequence {“Rn“}n=l is uniformly bounded and
HRn(p)-pr + 0 , for any polynomial p , we have by the Banach-Steinhaus

Theorem (Goldstein [6], p. 108):

THEOREM 2. Hi(f) is uniformly convergent to f , for all

f ecl-1, 1] .
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