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ON THE EXISTENCE OF RESTRICTED K-LIMITS

BY
URBAN CEGRELL

ABSTRACT. The purpose of this paper is to generalize the Lindelof-
Cirka theorem.

1. Introduction and notation. Denote by B” the unit ball in C" and by H(B")
(H”(B")) the (bounded) analytic functions on B".
A continuous curve I': [0, 1] — B" is called special at £ € 9B" if ['(t) € B", t €
[0,1[;T'(1) = € and if
IT(1) = (T(), £)E
N
I = [T, &)

For A > 0 we define an approach region

E}

Dy&) = [z €81 — 20l <50 - 1),

DEFINITION. A function f defined on B” is said to have a K-limit at £ € 9B" if
!ing {f(2): z € D,(§)} exists for all A.

Koranyi [4] showed that if f € H™(B") then fhas K-limit for almost all £ € §B" (with
respect to do, the Lebesgue measure on dB").
On the other hand, we have the following example:

ExampLE 1. (Cirka [2, p. 631]). Put f(z,») = w®/(1 — z?%), then f € H*(B") and
f(z,0) = 0 so the radial limit of fat & = (1, 0) equals zero. But f has no K-limit at 1.
Choose ¢ € 10, 1[ and take I'(¢) = (t,cV1 — *). Then f(I'(¢)) = ¢? and since
[1 =(T@),&)| =1 =1, 1 =T =1-1—c*1 — t*) we have

L-rwe a-n I
1= TP a=-20=¢) 1+ -c?)

SO
[(t) € Dyy-o(1), Vee[o,1[.

To avoid this we follow Cirka [2], and introduce restricted approach regions and limits.
Let A > 0 and g(¢) a positive decreasing function with
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limg(r) =0 (9

Put
=&l A lz— (8

Ry (£) = {z € B'"; <3 ;< g(|2|)}-
) I — |z 271 = Kz, &)P
Each set R, () is then called a restricted approach region and if fis a function defined
on B" so that

lim {(2): z € R, ()}

exists for every restricted approach region R, (&), then f is said to have a restricted
K-limit at &.
The Lindelof-Cirka theorem [5], [2] now reads as follows.

THEOREM 1. If f € H*(B") and if lin|1 fU(1)) exists for a special curve U(t) with
['(1) = & then f has a restricted K-limit at &.

(In particular, lllrg {f(z):z € K} exists where K is any cone in B” with vertex at £).

We shall generélize this theorem for f € H(D4(§)) in the case where I'(¢) = t§, i.e.,
we shall assume that f has a radial limit at &.

Observe that, if n = 2 and if f has a restricted K-limit, then f has a tangential limit
in certain directions. The curve

L) = (1, (1 — 2, te[0,1]
shows this.
2. The extremal function. Let () be a bounded and open subset of C" and put
F={pE€PSHQ),p=0, llEl ¢(z") exists Vz € 9Q)}.
If E is any subset of Q we define the extre~r1131 function h; by
he(z) = sup {@(z); 9 EF, 9 = —1 on E}, z € Q.
Denote by M_, z € Q, the class of positive measures . on Q such that
¢(2) = [ ¢(§) du(§),Yg € F.
LEMMA 1. For every compact set K in Q and every z € Q) there is a w.. € M. so that
—h(2) = p(K).
Proof. Proposition 2:1 in Cegrell [1].

LEMMA 2. Assume that () is convex and that p, € M, where z,— &, v— + % and
that & is a strictly convex boundary point. Then lir}] w,(K) = 0 for every compact
subset of Q) not containing &.

Proof. The assumption implies that there is a convex function ¢ on {2, continuous
up to the boundary such that $s(&) = 0 but §i(z) < 0 for z €  \ {&}. Since convex
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functions are plurisubharmonic, the inequalities {s(z,) = f B(E) dp,(§), v € N proves
Lemma 2.

3. The case n = 1. If ) is an open and bounded subset of the plane, then the
extremal function A; (E C Q) is harmonic on Q \_E.

PROPOSITION 1. Let Q) be an open, bounded, convex and symmetric subset of the
plane and let | denote the segment of symmetry. If E is the part of 3§} that lies on one
given side of | then hg|, = —3.

If K is any closed cone in € with vertex £ € [ N d€) such that K \ {&} N B(&,r)
C Q for some r > 0 then there is an € > 0 so that

K NB(Ee) C{z € Q; h(z) = —e}.
(B(&, €) is the ball with center £ and radius e€.)

Proof. The first part follows easily from the symmetry and the second part is proved
by repeated use of symmetry.

PROPOSITION 2. Let K be a closed convex cone with vertex § and | a line segment in
K° with endpoint £. If f € H*(K® N B(&, 1)) for some r > 0 and if lim {f(z):z € [}
exists then ling) {f(z2):z € K'} exists for every closed cone K’ in K° u £} with vertex
at €. -

Proof. (By a wellknown method). We can assume that | f| < 1 and that lim {f(z):
z € I} = 0. Let K’ be given and choose € > 0 as in Proposition 1. Forz € K'“ﬁgB(f;, €)
there is a p, € M, with p.(/) = €. If we let z tend to & in K’ we get by Lemma 2

J log | f(m)| dpp.(m) = =, z— & But since log | f(2)| =< [ log | f(n)] dp. () so
ljng {f(z):z € K'} = 0 which completes the proof.

EXAMPLE 2. Proposition 2 cannot be generalized to bounded harmonic functions. Let
E be the part of the unit circle in the lower halfplane. Then h; = — 3 on the real axes
(by the observation in the beginning of this section). The restriction of A to segment
of y = x — 1in B' does not exceed — 3. Thus h; has a radial but not non-tangential limit.

As pointed out by J. C. Taylor, the next lemma is a consequence of Harnack’s
inequality.

LEMMA 3. Let h be a positive harmonic function on D,(§) = {z € B"; |£ — z| <
(A/2)(1 — |z} (¢ € 9B"). If sup h(rE) < +then sup h(z) < + for every
A’ <A 0<r<i ZEDy(§)

4. Statement of the theorems.

THEOREM 2. Let A > 0 and g with property (*) be given. Assume that
(1) f € H(D4(§))
I
(2) supi|f(@&)|:0 EB', —— < T < 4w
1 - o 2
(3) | f| has a plurisuperharmonic majorant \s such that
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1 12 1 II - (1)' A
w—1 l _ le' 2
Ifl'mll f(r&) exists, then Imgl {f(2):z € Ry} exists for every A" < A.

REMARK. Related results have been obtained by Cima and Krantz in [3]. However,
our results also apply to non-normal functions, e.g.

(1 = z) ' log (1/1 = z)).

COROLLARY 1. Assume that f € H'(B") (i.e., | f| has a harmonic majorant). Then
linll f(r&) = f*(&) exists a.e. (do) on dB" and f* € L' (do). If

sup P(r&,m)|f*(m)|do(n) < +o
where
(1= |z}
(1 =z,

and iflin? f(r&) exists, then f has a restricted K-limit at &.

P(z,m) =

Proof. It follows from Koranyi [4] and Rudin [6, Theorem 5.4.12] that |f] is
bounded in every D,(&). Thus, Theorem 2 applies.

THEOREM 3. Assume that
(1) f € H(D4(8))
S —el A
() sup {|f(w)|:0 EB', ——— <1 <+
1 — |l 2
(3) | f| has a plurisuperharmonic majorant \s such that
linl1 {g(t +3(t — )" Y(tE):t ER}} =0
for some 0 < = 1.
[flirrllf(rt_‘,) exists then ]1n’£1 {f(z):z € Ry ,} exists for every A’ < A.

COROLLORY 2. Assume that f € H(DA(£)) and that | f| has a plurisuperharmonic
majorant s on D,(§) such that

sup Y(&r) < +oe.

0<r<i

Iflirrl1f(r§) exists, then lirrg {f(2):z € Ry} exists for every A" < A.

Proof. Assumptions (1) and (3) in Theorem 3 are clearly fulfilled. It remains to prove
that (2) holds. Denote by U the part of the complex line through zero and £ that is
contained in D,(&). The restriction of ¢ to U is superharmonic (and not identically
+ ). Hence, there is a harmonic function 4 on U so that

lf(2)| = h(z) =W(z), VzZE€U.

An application of Lemma 3 gives (2).
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5. Proof of Theorem 2. Let 0 < A’ < A and a sequence z, € Ry, lilP z, = &
be given. To prove the theorem it is enough to prove that lim f(z,) = lin? f(ré).
p— + r—
Consider for A € C, (1 — N) (z,,€)& + \z,. This point is in D,(§) if and only if

1= (B < 50 =10 -G + Aap)
& (2, £ + Mz = (2, B < 1 = %Il = (2,9l

& [z OF + \Plz = B8P < 1= 211 = (2, 8)

=2 = B~ B + 1

|z, = (z,, &)}

S \F<
But since z, € R, , we have
1= Bl <50 = (e, 8P
50 the right hand side above is not smaller than
A0 = K0P~ K0P 1 (1= 2= 0P
2 — (2. B)EF T o ol

which in turn are not smaller than

(1- %>'g(}lzvl)

again because z, € Ry ().
Hence, if

IA] = (l -~ AX,>.g(llzul)

it follows that
T(N) = (1 = N)(z,,8)E& + Nz, € D4(§)
so f(T(N)) is analytic in

A< (1 - AX,).g(Ilzvl)

and Cauchy’s integral formula gives
1 F(z(N)
D) — 0) =7— —dA.
f(T( )) f(T( )) 21_” J;)\lz[(l—é‘i)' 1 ]I/Z A()\ _ l)

&(z,D
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Hence
1 |f(x (V)]
lf(zy) f((Zv,E_,)g)l - 21T f'}\':[(h%)m]l/z |)\“)\ _ 1'
(9
((z,,€)€)
- A/ l 172 :
1 — — -1
H( A) g(|2u|)] \

The right hand side of (i) equals
8|2, (2, £)8)

/ !

A 12 ,
(1 _ X) _ g(|Z.,|)”'
by assumption 3. Thus,

fz) = f(z2,68€ —>0, v +x
Now, by assumption 2, we can apply Proposition 2 and we have that lim f((z,, £)§)
v—>+ %

— 0, v— +coo.

exists and equals lin?f(rg). Thus, lirp f(z,) = lil’l’ll f(r&) and the proof is complete.

6. Proof of theorem 3. Let | <A’ < A be given and choose A", A’ < A" < A and
let K; and K, be two cones with vertex at 1, symmetrical with respect to the real axis
and so that

{w EC|l - v <A?(l - |w|2)} C K,
gKQC {we G|l — ol <A?(l - |w|2)}.

From now on, we think of z € B" to be close to &. For z € R, , denote by 1, the
non-negative number such that (z, &) — r. L dK,. Consider, for n € C,

Lm)=z+ (m+t—(z,§))E

There is a real number K > 1 (K independent of z) so that if |n| = K|(z, &) — .|
then m + 1. € K, and a calculation shows that then L(m) € R4~ , for every fixed A",
AI/ < AIII < A.

Let now P be the Poisson kernel for some smooth simply connected domain D C
{m € C; |m| < K[{z,&) — .|} containing (z, ) — . and zero. Then

[F(L((z, &) = 1) = FUL(z, &) — 1.),£))|
=] Ir@m —rem.9elP@ o - 1mdo

= (Harnack’s inequality)

=C ,{.D | £ (L)) = f(L(), §)€) P(0, ) do (m) = (i)
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L(m), £)€) P(O,
scf Y({L(m), £)£) PO, )

do (m)

12

(1 _ A_) _r
A7 gL
=C-C squg(lL(n)|>"2]D Y((L(n), €)€) PO, M) do (n)

=C:Cysup (LD (L(0), £)E)
=C-C, sg)Pg(lL(n)l)"zlb(t;é).

The constant C (that comes from the Harnack inequality) depends on the shape of D,
and not on the scale. We can thus take 0D to be an ellipse with focus 0 and (z, £) —
t. so that

In+t|=t+8(—1), Vn€aD.
We find that

|f(2) = f(z,88)] = |f(L(z€) — 1) — FL((z,€) — 1), &)
=Cog(r. + 3. — D)Y(rE —> 0, 2z

and the proof is now finished in the same way as the end of the proof of Theorem 2.
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