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PROOFS OF SOME HYPERELLIPTIC FUNCTION IDENTITIES
MiIcHAEL D. HIRSCHHORN

We give simple direct proofs of some hyperelliptic function identities conjectured
by R.J. Baxter which arose in his study of the chiral Potts model.

1. INTRODUCTION
In a recent paper [1}, Baxter defines
00
2 2
<I>(a,,B) — Z M tmnin amﬁn,
mn=—o0o
O, B)= Y, gmimmnigmgn 5—0,1,2.
m-n=j (mod 3)
He then defines
Viz) = ®(1,1), V;(z)=®;(1,1), j=0,1,2.
He states various relations involving the V’s, and shows that they follow from results in
[2]. It seems desirable to present proofs of his relations, as direct and simple as possible,
and that is what we shall attempt to do here.

The relations we shall prove are as follows. Q(z) = [] (1 — z™) is Baxter’s nota-

n21
tion.
(1) Va(z) = Vi (=),
(2) Vo(z) = V(z%),
(3) Vo(z) — Vi(z) = Q(2)°/Q(2?),
(4) Vo(z)® - Vi(2)® = Q(=%)°/Q(=°)°,
5 V 1 6 I3n-—2 z3n-1
( ) (ZL‘)— + ;(1_1’.3"—2_1_33371—1)’
(6) Vi(z) = V() = 32Q(2°)°/Q(z?).
and
) ¥(z, ) = 3Q(z°)’°/Q(z).

We shall see that (1) is trivial, (2) follows easily from the definitions, (4),(5) and (6)
follow easily from (3) and (7) follows easily from (6); (3) is a little harder.
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2. PROOFsS
We have
2 2 2 2
Vz(l‘) - § : ™ +mn4n® _ Z ™ +mn+n
m-—n=2 (mod 3) m—-n=-1 (mod 3)
— Z xm2+mn+n2 — Z zn2+nm+m2
n-m=1 (mod 3) m—n=1 (mod 3)

2 2
= E /‘ xm +mn+n

m—n=1 (mod 3)

This establishes (1).
We have
Volz) = ) gmirmndn’,

m=n (mod 3)
Put k=(m—-n)/3, |=(-2m-n)/3. Then m=k -1, n= -2k -1,
m? + mn + n? = 3k% + 3kl + 31?2 and
2 2
Yo(e) = 32 ()" T = v (@),
This is (2).
We now prove (3). We have, with w®=1, w#1,

Vo(z) — Vi(z) = Vo(z) + (w + w?) Vi(z)

= Vo(.’L‘) + le (ZE) + szg(z)

— Z wm—nxm2+mn+n2

— Z wm—nz(m2+n2+p2)/2

m+n+p=0
oo o0 oo
=CT, {Z amwmzm2/2 Z anw—n$n2/2 Z apzpz/Z}
) —-00 —o0

=CT, H (1 + aw:z:"‘é) (l + a_lw"lx”‘%)(l —z")

n21

] H (1 + aw‘lx""’i’) (1 + a'lwz"‘%)(l —z")

n2l

. H (l + ax""i’)(l + a'lx"_%)(l —z")

n21
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=CTa{H(l+a 3n-3 )(1+a 33— )(1—:1:")3}

=Q(z)3/Q(z3)-CTa{H (1+a3 3n-3 )(1+a‘3 dn—z )(1—.1:3 )}

n21

Q(z)® /Q(z%) - CT, {i a3":z:3"2/2}
= Q(2)°/Q(=°).
Next we have

Vo(z) - Valz) = Q(z%)” [T (1 - ") (1 - 2%-1)*,

Putting z, wz, w?z for z and multiplying the three results gives (noting that V(r)
contains only powers of z congruent to 0 modulo 3 and V;(z) contains only powers of
z congruent to 1 modulo 3)

Vo(z)® - Vi(z)® = 3) H 9n-6) xgn_s)fi

n2l
=Q(=*)°/Q(=")’,
which is (4).
Again from (3) we have

1
Q(z3

(~1)*"@2n+ 1)z (n24n)/2
n;O

[ <]
{Z ™(6n + 1) £3(3n%4n)/2
e ]

-3z Z (-D*(@2n + l)zg("2+")/2}.

n20

Vo(z) - Vi(z) =

It follows that (see note above)
Ly (3n24n)
Vo(z) = —— —1)"(6n + 1)g3(3n"+n)/2
0( ) Q(.’L‘S) _oo( ) ( )

and

323 (-1)*(2n + )27 40)/? = 32Q(2°)°/Q(23).

VI(I) = Q(i:;) : ~
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The second of these is (6). The first gives, by virtue of (2),
V(.’L‘) = ___1_ i (—1)”(671 + 1)$(3"2+ﬂ)/2
Q(z) &

_ % [% {i (_l)na6n+lz(3n2+n)/2}]

a=1

1 d
_—_ | — 1 — 6,.3n—1 1— —6,.3n—-2 1— 3n
o) |2 |2 L1 0= -a70 ) (1 - a™)
z a=1
p3n—2 p3n—1
=1+63 <1 _gin—2 1_23n—1> ’
n2l
which is (5).
Finally,
Vi(z) = Z gm’Hmntn?

m—n=1 (mod 3)

Put k=(m—-n-1)/3, Il=(m+2n-1)/3. Then m=2k+1+1, n=—k+1,
m? +mn +n?=3k%+ 3kl + 312+ 3k + 3l + 1 and

Vi) =z Z (1_3)k2+kl+l2+k+l‘
(7)4 now follows from (6).
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