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Abstract

Assume that (G, +) is a commutative semigroup, 7 is an endomorphism of G and an involution, D is a
nonempty subset of G and (H, +) is an abelian group uniquely divisible by two. We prove that if D is
‘sufficiently large’, then each function g : D — H satisfying g(x +y) + g(x + 7(y)) = 2g(x) for x,y € D
with x +y,x + 7(y) € D can be extended to a unique solution f : G — H of the generalised Jensen
functional equation f(x +y) + f(x + 7(y)) = 2f(x).
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1. Introduction

The well-known and important Jensen functional equation (see, for example, [13])

(122) = L ro)

can be written in the equivalent form

Jx+y) + fx=-y) =2f(x) (1.1)

(for example, for real functions f). It is enough to replace x and y by x + y and x — y,
respectively. So the functional equation

Jolx +y) + folx + 7(y)) = 2fo(x), (1.2)

with a given function 7, is a natural generalisation of (1.1) which is (1.2) with
7(y) = —y.

The equation (1.2) is considered in [14, 15]. In this form, with a suitable function
7 (compare with [14] and [16, page 207]), it can be considered on semigroups. We
examine the possibility of extensions of solutions of (1.2) on some ‘large enough’
subsets D of a semigroup to a solution of the equation on the whole semigroup. Our
results have been motivated by somewhat analogous situations in [4, 9—12] (see also
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[13] and [5]) and a program declared by a group of mathematicians of the University
of Debrecen (Hungary) concerning the possibility of extensions of solutions of some
functional equations from restricted domains (the program has been motivated by a
problem of Acz€l [1] and further discussions with him).

Let (H,+) be an abelian group uniquely divisible by two, let (G, +) be a
commutative semigroup and let D be a nonempty subset of G. Let 7 be an
endomorphism of G and an involution, that is, 7(x + y) = 7x + 7y and 7(7x) = x for
x,y € G, where 7x := 7(x) for x € G (see [3]). We investigate the possibility of
extensions of functions f : D — H, satisfying the conditional equation

fx+y)+ f(x+1y)=2f(x), x,yeD,x+y,x+1y€D, (1.3)

to the solutions fy : G — H of (1.2).
Note that if G is a group and 7x = —x, then we can replace x by x + y in (1.2) and
obtain the equation

Jo(x +2y) + fo(x) = 2fo(x + y),
which can be written as
A2 fo(x) = Ayy folx) = 0, (1.4)
where A stands for the Fréchet difference operator given by
Afo) = ALfo(x) = folx +3) - fo®), %y €G.
Recurrently, we define
Ay = A

Therefore, somewhat analogous properties for (1.1) for real functions can be deduced
from the quite involved results in [9, 13] proved for general polynomial equations,
of which (1.4) is a particular case. Related results for the analogously generalised
d’ Alembert equation have been obtained in [2].

oAy ..xis Xlre.-sXne1 €EG,neN.

Xn+1

2. Preliminaries
Write
T+a:={x+a:x€T} and T-a:={xeG:x+aeT},
forae Gand T c G. Clearly, if G is a group, then
T—-a={x—a:xeT}

Throughout the paper, we assume that D € £, where L is a family of subsets of G,
satisfying:
(i) L#2°
(i) Be LforBe2° with28n L +0;
(iii) AnBe LforA,Be L;
iv) B-x,B+xe LforxeGandBe L;
v) t(B)e LforBe L.

Clearly, Conditions (i) and (ii) imply that @ ¢ L.
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Remark 2.1. Conditions (ii) and (iii) mean that £ is a filter. It is well known that if
T c 26 is an ideal (that is, if 22 ¢ T and BU C € T for every B,C € I), then

L={AcG:G\AeT}

is a filter. Moreover, if 7 has some suitable additional properties, then also conditions
(i), (iv) and (v) are valid. Below we provide several examples of ideals 7 c 2¢ having
suitable properties (compare with [2, Remark 1]).

(a) G is cancellative and not of finite cardinality and 7 = {A C G : card A < card G}.

(b) d is an invariant metric in G (that is, d(x + y,z +y) = d(x, 2) for x,y,z € G),
SUP, ye d(x,y) = oo, the set 7(B) is bounded (that is, SUP, yer(B) d(x,y) < o0) for
each bounded set B € 2¢ and T is the family of all bounded subsets of G.

(¢) G={zeC:Rz>0} (with the usual addition of complex numbers), I is the
family of all subsets A of G with sup_., Rz < co and 7z = 7 for z € G, where 7 is
the complex conjugate and Rz is the real part of the complex number z.

(d) G is a topological group of the second Baire category, 7 is the family of all
first category subsets of G and 7 is continuous (which actually means that 7 is a
homeomorphism because 77! = 7).

() G is a locally compact topological group, u is the Haar measure in G with
u(G) =o00,7 ={A CG:pu(A) < oo} and 7 is continuous.

(f) G is aPolish group, 7 is the o-ideal of Haar zero subsets of G (see [6]) and 7 is
continuous.

(g) G isaPolish group, 7 is the o-ideal of Christensen zero subsets of G (see [8])
and 7 is continuous.

(h) G is an abelian Polish group, 7 is the o-ideal of all Haar meagre subsets of G
(see [7]) and T is continuous.

Let us now recall some useful results from [2, 14].

TueOREM 2.2 [14, Theorem 2]. A function h : G — H satisfies (1.2) on G if and only if
there exist an additive function A : G — H and a constant a € H such that

A(tx) = -Ax), xe€G,
h(x)=A(x)+a, xeG.

Lemma 2.3 [2, Lemma 1]. Assume that S € L. Then
zeG:(S+2)NS #0}=G. (2.1)
Lemwma 2.4 [2, Lemma 2]. Assume that S € L and that hy : S — H satisfies
ho(x +y) = ho(x) + ho(y), x,yeS,x+y,x+71y€Ss.

Then there exists a unique additive function h : G — H such that h(x) = hy(x) for x € S.
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3. The main result
First, we prove a lemma.

Levma 3.1. Let D € Land g : D — H satisfy (1.3). Then there exist DeLandceH
with D C D, (D) = D and

grx) =—-g(x)+c, x€ D. 3.1)

Proor. Let
Dy:=Dn7t(D)e L.

Fix u € Dy and write
Dy:=(D-uynDND-1u)e L, D:=D,N1(D,).

Clearly, T(B) =Dand D€ L.
Now take an arbitrary w € D. Then

TU,TW, W+ U, W+ TU, U + TW, Tu + TW € D,
and hence

2¢(m) = g(u+w) + glu + T™w),
2g(tu) = g(tu + w) + g(tu + ™w).

Consequently,

2g(u) + 2g(tu) = gu+w) + g(tu + w) + gu + ™w) + g(tu + ™)
=2g(w) + 2g(tw).

Thus we have proved that there is ¢y € H with
2g(w) + 2g(tw) =cyg, we 5,
and, setting ¢ := cy/2, we obtain (3.1). O

Prorosition 3.2. Let D € L and g : D — H satisfy (1.3). Then there exist BE L oa
unigue additive function A : G — H and a unique constant a € H such that D C D,
(D) =D,

A(tx) = -A(x), x€QG, (3.2)
g(x)=A(x)+a, xeD. (3.3)

ProOF. Accorc,i\ing to Lemma 3.1, there are D e £ and ¢ € H such that (3.1) holds,
D c Dand 7(D) = D. Let

A(x) := %(g(x) -g(tx)), xe€ D.
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Then
A(x) =5(g(1x) — g(1(x)))
=1(~g(x) + g(rx)) = —A(x), x€D. (3.4)

Hence, by (3.1),
1 1 —
800 = 360 — g0 + S (D) +g(rx) =A@+ 3. xeD. (33

Now, take x,y € D such that x + V,X+Ty€ D. Then y+TXE D and, by (1.3) and
(3.1),
2A(x+y)=2g(x+y)—c
=lgx+y)+gx+ )] —gx+ ) + gy +x0) + gy + )] - gy +7x) — ¢
=2g(x) +28(y) —glx +7y) — [-g(x + Ty) + c] — ¢
=2g(x) —c+2g(y) — c =2A(x) + 2A().
Thus, according to Lemma 2.4, there is a unique additive function A : G — H such
that A|5 =A.
Take z€ G. In view of\ 2. 1/)\, there are x,y € D such that z+ x =y; clearly,
77+ 7x =7ty and tx, 7y € (D) = D. So, by the additivity of A,
A(2) + A(x) =A(z) + A(x) = A(y) = A(p),
A(1z) + A(tx) = A(12) + A(Tx) = A(Ty) = A(TY),

and hence, by (3.4),
A(1z) = A(ty) — A(Tx) = —AQ) + A(x) = —A(2).

Moreover, in view of (3.5), (3.3) holds with a := ¢/2.
It remains to show the uniqueness of A and c. So let A; : G — H be an additive
function and let ¢; € H be such that A|5 + ¢; = g = Al5 + ¢. Let x € G. Then, using

(2.1), there exist s, € D such that x + 7 = s and hence

A =A10) + A1) - A1) = Ai(x + 1) — Ay (D)
=AI(s) A =As)+c—c1—(A@®) +c—cy)
=A(x+0)-A@) =AXx) +A@) - A@) = A(x).
Consequently, ¢ = ¢;, which completes the proof. O

We also need the following lemma.

Lemmva 3.3. Let f,g: D — H satisfy (1.3) and S :={x e D : g(x) = f(x)} € L. Then
g(x) = f(x) for x e D.
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Proor. Take an arbitrary w € D and choose s € (S —w) N7 '(S —w) € L. Then
w+s,w+7s €S and hence

28wy =gw+ )+ gw+18) = f(W+5)+ f(w+T5) =2f(W).
Consequently, g(w) = f(w). O

Now we are ready to prove the main result of this paper.

Tueorem 3.4. Let D € L and g : D — H satisfy (1.3). Then there is a unique solution
f:G— Hof(1.2) such that g(x) = f(x) for x € D.

Proor. On account of Proposition 3.2, thele exist b; € L:\a unique additive function
A : G - H and a constant a € H such that D ¢ D, 7(D) = D and conditions (3.2)—(3.3)
are valid. Let

f(x):=A(x)+a, xeG.

Clearly, f satisfies (1.2) for every x,y € G (see Theorem 2.2). Moreover, by (3.3),
DcixeD: gk = f(x)} € L

So, according to Lemma 3.3, g = fp.
Finally, we show the uniqueness of f. To this end, suppose that fo : G —» H is a
solution of (1.2) with g = fy|p. Clearly,

Dci{xeG: fo(x) = f(x)} e L.

Hence, again by Lemma 3.3 (with D := G and g := fy), fo = f. This completes the
proof. O
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