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AN APPLICATION OF IWASAWA THEORY
TO CONSTRUCTING FIELDS Q(¢, +¢;') WHICH
HAVE CLASS GROUP WITH LARGE p-RANK

MANABU OZAKT*

Abstract. Let p be an odd prime number. By using Iwasawa theory, we shall
construct cyclotomic fields whose maximal real subfields have class group with
arbitrarily large p-rank and conductor with only four prime factors.

§1. Introduction

The class group of the n-th cyclotomic field Q((,) is a much studied
classical and fascinating object in algebraic number theory. The class group
of Q(¢,) can be divided into two “parts”: the relative class group (or the
minus part of the class group) and the real class group, the latter being
the class group of the maximal real subfield of Q((,). The relative class
group is easier to manage than the real class group. For example, the order
h,, of the relative class group has an “elementary” expression, namely, the
product of generalized Bernoulli numbers. In contrast to this, the real class
number A is much harder to calculate since the formula for h;} includes a
mysterious quantity related to units, namely, the regulator of the maximal
real subfield Q(¢, + ¢, '). This gives a hint of the difficulty of the study
of the real class group. The number h; is so difficult to compute that we
only know the exact value of b} for small n (However, R. Schoof calculated
certain factors ﬁ;; of h,f for prime numbers p < 10000, which are very likely
the exact values (see [8, pp.420-423])), and h;' is quite small compared to
h;,; . Consequently one would like to find large h,’, and refining this problem,
one would like to find real class groups with large p-rank for given prime p.
In [1] and [2], Cornell and Rosen studied the p-rank of the class group of
the maximal real subfield of cyclotomic fields. By using the genus theory,
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they gave methods to construct fields Q(¢, + ¢, ') which have class group
with arbitrarily large p-rank. Specifically, they proved that if the number of
distinct prime factors l of n with I =1 (mod p) increases, then the p-rank
of the class group of Q((, + ¢, 1) also increases.

In the present paper, we shall construct cyclotomic fields whose maxi-
mal real subfields have class groups with arbitrarily large p-rank and con-
ductors with only four prime factors. Usually, one would try to apply the
genus theory to the construction of fields with the above properties. In
fact, Lemmermeyer [6] recently done such construction by using the genus
theory. However, interestingly, our method is based on Iwasawa theory of
cyclotomic Zj-extensions, specifically, Iwasawa’s main conjecture for totally
real number fields, which was proved by Wiles [9].

In section 2, by using Iwasawa theory we shall give a criterion for the
p-divisibility of the class number of a certain type of totally real number
fields. In section 3, we shall apply the result obtained in section 2 to the
construction of the maximal real subfield of a cyclotomic field with class
group whose p-rank is arbitrarily large and also whose conductor has only
four prime factors. In section 4, applying our construction, we shall give a
lower bound of the order of the p-rank of the class group of Q((, + ¢ 1) as
n — oo.

§2. Criterion for the p-divisibility of the class number of a certain
totally real number field

Let p be a fixed odd prime number, and let K be a totally real finite
abelian extension of a totally real number field k. We assume that p {
[K : k]. We denote by K the cyclotomic Zj,-extension of K, and let K,
be its n-th layer. Put I' = Gal(K/K), fixing a topological generator -y
of T'. For any field F C Q, we denote by L(F) and M(F) the maximal
unramified pro-p abelian extension over I’ and the maximal pro-p abelian
extension over F' which is unramified outside p, respectively, and by A(F')
the Sylow p-subgroup of the class group of F. Put A = Gal(K/k) and
A = Hom(A,Q;). For any Z,[A]-module M and x € A, we define the
x-part of M by MX = (#(A)™' Y ca Trq, ((a))/q, (x(0))o ™) M. Then
we have M = P, MX, where y runs over x € A modulo Gal(Q,/Qp)-
conjugacy, namely, representatives of one dimensional factors over Q_p of
every irreducible Q,-character of A.

In this section, using Iwasawa’s main conjecture proved by Wiles [9]
and the idea given in [7], we shall give a criterion for the p-divisibility of

https://doi.org/10.1017/50027763000008485 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008485

AN APPLICATION OF IWASAWA THEORY 181

the class number of K, for n > 1 under some assumption on K. Actually,
we shall give a criterion for non-triviality of the y-part of A(K,) by means
of estimating the value of p-adic L-function of k for n > 1 and x € 3, which
can be regarded as a totally real analogue of the theorems of Herbrand and
Ribet for the minus part of the class group of the p-th cyclotomic field (see
[8, Theorems 6.17 and 6.18]).

Our aim in this section is to prove the following theorem:

THEOREM 1. Let notations be as above. We assume that the prime
p is completely decomposed in K. Then the following two statements are
equivalent for every x € A:

(i) A(Kp)X#0 for alln>1,

(11) { LP(07X> k) =0 (mOd p) (ZfX 7é 1)7
pGp(0,k) =0 (mod p)  (if x = 1),

where Ly (s, x, k) and (p(s, k) are the p-adic L-function of k and the p-adic
zeta function of k, respectively.

In order to prove Theorem 1, we need the following lemma:

LEMMA 1. Let K be as in the statement of Theorem 1. Then M(K)/K
is the mazimal abelian sub-extension of L(Ko)/K.

Proof. We denote by I, C Gal(M(K)/K) the inertia group for a prime
p of K lying above p. It follows from the assumption on K that the pro-p
part of the local unit group of K, is isomorphic to Z,, where K, stands
for the completion of K at p. Hence class field theory shows that I, is
isomorphic to a quotient group of Z,. Since p is infinitely ramified in
Ko € M(K), we see that I, ~ Z,, and that I, N Gal(M(K)/K) = 0.
This equality implies that the primes of K, lying above p are unramified
in M(K). Therefore M(K)/K is an unramified extension, and M (K) C
L(K«). Thus we obtain Lemma 1. [

Let X = Gal(M(Kaxo)/Kno), X = Gal(L(Kwo)/Koo), and Y = Gal(L(K~)/
Ko L(Kp)). Then these Galois groups are finitely generated torsion A-
modules, where A = Z,[A][[I']] (see [4] or [8]).

We need the following theorem proved by Wiles [9].
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THEOREM A (IwASAWA’S MAIN CONJECTURE). Let settings and no-
tations be as above. We put A = Z,[A][[I']]. Let ¥ € Gal(K((p)/ K (Cp))
be the image of v € T' by the natural isomorphism I' ~ Gal(K ((p) /K ((p))-
We let k € 14 pZ,, be the number such that ¢V = ¢* for any p-power-th root
of unity ¢. Let F\(T) € Z,[AX[[T]] =~ Zp[x(A)][[T]] be the power series
such that

F(r'™=1) (if x #1),
(if x=1)
for s € Z,. Then

charyx XX = Fy (v — 1)AX,

where charpxXX denotes the characteristic ideal of the AX-module XX and
F\(y — 1) is the image of F\(T') by the isomorphism Zy[x(A)][T]] ~ AX
sending T to v — 1.

Proof of Theorem 1. Let v, = 7:71_11 € A =Z,[A][[T]]. Then

A(Kp)X ~ XX /v, YX
by [4, Theorem 6]. Since X is finitely generated over A, we have
(1) AKX #0foralln > 1 <= XX #0

by the above isomorphism and Nakayama’s lemma. We denote by
L(K4)® /K the maximal abelian sub-extension of L(K,)/K. Then

Gal(L(K+)®/Ky) ~ X/(y — 1)X.

Since L(K)* = M(K) by Lemma 1, and Gal(M (K)/Ks) ~ X/(y —1)X,
we have

XX/(y — 1) XX = XX /(v — 1)XX.

Hence we see that
(2) XX 40« XX#£0

by Nakayama’s lemma. Since XX has no non-trivial finite AX-submodules
(see [3]), XX # 0 is equivalent to charax (X) # AX, which in turn is equivalent
to F\(T') € Z,[x(A)][[T]]* by Theorem A. This is also equivalent to F) (xk —
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1) = 0 (mod p). We note that the number s in Theorem A satisfies
Kk & 1+ p?Z, by the assumption on K. It follows from

L, (0

FX(K—I):{ (;_76 k) (ifx;él),

G(0.F) (i x = 1)
that

(3) XX £ 0 s { Ly(0,x,k) =0 (mod p) (if x # 1),

pGp(0,k) =0 (modp)  (if x =1).
Combining (1), (2) and (3), we obtain Theorem 1. 0

§3. Construction of the maximal real subfield of a cyclotomic
field which has class group with large p-rank

In this section, by using Theorem 1 in the previous section, we shall
find n with four prime factors for which the class group of the maximal real
subfield of the n-th cyclotomic field has arbitrarily large p-rank.

Let p be a fixed odd prime, and let k and &’ be a pair of real abelian
number fields satisfying the following three conditions:

(a) The conductor of k is a prime ¢ which splits completely in k', and
[k: Q] =p.
(b) The prime p does not divide [k’ : Q].
(¢) The prime p splits completely in k&’
We note that ¢ =1 (mod p) from (a).

LEMMA 2. Let k and k' be real abelian number fields with properties
(a), (b) and (c). Then we have

1 Pafx
Bl,xww_l = qux Z aX%Z)W_l(a) =0 (I’IlOd (1 - Cp))
a=1

for any p-adic Dirichlet characters x € Gal(k'/Q)” — {1} and ¢ €
Gal(k/Q)~ — {1}, where fy is the conductor of x, w is the Teichmiiller
character for the prime p and (, is a primitive p-th root of unity. If we
assume ¢ = 1 (mod p?), then the above congruence also holds for x =1 €

Gal(k'/Q)".
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Proof. We first note that p, ¢ and f, are pairwise coprime by conditions

(a) and (c).
1 Pafx
By = bl Zl aw™(a)x(a)i(a)

(a,pafx)=1

1 Pafx

= paf Z; aw™ (a)x(a)(e(a) — 1)
(a,pafx)=1
1 Pafx »
- ; aw™ " (a)x(a).
(a,pafx)=1

We write S for the latter term of the bottom row in the above expression.
Since ¥(a)? = 1 and aw~!(a) =1 (mod p), we have

1 Pafx
(4)  Biyyu—1 = Y. x(@@(a)=1)+8  (mod (1-¢)).
pafy =
(a,pafx)=1
We can easily see that
Pafx
5) Y. x(a)(a)
(a,p(rlzii):l
Pafx afx
= ) x@@) —x@vm) > x®(d)=0-0=0,
(a,;f=xl)=1 (b,qbfle):l

since x is a non-trivial character. Also we have

ok _fo (if x # 1),
o 2, X(a)_{<p—1><q—1> (if y = 1).

a=1
(a,pafx)=1

Now we shall calculate S:

1 Pqfx
S = aw™ ' (a)x(a)
pafx ;
(a,pafx)=1
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1 Pqfx Pfx
= Y. awMa)x(a) — g @x(e) D b (B)x(D)
pafx | = o
(a,pfx)=1 (b,pfx)=1
We see that
Pqfx q—1 pfx
> aw Ha)x(a) = (a+bpfy)w ™ (a)x(a)
a=1 b=0 a=1
(a,pfx)=1 (a,pfx)=1
q—1 pfx
= aw™" (a)x(a)
b=0 a=1
(a,pfx)=1
Pfx
=q Y aw '(a)x(a),
(aph)=1

since the conductor of the non-trivial character w ™!y is p fx- Hence we find

that
1 pfx pfx
S=——1qq¢ Y  awa)x(@)—qw @x(@) D aw (a)x(a)
prX a=1 a=1
(a,pfx)=1 (a,pfx)=1
=0,

since w™(q)x(q) = 1 from condition (a). Therefore it follows from (4), (5)
and (6) that

0 (if x # 1),
By y1yyp = 1 ' (mod (1 —¢p))
* ——((p-1D(e-1) (fx=1), '
pq
which completes the proof of Lemma 2. 0

We shall give real abelian number fields k& and &’ satisfying conditions (a),
(b) and (c) in the following. Given an odd prime p, we choose a prime ¢
satisfying

(7)

{ g=1 (mod p),
r =1 (mod q).
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Since (7) is equivalent to the statement that a prime ¢ splits completely in
Q(&p, ¥/p) (¢n denotes a primitive n-th root of unity for n > 1), there exist
infinitely many primes ¢ satisfying (7) by the Chebotarev density theorem.
If k£ denotes the unique subfield of Q((,) with [k : Q] = p, then p splits
completely in k by (7). Take a prime number r with (r,pg) = 1, and let
k' be a subfield of Q(¢, + ¢') with p { [’ : Q] in which both primes p
and ¢ split completely. Then the real abelian number fields k& and k' satisfy
conditions (a), (b) and (c).

THEOREM 2. Let q, v, and k" be as above. Then we have

prank A(Q(Gegr + Cih ) = M Q] — 1.

p=qr

To prove Theorem 2, we need the following lemma:

LEMMA 3. Let p be a prime and M a finite Zy,-module on which a
finite abelian group G with p t #G acts. Then #{x°|oc € Gal(ﬁp/Qp)}

divides p-rank MX for any x € G= HOIH(GyQ;)~

Proof. Put G = G/Kery. Then the cyclic group G acts on MX = exM

since he, =e, for heKery, where eX:(#G)ilngGT\er(&G))/% (x(9)g~ .
We define Nz = >, . h for any non-trivial subgroup H of G. Then we
have

Ng Y X7 (@9 =D x"(h)Y x7(9)g ' =0

geG heH geG

for every o € Gal(Qp/Qp) since y is a faithful character of G. Hence
Nz annihilates MX for any non-trivial subgroup H C G. Therefore a
similar argument to the proof of [8, Theorem 10.8] shows that the order
of pmod #G divides p-rank MX. Since the order of pmod #G is equal to
#{x7|o € Gal(Q,/Qp)}, we obtain the lemma. U

Proof of Theorem 2. Let K = kk’. Then the prime p splits completely

in K by condition (c), and p 1 [K : k] = [k’ : Q] by condition (b). Thus we
can apply Theorem 1 to K/k. For x € Gal(K/k)™ — {1} we have

Lp(oa k: X) = H Lp(ov Q7 Xw) = H (_Bl,xd)w—l)7
YeGal(k/Q)™ YeGal(k/Q) ™

https://doi.org/10.1017/50027763000008485 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008485

AN APPLICATION OF IWASAWA THEORY 187

where we identify Gal(K/k)™ with Gal(k’/Q)” by the natural isomor-
phism. Hence we find that

Ly(0,k,x) =0 (mod p)

by Lemma 2. Therefore it follows from Theorem 1 that A(K;)X # 0 for
every x € Gal(K/k)™ — {1}. This and Lemma 3 imply

prank A(K1)* > #{x"|0 € Gal(Q,/Qp)}

for every x € Gal(K/k)™ — {1}. Therefore

(8) prank A(Ky) > > '#{x°|o € Gal(Q,/Qp)}
:[K:k]—lz[k/:Q]—l,

where x runs over x € Gal(K/k)™ — {1} modulo Gal(Q,/Qy)-conjugacy
in Zx/' We consider the ascending chain of fields K1 C K((,2)" C

K((per)t € QGp2qr + (p};r), where F* denotes the maximal real sub-

field of F' for any abelian number field F. Since p { [K({p2)t : K] = p%l
and the primes of K ((,2)" (resp. K((p2,)T) lying above r (resp. ¢) are

totally ramified in K(Cp2,)t (resp. Q((pzq + Cp_%r))v the norm map from
A(Q(Cp2gr + Cp}ér)) to A(K1) is surjective. Hence we obtain Theorem 2 by

(8). b
Now we shall derive the following our main result from Theorem 2:

THEOREM 3. Let p be an odd prime number. For any given positive
integer N, there exist prime numbers q and r such that p—rankA(Q((pqu +
Cp_gzr)) > N. More precisely, if primes q and r satisfy

g=1 (mod p),
a1
pr =1 (mod q),
9) r=1 (mod N)
p’N =1 (modr),
¢~ =1 (modr),

for a positive integer N prime to 2p, then p-rank A(Q(szqr—i—gpgér)) > N-1.
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Proof. Assume that primes ¢ and r satisfies condition (9). Let k" be
the subfield of Q(¢,. + (') with [k’ : Q] = N. Then the primes p and ¢
splits completely in &' and p{ [k’ : Q). Hence we have

prank A(Q(Gpegr + ¢ ) = K1 Q] = 1= N — 1,

p=qr

from Theorem 2. Since (9) is equivalent to the statement that the prime ¢
splits completely in Q((p,, ¢/p) and the prime r splits completely in
Q(¢n, /P, ¥/q), we can find primes ¢ and r with condition (9) by the
Chebotarev density theorem. Thus we have the theorem. 0

84. Behavior of the p-rank of the class group of the maximal real
subfield of cyclotomic fields

In this section, we shall give the following theorem concerning the be-
havior of the p-rank 7,(n) of the class group of the maximal real subfield of

the n-th cyclotomic field as n — oo by applying our construction in section
3:

THEOREM 4. Let p be an odd prime. Denote by rp(n) the p-rank of
the class group of Q((n + ¢, Y). We assume that the generalized Riemann
hypothesis holds. Then we have

rp(n) # O(n'/5)

for any € > 0. Here O( ) stands for Landau’s symbol. In other words, for
any ¢ > 0 and € > 0, there exists n > 1 such that

rp(n) > enl/072.
To prove Theorem 4, we recall the following theorem from analytic number
theory:

THEOREM B (LAGARIAS-ODLYZKO [5]). There exists an absolute con-
stant co > 0 with the following property :
Let L/K be a finite Galois extension of number fields. If the generalized
Riemann hypothesis holds for the Dedekind zeta function of L, then for ev-
ery conjugacy class C' of Gal(L/K), there exists a prime ideal p of K such
that
b, L/K] = C

and

N(p) < co(logdy)*(loglog dr)*.

https://doi.org/10.1017/50027763000008485 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008485

AN APPLICATION OF IWASAWA THEORY 189

Here [p, L/K] denotes the conjugacy class of Gal(L/K) which consists of
Frobenius automorphisms for primes of L lying above p, and dy, is the ab-
solute value of the discriminant of L.

We also need the following lemma:

LEMMA 4. Let Ky and Ko be number fields. Then we have
dK1K2 S d[[iQQ]d[[ilQ]

Proof. For any extension of number fields L/ K, we denote by ©(L/K)
the different of L/K. Then we have d,Z = N7, ,o®(L/Q). Also we write
for ® /() the different of o € L relative to L/K. Since D(K1K2/Q) =
D(K1K2/K1)D(K1/Q), we have by taking the norm Ng g, /q

A1 Z = (N 1y @K1 K )y

) (NK1K2/Q©(K1K2/K1))d[[[((f:Q]'

We shall show that d[é(;:Q] ZCNg, k,/QO(K1K>/K1),which implies Lemma
4. We recall that D(L/K) is the greatest common divisor of {D f,/x (a)|a is
an integer in L} for any extension of number fields L/K. Hence it follows
from D g, g, /K, (@) Dk, /q(a) for every integer a € Ko that D(K2/Q) C
D(K1K2/Ky). Taking the norm N, g, /q, we have

d[[é(;Q]Z C d[}gletKQ}Z g NKlKQ/QQ(KlKQ/Kl)

Thus we obtain Lemma 4. []

Proof of Theorem 4. Let 6 > 0 be fixed. In the following, ¢; > 0 de-
notes a constant depending only on § and p. For the prime p, we choose a
prime ¢ satisfying condition (7) in section 3, and fix ¢ once for all. Next
we choose a prime r satisfying condition (9) for the above fixed prime g
and N > 0 prime to 2p. Since dq(¢y) < NV, dq Np) < NNpN=1 and
do(ymg) < NNgN=1 we can find that

dacy, 5, ya) < (NV (NVPNTHN)N(NN NN < perV?
by Lemma 4. Hence we can choose r with

(10) r < c2(N3 log N)(2+5/2) < C3N3(2+5)
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by Theorem B. Now we shall deal with Q((,z2, + Cp_gzr). By Theorem 3,

(11)

rp(p2q7") >N —1.

On the other hand, we have

(12)

pPqr < ca N33+

from (10). If we choose § > 0 with 3(2 + 0)(z —¢) < 1 and let N go to
infinity, then we obtain Theorem 4 by (11) and (12). U
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