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MINIMAL PARTIAL CLONES

F. BORNER, L. HADDAD AND R. POSCHEL

Let A be a finite set. A partial clone on A is a composition closed set of
operations containing all projections. It is well known that the partial clones on
A, ordered by inclusion, form a lattice. We show that the minimal partial clones
on A are:

(a) minimal clones of full operations or
(b) generated by partial projections defined on a totally reflexive and totally
symmetric domain.

1. INTRODUCTION

Recent developments of universal algebra show the importance of clones as a tool
of analysis and classification. A clone is a superposition closed set of finitary operations
on a fixed finite set A containing all projections. Maximal clones of total (= every-
where defined) operations are very important for primality (completeness) and are fully
known {10, 11]. Equally minimal clones play a significant role for the following reversed
completeness criterion: Given a set R of relations under which conditions is the clone
consisting of all operations preserving all relations in R reduced to the set of all pro-
jections? As the lattice Lo, of all clones is atomic, such a criterion might be based
on the knowledge of all operations generating a minimal clone. At the present stage it
seems that the determination of minimal clones even for small |A| is a very complex
task [3, 6, 7, 12].

Clones of partial operations also play an important role in the theory of partial
algebras and in computer science (see for example [2]). Nevertheless they are much less
known. Recently maximal partial clones were completely described by combinatorial
properties [4]. In the present paper we address the following problem: What are the
atoms of the lattice Lp, of all partial clones? We show that they are either the atoms
of Lo, or are generated by partial projections defined on a totally reflexive and totally

symmetric domain (Theorem 2.5).
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2. PRELIMINARIES AND THE MAIN RESULT
2.1: Let A be a non-empty set. For a positive integer n, an n-ary partial operation
on A is amap f: dom f — A where dom f is an n-ary relation on A called the
domain of f. Let Pf{') denote the set of all n-ary partial operations on A and let

Py:= Pﬁ"), moreover set
n21

OS‘") = {f € Pg") :dom f = A"}

and O4:= U 054") (= set of total operations).
n21

Furthermore for n > 1 we denote by Rel(") = {R: R C A"} the set of all n-ary

relations on A and let Rely := |J Rel( . In the sequel we shall distinguish between
n2l1

empty relations of different arities and consequently we shall also distinguish between

nowhere defined operations (that is, operations with empty domains) of different arities
(see 4.7).

For C C P4 and n > 1, put C™ :=C N P{™ and let
D(C) := {dom f: feC}.

Also for R C Rely let R := RARel{?. Forn,m > 1, f € P and g1,...,9n €
P‘gm) , we define the superposition of f and g1,...,9n, denoted by flg1,...,9.] € P‘gm) ,

by setting

dom (flg1,.-.,9n]) ;= {(a1,...,am) € A™ : (a1,...,am) € ﬂdom gi

i=1
and (g1(@1,...,8m),---s9m{@1,...,8m)) € dom f};
and flg1y- -1 8al(@1,. .- yam) := f(g1(@1,-..y8m),- ..y gn(@1,. .. am))

for all (a1,...,8m) € dom flg1,...,9n]-

For every positive integer n, every n-ary relation D and each 1 < 1 < n let
el p denote the n-ary i-th partial projection defined by elp(zi,...,2,) = z; for all
(21,.--,2a) € D. For notational ease we shall write e} for el 4n. Furthermore for
R C Rel, put

P(R) :={ ep:1<i<n<uw, DE'R(")}

hence P(R) denotes the set of all partial projections with domains in R. Furthermore
let
Ja={el:1<i<n<w}
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be the set of all total projections.

DEFINITION 2.2: A partial clone on A is a superposition closed subset of P4
containing J, (for an equivalent definition see {4]). If a partial clone C contains an n-
ary operation f with dom f # A™, then it is called a proper partial clone. If otherwise
C C O4 then it is called a total clone. Moreover a partial projection clone is a clone
containing only partial projections. For C C Py, let clone(C) denote the partial clone
generated by C, that is, the least clone containing C.

EXAMPLE 2.3. Let 0 € A and let

Pol{0} := |J {f € P{?: (0,...,0) € dom f= £(0,...,0) =0},

n21

then Pol{0} is a proper partial clone on A.

The partial clones (respectively the total clones) on A, ordered by inclusion form an
algebraic lattice Lp, [4] (respectively Lo, ) in which every meet is the set-theoretical
intersection. For F' C P4, the partial clone generated by F is the intersection of all
partial clones containing the set F' (or equivalently is the set of term operations of the
partial algebra (A; F)). A minimal partial clone is an atom of Lp, , that is, a partial
clone covering the set J4. The problem of determining all the atoms of Lo, for A
finite was raised in [8], it has been studied by several authors [3, 6, 7, 12, 13], and
remains unsolved at the present time. However, for A finite, it is known that Lo, is
an atomic lattice (that is, every total clone on A distinct from J4 contains a minimal
total clone) with a finite number of atoms. The five types of minimal total clones are
discussed in [12, 13].

In order to state our main result we need the following:

2.4. DEFINITION: Let n > 1, R be an n-ary relation on A and S, be the group
of permutations on n := {1,...,n}. The relation R is said to be

(1) totally symmetric if for all @ € S, and (ay,...,a,) € A",
(al,...,a,.) €ER& (a,,(l),...,a,(,,)) € R,

(2) totally reflezive if for every (@1,...,an) € A™ and all 1 i< j < n,the
equality a; = a; implies that (a,,...,a,) € R,
(3) mnontrivial if R # A™.

Note that any subset of A (including the empty set @) is considered as a totally
reflexive and totally symmetric relation.

Our aim is to show the following result:
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THEOREM 2.5. Let A be afinite set with |A| > 1. Thelattice Lp, of all partial
clones on A is atomic and contains a finite number of atoms. Moreover C is a minimal
partial clone if and only if either C is a minimal total clone or is generated by a single
partial projection with a nontrivial totally reflexive and totally symmetric domain.

In the sequel we shall consider a finite set A with |4] > 1.
The following lemma shows that a minimal proper partial clone is in fact a partial
projection clone.

LEMMA 2.6. Let C be a partial clone. Then the set C' := P(D(C)) is a partial
projection clone contained in C and such that D(C') = D(C).

PRrooOF: We first show that C' C C. Note that C' consists only of partial pro-
jections. Let efp € C' (for some 1 < i < n). Thus D € D(C) and consequently
there is a f € C(™ such that domf = D. As el p = ei[e}, f] we see that e'p € C.
Now we show that C' is a clone. Clearly J4 C C' as D(C) contains all relations
A", n = 1,2,... (since J4 € C). Let f € CA™ and g1,...,9. € CA™ . 1t is
easy to see that f[g;,...,9.] is again a partial projection. Moreover f € C(®) and
G1y---,9n € C™ because of C' C C. As C is a clone, we have that f[g;,...,9,] € C
and thus dom(f[g1,...,9n]) € D(C) proving that flg1,...,9,] € C'. Thus C' is a

clone. The equality D(C') = D(C) is obvious. 1]

From Lemma 2.6 we deduce that any partial clone C contains a partial projection
clone C'. If C is a total clone, then C' = J, but if C is a proper partial clone, then
C' contains a not everywhere defined partial projection. Hence we have

COROLLARY 2.7. Every minimal clone on A is either a total minimal clone
(that is, an atom in both Lo, and Lp, ) or is a proper partial projection clone.

Clearly a projection clone C is uniquely determined by the set D(C) of all the
domains of its operations. This leads us to investigate some special sets of relations on
A which we call weak systems of relations.

3. WEAK SYSTEMS OF RELATIONS

We want to characterise the subsets of Rel4 of the form D(C) where C is a partial
clone on A. For this we have to introduce the following concepts:

DEFINITION 3.1: For an integer n > 1 we denote n:={1,...,n}. Let n, m > 1
be integers and let s : n — m be a map. Define the mapping ¢, : Rel(A") - Rel&m) by
setting

t.(R) := {(a1,...,8m) € A™:  (a,(1)---18sm)) € R}

for all R € Rel{".
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EXAMPLE 3.2. Let s: n — m be a map.

(1) Let » = m and let s be a permutation on n. Then ¢, performs a
re-arrangement of the arguments of any R € Rel(:) . In particular an
n-ary relation R s totally symmetric if and only if t,(R) = R for all
8 € Sp. Also R is totally reflezive if and only if t.(R) = A™ for every
non-injecltive r:n — n.

(2) Let n < m and assume s(k) = k for all ¥ = 1,...,n. Then ¢, adds
fictive arguments to any R € Relg') ;

(3) M s(i) = s(j) for some i # j € n, then t, performs the identification of

the i-th and j-th argument of any R € Rel(:).
The following results are easy to check:

Fact 3.3. Let n, m, k > 1 be integers, s : n — m and s' : m — k be maps and let

R,Q € Rel”. Then

t,(An) = Amv
t,(R N Q) = t:(R) n tl(Q)’
t,/(ts(R)) = ty0,(R)

where o denotes the composition of maps: (s’ 0 s)(z) := s'(s(3)).
DEFINITION 3.4: A set R C Rely is said to be a weak system of relations on A if
the following conditions hold for all n,m > 1:
(i) A"eR,
(i) for all R,Q € R(™) we have RN Q € R(™) (that is, R is closed under
finite intersections),
(i) forall s:n—m andall R€ R(™) we have t,(R) € R(m) (that is, R is
closed under all operations t,).

The following result gives the relationship between partial clones and weak systems
of relations:

PROPOSITION 3.5. Let C be a partial clone on A. Then D(C) is a weak
system of relations. Conversely if R is a weak system of relations on A then P(R) is
a partial (projection) clone.

PROOF: First let C be a partial clone. We have to show that conditions 3.4
(1) — (iii) hold for D(C). Let n,m > 1 be integers. As C contains e}, we have
A™ =dome} € D(C). Now let R,Q € D(C)("). Then R =domf and @ = domg for
some f,g € C(™. Hence €?[f,g] € C™) and dom (e?[f,9]) = RN Q € D(C). Finally
let s:n — m beamapandlet R € ’D(C)("). Again R = dom f for some f € C(™).
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Then h := fle}ty,.-- €, € CU™ and hence domh = t,(R) € D(C). This shows
that D(C) is a weak system of relations. We turn to the proof of the second statement.
Let R be a weak system of relations. We show that P(R) is a partia.l clone Let n 2 1
be an integer. From A™ € R we deduce that e} € P(R) for all 1 £ i £ n, and thus
Ja CP(R). Now let n,m > 1 be integers, 1 < j < n, 1 € iy,...,in <m, Q € R,

Ry,...,R, € RU™ and f := €5Qr 91 =€ ps..-r In =€l p € 'P('R). It is easy to
check that flgy,...,gn] = e;;,"D where

D= {(:cl, yZTm) € nR (Ziyy- 9 2in) = (91(Z1y - o3 Zm )5 ey Gn(Z1y. oy Zm)) € Q}

i=1

= ((n] IL-) Nt.(Q)

=1

for the map s:n — m defined by s(k) =1i;.
As R is a weak system of relations we have that D € R. This shows that e}‘;.‘, D=
flg1,--.,9n) € P(R) and completes the proof of Proposition 3.5. 0

3.6: Denote by W, the set of all weak systems on A. W, can be considered
as the set of all subalgebras of a many-sorted (heterogeneous) algebra with carrier set

(Rel(") ) S and the operations A™ (constants), N and ¢, (see 3.4(i)—(iii)). Therefore
n21

(W4; C) forms a complete algebraic lattice. The smallest element in this lattice is
clearly the weak system
={A"|n2>1}.

Moreover, given a set R C Rel4, the weak system generated by R, which we shall denote
by (R)ws, is the least weak system containing R. Hence every relation in (R}, can
be obtained from R by applying finitely many times the operations 3.4(i) - (iii) to
the relations in R. In particular, if R € Relsr), then Q € (R)S,,":) (we write (R).,
for ({R})w,) if and only if @ = f(R) for some term operation f build up from the
constants A* (k > 1), the intersections and the operations of the form t,. By applying

3.3 to f as many times as required, we end up with either Q@ = A™ or Q has the
4

following “normal” form Q = n t,;(R), where £ > 1 and s;,...,8¢ : n — m are maps.
=1
As well-known from universal algebra, (R}, also can be expressed as follows:

(R)uws = N{R' € W4 | RC R'}

(note that Wy, is closed under arbitrary intersections).
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3.7: According to 3.5, the function D : C — D(C) (respectively P : R — P(R)
maps Lp, into Wy (resptively W4 into Lp N ). We collect some simple facts: let
R, R' CRely, C, C' C P,, then:

(a)

(b)
(c)
(d)

()
PROOF:

(b):

(c):

(d):
(e):

R' CR = P(R') C P(R),

C'CC = D(C") C D(C),

R =D(P(R)), D(C) = D(P(D(C))),

CCOa<= D(C)CTa.

C is a projection clone <= C = P((D(C))w.).

R is a weak system (€ W,) <= R =D (clone P(R)).

The functions D and P provide a monotone (with respect to inclusion)
one-to-one correspondence between weak system (3% T4) and partial pro-
jection clones (# J,). In particular, a proper projection clone C = P(R)
is minimal if and only if R = D(C) is a minimal weak system (that is,
an atom in Wy).

(R)ws =D (cloneP(R)).

(a): follows directly from the definitions.

“e=" follows from 3.5. To show “==-" let C be a projection clone.
Then obviously C C P(D(C)). Now D(C) = (D(C))ws by 3.5, and
P(D(C)) C C by 2.6. Thus the equality holds.
“<&=" follows from 3.5. To show “=—>" let R be a weak system. Then
P(R) = clone(P(R)) by 3.5 and we have R = D(P(R)) = D(clone
P(R)) (see (a)).
follows from (a), (b), (c) and 3.5.
(R)ws € D (clone P(R)) follows from (c). Now, P(R) C P((R)ws)
implies clone(P(R)) € P((R)ws) (by (b)), thus D(clone P(R))
C D(P((R)us)) = (R

0

4. MINIMAL WEAK SYSTEMS OF RELATIONS

LEMMA 4.1. Let R € W, and suppose T4 # R. Then there exists a nontrivial
totally reflexive and totally symmetric relation R € R.

PROOF:

Put M := {n: R(™ #£ {A™}}. As T4 # R we have that M # 0. Let

m := minM and let Q € R(™), Q # A™. We show that Q is totally reflexive. If
m =1 then Q is a subset of A and hence is totally reflexive. So assume m > 2. Let

(¢15-..,8m) € A™ besuch that a; = a; forsome 1 1< j<m. Defines:m - m—1
by setting s(k) = k for k < j, s(j) = 4 and s(k) = k-1 for £k > j. Now by the
definition of m we have that R(™~1) = {A™!} and as £,(Q) € R(™1) we obtain
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t.(Q) = A™"1. In particular (ay,...,8j-1,8j41,---,8m) € t,(Q) and this is possible
only if (a1,...,85-1,8i,8j41,...,8m) = (@1,...,am) € Q. Thus Q is totally reflexive.
Next put

R:=n{t,(Q) : s € S}

By 3.2(1) and 3.3, R is totally reflexive and totally symmetric. As Q € R € W4 we
have that R € R. Furthermore from Q # A™ we get R € A™. 0

We now describe all minimal weak systems of relations on A:

LEMMA 4.2. Let n > 1 and R € Rel(A“) be nontrivial, totally reflexive and
totally symmetric. Then {R),, is a minimal weak system of relations on A, that is
(R)ws is an atom of (Wy4;C).

PROOF: Let R € W4 be such that T4 # R C (R). We show that R € R. As
R # Ty, thereisan m > 1 and a Q € R(™ such that Q # A™. Since Q € (R), we

have

3
*) Q= tulR)

i=1
by 3.6, where £ > 1 and s;,...,8; : » — m are maps. If some s; is non-injective
(1 €i<¥), then we get t,,(R) = A™ (because R is totally reflexive, see 3.2(1)) and
as Q # A™ we have that s; is injective for at least one 1 € {1,...,£}, say s;. Let

u : m — n be a map such that the composition u o s; is the identity map id on

n (id(k) = k for k € n). Now by (*)

¢
t.(Q) = tu (ﬂ t.;(R))
=1
and from 3.3 we have
4
.(Q) = twa(R)N (ﬂ t,,o,_.(R)) .

=2

Clearly t;q(R) = R. Also note that tyo,,(R) = A™ if uos; : n — n is not injective and

tuos;(R) = R if u 0 s; is injective (see 3.2(1)). Thus R = ¢,(Q) € R. This shows that
(R)ws = R and completes the proof of the Lemma. 0

REMARK 4.3: Let n,m > 1, R € Relf:), Q€ Relsqm) be two nontrivial totally
reflexive and totally symmetric relations. Then the equality (R),,, = (Q)., implies
that n = m and R = Q. Indeed from the proof above we get that R = ¢,(Q) and
Q = ty(R) for somemaps u:m — n, v:n — m. As both R and Q are nontrivial and
totally reflexive we have that both u and v are injective (see 3.2(1)). Hence n = m
and u,v € S,. Moreover from R and Q totally symmetric we deduce that R = Q.
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We collect the above results (4.1, 4.2, 3.7(d)) to obtain

COROLLARY 4.4. Let A be a finite set and C be a proper partial clone on A.
Then C is a minimal proper partial clone if and only if P(C) is a minimal weak system
of relations whence if and only if C is generated by a proper partial projection whose
domain is a nontrivial totally reflexive and totally symmetric relation.

4.5: We are now in a position to prove Theorem 2.5:

We first show that the lattice Lp, is atomic. Let C be a partial clone. If C is a
total clone then it contains a minimal total clone since Lo, is atomic (see for example,
[8, 3.1.5]). Otherwise C is a proper partial clone. Thus C contains P(D(C)) (by 2.6),
and D(C) contains a minimal weak system R by 4.1 and 4.2. Therefore C contains
the minimal partial clone P(R) (see 3.7(d)). Hence Lp, is atomic.

As there are only finitely many minimal total clones (see for example [13, 1.14, 8,
12]) and finitely many non-trivial totally reflexive and totally symmetric relations on
A (their arities are bounded by |4|), we deduce (see 2.7 and 4.4) that the number of
minimal partial clones on A4 is finite. The remaining part of Theorem 2.5 is Corollary
4.4. 0

Let |A| = £ > 1 and denote by 7(k) the number of minimal total clones on 4
(that is 7(k) is the number of atoms of Lo, and this number is unknown for k > 3).

Using 2.5, 4.4 and 4.3 we get

COROLLARY 4.6. The number m(k) of minimal partial clones on A with |A| =
k>2is
k
m(k) = 7(k)+ 3 (20 —1) .
=1
In particular we have 7(2) = 7, m(2) = 11, 7(3) = 84, m(3) = 99.
PRrOOF: By 4.3 and 4.4, we have to count all different totally reflexive and totally

symmetric relations on A. Let 1 { £ < k and R € Relf:) be totally reflexive and
totally symmetric. Thus R contains the relation

Ry :={(a1,...,ar) € A" : |{a1,...,ar}| < &}

and moreover (a;,...,ar) € R implies (a,,(l),...,a,r(t)) € R for all 7 € S,. Conse-
quently either R = Ry or

R=RyU U{(a;(l),... ,ai,(t)) i € Se}
i=1
for some f-element subsets 4; = {ai,...,a}} C 4, i € {1,...,s}, where 1 < s < (:)
There are (:) such subsets and hence we have 2(1) — 1 different choices for R (the

https://doi.org/10.1017/50004972700029919 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700029919

414 F. Borner, L. Haddad and R. Poschel [10]

—1 comes from the fact that R = A’ is excluded, R = Ry corresponds to the choice
of no subset A;). This establishes the formula for m(k). Now it is well known that
(2) =1, (3) = 84 [9, 3]. 0
REMARKS 4.7: (1) For every n > 1 denote by o, the n-ary partial operation on
A with empty domain; that is dom o0, =0, (where 0, € Rel(:) denotes the empty set
considered as the empty n-ary relation). Then every @, generates the weak system

(01)'3: = (@n)w. = TA U {0,, n2 1}

(since t,(0,,) = 0 for s : n — m) which is minimal since 0; € Relf:) is totally reflexive
and totally symmetric. The corresponding minimal partial clone is

P((ml)wc) =JaU {On | n2 1}.

This clone actually corresponds to £ =1 and R = {; in the counting above.

(2) In [5] partial clones are defined differently and one can show that our definition
and the definition given in [5] are not equivalent (every partial clone in the sense of 2.2
is a clone in the sense of [5] but not conversely). The problem of describing all minimal
partial clones according to the definition in [6] is still open.
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