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Weighted Convolution Operators on ¢,

David Borwein and Werner Kratz

Abstract. The main results deal with conditions for the validity of the weighted convolution inequality
ez |bn Xier x|’ < CP Y iy xil? whenp > 1.

1 Introduction and Main Result

We suppose throughout that

=

1 1
I<p<oo, Sao=L L<r<oo,
q

+
[
I
—

and observe the convention that ¢ = co when p = 1.
Given a two-sided complex sequence x = (x,,),cz, we define

1/p
lIxl, == (Z |xk|P) for1 < p < 00, and ||x]|co := sup |x,],
kez ner

and we say that x € ¢, if ||x||, < co. Given a two-sided complex sequence a = (a,)
and a two-sided complex sequence b = (b,,) of weights, we define the weighted con-
volution linear transformation y = (y,) = Ax by

Vn = (Ax), == b, Zan—kxka
kez

and aim to obtain sufficient conditions for A to be a bounded operator on £,. In
other words, our objective is to establish conditions under which there is a positive
constant C such that forall x € £,,

(1) 71y < Clixll,,

in which case the operator norm of A, defined as ||\, := SUP|, <1 [Ax], < C.
When 1 < p < 00, (1) amounts to

p
) Z’ by an—kxk‘ <CPY il
nez  kez kez

Our main result is the following:
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Theorem1 If1 <p <oo,1<r<gqg,ac¥,bcl,then (1) holdsforallx € {,
with C = [all bl

Note that all the above concerns two-sided sequences. The situation is very differ-
ent when one-sided sequences are considered. This amounts to having a, = b, =
x, = 0 for all n < 0. In this case (2) reduces to

o0 n p oo
Z‘ by Zan—kxk‘ <CPY
k=0 k=0

n=0

and whena, > 0,A, == ag+a; +---+a, > 0forn > 0,and b, := 1/A, for
n > 0, we get the following known proposition about the Norlund transform (see [1,
Theorem 2] or [2, Theorem 1]).

Proposition1 If1 < p < oo and na, = O(A,) as n — 00, then there is a positive
constant C such that

o0 1 n P o0
Z‘A—Zan,kxk‘ SCPZ|xk|p.
" k=0 k=0

n=0
2 Lemmas
We prove two lemmas.

Lemmal If1 < p < ocand}  ,cxy is convergent whenever ), |xi|P < oo,
then Y o, ekl < oo,

Proof This result is certainly known. It is essentially Example 2 in [3, p. 117] where
the proof involves the Banach—Steinhaus theorem and knowledge of the form of the
general continuous linear functional on £,. For completeness, we offer the following
elementary non-functional analytic proof.

The hypothesis is equivalent to the pair of statements:

oo oo
E ckXy. is convergent whenever g x| < o0,
k=0 k=0

and

oo o0
E c_gXx_j is convergent whenever E |x_k|f < 0.
k=1 k=1

Suppose o, |ck|? = co. Let Dy, := > _;_, |ck|?. Assume withoutloss in generality
that Dy > 0, and take

lee ™" lexl
. o when ¢; # 0,
0 otherwise.
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Then by the Abel-Dini theorem,

D k=) Tpm=oo, while )l =) T <oo
k=0 =0 K k=0 k=0 Dk

contrary to hypothesis. Thus we must have Y 7 |ck]f < oo, and likewise
Yoo lek]? < 0. [

Lemma2 If1 < p < oo, 1 <r<gq,andsome finitet > 1 is such that

Z b, Zan_kxk’p < 0

ne’z kez

whenevera € £, b € £, x € L), thent <.

Proof Suppose, to the contrary, that t > s, and let 3¢ := % — % Let
{(n +1)7 ¢ forn >0,
a, ==

0 otherwise.

0 otherwise.

b (n+ 1)’%*5 forn > 0,
"o otherwise.

Thena €l x € £,,b € {;, but

Z’ by, Zan—kxk‘ g

nez kez

{(n + 1)7%7E forn > 0,
Xy 1=

n

((” DTN (1 k)T (ke 1)—%—6) !

k=0

NE

3
I
o

>

NE

1 1 _1_ P
((n+1)*r*f(n+1)(n+1)*:*6(n+1) ; )

3
Il
S

n+1)7! =o0.

M

3
i
<)

3 Proof of the Theorem

Case 1: 1 < p < oo. For inequality (2) to be meaningful and non-trivial, ob-
serve that for any n for which b, # 0, >, a,—x has to be convergent whenever
> kez [xXk|P < oo. It thus follows from Lemma 1 that we must have ;. [a, |? =
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> ez lax|? < oo. This explains why we make the restriction 1 < r < g in the hy-

pothesis, and Lemma 2 shows why it is not sufficient to require b € ¢, for any t > s.
An application of Holder’s inequality yields

P
‘ 3 ankak‘ < [l 3 a4V g P,

kez kez
and hence that
p
>[50 d " anwn| < Nl DU D bl
ne’z kez nez

< JlallF 2= lxl1f - [lall=" ¢~V 612

= [lall?[1B]1?l1x]15,

since [|x||h = >y [xk|P < oo and ||b|{ = 3,5 |bul* < 00, and this establishes (1)
s

with C = |[|al|,[|b|;. Note that Hélder’s inequality with 7 = ——=—;5,§ = » is used

in the penultimate step above.

Case2: p =1,q = occorp = 00,q = 1. When p = 1 the result follows by

changing the order of summation in (2) and then applying Holder’s inequality, and

when p = oo the desired conclusion is even more immediate. ]

We have shown thatif 1 < p < 00,1 < r < g,a € {,then (2) holdsforallx € ¢,
provided b € /;, but may fail to hold if b € ¢, with a finite t > s. In the following
section we show by means of an example that if 1 < p < oo, then (2) may hold for
allx € £, when b ¢ {, for any finite t > 1.

4 Example

Suppose 1 < p < co. LetA, :=ag+a; +---+a, forn > 0, where

1
{m forn >0,

ay = .
0 otherwise,
let
b Al forn >0,
" 0 otherwise,
and let
o0
VYn = bn Z an—kxk‘ - bn Z akxn—k‘ S Vin + yZ,n;
keZ =
where

1 « i
Yin == ‘A—n kz_;akxnk‘ and y, , 1= ‘A—n Z akxn,k’.

k=n+1
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Note that ) 0, |ax| = oo and [ja[|] = >, |a|" < oo forall r > 1. Suppose that
the sequence x = (x,) € ;. Since

na, 1

A, ~lognand =0(1)asn — oo,

A, logn
it follows from the Proposition that

00 0o
D s <CYal? < Gl
n=0 k=0

Further, by Holder’s inequality,

oo , , 0o 1 oo . p—1 , 0o 1 % giN p—1
St belp (S ) <1 ()5
n=0 n=0 " k=p+l1 n n+l

n=0
o0 o0
3 (n+1)a—D0a-p) 3 a
=@- D"y == D"l Y 5
n=0 A" n=0 A"

= Callxl3,

where C, = (g — 1)!7P Y 4 < 0o. Hence

(o) (o)
DAE=D <2y i+ ) SV CH Ol
ne’z n=0 n=0
Thus (2) is satisfied but b ¢ ¢, for any finite t > 1, since ||b[|! = > 4~ = o©.
A similar but slightly more complicated argument can be used to show that we
could get the same result by taking for any real «,

log" (n+1)
n+1

forn >0,

a, = i
0 otherwise,

in the example.
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