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Introduction, Birkhoff in [2] poses the following problem: 

"Problem 73. Find necessary and sufficient conditions 
in order that the correspondence between the congruence re l a ­
tions and the (neutral) ideals of a lattice be one-one11. 

This problem has been solved by AreSkin [l] and 
Hashimoto [3] . Essentially the conditions reduce to the r e ­
quirement that the lattice be a generalized Boolean algebra. 

Analogous problems may be stated for other algebraic 
sys tems . In part icular we wish to discuss the problem for 
monoids. A set M together with a binary operation called 
multiplication is a monoid if the multiplication is associative 
and there is a multiplicative identity usually called 1 in M. 
Essentially a monoid satisfies all the axioms for a group 
except the inverse axiom. 

A congruence relation ^ on a monoid M is an equiva­
lence relation on M which preserves multiplication, that i s , 
if a <f> b and c i> d, then ac <f> bd . Here a $ b should be 
read ffa congruent to b mod <f> l f. The set of elements congruent 
to 1 mod <f> is called the kernel of <p and is denoted ker <f> . 
A submonoid B of M is called normal if it is a kernel . If M 
is a group, then B is a normal subgroup. 

The analogue to problem 73 may be stated*as follows: 

Find necessary and sufficient conditions for the c o r r e s ­
pondence cf> —> ker ^ between the congruence relations and the 
normal submonoids of a monoid to be one-one. For groups the 
correspondence is automatically one-one. We propose to solve 
this problem by elementary methods for a wide class of monoids 
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(name ly t hose in which the n o n - i n v e r t i b l e e l e m e n t s cons t i tu t e an 
i d e a l ) . T h i s c l a s s inc ludes finite m o n o i d s , c o m m u t a t i v e m o n o i d s , 
and m o n o i d s which obey e i t h e r a r i gh t o r left c a n c e l l a t i o n l a w . 

A p a r t i a l so lu t ion of th i s p r o b l e m e x i s t s in the l i t e r a t u r e 
for a n o t h e r c l a s s of g e n e r a l i z e d g r o u p s . P r e s t o n [4] h a s shown 
tha t for i n v e r s e s e m i g r o u p s the c o r r e s p o n d e n c e <f> —> k e r <f> 
b e t w e e n cong ruence r e l a t i o n s and n o r m a l s u b s e m i g r o u p s i s o n e -
o n e . He howeve r u s e s a d i f ferent g e n e r a l i z a t i o n of n o r m a l s u b ­
g r o u p t h a n i s used h e r e . 

£• Def in i t ions and p r e l i m i n a r y r e m a r k s . In th i s s e c t i o n 
the cond i t ion (oc) i s s t a t ed and c e r t a i n c l a s s e s of mono ids a r e 
shown to sa t i s fy i t . 

E a c h mono id M con ta ins a se t 

M * = ( a £ M | 3 b e M [ab = ba = l ] } 

wh ich is e a s i l y s e e n to be a subgroup of M , tha t i s , a submonoid 
sa t i s fy ing the i n v e r s e a x i o m . The se t t h e o r e t i c c o m p l e m e n t 
N = M - M * of M * in M i s ca l l ed the hull of M . If M R and 
Mj^ s tand for the s e t s conta in ing t h o s e e l e m e n t s of M which 
have i n v e r s e s on the r igh t and left r e s p e c t i v e l y , t h e n 
M * = M L n M R . 

A s u b s e t B of a monoid M i s a n idea l if BM Q B and 
MB Q. B ; the nul l s e t i s not exc luded f r o m the c l a s s of i d e a l s . 

A monoid i s sa id to sa t i s fy condi t ion ( a ) if i t s hul l i s a n 
i d e a l . 

It i s obvious t h a t a c o m m u t a t i v e mono id s a t i s f i e s (a) . 
To show tha t finite mono ids and m o n o i d s which obey a c a n c e l l a ­
t ion law a l s o sa t i s fy condi t ion (cc ) we need the following l e m m a . 

L E M M A 2. 1- The following s t a t e m e n t s a r e equ iva len t : 
(i) Mj^ ç. M L , (ii) Mj^ c~ M ^ , (iii) N i s a n i d e a l . 

P roo f . 

(i) => (ii) . If a € Mj^ , t h e n a ! a = 1. Since a U M j ^ and 
M R £ M E ' il f o l l o w s t ha t a1 ç M * and M L = M * . Thus 
M L C M R . 
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(ii) => (iii). By the symmetry of the situation, M ^ ç M R 
implies M - M L = N = M - M R and so N is an ideal. 

(iii) => (i). If a s M R , then aa1 = 1 and because N is 
an ideal a £ N. Therefore M R = M and M R Ç M L • 

PROPOSITION 2.2 . Any finite monoid M satisfies con­
dition (oc ). 

Proof. For each a € M consider the function 
a : x -4 ax of M into M. If a 6 Mj^ , then clearly â" is one-
one and hence is (by the finiteness of M) a permutation on M. 
Therefore there is an element af[ such that â"(af!) = aan = 1. 
Thus M L c M R . F rom lemma 2.1 it then follows that N is 
an ideal . 

PROPOSITION 2 . 3 . If a monoid M obeys either the 
right or left cancellation law, then M satisfies condition («)„ 

Proof. Suppose M obeys the right cancellation law. 
Then if a € M R , aa1 = 1 for some a1 € M, and a'aa1 = a11 = la 1 . 
By the cancellation law a !a = 1 so a € M L . Therefore 
M R Q M L and N is an ideal by lemma 2 . 1 . 

If M obeys the left cancellation law then by a s imilar 
argument it can be shown that N is an ideal in this case as well . 

3« Main resul t . The main result of this note res t s on the 
following easily verifiable observation: If B is an ideal of a 
monoid M, then the relation T B = { (a,b)fc MxM | a = b or 
both a c B and b t &] is a congruence relation on M . 

THEOREM. Let M be a monoid which satisfies condition 
( oc ) . The correspondence $ —̂  ker <t> between congruence 
relations and normal submonoids of M is one-one if and only 
if the hull N of M contains at most one element. 

Proof. If the correspondence is one-one, then the con­
gruence relation x ^j must be the identity relation on M. 
This follows because ker Tjsj= { 1} which is the kernel of the 
identity relation. Thus N can contain at most one element. 

Conversely if N contains at most one element, then 
either M is a group, in which case the correspondence is one-
one, or N = «tej where ea = ae = e for all a * M . In the 
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la t ter case ei ther e € ker j> or e j> a implies e = a. The 
set ker <f> contains e if and only if <f> is the t r ivia l congruence 
relat ion, that is the congruence relat ion with only one congruence 
c l a s s . Thus every non-trivial congruence relation is determined 
entirely by its behaviour on M . Since every non-trivial nor­
mal submonoid of M is a normal subgroup of M , it follows that 
the mapping 0 —*. ker $ is one-one when res t r ic ted to the non-
tr ivial congruence re la t ions . Since the only congruence relat ion 
with kernel M is the t r ivial one, the mapping $ —vker 6 is 
one-one in general , 
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