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Abstract

We discuss properties of arithmetic functions of higher order defined through the introduction
of a new concept of divisor of higher order. We shall construct an infinite sequence of Euler-like
functions and the well known Euler function will be the first member of this sequence.
Asymptotic estimates of such functions are given and a study of error functions associated with
the Euler-like sequence is made. We would like to mention that the familiar number theoretic
functions become only the first members of an infinite sequence of functions of similar behaviour.

1. Introduction

If d and n are two positive integers and if d|n we say d is a first order
divisor of n and change the notation to d|,n. When a and b are two positive
integers, (a, b) rewritten as (a, b), shall denote the largest divisor of a dividing
b. When (a, b), =1 we say a is prime to b first order.

If d and n are two positive integers then d is said to be a divisor of n of
second order, denoted by d|,n if

1.1 (5 d) =1

(This is the definition of unitary divisor). The symbol (a, b), represents the
largest divisor ¢ of a satisfying ¢ |, b. If (a, b). = 1 we say a is prime to b order
2. Here comes the departure: A divisor d of n is a divisor of third order
(notation: d|sn) if

(1.2) (3 d)z - 1.

The symbol (a, b), stands for the largest divisor ¢ of a that satisfies c |, b. If
(a, b): =1 we say a is prime to b order 3. We generalise by saying that d|,n
(read d is rth-order divisor of n) if
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10 Krishnaswami Alladi 2]

(1.3) (g d) =1
and
(1.4) (a,b),= max{c|,a:c| b}

If (a, b),= 1 then a is prime to b order r.

Note. The definition d s n given by us differs from the two well known
extensions of the concept of unitary divisor given by Chidambaraswamy
(1967) and Suryanarayana (1971) respectively. The former defines d to be a
semi-unitary divisor of n if (d, n/d),=1 as opposed to our d|,n where
(n/d,d),=1. The latter defines d to be a bi-unitary divisor of n if
(d,n/d)** =1 where (a, b)** represents the largest common unitary divisor
of a and b. However in both these papers the concept of unitary divisor is just
extended one step beyond.

Our definition of higher order divisors is given in such a way that the
higher order divisors share many properties in common so that it is possible to
discuss together the properties of arithmetic functions of rth order, as we shall
see in the theorems that follow. In fact to discuss the entire system as a unit, it
becomes necessary to place n/d on the left side. Moreover the familiar
number theoretic results follow as corollaries if we set r = 1, and some of the
results of Cohen (1960) can be deduced if we set r = 2.

We now define rth order analogues to some well known arithmetic
functions. However as (a, b), # (b, a). in general these functions have interest-
ing dual functions. Denote by
(1.5) e.(nx)= 2 1; e(nn)=el(n)

O<a=x
(a.n) =1

and its dual

(1.6) eimx)= 2 1, ¢i(nn)=ei(n)
(mano

for r = 1. We define ¢¢(n, x) = ¢ §(n, x) = [x] where [x] denotes the largest
integer = x and (a,n),=(n,a) =1 for all a and n. Note that ¢, =¥=¢
(Euler). We define the divisor functions

_ K * - n\*
(1.7) ou(m)= 3 d* and a’,,k(n)—‘;"(d)
and
(1.8) Gro(n) = 7% o) = ().
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Before we take up the study of these functions we need to define some
more functions. Let {F.};_, denote the sequence given by

(1.9) F0=O,F1:1,FH=F"71+F,,_2, ngz.
Let I(y) and /*(y) denote respectively the least integer > and = y. Further
define
F _
(1.10) f(x)= 1( - x) when r=1(mod2)
— 1% E-I —
(1.11) flx)=1 (—F—x) when r=0(mod2).

Let f,'(x) denote the largest integer y with f,(y)= x. And if n =II;_, p{ be
the canonical decomposition of n then let

(1.12) B.(n)= ij.[7l‘“"+’ r>1, Bin)=n.

2. Properties of higher order divisors and arithmetic functions
We will now show

THeoREM 1. If n=1II;., pi" be the canonical representation of n as a
product of distinct primes, and if d |, nthen d |, n ifand only if d = II;_, p® where

B,‘:O or f,(a.)éﬂ.éa, i=1,2,"',s.

Proor. Forr=1by (1.9) and (1.10) f,(a;) = 1 and so the theorem holds
trivially. For r = 2, f,(a;) = a; (again by (1.9) and (1.11)) and B; =0 or B, = a;
for a unitary divisor and the theorem is true.

Let r=3 and d =1I;_, p? satisfy d|;n. Clearly d|,n and so a Z 8
trivially holds. Now

s

2 = a,— B
" [pr,

If d |:n then (n/d, d), = 1. Thus there is no divisor of n/d except 1 which is a
divisor of d of second order. This is possible if and only if

a—Bi<B or B, =0

For if @i — B8; = B then p®|,n/d and p?|,d and this is a contradiction. Thus
a— B <P.If ai— B <P, and p*|n/d then 0= v, =, — B <P so that
pil.d. Hence (n/d,d).= 1. Thus
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-B<B & B >——=—a..

Moreover B; is an integer and so B; 2 fi(a;) proving theorem for r = 3.

In general let the theorem hold for 1,2,-- -, r, r even. Now d|,,, n if and
only if (n/d, d),= 1 where n and d are represented as above. Now (n/d, d), =
1 says that there is no divisor of n/d save 1 that is a divisor of d order r. This is
possible if and only if

2.1) a.v—Bi<£I;f—l,- or B =0.

For otherwise if a; — B, = F,_,F,/B; then one can find a v, satisfying

ai—Biévi; rflﬂl/Fr

of (2.1) is clear. We rewrite (2.1) as

Fr
(22) B,‘ >FH1a

and B is an integer. Thus B; Z f,.,(a;) proving lemma for r + 1 odd. The proof
for the case r + 1 even is similar, only that 8, = Fa,/F,., will replace (2.2) for
(2.1) will be replaced by a weak inequality.

The higher order divisors share in common the property

THEOREM 2. (a) If a and n are integers, then for any nonnegative
integer A

(2.3) (a,n),=(An+a,n),=(An —a,n).

(b) We have (n,a).= 1 if and only if
(2.4) (n,a).=(n,AB.(n)+a),=(nAB.(n)—a),=1
where B,(n) is as defined in (1.12).

We omit the proofs of Theorem 2 as they are direct consequences of the
definitions in section 1. We shall need Theorem 2 in the discussion of error

functions.
We now take up the study of the functions defined in (1.5) to (1.8). We
shall always represent n in the canonical form n =1II}-, pi.

TueoreM 3. ¢, (n)= nlli., (1 1y l(a)> forrz 1.

Proor. We know from (1.5) that
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5] Divisors of higher order 13

e(nx)= > 1=[x]- X 1
O0<a=x O<a=x
(a.n) =1 (a.n), >1

Now (a, n), > 1 if there exists d |,n, d > 1 with d|, a. We know from Theorem
.n if and only if 8, = 0 or f,(a;) = B; = . This implies that if p, | a and
pi|.n then pl’| a. Thus a simple combinatorial argument leads to

erkmx)=[x]= 3 [ﬁ]v“ > [;,/T)L/T)]

<i=Zs O<i<j=s P,

(2.5)

S [ e

If we put x = n in (2.5) we get Theorem 3.

Now (2.5) also indicates that

CoroLLAaRY 1. Ife(n x)=x¢,(n)/n— ¢,(n x) then
e,(n, x)=0(r,(n))

ProoF. We can rewrite (2.5) as

tp,(n,X)=x—ZE{§3+ ---+0(1+21+ >+ )
pipjln

i

= x—‘pin@—) + 0(7:(n)).

THEOREM 4. With B,(n) as in (1.12) we have

e1(n B.(n) = ¢:(n B )] 14— —=
i=1 (1_ )

I 1{a)+1 1
Di

Proor. Going back to the definition of ¢ % (n, x) in (1.6) we find that
(n, a),= 1 can arise out of two cases. 1f (n,a), = 1 then (n, a).= (a,n),= 1. Or
(n,a), > 1 in which case there isa p;|,n and p,|,a. As (n,a),= L even if d,|a,
d 4 ,n for all d|,n. Thus p/"'“*'|, a. Again a simple combinatorial argument

leads to ;
X
¢ (n,X)“ ‘Pl(n X)+O<Z<S<P1(p pf x(u)+‘>
2.6) x
+ ’ Tap+ = Py + ...
2. (i pretope)

If we put x =8,(n) in (2.6) and use Theorem 2 which for r=1 gives
e(nAn+ p)= Api(n)+ ¢i(n, u) we get Theorem 4.
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CoroLLArY 2. If e*(n,x)=x¢%(n, B, (n))B.(n)— ¢*(n x) then
e*(n, x)=0(r.(n)).
We omit details of the proof which is similar to Corollary 1.

Similarly formulae can be found for o, «(n), 0% «(n), and 7,(n). These
are given below

2.7 r.(n)= .Ijx(a‘ — f(a)+2)
and
(2.8) a.(n)= lj(l +pledt o p).

We are now in a position to prove the following which is somewhat
interesting since it is novel.

THEOREM 5.  For any pair of integers n and k =z 0 we have

(a) pi(n)=@an)=Ses(n)= -+ = @o(n) = @u(n) = @n) = @o(n)

b) oM Eo(n)ZEos(n)=E - Zosw(n)=S o (n)=0,.x(n)
© orim=scin=ci(ns--- =20t ()=t (n)=at . (n)
(d e1(m Bi(n)) _ ¢3(n, Bs(n)) _ ¢ 3(n Bs(n))
Bi(n)y —  B(n) T PBs(n)
. @nBdn) _ oi(n Bun)) _ ¢i(n B(n))
B Bs(n) —  Bu(n) T BAn)

Proor. We shall prove (a) and (b). The proofs of (c) and (d) are similar.
First we observe that F,/F.., form an increasing sequence and F_/Fa
form a decreasing sequence both sequences converging to (V5 - 1)/2. Further
if x <y then

2.9 I(x)=l(y) I*(x)=1*(y) and I(x)=1*(y).

These follow from the definitions of I and I*. Now (2.9) implies that for any
integer m we have

(2.10) film) = fi(m) = fsm) = - -+ = fo(m) = ful(m) = fo(m).

If we use (2.10) and Theorem 3 we get (a). Now (2.9) and (2.10) will give on
similar lines of reasoning the reverse inequalities for f,'(m). Then if we use

Theorem 4 we get (d).
To prove (b) and (c) it is enough to observe that (2.10) implies that

d|2mn > d|2m+2n; d|2m+1n > dlzm—ln; dlZmn > d|2m'+1n
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for any pair of integers m and m’'. That is if D, (n) denotes the set of mth
order divisors of n then

(2.11) D,(n)CD(n)CDyn)C --- CDs(n)CDs(n)CDn).
Clearly (2.11) gives (b) and (c). This proves the theorem.

3. Asymptotic estimates

We saw in the last section properties of d|,n. Theorem 5 gave for
instance relations between ¢, 0.4, ¢ and o% « for r = 1,2, - separately.
When we take up asymptotic estimates of these functions, we find that the ¢’s
and the o’s are related. For example the average order of o, and o* .
involve ¢7_, and ¢,_, respectively. We begin by proving

THEOREM 6. There, exists a constant c, so that

> e (n)=cx?+0(x¥*We >0.
lsn=x

ProoF. We note that Theorem 3 implies that ¢ is multiplicative. Also if
n is square free then ¢.(n)= ¢.(n).

Decompose every number n as n = Nn' where n’ is square free and
(n',N)=1. The number N has the property that if p|N, p-prime then p?|N.
(N is called a powerful number.) We call N the powerful part of n. Keep N
fixed and ask for those n = x for which N is the powerful part. Sum over all

such N. Thus
G 2 em= ¥ > edn)= X oN) 3 e(n)
1EnE N-po:exrlul n’ squnar:exlree N-p()v:vexrful n's’;:a:e free
(n',N)=1 (n'.N)=1

So we need to know the sum

G2 ¥ elm)= 3 edmlu(m) = 2 m(m){g;n(d)%

m square free {(m . N)=1 )=
{m.N)Y=1

= 2ol X dlu(dd))+ Y d 2 w(d)u(dd)
prichts i GRLT Ve

I

2 p(d) > d'u(dd)]|+0(x")

1=d=Vx

(d.N)=1 (d'.N)=1

> _ud)y > d+0(x™).
1=d=\'% d'=x/d

(d.N)=1 d’ square free
(d'.Nd)=1
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The function p used above is the Mébius function. It is not difficult to show
that the number of integers = x that are square free and prime to Nd is

CnaX + 0(\/;)

LAV L0350 D)

So the sum in (3.2) is of the form

where

3.3) % 3 l‘i—) e +0(x™) = kN— +0(x™)

d=Vx
N)

h. liA

1
(d.N)=1

where ky is a constant depending on N and bounded for all N-powerful.
Substituting this in (3.1) we get

S o=z S k& 1o,
1=n=x N=x 2N

N powerful

Now every powerful number N is of the form SS’ where S is a perfect square,
S’ square free and S’|S. This decomposition is unique. So the number of
powerful numbers = x is

o< > T.(S)) = 0(x"*")\Ve >0.

S=x

S square

This shows that the series
i (Pr N kN

N=
N-powerful

so that if ¢, is the sum of this series we have

> e (n)=cx*+0(x")We >0

1=n=x

which proves the theorem.
It is interesting to observe

THEOREM 7. We have
*
> en) _ @x(n B (n)) ~2¢x.
12n=x N 1Snsx Br(")

Proor. We begin by stating Abel’s summation formula as in LeVeque
(1960).
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“Suppose that A,, A5, - - - is a non-decreasing sequence with limit infinity,
that a,, a», - - - is an arbitrary sequence of real or complex numbers, and f a
function with a continuous derivative for x = A,. Put

A(x)= 2 a.
Ap=x
Then for x = A,

S afn) = AWf0- [ Awr@d

A=

Clearly, by Theorem 6 and Abel’s summation formula with A, = n,
f(x)=1/x and a. = ¢.(n) we infer that

> f’—rgﬂz =2¢x +0(x***)We >0

1=n=x

which proves half the assertion. The second half is more interesting. We have

3.4 m m
=2 etam)=3 ¢l(nm)
But
(3.5) 2} e.(n,m)= mgl%ﬁ+0(m logm)
by virtue of Corollary 1 and
(3.6) 21<p‘,‘(n,m)= mn:‘lﬂﬁﬂ'—’(ﬁn—')m»+0(m logm)

by Corollary 2 for

Z 7(n) = 0(m log m).

Replacing m by x, dividing by x we see that (3.4), (3.5) and (3.6) give
Theorem 7.
We can now prove

THEOREM 8. Zi<,=n7.(n)=2¢,.,mlogm +0(m).

Proor. Let us first give an interpretation to the sum
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(3.7 n(n)y= Y 1= > > 1

l=n= 1=n=m d|n 1=n=m (n/d, d)y— =1

So (3.7) represents the number of lattice points (x,, yo) under the graph of the
hyperbola xy = m,x >0,y >0 with (yo, Xo).-: = 1. We first count the lattice
points with x, =V 'm. They are given by

> 2 1= e(dm/d)

1sd=Vm d4'=m/d 1=d=sVm
@.d)-1=1
38 -3 {m——(—)“’"d‘zd +0(Tl(d))}
d=\'m
—(d
=m » (P—d(z—)JrO(\/;n_logm).
d=\"m

Now again Abel’s summation formula and Theorem 7 tell us that the
summation in (3.8) is

2¢,-im log Vm+ 0(\/7n_ logm).

Now the number of lattice points with y,=Vm is

>3 1= 3 oti(dm/d)

I=d=Vm d'=m/d I=sd=s\'m
(d.d’),—1=1

which by use of Corollary 2 is
m'S ¢ (d B-(d))
mo dB(d)

Again the use of Abel’s summation formula and Theorem (7) gives that this
sum is

+0(V mlog m).

2¢,-1m log Vm+ O(\/—r; log m).

The overlap in these two processes of counting is the points in the square
1=x=Vm, 1=y,=Vm, which is 0(m). Thus

2 7(n)=2c,_imlog Vm+2c_m log \/;-FO(\/Elog m)+0(m)

=2c,.ym logm +0(m).

CoroLLARY 3. If 7,(n) is the divisor function then

> 7(n)~ m logm.

n=m
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PrOOF. ¢o = 1/2. Conclusion is clear.

CoroLLARY 4. If 1,(n) is the number of unitary divisors of n then

E 7(n)~ 5 m log m.

2
n=m m

Proor. By Theorem 6, the constant ¢, =3/7> So 2¢,=6/m* and
corollary holds.

Remark. The average order of ¢,(n) is 2¢,n, while the average order of
7.(n) is 2¢,_,log n.

We now take up the asymptotic estimates of o, and o%  for k >0.
For k >0 define two constants

__ 1 < eln
(3.9) Ay = k+1,.21 n<*?
and
* — 1 N (P*,:](n, Bf*l(n))
(3.10) a*, = k+1,.21 B (n)-nt

Our theorem is

THEOREM 9.

NZE!

ag(n)=a* m*"+0(m Y,

(a)

=
I

M

o* (n)=a, m* +0(m* Y.

(b)

1

n

Proor. We shall prove the second part of the theorem. Part (a) will
follow on similar reasoning. We shall first need an estimate of

(3.11) > a*

O<a=x.(an)=1

Let A(n,r,s) denote the sth number ‘a’ such that (a, n), = 1. It is obvious
that

e.(n,A(n,r,5))=s.

But from Corollary 1 we infer that
en A(nrs) = 2L g ()4 one) = s

so that
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(3.12) A(nr,s)= -0(n*)Ve >0.

(n) ¢'(n)

We deduce from Theorem 5 that for r 20 ¢,(n)= ¢:i(n) = ¢(n). Since it is
known that n/¢,(n)=0(log log n) we infer that

(p,(n) = O(log log n)

so that (3:12) is rewritten as

(3.13) A(nrs)= ( )+0(n W =>0.
Thus
k
S at= 3 Amrnsyt= S ( ns +0(n=)) Ve >0
((;v<na)§:x] 0<s=g,(n x) O<s=g,(n x) (Pr(n)
n nk i
= . T+ = 0(s*'n*)Ve >0
{o<s§§(m)s }‘Pr(") ‘Pr(n)k 0<S§§(mX) (s7n)Ve
k . ) k+1 nk*l‘*c
el =t (ele] +0(e,(n,x)1) + 0 (e e (n x))
k k+1 k+1
- 5 (% +‘Pi§2)“’ 0+ ) )+ 0(n e, (X))
(—k%g—) + 05 We >0

where x is taken as = n.

We shall return to (3.14) after making a geometric interpretation of
2 o* .. Consider the lattice points discussed in Theorem 8. Call these lattice
points ‘good’ and let G denote the set of good lattice points. Divide the
region under the curve into three non-intersecting regions A, OP, and B.

Clearly
y R —>xy=m
A
P(Vm,\V'm)
S R’
~~
n B
0 n S X
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Sotam= 3 i

(x0. y0)EG

which can be split up as

Sotum= 3 yi+ S yhe Sy

n=1 (xo.yo)EGNA (x0, y0)EGNB (x0. yo)E G N(OP)

(3.15)
=8 +8:+ 8, say.

Clearly
Si=0(m* ),

To estimate S,, pick a point S’ on OY at a distance n from ¢ with n = Vm.
The sum of y§= n* over R'S’ through S’ is

n* =n*e* «(n,n,m/n)

n<xg=min.(nxg)-1=1

where
(ptfl(nvcvd): 2 1.

c<a=d(na). ;=1

Thus we have

v v
S, = 2 nk¢*,‘,1(n, n,m/n): 2 nko(m/n)zo(m(kn)/z)
n=1

n=1
=0(m*"?) for k=z=1.

To estimate S, pick an S on OX and a distance n from 0, n = Vm. Draw RS
through it. The sum of yg over y, lying on RS is

s (n m**e nt _An ..
R e R Lo B S LR URR

n<yo=Emin
yoon)r-1=1

using (3.14) where x takes values n and_m /n = n. If we sum from 1 to Vmwe
get S; which is

k+| [\/E)
1 k = Py '1!+?!+0(mk+r)+O(m(k+2)/2)
n=1
- @-a(n o eea(n .
et DA R R

1
a"kmk+l+m(k+])/2{m(k+l)/2 E O(nk+1 +0( k+1/2)
n>Vm

o kmk+1+0(m(k+2)/2)+0(mk+|/2): a, kmk+\+0(mk+l/2).

il
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If we substitute these estimates of S;, S; and S, in (3.15) we get part b of

Theorem 9. The proof of part a is similar with the following changes. We have

to replace ¢,_(n)/n by ¢ *_i(n, B.—i(n))/B.-1(n) and use Corollary 2 instead of

Corollary 1 to get an estimate simtilar to (3.14). The proof is complete.
We deduce a few corollaries to our theorem.

CoroLLARY 5. If o(n) denotes the sum of the divisors of n then

Som~Tm

CorOLLARY 6. Ifo, . (n) denotes the sum of the kth powers of the divisors
of n then

S onatn) = D e ggmm)
n=1

k+1
where { is Riemann’s { function.

CorOLLARY 7. Ifa, i(n) denotes the sum of the unitary divisors of n then

S 372
£ o~ sy - om ™
Proors. Corollary 5 follows from Theorem 9 if we estimate a,,. Clearly

1S 1
anza’h—zz—z’l.

8]

Corollary 6 follows if we find «, .« which is {(k + 1)/k + 1. Corollary 7
comes out of an estimate of o, ,

ot =LlSen)_ 1LQ)_ 7
NERRS ‘22 n®  2¢(3) 1203)

which is the result due to Cohen.
CoroLLARY 8. For any k =1 we have
O LEWSEAE A= E ALk

Also

C1§C3§C5§ cc §C5§C4§C2.

These follow directly from Theorem 5.

4. Error functions

We finally take up a discussion of error functions associated with the
Euler functions. (A similar discussion for r = 1 is made in Alladi (1974).)
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We first calculate the average value of e,(n, x) and e(n, x) for fixed n
when x is discrete.

THEOREM 10.

i=1 ’ 2"
1S o —er(nB(n)
"lll_rpxm ;e,(n,t) 28,(n) .

Proor. From Theorem 2 we deduce

0 if (in)#1

e(ni)+e(nn—i)= {-1 if (i,n), =1

so that we get

> e(ni)=— e, (n)2.

i=1

Now Theorem 1 says

: +i N _An+i :
e,(n,/\n+t)=)mn l(p,(n,)m+1)= nn '<p,(n)—)\(p,(n)—(p,(n,l)
=¢,(n,i).

Let m = An + p for some non-negative A, where 0 = u < n. Clearly

1 & . 1 & . 1 A .
—_ P pp— . A + P — , s
mzle(n,t) m;e(n i) mimzwle(n i)

1 An+p .

+— 2 e'(n,l)
i=An+l1
Z:M+iﬁ:0(n‘)=;¢_'m2+o(i)_
2m m = 2n m

So that proceeding to the limit m — « we get the first part of the theorem
The second part follows on similar reasoning.

However the mean over the continuous variable vanishes. To be more
precise

n B,(n)
f e (n,x)=0; f eX(n;x)dx =0.
0 0

The above statement is an immediate consequence of the following
statement:
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If f is Riemann integrable in [0, m] and f(x)+ f(m —x) =0, for all but a
finite number of x € [0, m] then [§f(x)dx = 0. Clearly

J;mf(x)dx =me(m — x)dx =%Llf(x)+f(m —x)dx =0

Note that e, (n,x)+e(n,n—x)=0 for all x except when (x,n), =1 and
e¥(n,x)+e*(n B.(n)—x)=0 except when (n,x), = 1.

We now study the properties of the additive error functions associated
with ¢, and ¢*. Define for s =2

e(na,a, ", a)= <p,<n, Z a) Z o (n, a)

and

S
e‘,‘(n,al,az,--',as)=qu(n,‘ a,) Z T(n, @)
: .

=1 =
We begin by showing
THEOREM 11.

aytayt

. = J<P’: n, p.An
(a) lim Z e(na,a, )= 2 B,(n)

m —»x nel

and

m a;taxt

®)  fim L3 et(nan s, @)= Z Te)_ g el

m—x M =1 n i=l n=1 n

Proor. We only prove the first part. The proof of (b) is similar. We
know

“

1 UL S 1 m
= ;Z ( ’E“)‘;’Zh:l%(n @)

@4.1) 7’11— Y e(na,as )=

For any integer j we have

3 () =2"j 2 -3 3 1=Zettnm
(ni)=1

)=

3 -

42)
= m 3 £0L(n) g’(f:')" +0(1).

This implies that
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o1& . L ot(n, B.(n
4. lim — A(n, )= .
43) tim 5 () = 3, €20 fn)
Ifin (4.3) we set j as 2 a;, and as a; and then use (4.1) and proceed to the limit
m —x we get Theorem 11 part (a). Part (b) follows by observing that

o1& . 5 ¢ (n
(4.4) lim L8 i jy= 3 £L2),
n=1 n=1
Note that the right hand side of (b) and (a) are of the form

gr (Zl ai) - Zl gr(ai)
and
(3 0)- St
which resembles remarkably the forms of e(n a;,a; -+,a) and
et(n, oy, Q" 0, as).
In fact as (4.3) and (4.4) are true the following can be shown without too
much trouble.

m

(4.5) im + 3 e (n, i) = 26 - 3 LXBB)

m .= n=1 Br(n)

and

(4.6) lim mi S oer(ni)=2ci- >, ﬂ'nﬁ): o (i)
m— = n=1 n=1

by virtue of Theorem 7. Compare (4.5) and (4.6) with Theorem 10.
We conclude by proving a necessary and sufficient condition for a
number n to be a power of a prime using e, (n, a;, a).

THEOREM 12. A necessary and sufficient condition for n to be a power of
a prime is that

4.7) e.(na,a)=0a,a.€Z2"={1,2,3,---}.

Proor. The necessity part is easy to establish. We know that

a,+ta
oo +a)=ata;— [_[;!,(m)z]

@

1 . _ a
p"‘—"‘—’]’ er(n, az) = a; = [p!,(m]

where n = p™, p prime. Now as [x + y] = [x] +[y] the necessity part follows
directly. '

e (na)=a, - [
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To prove sufficiency let (4.7) hold and let n = I1;_, p%, s > 1. We shall get
a contradiction. Consider the two numbers p#®” and p/**’ for distinct i, j with
1=i < j =s Asthese numbers are relatively prime, there exist integers x and
y positive so that

4.8) |xph® — ypt®)| =1,
Without loss of generality let yp/® > xp/®’. Consider now an integer m
satisfying
4.9 m =0(mod p®>- - - pl®&2)
and let
(4.10) m' =[] pteo.

i=1

One can show that (a, n), =1 if and only if
4.11) (Am'+a,n),=(Am’'—a,n), =1.

Now consider the intervals (0, yp/®’] and (m —2, m + yp/¥’ — 2]. It is evident
from (4.11) that for every a with 0 < a = yp/® —~2 and (a, n), =1 we have
equivalently an m+a satisfying m<m+a=m+yp/¥ -2 and
(m +a,n), = 1. But by Theorem 1 neither xp?®’ or yp/*®’ are prime to n

order r. Yet as (1,n), =1 we have (m —1,n), = 1. Thus
(4.12) @ (n,m—=2,m+ypl® —=2)= ¢, (nypl*)+1
which is the same as saying

e.(na;,a)=1>0

if we set a; = m —2 and @, = p/®’in (4.12), a contradiction to our assumption
(4.7). Thus s = 1 which establishes sufficiency. The proof is complete.
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