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ON THE DISTRIBUTION OF SUPERSINGULAR PRIMES

ETIENNE FOUVRY AND M. RAM MURTY

ABSTRACT.  Let E be a fixed elliptic curve defined over the rational numbers. We
prove that the number of primes p < x such that £ has supersingular reduction mod p
is greater than

logz x
(logy )!*

for any positive § and x sufficiently large. Here log; x is defined recursively as
log(log_ x) and log, x = logx. We also establish several results related to the Lang-
Trotter conjecture.

1. Introduction. Let E be a fixed elliptic curve over Q. Let jg be its j-invariant. A
supersingular prime for E is a rational prime p such that E has good reduction at p and
EndFP (E) is a maximal order in a quaternion algebra. Let mo(x) be the number of such
primes p < x. If E has complex multiplication, Deuring [De] showed that

x

mo(x) ~ 2 logx
as x — oo. If E does not have complex multiplication, then the asymptotic behaviour
of mo(x) is at present unknown. Lang and Trotter [L-T] conjecture the existence of a

constant Cr > 0 such that
Cev/x

logx

mo(x) ~

as x — oo. The constant Cg is defined in terms of representations of the Galois group
Gal(Q(Em,) / Q), where Q(Ey) is the field obtained by adjoining to Q all the torsion
points of E. This constant seems to be rather complicated to compute in a general situa-
tion.
Elkies [El1] made the first breakthrough in this direction . By an ingenious argument,
he proved
mo(x) — 00

as x — 00. Elkies and Murty (see [EI2] p. 21) obtained the lower bound
mo(x) > log,x

for all sufficiently large x, assuming the Riemann Hypothesis for the classical Dirichlet L-
functions L(s, x). We denote by log, the k-fold iterated logarithm function. (Brown [Br1]
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obtained the weaker estimate m(x) > log;x assuming the same unproved hypothesis).
They also noted that my(x) = O(x%) follows unconditionally using a result of Kaneko
[Ka] (see [EI3] and also [Mu] for a slightly different approach to the lower bound).

Our goal is to prove unconditionally

THEOREM 1. For any elliptic curve E and for any positive 6, there exists xo(E,0)
such that the inequality

holds for x > xo(E, d).

THEOREM 2. For any elliptic curve E, we have the equality

mo(x) = Q(log, x)

Recall that we write f(x) = Q(g(x)) if there is a constant ¢ > 0, such that the inequal-
ity |f(x)| > cg(x) holds for infinitely many x — oo.
Both of these theorems will follow from the stronger theorem

THEOREM 3. For any elliptic curve E and any € > 0, at least one of the two following
statements is true
() mo(x) = Q((log xP~*)
(i) mo(x) > log, x for x > xo(E).
Instead of considering one fixed curve, one can work with a family of curves and

study the behaviour of 7y(x) for this family. We thus obtain the average Lang-Trotter
Conjecture: let E, 5, be the elliptic curve

V=x+ax+b
with a,b € Z. Denote by mo(x, a, b) the number of supersingular primes of E,;, less than
x.
We will prove the following result
THEOREM 4. LetA > 1, B > 1. Then for every C > 0, we have the equality
S Y mo(,a,b)= = - AB / + O((4 + Byt +xi + 4By/x(logx)~°).
|al<A |b|<B \/ 1
It is easy to see that under the conditions
an A>x*e;, B>t
we have
(1.2) > > molx,a, b)~ — -AB- ‘/—

la|<4 |b|<B logx
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Such a result allows to say that the Lang-Trotter Conjecture is true on average. Nev-
ertheless, we must check that in the sum considered in Theorem 4, the dominant term
does not come from the curves E,j, with complex multiplication, which, by Deuring’s
Theorem, have many more supersingular primes. It is well known that E has complex
multiplication if and only if jg belongs to a set of thirteen values. So, there are thirteen
families of CM-curves E, 3, two of them are the families Eop and E, o witha and b € Z*.
The other eleven families are parameterized by E, 2 5,5, With ¢ € Z* and (o, 3;) is in an
explicit set of eleven pairs of integers. With these remarks, we deduce that

x

> mox,a,b) = O — - max(4, B)

<4 15j<B (1°gx )
E,; 1S CM

which is negligible compared with the main term.
Let
M = {(a,b) € Z%p* |a=p’ [b}.

The set M (set of minimality) has been introduced to ensure that two different elliptic
curves with parameters belonging to M, are never isomorphic over Q. We will shortly
give the proof of the following theorem, which can be improved in several directions:

THEOREM 5. Lete > 0, x, A, B be real numbers satisfying
A,B>x"™;  AB > x*** min(4%,B%).

Then, for x — 0o, we have

4n Vx
mo(x, a, b) ~ -AB -
,:%;A ,,EB 0 3((10) logx
(a,b)eM

A natural question is to weaken the condition (1.1) so that the relation (1.2) continues
to be true (the shorter the averaging is, the closer we are to the Lang-Trotter Conjecture
itself). Using a particular case of the classical Weil’s bound, for exponential sums (see
Lemma 8 below), we will notably improve the condition (1.1), by proving

THEOREM 6. Lete > 0, x, A, B be real numbers satisfying
A,B>x1*;  AB>xi*e.
Then, for x — 00, we have

47 Vx
mo(x,a,b) ~¢ — -AB- ——.
IalzsA |IEB 3 logx

In paragraph 8, we develop other types of averagings, which rather depend on alge-
braic number theory, and in the last paragraph, we discuss the size of least supersingular
prime of an elliptic curve.
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2. Lemmas. We first recall how to detect supersingular primes (see [El1] pp. 561—
562). For brevity, we restrict ourselves to odd primes.
Let D = 0 or3 (mod 4) and denote by Op the order

Op = ZB(D +V=D)|

of discriminant —D. Given an elliptic curve E over Q, let p be an odd prime of good
reduction for E and E, the reduction of E (mod p). The criterion of Deuring [De] states
that p is supersingular if and only if £, has complex multiplication by some Op such that
p is ramified or inert in Q(v/—D). It is well-known that, given D, there exist only finitely
many isomorphism classes of elliptic curves over Q with complex multiplication by Op.
Moreover, the j-invariants of these isomorphism classes are conjugate algebraic integers.
Let Pp(X) be the modular polynomial associated to Op. It is a monic and irreducible
polynomial of Z[X], the roots of which are the above j-invariants and it makes sense to
consider Pp(X) (mod p).

By Deuring’s lifting lemma [De, p. 259], complex multiplication in characteristic p
can be lifted to characteristic zero and so the roots of Pp(X) in characteristic p are j-
invariants of curves with an endomorphism %(D ++/=D).

That is, E, has complex multiplication by some Op for some D’|D with D /D' a per-
fect square if and only if Pp(X) (mod p) has jg as aroot. If, moreover, —D is a quadratic
non-residue mod p or the highest power of p dividing D is odd, then p is a supersingular
prime for E. We summarize this in:

LEMMA 1 (DEURING). Let p an odd prime of good reduction for E. Then p is a
supersingular prime for E if and only if there exists some D = 0 or 3 (mod 4) such that

D divides the numerator of Pp(jg) and (ZPQ) = —1 or the highest power of p dividing D
is odd.

We continue by recalling the following lemma from Elkies ([El1], Proposition):
LEMMA 2. Let ! be a prime = 3mod4. There are polynomials R(X), S(X) € Z[X),
such that, modulo I, P(X) and P4(X) factor into (X — 123)R(X)? and (X — 123)S(X)*.

REMARK. Another proof of Lemma 2 appears in Kaneko [Ka].

It is easily seen that for / prime = 3 (mod 4), j(%(l + \/——_l)) and j(v/—1) are the only
real roots of P; and Py; respectively, the other falling into complex conjugate pairs. From
the Fourier expansion of j, we see

j@) = e+ 0(1)

as Im(z) — oo, and hence as / — 00, the real root of P; (P4 resp.) goes to —oo (goes to
+00 respectively). Thus, for / sufficiently large, we have Py(jg)P4(je) < 0. See [Mu] for
explicit estimates.
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LEMMA 3. Let p1,p2,...,Pk a given set of primes. The number of primes | = 7
(mod 8) such that (8) = 1for 1 <i<kandl<xis
> 1 ) x
logx (ip2---px)?
provided x > (p1p2 - - - pi)P, for some absolute constant B > 0.

PROOF. This essentially follows from the proof of a classical theorem of Linnik (see
[Bo] p. 56): let (a,m) = 1 and denote by (x; m,a) the number of primes p < x with
p = a (mod m). For x > m'%, we have

pe
we;mya) > — logx =t
In our context, the I’s we seek lie essentially in some arithmetic progression mod
8p1 - - - pr, and so the result follows from Linnik’s Theorem. Note also that any improve-
ment of the exponents B or 3 in the statement of Lemma 3 has almost no influence on
Theorems 1, 2 and 3.

LEMMA 4. Letl, and I, be two distinct primes = 3 (mod 4). If p divides the numer-
ator Of both Pl; (]'5)13'41I (]E) and PIZ(iE)P4Iz(fE), then D < 4hLl,.

A lemma of that type was firstly proved by Gross and Zagier [G-Z], then generalized
by Dorman [Do]. Our lemma is an easy consequence of Theorem 2 of Kaneko [Ka].
This theorem has the advantage of giving a result for the prime divisors of the resultant
of the polynomials Pp, (X) and Pp,(X), when D, and D, are distinct discriminants, not
necessarily fundamental.

LEMMA 5. Let h denote the class number of Q(\/—I). Then, there exists an absolute
constant cy, such that the inequality

|Pi(iE)Pa(e)| < 2* exp(coCV/1log? I
is true with C = log(|jg| + 745).

PROOF. From [Mu] Lemma 5, we have the inequality

IPiie) < 2* exp(CVIE +)

where the sum is over the classical set of representatives of & classes of quadratic forms
of discriminant —/, which means quadratic forms

ax* +bxy +ciy*

satisfying b,2 - 4(1,’6’,’ = —1, (a,-, b,', C,’) = 1, —a; < b,‘ S a; < ¢; or 0 S b,' S a; = C;.
Since the congruence x2 + ! = 0 (mod a;), has at most 2%) solutions (w:number of
prime divisors), we get the following inequality

2
(1 + —) < (logly.
1<i<h @i 1<a<vi @ psﬂ p—1
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To bound |P4(jg)|, we start from [Mu] Lemma 6 (where the factor 2" has to be replaced
by 2%) and follow the same technique as above. Hence Lemma 5 follows. Therefore this
lemma implies that the numerator of P;(jr)P4/(jg) satisfies

Num(Py(jr)Pu (i) < exp(C'(E)V1(log1)?)

with C'(E) depending only on E (an easy consequence of the inequalities
deg(P/(X)P4(X)) = O(k) and h = O(V/1log ).

The following lemma (see Jutila [Ju] Lemma 8) gives an upper bound on average for
a sum of characters at prime arguments. We have

LEMMA 6. Let

SO.X) = Y

|d|<D

2 A=)

3<n<X I

where d is a non square integer. Then with Dy = exp(co(logX)% ) we have, for3 < D <
Dy, the inequality

S, X) < X(exp(—clb—f log X) + exp(—c,(log X)} ))
where ¢ = c1(€) and c; are positive constants. Also,
S(D,X) < XD

for Dy < D < X3, and )
S(D,X) < (XD)3™**

for Xi <D < X%.
In particular, for every C > 0, uniformly for 3 < D < X %, we have

S(D, X) < XD(log X)~C.

The above estimations of S(D, X) remain valid if the variable of summation n satisfies
n=3 (mod 4) (resp. n =1 (mod 4)).

To prove the last part of this lemma we can, for instance, detect the odd primes n = 3
(mod 4) by the function (1 — (5)), and then apply the first part of the lemma.

LEMMA 7. Letp be a prime, o and 3 two integers. Define

M(4,8,a,B.p)
= {(a,b);a = & (mod p),b =B (mod p),(a,b) € M, |a| < 4,|b| <B}|.

Then, for every positive €, we have the equality

M(4,B,a,B,p) = p24§50) (1 +0(p—1)).(1+0((1ogAB)—4))
+0(A +(4B) +min(4*,BY)).
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Note that this lemma is interesting only when 4 and B are large enough compared
with p, for instance

AB 1 1
I+e, .1
A,B > p'*s; = > min(43%, B%).
PROOF. We start from the formula
M(d, B, . f.p) = 3 w(d)|{(a,b);ab # 0,a = @ (mod p),b =B (mod p),

d|a,d|b,|a| < 4,]b] < B}|

A+B
+0( = 1).
Note that in the above formula, we may suppose that d satisfies
d < min(4%, B¥)
When d has all its prime factor less than 1/log AB, we use the formula
l{(@b3;a = @ (mod p)b =B (mod p),d*|a,d%lb, |a| < 4,|5| < B}

= (aa%*o“’) ‘ (#ﬁ,dﬁ) +o0)

where ¢(a, p,d*) is equal to pd* if p fd, @* if p|d and @ = 0 (mod p) and (3, p, d°)
defined similarly. When d has a prime factor greater than 4/log AB(so d is greater than
this bound) we use, for the cardinality studied in (2.1), the trivial bound

(e ) )

where [m, n] is the least common multiple of m and n.
In the case p J af3, by a classical computation, we have

44B 1
M(AyB,a’,B,p) =5 H - —
P gprimep ( q10>
q<yTog4B
A+B

+O((AB)5 + (T) %ﬁ—?(logAB)“g +min(A%,B%))

Q.1

which gives Lemma 7 in that case. In the other cases (p|a3), the computation leads, in
the above formula, to a slightly different product over ¢ which is nevertheless also of
the form ¢(10)~" - (1+0(™")) - (1 +0((log AB)-4)). This completes the proof of the
lemma.

The following lemma is a particular case of [Sc] Corollary 2F:

LEMMA 8. Let u and v be integers such that at least one of them is not divisible by
the prime p. Then, we have the inequality

[’i‘e(M)‘SW

=0 p
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3. Proof of Theorem3. Letp;,...,p; be the first k supersingular primes for E. By

Lemma 3, we can find :
x

logx (p1---pe)?

primes / = 7 (mod 8) such that / Sx,(l’li)z 1forl <i Sk,and(f,i) =lforl1 <i<
t(where the g,’s are the primes where E has bad reduction) providedx > (p; - - - p;)? and B
a sufficiently large constant, depending only on E. Note that these congruence conditions
are compatible when 2 is one of the p;’s or g;’s. For such /, we have by Lemma 2 and by
the fact that 2 divides deg(P,(X)R;AX)) , the equality

>E

(Num(Pz(l'lE)P (g ))) -1

On the other hand , by the remark following Lemma 2, Num(P,(jE)P41(jE)) is a negative
rational integer = —N; (say). Then, we have

(%)=

By the choice of / in the lemma, not all the primes dividing N; canbe among 2, py, ..., p;,
q1,- - -,q:- Hence, by Lemma 1, there is a prime pj+ (/) which is a new (odd) supersingular
prime for E.

Thus, to each /, we can associate a supersingular prime p;. (/). If all these are distinct,
then we have

1 x
o > o ooy
where
T = maxN,.
I<x
By the remark following Lemma 5, we have
T < exp(C'(E)v/x(logx)?)
Choosing x = (p; - - - py)*, for a sufficiently large 4 depending on E, we find the lower
bound
G.1) mo(y) > (logy)*~*

fory = CXP(A(pl - p)# (log(pr -+ ‘Pk))2)~

If for infinitely many £, the py+1(/), constructed as above, are all distinct, then (3.1) is
established for infinitely many y — oo, hence the first part of Theorem 3.

Suppose now that it is not the case. Then, for all £ sufficiently large, there are /; and I,
such that Num(P,| GEe)Pay, (jE)) and Num(P12 GE)Par, (jE)) have, at least, a common prime
factor called py+,. By Lemma 4, this new supersingular prime satisfies

Prn < 4hl
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and by Lemma 3, we find
pint <41 p)™.

This recursive inequality yields
mo(x) > log, x

for all sufficiently large x. This completes the proof of Theorem 3. Theorem 2 is an
immediate corollary.

4. Proofof Theorem 1. Actually, the proof of Theorem 3 investigates two opposite
situations: in the first case a construction of a lot of new supersingular primes, but ap-
parently very far from the old ones, and in the second case, the construction of only one
supersingular prime but rather close to the old ones. In some sense, Theorem 1 covers
both these cases.

Let 6 > 0, then Theorem 2 implies that there exists an arbitrarily large real number
Xo, such that

log, xo
(log; x)'*?
so, maybe by forgetting some supersingular primes less than x,, we assert that there exist
P1,- - - Pk, supersingular primes less than xo, with

mo(xo) >

log, xo log, xo
(log3x0)'™ =~ (loggx0)'™

We follow now the proof of Theorem 3, and define x; = y in the first case, or x; =
4(p; - - - pr)™ in the second one. In both cases, it is easy to see, using the inequality

log, xo

a0

log(p1 - pr) < (

that x; satisfies the inequality
logx; < (logxo)(log, xo).

In the first case, we have trivially

log, x)
4.1 x1) > —=2
4.1 mo(x1) > (Tog, )™

and, in the second one, by construction of py.;, we know that

log, xo
x1) 2> mo(xp)+1 > —————=+1,
mo(x1) = mo(xo) +1 > (log, x0) ™

but, in that case, since

log, xo )
<exp|34-logxy- | ——=+1] |,
X1 = p( g X0 ((10g3 x0)1+,5 )
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we have

10g2 X1 < 10g2 X0

< +0((log; x0) ) <
(logy x1)™® ~ (log xo)'™ ( 3 ) (logy xo

+1 < mo(xy).

So, in both cases, (4.1) is valid. By replacing xy by x; and so on, we construct an
infinite sequence (x,),>o tending to infinity, such that:

10g2 Xn
4.2 > _ttn
( ) 7r0(xn) = (10g3 Xn)“.g
and
4.3) log, xn < (log xs—1)(l0g; x4—1).

Now, if x is any large real number, it satisfies, for some n, the inequality
Xn < x < Xp+i

from which we deduce, by (4.2),

log, x»
mo(x) 2> mo(xn) = W-
we have also, by (4.3),
log; x logs xp+1 log, x, log, xp
< < l+o(1) < —=—— < .
(log4x)l+26 — (10g4xn+l)1+25 — (log3x")1+25( 0( )) - (10g3 xn)1+6 — 7I’()(x)

Hence the end of the proof of Theorem 1 with ¢ replaced by 2¢.

5. Lang-Trotter conjecture on average. It is well known that the total number
of equivalence classes of elliptic curves over F, with p + 1 points is equal to the total
number of classes of ideals of Oj,. The latter quantity is the Kronecker class number
H(—4p) (see, for instance[Bi], pp. 58-59). Now an elliptic curve over [, can be written
as (forp # 2,3), E,p witha, b € F,. The curves isomorphic to E, , are the curves E 4 .6,
with u € F}. So, the number of curves isomorphic to the elliptic curve (over F,) Eq is

Eg_l fora=0,b#0 (mod p)andp =1 (mod 6)
&l forb=0,a%0 (mod p)andp=1 (mod 4)
%1 in the remaining cases.

Since there are O(1) isomorphism classes over [, containing a curve of the form Ey
or E, o, we deduce that the number of elliptic curves E; with 0 < a,b < p having p + 1
points over F, is equal to

£ H-4p)+ o)
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It remains to study the curves E,; with |a| < 4 and |b| < B, to write, under the assump-
tions of Theorem 4,

6.1
> % mwah) =3 (5 rom)- (Zrom)

la|<4 |b|<B
- (H(—4p) + O(1)) + O(4B)

H(—4p) x3 x3
= 24B +0((A+B)—— +ABlogl +—

Z p (( )logx 0gloB¥ logx)
where the error O(AB) comes from the primes 2 and 3 which are supersingular for
some E,; and from the p which are supersingular for curves with non-minimal equa-
tion Ea’p",b’p("

The equality

H(—4p) = h(—4p) + h(—p)

and the Dirichlet class number formula

h(—d) = ‘—fL(l X-d)

ford=0o0r3 (mod 4), w=6,4,0or2 whend = 3,4 ord > 7, and x_, the Kronecker
symbol (=£) transform the study of (5.1) into a sum of Dirichlet series at the points = 1.
The right hand-side of (5.1) becomes

@ L(lax—p) L(I’X—-4p) 3 3
(5.2) W( Ex v +2;‘; 7 )+O((A+B)x7+ABlogx+x7).

p=3 (mod 4)

By partial summation and Polya-Vinogradov inequality, we have, for any parameter U >
1, the equality

- 1
5.3 L,x-p) = 3 X204 o LE2ER)

n<U n

and the same equality for —4p.
We choose

N

U = x*.

To obtain cancelations on the summation over p, we introduce the Legendre symbol, so
we recall the formula
If p =3 (mod 4) then x_,(n) = (;‘;) and if p > 3 then

= = (= (2

the right hand side of this formula being understood to be 0 when 7 is even.
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We will mainly concentrate on the sum

SOU,X) = ;— >
nsv” p=3 (Elxod4)

If n is a perfect square, the inner sum is equal to

2 / \/'logt xexp( \ﬂogx))

by the prime number theorem and partial summation. This gives rise to the following
main term for S“)(U,X):

5.5) 5 /\/-logt O(vx(U* +exp(—/logm) )

We now estimate the sum when 7 is not a perfect square. If x; = x exp(—c+/logx), for
an appropriate constant ¢, we begin by noting, that we trivially have

;1 (%)
5.6
-9 :L<:U PZ<¥1 \/—

where the prime on the summation indicates (henceforth) that » is not a square and the
star that p = 3 (mod 4).
It therefore remains to estimate

< \/_(logU)exp(——\ﬁogx)

nSUnx1<pr\/ﬁ

Using dyadic decomposition, (that is, decomposing the sum into intervals of the form
(V,2V)), we see that the above sum is

(5.7) < (logx)|SOW)|
for some V satisfying 3 < V' < U and

Som= 5 Ly &)

y<n<2V I x <p<x \/ﬁ

By partial integration, we get

vsO) < !
" flogx VQZLZV

S togp(C)|+ [v0) ¥

X <p<x

S logp( )’dt

V<n<2V x1 <p<t

where 1(?) is the derivative of the function \/;llog ;- A direct application of Lemma 6 gives
the bound

1 \/;
(5.8) sV <« Tz’
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for every positive C and every V < U.

It remains to apply the same technique for the sum in (5.2) containing L(1, x—4p),
using now the formula (5.4). The main term coming from this sum is

6.9 2 3 I;M/_ T /\/logt 0(\/;((]—%+exp(~\/@))).

n<U
nisan odd square

Gathering the formulas (5.1), (5.2), (5.3), (5.5), (5,6), (5.7), (5.8) and (5.9), we complete
the proof of Theorem 4.

6. Sketch of the proof of Theorem 5. Let p a prime less than x, and let 4, B and
x satisfying the assumptions of Theorem 5. Then the quantity M(4, B, «, 3, p) studied in
Lemma 7, satisfies

44B
.1 M(A,B, a, =———(1+0@ ") +0((logx)™)),
6.1) 4,8,0,8,p) = i (1+ 0™ + 0((dog ™))
now, following the beginning of the proof of Theorem 4, we have the equality

> mo(x,a,b) = ZZZM(A B,a,,p)

lel<a |b|<B p=x
(a,b)eM

where the inner sum is made over 0 < a, 3 < p, E, 3 is an elliptic curve (mod p) with
exactly p + 1 points.

By (6.1), this last quantity is equal to
24B . H(—4p)
¢(10) p=

(1 +0(p~") +0((log x)—“)) +O(4Blogx).
The proof now follows the evaluation of (5.1).

7. Use of exponential sums. Proof of Theorem 6. Let p be fixed. In each of the
H(—4p) equivalence classes of elliptic curves over [, with p + 1 elements, we choose a
curve

Eup:y* =X +ax+f3

with 0 < a, 3 < p. There are H(—4p)— O(1) of these classes with E, g such that a3 # 0.

To prove Theorem 6, we may suppose that 4 and B are integers plus % We dissect the
interval [—4, A] into subintervals of length p, the first one being [—4, —4 + p], the last
one, if not complete is denoted by 4. The same procedure is applied to [—B, B], the last
interval is called B. With these notations and the notation [x] for the integer part of x, we
can write under the assumption a8 # 0, the equality
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I{(a,b); la| < 4,|b] < B,E,) (mod p) is isomorphic to Ea,ﬂ}|
24 2 —1 2
2] [7}3] qam % : [;A]I{u €F:,fu° € B (mod p)}|

p
(7.1) += . [g;h{u €F,au* € 4 (mod p)}|

1

2
+ %|{u €, au* € 4 (mod p), Bu® € B (mod p)}|
+0(min(4/p*, B/p%))

where the error term comes from the curves E s, gyspst, (k > 1). We write the charac-
teristic function of 4 (mod p)as

ll’z_:' 3 e(h(t—a))

P h=0aca p

and the last term in (7.1) becomes

e BT S (Ml 0t G B)

h=0 ac A 1=0 pc B u=1 p

Since A4 and ‘B are intervals, we deduce that this term is equal to

AU 2L o AR (24
ro AT {; (")
co(ZE Tl 1A T (2]

where ||x|| is the distance between x and the nearest integer.
An application of Lemma 7 says that this quantity is equal to

1] |B| (Iﬂl logp | B|logp 2 )
: +0 + +,/plog’p|,

and applying a similar technique to the second and the third term of (7.1), we get

|{(a, b);|a] < 4,|b| < B,E,) (mod p) is isomorphic to Ea,ﬁ}|
) 2 [ 2 )

+ 0((\/1310g2p)(1v+§ + g))

)
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Using the equality [—zpi] + % = 2—};‘;, we get
p—1 44B

A B
——+ 2o(1+=+=)]|.
R 0((\/1710g p)( 2t ))
Now, summing over the H(—4p) — O(1) classes of isomorphism with a8 # 0 (mod p),
we arrive at the formula

> > molx,a,b)=24BY
p<x

+0(x log® x + ABlog x + (4 + B)x log’ x)
la[<4 |b<B

H(—4p)
p
where the error term O(4B log x) comes from the curves E, , with p|ab.

The proof follows the proof of Theorem 4.

8. Other types of averagings. In Theorems 4, 5, and 6, we considered a very large
family of curves in two parameters a and b. The aim of this paragraph is to present
examples of studies of the function m(x, a, b) over a thinner family of elliptic curves
which is parameterized in one variable only. Some of these results will depend on GRH
(i.e. the hypothesis that the zeta-function of any number field has no zero with a real
part greater than %) but all of them are based on the fact that the study of the number
of zeroes of Pp(X) (mod p), denoted by v(D, p), on average, via Chebotarev Theorem,
requires the introduction of Hp, the Hilbert class field of the field Q(/-D).

We will prove

THEOREM 7. Let ay and by be two non-zero integers . If we suppose that GRH is
satisfied for all the (,, then there exist three constants ¢}, ¢; and ¢; > 0, such that we

have
vx
3.1 To(x, a0, b) < c]B——
|b|ZS:B ! logx
uniformly for B > x > xo(a)
L VE v VE
.2 A+— < <ci4dX—
(8 ) C lng = laIZSA 7I'O(x,as bo) &) logx

uniformly for A > x > xo(bo).

In the case where no particular hypothesis is assumed, there exists a § > 0, such that
the following lower bound holds
(8.3) > molx, a,bo) > c A(logx)’

lal<4
uniformly for 4 > x > x(bo).

Note that (8.1) and (8.2) give for mo(x, a, b) average upper and lower bounds which
are compatible with the Lang-Trotter Conjecture and that (8.3) produces a much better
bound than Theorem 1 but always on average (compare also with Theorem 3(i)).

Since Pp(X) is an irreducible polynomial, Nagell’s Theorem asserts that on average
over p, v(D, p) behaves like 1. But we will work with an unbounded number of poly-
nomials Pp(X), so we require a rather large uniformity over D. By classical techniques
from analytic and algebraic number theory, we will prove
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LEMMA 9. Under GRH, uniformly for x > 2 and D = 0, 3 (mod 4), we have the

equalities
3 u(D,p) = lix + O(x2D? log Dx),
p<x
1.
Y uDp) = lix+ O(xD? log Dx)
p<x(R)=—1
and |
Y wD,p) = - lix+O0x:D? logDx) (for D # —3m?).
P (R)=-1 4
p=2 (mod 3)

All these equalities remain true if v(D, p) is replaced by v*(D, p), the number of dis-
tinct roots of Pp(X) (mod p).

Note that the above equalities give an asymptotic formula for D < x!~¢ which is quite
satisfactory, since we will use Lemma 9 for D < /x.

The proof of this lemma requires two lemmas:

LEMMA A. Let f(X) € Z[X] be an irreducible polynomial of degree n. Let n(f, p) be
the number of solutions of f(x) = 0 (mod p). Assuming GRH, we have

S n(f,p) = lix + o(x%n(é(f) + logx))

p<x

where

5(N= > logp+logn
pID(H

and D(f) is the discriminant of f.

PROOF. LetK = Q(6) with () = 0. If d is the discriminant of K, then the standard
methods of analytic number theory yield that the number of prime ideals of degree 1 in
Kis

Tx(x) = lix + O(x? log dxx™).
(see e.g. [Ho] pp. 55-56, [Dave] , [He]).

The result stated in Lemma A follows from two observations. First, n(f, p) is the num-

ber of prime ideals of degree 1 in K, lying over p, provided p f D(f). Thus

> a(f.p) = @ +0(n 3 1)
p=x PIDG

(see [He] p. 229 for instance). Second, by a result of Hensel (see [Se] Proposition 6, for
instance), we write
logdx <n ) logp+nlogn
pID(N

which completes the proof.
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LEMMA B. IfK is a number field, f(X) € O[X] is irreducible over K, of degree n
and n(f, ) denotes the number of solutions of f(X) = 0 (mod ), then assuming GRH,
we have

S n(f, ) = lix+ o(x%[K : QIn(60) + 1ogx))
NP<x

where

5H= > logNP +logn.
BID(H

In that expression N3 is the absolute norm of the prime ideal I3 and the implied
constant is absolute.

PROOF. The number of prime ideals of K of relative degree from K to Q greater or
equal to 2 and of absolute norm less than x is

O(K : Qx}).

The number of prime ideals of K(6) lying over a given prime is at most n. Thus the result
follows from Lemma A.

PROOF OF LEMMA 9. The first part is immediate from Lemma A, since only prime
divisors of D divide §(Pp).
If we take K = Q(+/—D) in Lemma B, we obtain

> n(Pp,P) = lix+O(x1D? log Dx)).

Np<x

Thus

*) S uD,p) = % lix + O(x D? log Dx).
P<x(P)=1

Subtracting from the first assertion gives the result.

Finally, if K = Q(v/—3), we note that Pp(X) is still irreducible over Q(v/—3,/—D)
(this is because ramification implies that the fields are disjoint when D # —3m?). Hence
working over Q(\/:g, \/j—_ﬁ), we find

1

(*%) Y vD.p)=glix+ O(x*D? log Dx).
p<x(P)=1
p=1 (mod 3)

Subtracting (%) from (*) yields

(% % %). Y uD,p) = Dix+0@i D log Dx)
p<x(R)=1 4
p=2 (mod 3)
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Now consider

> v(D.p)
p<x
p=1 (mod 3)
This can be interpreted as follows:
Consider K = Q(+/—3) and look at the number of solutions over this field of Pp(X) =

0 (mod 3). By Lemma B, this is
2 Y wD,p)=lix+O(xD? log Dx).

p=x
p=1 (mod 3)
Thus, we have, after subtracting from the first part of Lemma 9, the equality
1

S lix+ O(x1D? log Dx).

> vD.p)=
pP<x
p=2 (mod 3)
To complete the proof, it remains to subtract from (* * x) the above expression.
The following result of Kaneko gives a bound for the least D such that Deuring crite-
rion is satisfied (Lemma 1). We have

LEMMA 10 ([KA], THEOREM 1). Let E an elliptic curve over Q and p an odd super-
singular prime for E. Then there exists a D < %\/ﬁ such p| Num(PD(jE)), -‘p—D) =—1
or the highest power of p dividing D is odd.

A. PROOF OF (8.1). To control the size of the supersingular primes we are counting,
it is sufficient to prove for X < x the upper bound

®4)  BEB)= ,,,,ZSB(%(X’ a.5)—m(3.a0.8) | = 0(8 lg()

Since for X large enough, any D < /X has no prime divisor greater than %’, Lemma 10
implies that B(X, B) satisfies the inequality

BX,B)< > > > 1
D<VX|b<B  £<p<x
PIPpUE, )

<¥ = 1)p
x odp) b (mod p)
D<VX F<psX PD(G‘;-(En(l) (r[:wd P (mod p.

(8.5) 5

where the variable of summation satisfies the equation

3
a,
1728——2— = a (mod p).
4a3 +27h2

This quadratic equation in b has at most O(1) solutions (more precisely, at most 2, if
p /3ao). Hence, by (8.5), we find the relation

BB <s Y 3 422
pevXi<pzx P
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Lemma 9 is applied under the form

X
D,p) =0 —
’§<zp:§)(y( p) (logX)

which gives (8.4) and this proves (8.1).

B. PROOF OF (8.2). The proof of the upper bound works like in the case of (8.1),
except we meet the cubic equation

1728——4‘—11— = (mod p)
43 +2TH P
which has at most three roots if p is large enough. For the lower bound we use the in-
equality
x
ﬂ(x’A) = Z (Wo(x’ a, bO) — To (5, a, bO))
la|<4

8.6) A

> > (= )=
¥<D<X §<p<x(LR)=—1 , B8 5?""”&1 a(modp) ’ P
o foo1728) p(B)=0 (mod p)

with X = %, where the variable of summation a satisfies

443
8.7 1728m =8 (mod p); 4a®>+27b3 # 0 (mod p).

The value of X has been chosen to ensure that Lemma 1 produces different supersingular
primes by Lemma 4. The relations (8.7) are equivalent to the unique equation

8.8) 4(1728 — B)a® — 2783 = 0 (mod p)

for p large enough. If we impose the conditions p = 2 (mod 3) and 3 # 1728 (mod p),
(8.8) has at least one root; we deduce the lower bound

(D
(8.9) Ax,A) >4 3 ) vo.p) g
f<D<x <p<r(R)=—1 P
p=2 (mod 3)

In that expression E is the error term coming from the contribution of terms with
p|Pp(1728). For D large enough and for an absolute C, we have the inequalities

1 < |Pp(1728)] = O(exp(CV/D log? D))
(the proof is the same as for the inequality for P;(jg) mentioned in Lemma S5) and

v*(D,p) < h(=D)
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from which we deduce

(8.10) E<Ax' Y h(—DWDlog? D < Ax‘.
D<X

It is easy to deduce from (8.6), (8.9), (8.10) and Lemma 9 the lower bound of (8.2).

C. WiTHOUT GRH. To obtain (8.3), we proceed by using the unconditional version
of the Prime Ideal Theorem. By standard analytic number theory, we obtain the relation

() = lix + Ol x%) + o(x exp(— l:;g;K))

with the notation as in the proof of Lemma A. Using Stark’s bound for the exceptional
Siegel’s zero 3 ([St] Theorem 1’, [MMS] p. 279):

1 C1
1—-——,1— )
B< max( 4logdk d#
K
we obtain a uniform result for the sum
2. vD,p)
P<x(FP)=-1
p=2 (mod 3)

only for D < (log x)?, for some > 0.

REMARK. With more care, we can remove the influence of the Siegel zeroes, thus
improving the value of 6.

9. On the least supersingular prime. The aim of this paragraph is to deal with the
following question:

Let E,;, be a given elliptic curve. What is the size of pi(a, b), which is the least super- .
singular prime of E,;? Actually, using techniques of the large sieve, we will only prove
that p;(a, b) is very small for almost all elliptic curves. In some sense, this result has to be
compared with the result concerning the size of the least non quadratic residue (mod p)
(see, for instance [Bo], p. 7). We will prove the following

THEOREM 8. Let2 <y < \/x. Then we have the inequality
©.1) [{(@,b):lal <x,|b] <x,pia,b) >y} < xPy ilog"y
Joreveryrx >1—Z.

This theorem asserts that in this set of ~ x? elliptic curves, almost all of them have
their least supersingular prime rather small, less than y (say), for instance with y = /x,
the number of exceptions is O(x% +/Tog x). We are concerned by bounds y, which are much
smaller than the bound which would emerge by closely following the proof presented in
paragraph 3 (with £ = 0). Note also that the proof of (9.1) is quite straightforward for
k>1.

The starting point of our proof is a generalisation in several dimensions of the large
sieve; we have:
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LEMMA 11. For each prime p, let Q(p) be a subset of cardinality w(p) of the group
2" | p1" of n-dimensional vectors modulo p.
Let X > 1 and E(X) be the number of X = (x, . . .,xn) with max |x;| < X, for which x

(mod p) ¢ Q(p), for each prime p.
Then, for X > P2, we have the inequality

E) < X° / (quu @Il w(p))

Such a result is Lemma A of [Ga] and follows from an n-dimensional analogue of the
large sieve inequality (see for instance [Hu] Theorem 1 or [HI]).

To go from Lemma 11 to Theorem 8, we choose n = 2; P = y and X = x. For each p,
we define

Q(p) = {(a,B) (mod p); Eqg (mod p) is an elliptic curve with p + 1 points}
so we have
wp) = £H(—4p) + Op)
and we note the implication,
(a,b) (mod p) € Q(p) = p is a supersingular prime for Eg 5.

(We could get an equivalence above with some care about the minimality of the equation,
that is, by considering (ap~*, bp~%)mod p where & is the largest possible integer.) So,
we have by Lemma 11 the relation

K(a,b); la] <x,|b| <x,pi(a,b) > y}| < 5/ H()

with
Xy 2
0= T @l =20 L

and w(2) = w(3) = 0. In paragraph 5, we proved the relation

H(—4p) L \/_ -
©.2) =5 = (3rom)g; o—oo
and, if we use the trivial inequality

Hy > =P
02 % )

we obtain Theorem 8 for any £ = 1. The improvement comes from taking into account
the contribution in % (y), of integers g which are not prime. We define the multiplicative
function g(n) by the formula

gn) = 2(n)H 7= olp) “/n,

w(P)
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then, by partial summation of (9.2), we see that g satisfies
©.3) > g@)logp = (a+o(l))y (»— ),
Py

with @ = %. The problem is now to find a lower bound for the summatory function
G(x) = T ,<x g(n). The problem of the upper bound is more popular in the literature, and
we were unable to find a published result, which fits to our requirement.

The proof of the following lemma was communicated by G. Tenenbaum:

LEMMA 12. Let g a multiplicative function satisfying (9.3) (for a strictly positive a)
and the relation

9.9 gp) >0 foreverypand gzp(zp)

Then we have the equality

G(x) = Y u2(n)g(n) = x(logx)*~1*W.
e

The upperbound for G(x) is treated by the inequality of Halberstam and Richert under
the form

) 1 (m)g(n) < expy &) < x(logx)*~1+o®

logx 1= n logx = P

the last inequality coming from (9.3) after a partial summation.
For the lower bound, we start from the inequality

602 T T e > T i myS)

m<x% x3<p<x/m mgx m logx

Gx) K

X

by (9.3). Putz = x3, t = z¢ and denote by P(m) the greatest prime factor of m, then we

have
©.5) S iemED > 5 w5 2D,
m<z T Pmy<t m anm>)z§t m

By (9.4), the first sum is greater than
H(l + g_@) >expl| Y. = £0) O(Z gi_(p)) > exp(z g__(_p_)_)
p<t p p<t p p2 p<t p
We appeal to Rankin’s method to bound from above the second sum, we choose o = 10'?

and write
2 g( ) 2my8 (M) < e 8P) o
Pg,%« weE < 5 wmER (7)< }51,(” =
< e—l/eexp{z g(p) (az g(p) logp)} <<e—l/eexpz g(p)
<t p<t p<t p

https://doi.org/10.4153/CJM-1996-004-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-004-7

DISTRIBUTION OF SUPERSINGULAR PRIMES 103

by (9.4). We fix a very small value to ¢, and by (9.3) and (9.5), we get

> uz(m)g_(_m)_ > exp). @ = (logx)*V
m p<t P

m<z

This ends the proof of Lemma 12.

For the proof of Theorem 8, we are concerned by a lower bound for # (), in that
context the function g(p) satisfies g(p) = O(p°), so (9.4) is satisfied. The trivial inequality
Hy) > 9\% ends the proof of Theorem 8.

10. Concluding remarks. These results can be generalized to the context of super-
singular Drinfeld modules. This has been done by C. David [Davi] in her doctoral thesis.
Indeed, since we have the analogue of the Riemann hypothesis in the Drinfeld context,
stronger results can be established unconditionally which improve upon Brown’s results
[Br2].
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