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COMPOSITION OPERATORS
AND SEVERAL COMPLEX VARIABLES

R.K. SineH aND S.D. SHARMA

Let Un be the open unit polydisc, and let T be a mapping from

U" into itself. Then the composition transformation CT is a

mapping on the Hardy space Hz(Un) into the space of complex

functions on U' defined as CTf = f o T for every

f € H2[Un) . An attempt is made to study some properties of CT

in this note. A partial generalization of a result of Schwartz,
and a relation between intertwining analytic Toeplitz operators

and composition operators are reported.

1. Introduction
Let U be the open unit disc in the complex plane and 29U its
boundary. Let Un and (au)" denote the Cartesian products of 7n copies
. . 2 T R .
of 'U and JU respectively. If H ( ) is the Hilbert space of

functions f holomorphic in " for which

1917 = s {[ 1t 2an ) <
0<r<1 (BU)n

where m  is the normalized Lebesgue measure on ()" , ana T : U > U
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is a holomorphic mapping (for definitions, see [2] and [4]), then the

composition transformation CT on Hz(Un) is defined as
Cpf =f o T for every f € Hz(Un)

If CT maps Hz(Un) into itself, then by an application of the closed

graph theorem CT is a bounded linear operator on He(Un] . In case CT

is bounded, we call it a composition operator induced by T . The

composition operators have been studied on various function spaces

including the classical Hardy space (see, for example, [5], [6] and [7]).

A study of these operators on H2(Un) , in the case when »n = 2 , is made

in this paper. For L € Hm(Un) , the Banach algebra of bounded holomorphic

functions on Un , the Toeplitz operator ML on H2(Un) is defined by
(1,£)(2) = L(2)+f(2) .

NOTATIONS. If O < r» =1 , then Ur will stand for the open disc

{z €C: |z| <r}; in particular U = U and we write UZ for the

Cartesian product of 7n copies of Ur . Similarly, by (8U): we mean
the Cartesian product of #n copies of (BU)r , where

(3, ={z €€ : |z] =r} and (30) =03V . Ir z= (2, 2,) ¢ U° and

a, o
a = (al, a2) € ZE (=2 x Z+) , We write 2% for the monomial =z l-z 2 N

+ 1 "2
. . . 2

where Z+ is the set of all non-negative integers. By B(H [Un)) we
denote the Banach algebra of all bounded linear operators on HZ(Un) .

DEFINITIONS. A continuous complex velued function f on an open
subset of Cn is n-harmonic if f is harmonic in each variable
separately [4, p. 16].

Suppose T is a holomorphic map from Un into itself. Then T is

said to be proper if T_l(E) is a compact subset of U/’ for every compact

subset E of Un .
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A biholomorphic mapping of a domain onto itself is called an

automorphism [&, p. 47].

2. Boundedness and norm estimates
We begin this section with the following lemmas.
LEMMA 2.1. Let f be a holomorphic function from U? onto a domain

D of U, and let g : D+ C be real harmonic. Then g © f 1is
2-harmonic:

The proof of the lemma follows from the facts that every real harmonic
function of a complex variable is the real part of a holomorphic function
and that real parts of holomorphic functions of two complex variables are

2-harmonic.

LEMMA 2.2. Let 0<sg =1 and let f be 2-harmonic on Uﬁ . Then

f(o, 0) = flro)dmy(w) ,
(302

where w = (w, w,) and 0<r<s.

Proof.

f(o, 0) Jau f‘(rwl, o)dml(wl)

flrw,, m, )dn (w,)dn (w,)
JBU jBU 1 2771V N2
From Fubini's theorem, we have

flo, 0) = I f(r'w)dmz(w)
2
(av)

We now give the main theorem of this section.

THEOREM 2.1. If T : P+ 1P isa holomorphic function such that
Tl(z) =a(la| < 1), where T(z2) = (Tl(z), T2(z)) for every

z = (zl, 22) € VP s then Cp € B(He(uz)) and

legh = ((2+8)/(1-8))%- ((a+]al)/1-]al)¥ ,
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where 6 = |T,(0, 0)] .

Proof. Let us choose r sufficiently close to 1 such that T maps

the closed polydisc vg (g <1) into Uj Then for 2 € 2 and
2 . .
feH (U2] we have by Poisson's integral,

[r(z¢=))]2
= [rley(a), 7,(20)]°

= f [f(rw))?
(av)?

.{[rz-lTl(z)12]/[lml-Tl(z)|2]]'[[rg-]Tz(z)le}/[le—Te(zHE]]dmz(w) :
Taking absolute values and using the fact that Tl is constant we get

1£(2¢)) 12 = ((relal)/(r-la])) j [ F(mw) |2
(av)?

-[[r2—!rz(z)lz]/[lmz-g(z)lz]}mz(w) :
Integrating on (BU)s , we have

(2.1) £ (ztq)) | Pdmytwh
(av)2

= ((e+lal)/(e-lal)) | j | Fxw) |2
(av)? " (a0)?

-[[r2—|T2<qw'>IZ]/[lmg-g(qw')IQ)den2<w>d,n2<w'> :
We claim that

(212,000 12) [yt 2] im0
(av)?

= 1.2 2 2
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Since we know that the Poisson kernel (se-lzle)/(|sete-z|2) is harmonic

for |z| <& , by Lemma 2.1,

[r2-|T2(z)|2]/[|rw2-T2(z)|2] is 2-harmonic in ﬁg .

Hence an application of Lemma 2.2 completes the proof of the required

claim.

In light of the above claim, (2.1) yields

|7 (2(qun) | Zdm,y (")
(a0)2

< (trelal)/(e-la])) (412,00, 0)1)/e-lzy00, WD) [ 17t Pam o)
(a0)®

If r tends to 1 , then the above inequality becomes
legfl = ((a+lal)/a-lal)¥((+8)/(1-8))% 7 .

This proves that CT is bounded, and

el = ((a+lal)/(a-laD)¥(ars)/(1-6))% .

REMARKS. |. If T2 is constant, say b , in the statement of the

above theorem, then a similar result can be proved. In this case
legh = (a+lp))/(-151)%((a+17, (0, 031)/(a-I7,(0, 0)]))* .

2. It would bg‘nice to prove the above theorem in a more general

form; that is, when both Ti's are non-constant.

Schwartz [6] proved that if T is a holomorphic function from U

into itself, then ( € B(HZ(U)) . We give a partial generalization of

this result to H-(U°) and finally to H-(U") with n > 2 in the

following theorems.

THEOREM 2.2, Let L and t, be two holomorphic functions from U

into itself and let T : U° + U° be such that
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Tz z,) = (¢ (2;), ty(z,)) for every (2, 2,) ¢ VP . Then

¢, € B (7)) and

llepll = ([1+|t1(0)|)/(l—|tl(0)|)]%'((1+|t2(0)|)/(l-]t2(0)|])!5 .
Proof. We have, as in the proof of Theorem 2.1, for f € Hz(Uz) N

 |7@t@n) Panywn)
(30)

< [ | f(w) |2
(30)2 “(a0)°

- [[z?-nl () 1)/ (17,2, (@) |2]] : [[re-nte (@03) 12) {172, (@) 12]]

+dmy(w)dmy ")

) fau Jau Jau Jau |7 17 |
-[[r2-|tl (q1) )12, (o)) |2]] : [[r2-|t2 (03) 12)/{Im,0, (@0p) 12]]
*dm, (w, ) dn, (wy)dm) (wy)dn, (}) -

The rest of the proof is similar to that of Theorem 1 of Ryff [5].

COROLLARY 2.1. If tL=t, =t then

lleph = (a+]£(0) )/ (a-1£(0)]) -

Theorem 2.2 can easily be generalized to Hz[l/l] with n > 2 . We
state the result without proof in the following theorem.

THEOREM 2.3. Let (il, cees in) be a permutation of (1, ..., n)

and let b U U be holomorphic for 1=k =n . If 7. > e

defined by T(zy, ..., z,) = (tl(zil)’ v, tn(zi )) 5 then C, ¢ B(# ("))
n

and

n
leglh = TT (Gelt @) )/ @-l 0 D)¥
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COROLLARY 2.2. Let T : U' + U* be a proper holomorphic map. Then

C., 18 a composition operator on He(Un)

T
Proof. By Theorem 4.3.3 of [4], there exist »n holomorphic functions
tl, vees tn such that
T(zl, ey zn) = (tl(zi ), ey tn(zi ])
1 n
for =z = (zl, cens zn) ¢ " and a suitable permutation (il, ceey in) of

(1, ..., n) . Hence, by Theorem 2.3, CT is bounded.

COROLLARY 2.3. If T <s an automorphism of U, then Cp i8 a

eomposition operator on Hz[Un)

The proof follows from the corollary to Theorem 7.3.3 of [4] and

Theorem 2.3 above.
X . a 2 .

The family of functions ea(z) =z for a= (al, a2) €2z, isan
orthonormal basis for the Hilbert space H2(U2) . If y = [yl, y2) € U2 »
then the reproducing kernel ky of H2(U2] is given by the relation

{(f, ky) = f(y) , for every f € H2(U2) .
Using Problem 30 of [3], it can be shown that
)-l

ky(z) = (l-zlgi]'l-(l—zgyé for z = (zl, 32] € 2.

Furthermore, the function ky is itself in H2(U2) and its norm is given

by

2
kII€=¢k , k )=k
I yII 4 Xy y(y)

(1ol 17 el 2]

In the following theorem these functions are used as effective tools

to obtain a lower bound for the norm of a composition operator.
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THEOREM 2.4. If Cp i8 a composition operator on H2(U2) s then

n (Bt e i) i <

z= (zl,z 2) €
We require some additional machinery to prove the theorem.
.. UZ _ a
Let f be holomorphic in . Then f(z) =Y ela)z ,
o= (0,a)) €22 . The function f is in B (V°) if and only if

Y |c(<x.)|2 <o _ In fact

[o ]
¥
i1 = {% leto) 12}
0 ]
(4, p. 501.
LEMMA 2.3. et £ € B2(1P) . Then
% %
(2.2) 1£(2)| = ||f||[1—|z1|2] [1-Iz2l2] for z €.
Proof. Let f € H2((12) . Then we have
flz) = ¥ ela)z® .
a
Therefore

I£(z2)] =T le(a)]«]2%
a

< {§ |c(a)|2}%-{§ |21[2°‘1.|32|2°‘2}%
- 1oy 1) 12,17

Hence the proof of the lemma is completed.

Proof of Theorem 2.4. For a fixed 2z € U2 , we have
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(2.3) Wep(aylI® = Ep(gy (7))

[1-[T1(z)‘2]-lo[1—|T2(z)[2]-l

Applying (2.2) to kT(z) © T and using (2.3), we have
kg )12 = Ky @(2))
% %
logkggayl -1, 1%) " [2-12,12)
]—%

%
gl g l- 112 18]« 112,12

1A

1A

Thus

g %
2 2
Mgyl = gl (112, 12) ™+ (a1, 1)

which implies that

[[1-Izl|2][1-|z2I2]]/[(1-IT1(z)I2]{1-|T2(z)|2]) s llegl®

Since =z € U2 is arbitrary, the result follows.

COROLLARY 2.4. If C, 1is a composition operator on H2(U2) and

7(0, 0) = (0, 0) , then HCTH =1.

The proof follows from Theorems 2.1 and 2.bh.

3. Intertwining analytic Toeplitz operators on HZ(UZ]

DEFINITION. Let A and B be bounded linear operators on a Hilbert
space H . We say that a bounded linear operator X intertwines A and
B if XA =BX .

00
Let t € H (U) be univalent. Then define T on a as

T(zl, 22) = t(zl) for (zl, 22) € U’ . Clearly T ¢ Hm(Uz) . Also let

oo
L eH (U2) . In this section we give & sufficient condition for existence

of a non-zero bounded linear operator X which intertwines M@ and ML .
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THEOREM 3.1. Let t, T and L be as above. If the range of L 1is
a subspace of the range of t , then there exists a non-zero bounded linear

operator X on B (1}2 ) satisfying the condition XM, = MLX .

Proof. Since ¢ is one-to-one and the range of L is a subspace of

the range of t , the function Fl(zl, 22) = t'l(l}(zl, 22)) is a

holomorphic mapping from U2 into U . Then

F(zl, 32) = (Fl(zl’ 32)3 0)

is a holomorphic mapping from U2 into U2 . Define X on Hz((/z) by
(xf) (2, 2,) = F(F (2}, 2,), 0)

= f(F(zl, zz)) .

Then, by Theorem 2.1, X is a bounded linear operator on H>(U°) and
() (£) (=), 2,) = (X(72) (21, 2,)

(rf) (F 2, 2,))

r(F (2], 2,), 0)+f(P(z, 2,))

L[zl, 22)-(Xf) (zl, z2)

(MLX)(f) (Zl, 22) >

for every (zl, 22) € 112 and hence
(xM) (£) = (M5} (F)

for every f € H2[l12) , which implies that

XM

= MLX .
This completes the proof of the theorem.
EXAMPLE. Let ¢ : U+ U be the identity map and let
[--]
L(zl, ze) = 2,2, for (zl, 22) ¢ 1P . Then L €H [Uz) and also the
function T defined as

T(zl, 32) = t(zl]
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is in Hm(Uz) . Clearly the bounded linear operator X on HZ(UZ]
defined by the relation

(Xf)(zl, 22) = f[zlzz, 0)

intertwines M, and M

(13

[2]

[3]

41

(5]

(6]

{71

L8]

T L "
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