SOME RESULTS INVOLVING HYPERGEOMETRIC
AND E-FUNCTIONS
by C. B. RATHIE
(Received 16th October, 1954)
1. Recently R. S. Varma [11] gave the generalisation

() =p f : 1 (PRI W (PR)R(D) T oo, (1)

for the Laplace transform

f(p)=p f : P R(E) . oo )

Since

(1) gives (2) when k= -m +14.
‘We shall represent (1) by

v
$(p) = h(2)
and as usual, (2) will be denoted by
f(p)=h().

The transform defined by (1) possesses some interesting properties and is capable of yield.-
ing very general results. The object of this paper is to prove two theorems for this generalised
transform and to obtain a few results involving the hypergeometric function and the A-
function.

2. We begin by establishing a close relationship that exists between (1) and (2).

TreorEM 1. If

A\
#(p)=h(z)
and
f(p)=ath(z),
then

p§+m+k @

) =TT T=m =R J o
ngl(%—k—m,?g—k+m; 1+l-k-m; —;)dx,

gt (@ +p)~ f(z +p)

provided that R(p)>0, R(} +1 -m - k)>0, and the integral is convergent.
Proor : We know that [7, p. 11] if
zth(z)=f(p)

then
ezt h{z)=p(p+a)lf(p+a), R(@)>0. .coooovrnniiiiiiiiiiiieannns (3)
Also,
eta? pi-tn iy, . (ap)
L g <4:—k— Y okm: btlk-m; -° 4
__mzl- m,2 '*‘m, :_+"‘ _m, _(;>’ ......... ()

R} +1-m-k)>0, R(p)>0, R(a)>0.
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Now Goldstein {2] has given Parseval’s theorem of Operational Calculus in the form : If

L) =hy(@) and fy(p) s hyz)
then

f * @) hy ()2t dz = f (@) By ()T e e, (5)
0 0

Using the relations (3) and (4) in (5) and then replacing ¢ by p, the theorem follows
immediately.

3. To illustrate the application of the theorem, we evaluate two infinite integrals.
(i) From the integral [10, p. 171]

Jw et ymv} W, L (u) B <a1, vees &yt Py ey By 5) du
0.

=E(ay, sty s y+2m: By, oy Bay+m—k+3: p), oo (6) .
R(y)>0, R(y+2m)>0, R(p)>0,

we find that if

h(x)=xVTlE<a1, ey Oy D Bl’ ceey Bs: 1)

z
then

d(P)=p " E(ay, ooy xpy ys y+2m: By ooy By +m—k+4: p),
R(y)>0, R(y+2m)>0, R(p)>0.
Also, [6, p. 255]

thiz)=2t1 E (al, vy % Bryeeny By l)

x
=plv B (o, ooy L4y i By, ooy Bt D)
=f(p), R(l +y)>0, R(p)>0.

Applying the theorem and replacing £ —k—m by A, } —k+m by u, and 3 +I -k -m by
v, we get

J- N p+x)P Y Eoy, ooy 2 v=A+y By e Bs p+x)2F1<)\,p; v, —]—ﬁ) dx
0

=) P Y E (o, ooy s Yo Y+ —=A Bry ey B VAR T D)eveiiiiiiiiiiiann., (7)

valid, by analytic continuation, for B(v)>0, R(y)>0, R(y +u -A)>0, R(p)>0.
If we take A=v or u=v in {7) we get a result given by MacRobert [6, p. 256].
(ii) Since
0 1
f e 317D ka2, () W, . (2u) du
0

_{&-,\ +m+p) Tk =A=m+p) Pk -A+m—p) Tk -X—m -#)}
= TG -X+m I -A-pm (2 -20)

x ZArm—ktt F (k—/\—m+y, kE-X-m-p; 2k-2X; 1—%),
Rk -A4+m +p)>0, R(z)>4,
we find that, if

. h(z) =et2 gk-d-m=SW,  (x)
then

(p) = Fik-A+m+p)Ck-A-m+p)L(k~A +m—,u)1"(lc—/\—m—p)}
¢ p)_{- TR A+ -A-mI k-2

x Pk —m -A+p, k—m-A-p; 2k-21; 1-p),
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R(k-A+m4p)>0, and [7, p. 51]
at h(x) = e g+ -m=3W, (z)
_JTC+k-A-m+p)L{l+k~A-m—-p)
- ri-k-2A-m+})
xp B (l+k-A-m+p,l+k-A-m—-p; l-k-2-m+%; 1-p)
=f(p), B{+k-X-m 1tp)>0.
Applying the theorem and replacing § —k-m by «, $—k+m by B, k~m -A+p by a,
k—m—-A-pbyb, and 1 -p by z, we get

f:x’+“‘12F1(a,B; l+o; %)Jl(na,ub; l+a+b+B; z-x)da

_(T(@TI'®)Ta+B-«)T(b+p- l+a+b+,8)I‘(l+a)}
_{ Ta+B)@®+pT a+b+ﬂ a)Cla+1) (b +1)
x(1=2)2,Fi(a,b; a+b+B-a; 2), cveniininnnns. 9

valid, by analytic continuation, for
R(l+2)>0, R(a)>0, R(})>0, R(@a+B-«)>0, R(b+B-0)>0, |z| < 1.
THeoRrEM II. If

¢(p)= h(x
P '\h(P)=. ()
and pHg(p)=f(x),

then

é(p)=p—* :x"‘E(A,/\+2m,p: A+m—k+1: px)f(x)de,

provided that R(A)>0, R(A+2m)>0, E(u)>0, and the integral is convergent.
Proof : We know that if {9, p. 234)

and P> h(p)=g(x)
then
rara+ 2m) f ) - ¢
é(p)= mz} . oF A A+2m; A+m-k+1]; —;)y(l)dl
But since

g(t)= w-lf: eot f(z) do,

we have

o(p) = LT+ 2m)

[e] t
1A ; - L. -
F(/\+m—k+§)p fo 2ﬁ1()\,)\+2m, Ad4m-k+1, )

xt“-l{[w e~ f(x) dx} di

J O

_ ' )r@a+2m) | re © ot el . L. ¢
—mp fof(x){foe A 2F1<A,/\+2m, /\+m—k+2, —2—)>dt}dx

o
=p1—*fo THEMA+2m,p: A+m-k+3: px)flz)de,
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on using the integral [5, p. 10]

P st gy~ . g L@z s
joe O F, B3 85—t dte e B Byt 85 2 e (10)

The change in the order of integration in the above process is permissible by virtue of de la

Vallee Poussin’s theorem, when the integrals involved are absolutely convergent [1, p. 457].
When k= —m + 4, we have
CoroLLaRY : If

$(p)=h(x)
P Ah(p)=g(x)
and g (p)=f(=)
then

aQ
¢ (p)=p' . zHEQ, p:: pz) f(z) de,
when R(A)>0, R(u)>0, and the integral is convergent.
5. We give below some applications of the theorem. The following result [9, p. 233] will
be useful.
x"—lst (“1: ceny Oy} /31, veny ﬁs; j;x)

Y IwI+2m) Cyy oeey Opy V, ¥+ 2 1
71"'(u+m—lc+1})201 reefsn /911, vy Bavim—k+4; * }’
R()>0, R(v +2m)>0, R(p)>0(r<s); R(p)>1(r=s).
Ezxample 1. Take
_Tly+a)I'(B)I(a)
) = Bl G)

L F (B vy l—a; 2)+2?Me T (—a) Fy(B+a; yto,l+a; x)
I(y+a)(B) (o) T(A) (A +2m)
FB+a)I(y)TA+m-k+4)

v
v

PrAF AN A+2m, B A+m—k+4, 9,1 —a; l)
I'~-)l'A+a) (A +a+2m) LA
T TRveam-k+) P

X3F3<)\+a,)k+a+2m,;3+a; Adat+m—k+d, y+a,l+a; —)

=¢(p), BR(A)>0, R(A+2m)>0, R(A+o)>0, R(A+o+2m)
on interpretation with the help of (11).

>0,
We then have (3, p. 148]

g by ~ L+ T BT ()

. e 14a _ . .
F(ﬂ‘*‘a)F(‘)’) p1F2(B: 7:1 «, P)+p P( a)1F2(ﬁ+“r 7+a’ 1+°‘: p)
'=_:v'“'11F1(/3+a; y+o; —%)
=g(z), R(B)>0,
and
’ 1
pﬁ"‘g(p)=p““"“1F1(ﬁ+a; yHa; - >
xll*}-a—l
';mﬂﬂz(ﬁ“‘; yto, pta; —x)
=f(z), RB(p+a)>0.
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Applying the theorem and replacing A by a, A +2m by b, A+m -k +1 by ¢, we get

fwx“'lE(a,b,p:c:px) Fo(B+a; y+a,p+a; —z)dz
0

_Iiy+a) TR (@ (@) (b)) (p+ ) . I
) T(B+a) Tt T(e) oFy(a,6.85 6,7 1= )
F o b o I' - o 1

(a+a) I( ;(c)*—af) ) (e + )p-aan(a+a,b+a,B+a§ cto,yt+a, l+a; ;)), en(12)

valid, by analytic continuation, for R(z+a«)>0, R(b+«)>0, R(n+a)>0, R(B)>0,
R(B+a—vy—-p)<$, R(p)>0. [See note after formula (17)].

In particular, if we take B=p, y +x=v +1, put }y%2 for z, y% for p and use the relation

xv

L@ =5

oFrv+1; —a?)
we find that

J ® Jyt J, (yt) (£t2)“—i"‘%E(a b,p:c: i) de

rwr
TR Gyt B o, b s v ekl 1-as 1Y)
+I"(a+a)11:((vb:1°;)11:((c#+':;‘) (-a) G2t Fa(a+oa,b+a, pto; c+a,v+1,1+a; 492), (13)

R(@+«)>0, R(b+2)>0, B(p+a)>0, R{2x —v-$)<0.
From this result it is easy to infer that the functions
(a2)—v-1E(a, b, p:c: 4z?)
and
T'(@)L'®) () I'(«)
I'v—a+1)I(c)
IFa+e)I'b+a)(u+oa)(-a)
rwv+1)I'c+a)
are Hankel transforms of each other of order v, provided that R(a+«)>0, R(b+«)>0,
R(p+a)>0, R(2z-v-$)<0, R{r-«+1)>0, R(p+1)>0, R(v-2«-2a+3})<0,
R(v—2a-2b+4)<0, and B(v—2a —2u +$)<0.
Further when p=c¢, this gives the pair of functions

(3a?)e~—2E(a,b: : §2?)

(3ad)pr—eti Fo(a,byu; c,v—a+l,1-a; 32?)

(3a)prt+i Fo@+o, bta, p+a; c+a, v+l a+l; 32?) (14)

and
TRTOE) Gttt B b5 v =041, 105 )
+F(a+a)F(b +a)l'(-a) (at)p+t Fy(a+oa,b+a; v+1,1+a; 427), ... (15)

I'v+1)
which are Hankel transforms of each other of order v, provided that R(a +«)>0, R{b +«)>0,
R(2¢-v-3)<0, Ry ~a+1)>0, R(v +1)>0, R(v -2« — 2a + $)<0, R (v — 2« - 2b + )<0.

When o =v, (15) yields the pair of functions investigated by Ram Kumar [8, p. 79].

Since
E(a, B::x)=T(a)I (ﬂ) ahlo+6-1) gt Wm—a—s), WB-a) (%)

Zr(ﬁ Fyla; a-B+1; &), covvrrererrnsenecnn. (16)
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(15) also yields when a or b is equal to v —« + 1, the pair of functions gjven hy Hari Shanker
(4, p. 63].
Ezxample 2. Now take
h(z) =TI (a)zt-*"1,F,(a,b; ¢,1~a; %)
Fa+a)l'(b+o)(c)(-a)

2 e ta, bta; c+a, lta; x)

(@) I'(b) (6 +x)
VI()'A~a)T(A~o+2m) Liad J a, b, A -, A —a+2m; l
Y TP-at+m-k+d) 2L Y3 W —a+m-b+},c,1-a; p

Ta+a)T(b+a)T (@) (-) TNTA+2m) |, . (a+a,b+o, X, A+2m; 1
Fa) ') Lc+a)TA+m-k+1%) p 3{A+m—k+§,c+a,1+a;ﬁ}
=¢{p), BR(A-2}>0, B(A-o+2m)>0, R(A)>0, R(A+2m)>0, BR(p)>1.

Then {9, p. 240]

P Ah(p)=T(x)p*=sFy(a,b; ¢,1-a; p)
Fa+a)Tb+a)I(c)(-a)
T(@)T®)(c+a)

1
=zl Py <a,b; c; —;)

=g(z), B(a +2)>0, R(b+a)>0,

PoFy(@ata,bta; c+a,l4+a; p)

and
PP g(p)=piter Iy (a,b; c; —%)
=27 P :
;mz o (@, b5 ¢, p—a; —2)

—f(@), R(x-a)>0.
Applying the theorem and replacing A by ¢, A +2m by 7, and A+m - k+1% by &, we have

fo gt B i Lo px)aFala, b o, p—a; —x)de

=F(¢)F(§-a)1"(’7—a)1"'(#—a) « F {a,b §—a, —o; 1}
I -«) 3 -ac1 ?)
+I’(p )la+a) (b +a) () I( —a)F(E)I’( ) {a +a,b+a,f,n; 1
F@)L®)Cc+a) (L) e+, l+a;  p :
valid, by analytic continuation, for R(£-«)>0, R(n -a)>0, R(p-a)>0, R(a+a)>0,
R(b +a)>0, R(p)>1.
Note. Formulae (12) and (17) are special cases of a formula [12, (2)] given by Ragab.
In particular, taking b=c and ¢ = — «, we have

f: e LE (€, o p: L px)eTdx
o) (e o —a,f-a,n—a; 1
Dl DIl e) g, fimef e 1)

I'l-«) {-o0,1-a; P
() (-a)T'(§)I () wéms 1
+ T S 1-)}. ..................... (18)

from which we get the operational image
K G.M.A.
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LB (&, g, p: ) ‘
__:I'(;;,—a)I"(a)I’(f—a)I’(n—a) 7 w—o, f-—a,p—a; p}

T(-a) P2 (-, 1 —a;
F(F)F(—“)P(f)r(ﬂ) a+1 :u'yfy 75
+ 7O P gF, Ll e p}. ............ (19)

If in (17) we take a =1, £ =a+1, n=b+1, {=c+1 and use the relation
122,205 2¢; v)=,Fy(a,a+%,b,b+%; 3,0,c+4; o7)
+2aTbv4F3(a+rzl,a+l,b+%,b+l; $,c+d,c+1; oY), ... (20)
we get
jma:“%E(a+1,b+1,p:c+1:px)ze(a,b; Cp—%; —-x)de

0
Fa+3)To+HMp-3 1
T %)I‘Eow:-)) (ke ')@2171 <2a,2b; 2 ; _~/_§>’ .............. (21)

R(p)>1, R(a+1)>0, R(b+1)>0. R(u~-1)>0.
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