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HYPERGROUP STRUCTURES ON THE SET

OF NATURAL NUMBERS

WALTER R. BLooM AND SAROJA SELVANATHAN

Every hermitian hypergroup structure on the set of nonnegative
integers can be generated by a family of real-valued continuous
functions defined on a compact interval. We characterise such

structures in terms of properties of the generating functions.
1. Introduction
Let X be a locally compact Hausdorff space. The notation below
will be used throughout the paper.
M(X) Space of bounded Radon measures on X.

+
M (X),Ml(X7 Subset of M(X) consisting of those measures that are
nonnegative, and those that are nonnegative with total

variation one, respectively.

supp M Support of u e M(X) .

%r Point measure at x € X .

N, N' Space of nonnegative integers, and positive integers,
respectively.

A nonvoid locally compact Hausdorff space K will be called a

hypergroup if the following conditions are satisfied:
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(HG1) M(K) admits a binary operation * under which it is a complex
algebra.
(HG2) The bilinear mapping * : M(X) x M(X) - M(K) given by

(u,v) - u * v is nonnegative (g * v > 0 whenever u,v 2 0)
. . . + + .
and its restriction to M (K) x M (K) is continuous when

-+ . .
M (K) is given the weak topology.

(HG3) Given x,y € K, €. * ey € M (K) and suPp(Ex % ey) is compact.
(HG4) The mapping (z,y) - supp(ex % ey) of K x K into the space of

nonvoid compact subsets of X is continuous, the latter space

with the topology as given in Section 2.5, Jewett [6] .

(HG5) There exists a (necessarily unique) element e of K such that
E A€ =€ xE_=¢ for all x € K .
x e e X x

(HG6) There exists a unique involution ( a homeomorphism x > x of X

onto itself with the property z =x for all x € K) such that

for x,y € K, e € supp(ex * ey) if and only if x = g , and

(0 #v) = Vv au for all w,v e M(K) , where u e M(K) is
defined by n(A) = u(4) for Borel subsets A of K and
Ad=1{x: 2z € 4}.

The study of hypergroups in harmonic analysis was put on a firm
footing with the papers of Dunkl [ 3], Jewett [6] and Spector [I1]. Since
then work on hypergroups, together with the development of probability
theory on these spaces, has progressed considerably. For an 'early'
survey of results in this area, see the article by Ross [§], and for a
more recent overview, Heyer [5].

The idea of generalising convolution had in fact been investigated
by many authors. Schwartz [ 9] gave an axiomatic structure that leads to a
generalised convolution on M(N). With a refinement of these axioms (see
below) one obtains various hypergroup structures on N , a topic that has
been treated in some detail by Lasser [7].

Throughout this paper we shall be dealing with hypergroup structures
on N , when the latter is given the discrete topology, and where the

involution in (HG6) is just given by the identity mapping (such a
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hypergroup is termed hermitianf. We first show how the convolution
structure of Schwartz fits within this framework and then, in Section 2,
we prove that for such a hypergroup having as its dual a compact
subintexrval of the real line, a necessary and sufficient condition for
it to be generated by polynomials (see the definition following (P1l)-(P6)
below) is that it satisfy the assumptions of Lasser [7].

For a general reference to hypergroups see Jewett [6] and Bloom and
Heyer [1]. Numerous examples are to be found in the paper by Jewett and
Bloom and Heyer [2]. The more straightforward results in these papers
will be used without explicit reference.

Suppose that N has the structure of a hermitian discrete

hypergroup, which guarantees that the convolution is commutative. The

dual N is defined as the set of bounded real-valued sequences

{X(n)}neN satisfying

X(m} X(n) = kzo x(k) emi e, (k) (1.1)

for all mym ¢ N . With the topology of uniform convergence on compact
sets (which, in this case, is just pointwise convergence), NA is a
compact space,

For u ¢ M(N) its Fourier transform 5 is the function on N

defined by

o«
wx) = § x(k) u(k) .
k=0
It is clear that ﬁ is continuous, the mapping u = ﬂ is linear and
one-to-one, and (y 4+ v) = p v for all u,v e MN) .
Every commutative hypergroup K admits a Haar measure A , that is,

a nonnegative measure satisfying gx 4 A =X for all x e¢ K. Levitan's

theorem (Jewett [6], Theorem 7.3I) guarantees the existence of a unique
nonnegative Borel measure ¢ on N , called the Plancherel measure

associated with A , with the property that

L fok) gOT Ak) = f FX) g(xX) do(X)
k=0 Nh
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2
for all f,g ¢ L (N;A). (The Fourier transform is extended to r? (N, A)
in the usual way.) For each 7z € N write f'n = A(n)_‘z E{n} (where
g{n} denotes the function taking the value 1 at »n and (0 elsewhere.)

Then

}‘n(x) = xtn) AL Aty = x(n) .

For ¢ defined on N by ¢ (X) = X(n) we have, using Levitan's theorem,
n n

B -1
J[N“ ¢m¢ndo = An)%s,

where 6mn is Kronecker's symbol. Thus {¢n} is orthogonal with

neN

respect to the Plancherel measure. Writing the convolution on N as

€ % €
m n

T o«
=0

a further application of Levitan's theorem gives

mn(k)ek R

o (k) = (k) IN“ 46, 9,0 .

Functions q;n with properties derived from the above can be used

to generate hermitian hypergroup structures. Let K be a discrete space,

"X a compact space with nonnegative Borel measure o , and {¢a}a€K

family of continuous functions on X. Write

Ala) {f 18,17 doy™?
X

aab(c) Ale) [X ¢a¢b¢c do

for each a,b,c € K . Suppose that {¢a}aeK satisfies the following

properties:
. . 2
(P1) {¢a}a€K is orthogonal in L“(X,d) .
(P2) There exists ag € K such that ¢a = 1.
0
(P3) There exists Zj;e X such that ¢a(x0) =1 for all a ¢ K.
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(P4) {¢a}a€K is uniformly bounded.

(P5) For each a,b € K , the function aab on K is nonnegative and
has finite support.

(P6) For evexry a,b e K,

= a,(e) .
¢a¢b Z ab( ¢c
ceK
These properties correspond to the axioms given in Schwartz [9] for
generalised convolution on N, except that Schwartz does not require each

amn to be finitely supported (which is needed if the convolution of

two point measures is to have compact support). It should be noted that

(P6) holds automatically if {¢a} is further assumed to be complete

aek
. 2
in L (X,0) .

With {¢a}a€K satisfying (P1)-(P6), KX can be made into a

hermitian hypergroup by defining the convolution as

€t & = z aab(c)ec , a,be K,
ceK
(compare with Dunkl [3], Examples 4.4 and 4.5) and we refer to the

hypergroup structure on K as being generated by {{¢ } X} . 1In the

a aek ’

case K =N we always take a, = 0.

Writing

A= Z A(c)sc,
ceK

(in fact, A(a) = (o(X)ea * ea(O))_l) we have, for a,be K,

€, * X(b) = cg% €, * ec(b)k(c)
= L c,zeK aac(c')sc,(b)k(c)

Z aac(b))\(c)
cek

Z aab(c))\(b)
ceK

A(b)
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(the last equality following from (P6) by evaluating at &, ) and this

Q
shows that Ea 4 A= X, so that A 1is a Haar measure on KX .

There is a natural mapping n : X- K given by nlx)(a) = q;a(x) >

where a e K, x ¢ X ; we write n(x)=Xx.
.

THEOREM 1.
(a) If the linear span of {¢a}

to-one.

aek is dense in C(X) thenm n 1is one-

(b) n(X) is closed in K .
(c) n(c) 1is the Plancherel measure on K  associated with A.

(d) If K 4is a hypergrowp (compatible with pointwise multiplication of
characters) then n(X) =K .

Proof.
(a) This is evident.
(b) Since 9, is continuous we have that &« - n({x)(a) is continuous

for each a € K. Thus n 1is continuous, as K" has the topology
of pointwise convergence, and the conclusion follows from the

compactness of X.
. . -1
(c) First consider the functions fa = Ala) €{a}’ where a e K. We

have

~ =

[ .\fafb d n(o)
K

J F(ntw)) F,(n(z)) do(z)
X

[ X, (a) Xx(b) do (x)
X

J x% (2) ¢, (x) do(z)

Aa)? 8 5

L fule) £ le) xe) . (1.2)
cek
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Now the linear span of {fa} is dense in LZ(K;A) , whence it

ack.

follows that (1.2) holds for all f ¢ LZ(K,A). By uniqueness,

n(a) 1s the Plancherel measure on X associated with A.

(d) 1f K is a hypergroup then (Jewett [6], Theorem 12.4) the support

of its Plancherel measure is the whole space. Thus, using (c),
K" = supp(n(c)) < n(Xx) ,
and this completes the proof. //

A discrete commutative hypergroup could be generated by many families

{{¢a}a€K,X} . For example, let G be a compact nonabelian group and

take K = I , its dual object. The Clebsch-Gordan formula for characters
on (G is
m

dim(U, )

n
by = 1 —dim];U) dim];V) Yy,
k=1 k
where wU = dim(U)_l Tr(U) for U € ¥ , dim(U) denotes the dimension of
the representation U , and mk denotes the multiplicity of Uk in the

n
decomposition Z g Uk of U8V as a direct sum of its irreducible
k=1

components. A convolution on K can be defined by

n dim(U

e K
dim(U) dim(V) Uk

k=1
This hypergroup structure is generated by {{wU}UE,.G} , or

alternatively via the wU suitably defined on the (compact) space GG of

conjugacy classes of (. It should be noted that in the former case
Dunkl's Examples 4.4 and 4.5 do not apply since the span of characters
would be contained in the set of continuous central functions of G ,

a proper closed subspace of C((G).

2. Hermitian Hypergroup Structures on N

Throughout we assume that N has a hermitian hypergroup structure

generated by {{¢n}neN » [a,b]} , where the associated map n is a
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homeomorphism. All of the examples given in Lasser [7] are hypergroups of

this type, where each d>n is a polynomial of degree n. In this section

we show that this restriction on qbn is necessary and sufficient for the
convolution to be given by
mn
€ 4g = z a_ (k) e, . (2.1)
n mn
m P k
The first thing to notice is that (2.1) is equivalent to the
corresponding identity with m = 1. One implication is obvious. In the
other direction, suppose that
it

€, € = a
1 1
i k=§1-n] n

that is, supp(e; # en) < [n - ll,n + 1] for all n ¢ N. We proceed by

(k) € > (2.2)

induction. Suppose that suPP(€2 % En) c [ln - %|,n + 4] for all

2 <m-1, whexre m2 2 1is given. Then, for n 2 1,

min-2 m+n~1
€ gt(E, # €)= am(n-l)k='r§_niam_1,n~1 (k)ek+a1n(n)k=',§?_n_1,am_l,n(k) €
mn
+ oy (m+ Uk:]m—;g-zla”’“z’"”(k) & (2.3)
and
mn-2
(€, ; * €} *en=am_1’1(m—Z)kzlgkn-Zlam_g’n(k)ek
mn-1
N (m-1)k=|£_n_1 l &2 RS G (m)kZNam (ke
(2.4)

Since these two expressions are equal by associativity of convolution, we

see that amn(k) =0 for k¢ [|m-n|,m+n] . This clearly holds for

n =0 as well, which gives the assertion. Our main result is:

THEOREM 2. Suppose that the hermitian hypergroup structure on N

18 generated by | {¢n}neN : La,b]} where the associated map n. is a

homeomorphism.
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(a) If each ¢, is a polynomial of degree n then
supp(e.m 4 en) cllm- n|,mim] for all mn e N.
(b)  Suppose supp (e, # €) © Lim - n|,mtn] for each mmn ¢ N . Then

of

there is a closed interval [d,1] and a sequence {¢;}n€N

polynomials with deg ¢* =n such that {{¢$*} : [d,11}
n n neN

generates the given hypergroup structure on N .

Proof.

(a) Using (P6)

b
aln(k) = A(k) ! ¢1¢n¢k do =0
a
whenever kK >n + 1 or n > Kk + 1, in which case k <#n-1. Thus

supp(e * €,) € {In - Il,n + 1], and the result follows by the discussion
1

preceding the theorem.

(b) First note that ¢0 = 1 1is a consequence of the assumption on the
support given in the statement of the theorem.

We begin by showing that anl(n + 1) >0 for all n e N' . Since

* is associative on M(N) , for m2 2 and n € N' we can write

(e xel) % € * (&:1 *en).

m=-1 n_ Em1

Equating the coefficients of of both sides (refer to (2.3)

€ |m-n-2|

and (2.4)) we obtain

anl(n + 1)a

m-l,n+1(|m -n-2l) = am—],l(m_zmm-

2m(|m—n -20).

In particular if m = 2 , then we obtain

¢ . (m + 1)a
n

- (n) = an(0)an0(n) =€) +¢€,(0) >0

+1,1

since O« supp(e, # €,). Thus anl(n +1) >0 for all n ¢ N' , and in

fact this inequality holds for n =0 as well.
The identity for convolution ensures that

ngl
o (z)d.(x) = a (k) (x)
n 1 k=n-1 nl k
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for n e N' and x ¢ [a,b] . Hence

anl(n + l)¢n+1(x) = (¢,(x) - am(n))cpn(x) - anl(n-1)¢n_1(x). (2.5)

We can use (2.5) to show that ¢1 is a homeomorphism of [a,b] onto
{d,1] for some d e€[-1,1). The first thing to notice is that since

. . 2 .
{¢n}n€N is orthogonal in L“([a,bl,do) , ¢, F 99 = 1 , which ensures
that ¢1([a,b]) # {1} . It is also easy to see that |¢1(x)| <1 for all
x ¢ [a,b] . Indeed, writing Mx = sup{]Xx(n)| :n € N} , we have using

(1.1) that for myn € N, = € [a,b],
[ (m)| | _(n)| < k=20 X (k)|e, +e, (k) <M ,

from which it follows that Mx < 1 , and hence
/
|, (x)| = [xx(z)l <1,

as required. Thus all that needs to be shown is that ¢1 is one-to-ocne.
Suppose that ¢;(x) = ¢,(y) for some x,y ¢ [a,b] . We proceed by

induction to show that ¢n(:c) = ¢n(y) for all n € N , in which case

x =Yy as n 1is one-to—one. Assume that ¢m(:c) = ¢m(y) for all

m

IA

n . Using (2.5), we have

a, (n+ 1)¢n+1(:c) (9, (=) - @, (mho (x) - unl(n - D¢, ,(x)

-

=(¢1(y) - am(n))¢n(y) - anl(n - 1)¢n_1(y)
= anl(n + 1)¢n+1(y) .
Since unl(n +1) >0, ¢n+1('x) = ¢n+1 (y) . This completes the induction
step as required.
Write ¢; = ¢no¢;1 . Then (2.5) becomes
anl(n + 1)¢7’1‘+1(x) = (x - am(n))q;:(x) - cvnl.fn 1)¢r’:_1(x) . (2.6)
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As anl(n + 1) >0 for each n e N, it follows from (2.6) that ¢;

is a polynomial of degree »n . Also, since

1 b
_ -1
[d ¢r;’*¢;;d¢-l(c) = f ¢mq>ndo = Aln) Gmn S
a

the set {¢;}n€N is orthogonal in Lz([d,l],d¢l(0)) . It is easy to
check that {¢;}n N satisfies properties (Pl)-(P6), and that

{{¢n}n NG [d,1]1} generates the given hypergroup structure on N . //

A related result can be found in Schwartz [10], Theorem 1, proved

under somewhat different conditions. Schwartz starts with an 21—
convolution algebra where the convolution is not assumed to be non-
negative (p % v > 0 whenever u,v 2 0) ; on the other hand, he does

require from the outset that anl(n + 1) #£0 .
It should be noted from the proof of Theorem 2 that for each 7n € N

* = -
¢n($) X¢1 l(x)(n)

for all x € [a,b] .

We observe that for N to be a hermitian hypergroup with the

convolution (2.1) it is necessary that the o (mn € N) be generated as

m

in Lasser [7]. Indeed

bl b
E 4 € = a_(kle, = gmyn,m+ n - kle >
m n k=|m—n| mn k k=0 mn~-k
where g(mmn,k) = amn(k) for myn,k € N . Then
g(0,n,n) = aOn(n) =1,

a =g(l,nn+1) =a (n+1) >0,

n n

bn =g(l,n,n) = aln(n) 20,

e, = g(l,nn - 1) = aln(n -~ 1) >0

and, since e, * en is a probability measure,
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(n) + o
n

+ + = + 1) +
a, bn c, am(n 1) oy

1n(n - 1) =1.

Thus {an}, {bn}, {cn} satisfy property (P) of Lasser[7], p.191.

Using the associativity of the convolution, it is straightforward but
tedious to check that the function g satisfies the recursive properties

given in Lasser [7], Section 2, p.188.
Finally we consider the following convolution on N , introduced in

Gilewski and Urbanik [4] :

e s cosh a(m - n) . cosh a(m + n) c
m = “m 2 cosh am cosh an |m-n | 2 cosh am cosh an mn '

where a > 0 is given. It is easily shown that N is a hermitian

hypergroup with the above convolution and (¢ as unit element, and that
N~ = {Xx : e [-cosh a,cosh g1} ,

where

(-1)"cosh(n arcosh(-z)) if =z ¢ [-cosh a, -1/,
Xx(n) cosh an = {cos(n arccos x) if ze [-1,1],

cosh(n arcosh x) if xe (1, cosh al.
Each ¢n is a polynomial of degree n , agreeing (up to a constant) on

[-2,1] with the nth Tchebychef polynomial of the first kind. The

sequence {¢n}neN is orthogonal on [-cosh a, cosh a] with respect to
the measure ¢ supported in [-2,7] and satisfying
2, -%
do(x) = (n(1 -2%)) “de, z e [-2,21] .
It is clear that the hypergroup structure is generated by both {{¢n}neN’

[~cosh a, cosh al} (with orthogonalising measure o) and the corresponding
family restricted to [-2,1] ; however (using the notation of Theorem 1
above) in the latter case n([-1,1]) is a proper subset of N . Note

that the ¢n cannot be extended past the interval [-cosh @,cosh a],

as then (P4) would not hold.
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