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Abstract

It is shown that a normed linear space admitting (Chebyshev) centers is complete. Then the ideas in
the proof of this fact are used to show that every incomplete CLUR (compactly locally uniformly
rotund) normed linear space contains a closed bounded convex subset B with the following properties:
(a) B does not contain any farthest point; (b) B does not contain any nearest point (to the elements of
its complement).

1980 Mathematics subject classification (Amer. Math. Soc.): 46 B 20.

1. Introduction

Given a normed linear space X and a bounded subset A C X, the farthest
distance function F,: X — R is defined by
F(x)=suplx—al, xexXx

acA
Also, by definition, the Chebeshev radius of 4 is defined by
r(4) = inf F,(x).
xeX

The bounded subset A is said to have a.(Chebyshev) center if there exists some
¢ € X such that F,(c) = r(A). The normed linear space X is said to admit centers
if each nonempty bounded subset in X has at least one center. A. L. Garkavi
(1964) has given sufficient conditions for a normed linear space to admit centers;
these imply that all conjugate Banach spaces, and the spaces L'( ), admit centers.
He has also established the fact that the uniform convexity of the norm in every
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direction (see Garkavi (1964) for the definition) is a necessary and sufficient
condition for a normed linear space to admit at most one center to every bounded
subset. It is also known that the space Cr() of real-valued bounded continuous
functions, on the paracompact topological space @, admits centers (see Holmes
(1972)). In the present paper we show that completeness is a necessary condition
for a normed linear space to admit centers. This is done by constructing a
bounded subset B (in an incomplete normed linear space X) with no center. It is
then shown (when assuming that X is also CLUR) that the same subset B serves
as a closed bounded convex set in X containing no farthest point and no nearest
point. Since the closure of B in the completion of X is a closed ball, we naturally
call B a “virtual ball” in X.

2. Results

The following theorem implies that a normed linear space admitting centers
must be complete.

THEOREM 1. Let X be an incomplete normed linear space. Then X contains a
closed bounded and convex subset with no center.

PRrOOF. Since X is incomplete, it contains a Cauchy sequence {a,} which does
not converge in norm. However for each x € X, since

lilx — all —llx — alll < lla, — a,ll,

and since the real line is complete, the sequence {||x — a,]|} converges to a real
number r(x). We may assume without loss of generality that »(0) = lim ||a || = 1.
Observe that for each % in the completion of X we have lim,||% — a,| =
| — lim, a,|, so that r(x) equals the restriction of the continuous convex
function || X — lim, a,|| to X. It follows that r(x) is also continuous and convex,
and hence the subset B = {x € X: r(x) < 1} is a non-empty closed bounded and
convex set in X. We show that X does not admit a center to B. To this end it is
enough to show that

(i) for each x € X, Fy(x) = sup,pllx — b|j > 1, and

(ii) for each € > 0 there exists a € X with Fp(a) <1 + «.

To prove (i) let x € X be arbitrary. Then 0 < r(x) (otherwise a, — x which is
absurd). Now from lim,||x — a,|| = r(x) and lim , ,|la,, — a,|| = 0 we can choose
a natural number N such that

(x)

i
8 vn> N, fay - al <5 <lx - ayll,
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where M is some fixed positive number for which r(x)/M < 1 < M. Next we put
b=ay+ ((ay — x)/llay — x|)(1 = r(x)/M), and consider that by (1)

Va>N, [b—-a,l<|b—apl+llay-al=1-

r(x)
=7 —lav—al <1,

from which it follows r(b) < 1 and hence b € B. Now, again by (1),

Ix — bl =x = ay = ((ay — x)/lay — xID(1 = r(x)/M)|
=|x —apll+1-r(x)/M>1,

from which we deduce Fz(x) > ||x — b]| > 1 and (i) is proved.

To show (ii) let 0 < & be arbitrary. Since {a,} is Cauchy we first choose a
natural number N such that forn > N, |lay — a,|| < ¢/4.

We show that Fgz(ay) <1 + &: given an arbitrary b € B, r(b) < 1 implies the
existence of an n > N such that ||b — a,|| < 1 + ¢/4. Hence

lay = bl <llay = a,ll +lla, — bl < 2/4 + 1 + &/4.

Therefore for each b € B we get|lay — b} <1 + £/2 and hence Fg(ay) <1 + &
This completes the proof of the theorem.

We naturally propose to call the set B, constructed in the proof of Theorem 1, a
“virtual ball”, as it is the intersection with X of the ball B(lim,a,,1) in the
completion of X. Our next theorem shows that in an incomplete CLUR space, a
virtual ball contains neither a farthest point (to any element of X), nor a nearest
point (to any element of its complement). Recall that a normed linear space X is
called CLUR (or X is said to have property (M) in the terminology of Panda and
Kapoor (1975)); if x, x, € X, ||x|| = 1, ||x,ll < 1, and lim,||x, + x|| = 2 implies
that { x,} has a convergent subsequence. The CLUR normed linear spaces were
first introduced by L. P. Vlasov (1967), and were studied in some detail by Panda
and Kapoor (1975). In the proof of our Theorem 2 we shall make use of the
following lemma. The two parts of this lemma are modified versions of Lemma
1(ii) and Lemma 2(ii) in Astaneh (1983). As the second implication was stated
there without a proof, and for the sake of completeness, we present here a short
proof.

LEMMA. Let X be a CLUR normed linear space.

(i) Given any closed ball B(z, r) and x (# z) € X, each maximizing sequence for
x in B(z, r) has a convergent subsequence.

(ii) Given any open ball B%(z, r) and any x (# z) € B%(z, r), each minimizing
sequence for x in X ~ B%(z, r) has a convergent subsequence (X ~ B°(z, r) denotes
the complement of B%(z, r) in X).
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PrROOF. (i) Let x and B(z,r) be as stated and let {y,} be a maximizing
sequence for x in B(z, r). Without loss of generality we may translate and scale
so that x = 0 and r + ||z]| = 1, in which case we will have ||y,|| = 1. Then for

each n,
z z 2—r 1
2>|ly,,||+Hl_,”> Y + 1_,”=| T 1= 2)
2—r 1 2—-r r
> l_r”yn”_1_r”yn_z|l—)1_r+1_r_2‘

Therefore ||y, + z/(1 — r)|| = 2, and by the CLUR property of X, {y,} has a
convergent subsequence.

(ii) Let x and BY(z, r) be as stated and let { y,} be a minimizing sequence for x
in X ~ B%(z, r). Again without loss of generality we may translate and scale, but
this time in such a way that z = 0 and r = 1. Then ||y,|| > 1 and || y,|| = 1, and

hence
X Vu 1 ( 1 1 )
2> =l—=(x-p)+|—=+—1»
ERE N SR TR
1 1 1
>l i + = | — 7= llx — ya
b "(nxn ny"n) g
1 1
=—(yl=llx=yl)+1->—=[1-(1=xl)] +1=2.
g (0l =l = 3l + 1 = 2 1 =@ =)
Therefore
X I
IR

and, X being CLUR, {y,/||5,|} has a convergent subsequence. From this and
[|¥qll = 1 the result follows.

THEOREM 2. Let X be an incomplete CLUR normed linear space. Then any virtual
ball B in X is a closed bounded convex subset with the following properties:

(i) B does not admit a nearest point to any element of its coplement;

(ii) B does not admit a farthest point to any element of X.

PROOF. (i) Let B be the set constructed in Theorem 1. We show that no element
belonging to the complement of B has a nearest point in B. To this end let x & B;
then r(x) > 1 and therefore r(x) — 1 > 0. We first note that

(1) inf |x — bf|=r(x) - 1.
beB
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To show (1) we only need to consider the ball B(lim, a,,1) in the completion of
X, and note that B is dense in this ball. Then, having observed this, we have

inf ||x — b)) inf{”x ~ bJl: 5 € B(lima,, 1)}
beB n

”x - li'{nan" - 1=r(x)—-1.

To show that B does not admit a nearest point to x we assume otherwise, and get
a contradiction. Thus let b, € B and

Ix = boll = inf [lx — bl = r(x) — 1.
beB

Since b, must belong to the boundary of B, by the definition of B we have
r(by) = lim,||b, — a,|| = 1. We next consider the ball B(b,,1) and note that the
sequence a, = by + (a, — by)/llz, — byl| lies on the boundary of B(b,,1), since
laZ, — bgll = 1. On the other hand

— bl — 1 - b
m (”an oll )”an oll -

2) lima}, — a,| = lar = bol 0

From (2) and lim,[|x — a,|| = r(x), it follows that lim,||x — a/|| = r(x). Now
considering a/, € B(b,,1) and the fact that r(x) = ||x — bg|| + 1, we deduce that
{a,} is a maximizing sequence for x in B(b,, 1). Therefore, noting X is CLUR
and by part (i) of the above Lemma, we see that {4} must have a convergent
subsequence. But (since a, = ||la, — byll(a, — by) + by), this would imply that
{a,} has a convergent subsequence, which is a contradiction. Hence the proof is
complete.

(ii) Let x € X be arbitrary. We first note that
(3) sup ||x — b= r(x) + 1.

beB

To show (3) it is again enough to consider the ball B(lim, a,, 1) in the completion
of X, and that B is dense in this ball, so that

sup |[x — b| = sup{||x -b|:be B( 'n a,, 1)} = ”x - li'rrna,, + 1.

beB

Hence

(4) sup ||lx — b||=r(x) + 1.
beB
To show B does not admit a farthest point to x we assume otherwise. Thus
suppose ¢ € B is such that ||x — ¢|| = sup,cpllx — b||=r(x)+ 1. Let z = x +
(x — ¢)/|lx — |, and also for each n let a, = ¢ + (a, — ¢)/||la, — |- As in the
proof of (i) we have lim |ja, — a,]| = 0 and therefore lim,, ||x — a|| = r(x). We
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next consider that

|z = a=fx + 2= - 22— °
" lIx = el lla, = cll

1 a,— ¢

=1+ x—c) - —t——

( nx—cu)( )~ fla, = el

> (1+"x£c”)(x—c) ==+ 1) =1=r(x)+1.

This means that a, € X ~ B%(z, r(x) + 1). On the other hand
inf{||x — yll:y € X~ Bz, r(x) + 1)} = r(x) + 1 —|Ix — z|| = r(x).

Hence { .} is a minimizing sequence for x € B%(z, r(x) + 1) in X ~ B(z, r(x)
+ 1). Now since x # z by part (ii) of the above lemma {a,} must have a
convergent subsequence. But then (by lim ||a;, — a,|| = 0) this would mean that
{a,} has a convergent subsequence in X, which is absurd. Hence (ii) follows.

ExampLE. Consider the normed linear space (X, || ||,) where X = C([—1,1]) is
the space of continuous functions on [—1,1] and ||x|l, = (f1, |x(2)|? dt)*/~
Being an inner product space, X is uniformly convex and hence a CLUR normed
linear space. The Cauchy sequence

0, -1<t<0,
1
a (1) = nt, 0<t<n,
1, l<t<1,
n

does not converge in (X, || ||,), though in the completion X (= L¥[-1,1])) of X it
converges to X ; (the characteristic function of (0,1]). Now it follows from
Theorem 1 that

B = {xeX: ||x—x(o,11”2<1}

_ {x < c([—1,1]):f_°l () dr + fol (1) -1 dr < 1}

is a closed bounded convex subset with no (Chebyshev) center. Moreover by
Theorem 2, B contains neither a nearest point (to the elements of its complement),
nor a farthest point.
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