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Abstract. Using the classification by Dotti and Fino [3] we show the existence
of an HKT metric on a neighbourhood of the centre of any 8-dimensional nilpotent
Lie group G with invariant hypercomplex structure. This metric exists globally if the
hypercomplex structure is abelian, and in these cases we construct an HKT structure
on a neighbourhood of the zero section of the cotangent bundle 7*G extending the
HKT metric on G.
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1. Introduction. The two-dimensional sigma models studied by physicists force
the Riemannian structure of the target space to be compatible with different kinds
of quaternionic structures. In the presence of Wess Zumino terms and certain
supersymmetries, the target space carries an HKT structure (see, for example, [9]).
We begin by recalling some of the facts about these geometries.

A manifold M is hypercomplex if there exists three complex structures 7, J and
K satisfying the relations of the quaternions /> = J?> = K> = IJK= —1. A Riemannian
manifold (M, g) is called hyperhermitian if it admits a hypercomplex structure such
that g is hermitian with respect to 7, J and K.

An affine connection V on a hyperhermitian manifold M is called hyperkdhler
with torsion if it satisfies Vg=0, VI=VJ/=VK=0 and the torsion tensor
cX,Y, Z)y=g(T(X,Y), Z) is totally skew. (Here T is the torsion of V.) A manifold is
called hyperkdhler with torsion (or short HKT) if it is hyperhermitian and possesses a
hyperkéhler with torsion connection. It is well known (see [7]) that any hypercomplex
manifold locally admits a compatible HKT metric.

If there exists a hyperkéhler with torsion connection on a hyperhermitian manifold,
it is unique; see [7]. Hyperkahler manifolds with torsion are in general not hyperkéhler
as the Kéahler forms corresponding to 7, J and K need not be closed. The hyperkahler
case corresponds to the case of vanishing torsion and the connection is then the Levi—
Civita connection.
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In this paper we shall construct hyperkdhler structures with torsion on some
nilpotent Lie groups. The first result deals with those 8-dimensional cases where
the Lie group admits an invariant hypercomplex structure; in particular, we use the
classification by Dotti and Fino [3] of 8-dimensional nilpotent Lie groups with invariant
hypercomplex structure. Dotti and Fino [4] have constructed invariant HKT structures
on 8-dimensional 2-step nilpotent Lie groups; in particular, they have shown that all
invariant HKT structures must have abelian hypercomplex structures. Allowing the
metric to be non-invariant, we shall prove the following result.

THEOREM A. Let G be any 8-dimensional nilpotent Lie group with invariant
hypercomplex structure. Then G admits a compatible HKT structure on a neighbourhood
of its centre.

Boyom [2] has described a Lie group structure on 7*G using the group structure
on G and a flat torsion-free affine connection on G. Using this construction when G
has an abelian hypercomplex structure we may try to extend the then globally defined
HKT metric on G to (a neighbourhood of the zero section of) 7*G. More precisely,
we shall prove the following theorem.

THEOREM B. For any 8-dimensional nilpotent Lie group G with invariant abelian
hypercomplex structure there exists an HKT metric on a neighbourhood of the zero
section of the cotangent bundle T*G extending the invariant HKT metric on G.

This result can be compared to the following theorems on hypercomplex and
hyperkéahler extensions on (co)tangent bundles.

(1) Let X be a complex manifold equipped with an affine torsion-free connection
whose curvature is of type (1, 1). Then there exists a hypercomplex structure in a
neighbourhood of the zero section of the tangent bundle 7X such that the Obata
connection restricts to the given connection on the zero section. See [6].

(i1) Let X be any real-analytic Kdhler manifold. There exists a hyperkdhler metric
on a neighbourhood of the zero section of the cotangent bundle 7* X that restricts to
the given metric on the zero section. See [5].

The result of Theorem B may be regarded as part of the more general extension
problem: describe which hermitian manifolds X possess an HKT structure in a
neighbourhood of the zero section in T*X.

2. The HKT equation. We shall use the following result which allows us to decide
whether a hyperhermitian manifold is HKT.

PROPOSITION 1. (See Proposition 2 in [7].) Let M be a hyperhermitian manifold and
F\, F>, F; the Kdhler forms with respect to I, J and K, respectively. Then the metric is
HKT if and only if 3;(F> + iF3) =0, where 8; + d; = d is the decomposition of the exterior
derivative into types with respect to the complex structure I.

Proof. See [7] Ul

The 2-form F;, + iF3 is of type (2, 0). Hence the condition d;(F; + iF3) =0 is equi-
valent to the vanishing of the (3, 0)-part of d(F> + iF3). In the hyperkéhler case, since
F, and Fj are then closed, this condition is satisfied. However, the twistor theory for
hyperkihler manifolds uses the fact that 8;(F» + iF3) = 0 as the starting point to encode
the hyperkdhler metric in holomorphic form. Hence the condition of Proposition 1
indicates that the twistor theory for HKT manifolds will have non-holomorphic
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features and will thus be less promising a tool in the construction of HKT structures.
For more on the twistor theory see [8]. Since the hypercomplex and hyperkahler
extension theorems in [6] and [5] have been proved using twistor theory, their proofs
cannot be easily adapted to the case of HKT extensions of hermitian manifolds.

3. Hypercomplex structures on 8n-dimensional nilpotent Lie algebras. Let G be
an 8n-dimensional 2-step nilpotent Lie group with ;G = 0 and centre C of dimension
at least 4n. Then we can find invariant 1-forms e!, ..., e% on G such that def =0
for 1 <k<4n and de*" v e A(e!,..., e¥) for 1<j < 4n. See [10]. Alternatively,
lei, ej] € (€ant1, ... egn), foralli,je{l, ..., 4n}, and [e4,yi, ex] =0, fori=1, ..., 4n and
k=1,...,8n.

We define an invariant almost hypercomplex structure on G by setting Je?~! = %
for 1 <i<d4n and Je/ =(—1y*'e”V for 1 <j<2nand 4n+1<j<6n and K=1J. In
general, the almost complex structures /, J and K may not be integrable.

We now restrict our attention to dimension 8. According to Theorem 2.2 in
[3], any 8-dimensional nilpotent Lie group with invariant hypercomplex structure is
2-step nilpotent. It is also clear from the classification in [3] that we can find invariant
forms e!, ..., e® satisfying the conditions mentioned above such that the complex
structures 7, J and K are defined as above. Furthermore, in all but one case the centre
will be spanned by es, ..., eg (Where ey, ..., eg are the invariant vector fields dual to

el, ..., ed). In the exceptional case, the centre is spanned by ey, es, . . ., es.

EXAMPLE 1. The cotangent bundle 7*(Hz x R) has the algebra de’=0 for
i=1,...,5and de® =2¢' A €%, de” =2¢' A e and ded =2e! A e

The fact that this algebra does indeed describe the cotangent bundle, i. e. is defined
on g* @ g where G= H3 x R, can be seen as follows.

Let X, X> and X; be left-invariant vector fields generating the Lie algebra of
the three-dimensional Heisenberg group H3 and let X4 generate the Lie algebra of R.
Then all Lie brackets [X;, X;] vanish except [Xi, X2] = X3. We define a flat torsion-
free affine connection V on G= H3 x R by Vy, X2 = X3, Vx, X1 =—X, and all other
Vyx,X; = 0. Setting /X = X> and I.X3 = X; defines a left-invariant complex structure
on G; the connection V satisfies VI =0. Using the process described in Section 5
below, we can use this connection to define a Lie group structure on 7*G. If we define
abasis X1,..., Xgof g*®gby X;=(0, X;), Xa0i =(p;,0),i=1,...,4,(wWherep, ..., ps
is the dual basis to Xi, ..., X4), the Lie algebra can be described by [X;, Xz] = X3,
[X1, X71=—Xs and [X7, Xg]=Xs. If py, ..., ps is the dual basis to X1, ..., Xg, then
letting e! =2py, € =2p,, 3 =2pg, e* =2e7, €’ =2ps, % = —2p3, ¢’ = —2ps and ¥ = 2p;
defines the algebra above.

4. Solving the HKT equation in the 8-dimensional case. In this section we shall
prove Theorem A. We use the invariant hypercomplex structure on G discussed in
Section 3. Our strategy to find an HKT metric on G is to perturb the standard metric
¢" given in terms of the invariant forms as g° = "7, (¢/)°.

Let wyj=e¥"'+ie¥,j=1,...,4, be the (1, 0) forms with respect to 7 and define
holomorphic functions z; =xy;_i +ixy;, j =1, 2, where dx; =é forj=1,...,4. We
can always find x1, . .., x4 since de! = de’* =de’ =de* =0 and 71,G=0.

https://doi.org/10.1017/50017089502001155 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502001155

192 BIRTE FEIX AND HENRIK PEDERSEN
If F)=g%J-,-) and FY =g°(K-, ), then FY +iF) = wj A wy + w3 A wy, so that
d(F +iF9)™" = (dw3)0 A wy — w3 A (dwg)™,

where o”? denotes the (p,0)-part with respect to I of the p-form «. Since
de’, ..., ded e A?(er, ...e*), we have dws, dws € A% (w1, W1, wa, W>) and thus

(dw3)2’0=A1w1/\w2 and (dw4)2’0=A2w1/\w2,

where the coefficients 4; and A4, are constant, since all forms are G-invariant.
We introduce mixed terms into the metric such that g=g° + Z;L 1 Aigj (with real
coefficient functions ;,j =1, ..., 4) remains hyperhermitian. Hence
g1 = eléd + 25 + el + e,
@ = eled — 25 — BB 4 et
g = elel +e2ed — e — e,
g4 = ele® — e’ + Aeb —eted.
Let o =gj (J,) and ,3j =g/(K,),] = 1, ey 4. Then

ai +if1 = w1 Awg — wr Aws,
oy +ify = iw) A wg+ 1wy A ws,
o3+ i3 = —w; Aws — wy A wy,

o4+ iBs = —iw) A ws +iwy A wy.

Choose A —iAy =—Arz; and A3 — idg = A 1z;. We have

4
. . 3,0 .
d(Fy+iF3)*" = d(F) +iF3)"" + )" d(3; (o + iB))*°
j=l
= A1w1 AWy AWy — Azwl AWy AWz — d(—A2Z])l’0 AWy A\ W3
—d(A1z)" " Awy Awy =0,

since d(a; + iB,)** =0 and d(1 + ir2)""" = d(3 + irs)':? = 0. Hence g satisfies the HKT
equation.

We recall from the previous section that the centre C corresponds to
x1=x2=x3=x4=0 or x; =x; =x3=0 in the exceptional case respectively. Hence
glc=g"c, but g° is clearly positive definite and thus g is positive definite in a
neighbourhood of C in G concluding the proof of Theorem A.

REMARK 1. If the hypercomplex structure is abelian, i. e. for any (1, 0)-form «
the exterior derivative du is of type (1, 1), the constants A; and 4, vanish. Hence the
standard metric g° is HKT and thus there exists a global HKT metric on G. This is
also true in dimension 8z for arbitrary ».

ExAMPLE 2. We continue Example 1. For the cotangent bundle 7 (H3 x R) we have
A;=0and 4, =1, because dws =d(e’ + ie®) = (w; + W) A (D) — w;) =iw; Aw; and
dws= d(€7 + ie8) =(w; + Aw) A ws.

The case of T*(H3 x R) can also be regarded as an example of an HKT extension
to the cotangent bundle of the hermitian metric g=p} + p3 + p3 +p3 on H; x R. To
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adopt this point of view we have to choose the solution A; +iA; =0 and A3 +idg =25
of the HKT equation. The metric g will then be positive definite in a neighbourhood
of the zero section of 7T*(H3 x R).

5. Lifting the algebra to the cotangent bundle. If G is a Lie group possessing a flat
torsion-free affine connection V we can define a Lie algebra structure on g* @ g (and
thus a Lie group structure on 7*G) as follows; (cf. [2]). If («, X), (B, Y) € g* @ g, then
we define

[(Ol?X)v (ﬁ? Y)]Z(aon_ﬂona[Xv Y])

LEMMA 1. (Barberis [1].) If G is 2-step nilpotent and carries an invariant

hypercomplex structure which preserves the centre, then the Obata connection V on
G is flat.

Proof. The Obata connection can be expressed in terms of Lie brackets and the
complex structures 7, J and K (see, for example, [1]) as

VyY = %[X, Y]+ é(l([JX, KY+[JY, KX))+ J(KX, IY]+ [KY, IX])

+ K([IX, JY]+[IY, JX]) + é(I[IX, Y]+[1Y, X))
+J(JX, Y1+[JY, X))+ K(KX, Y]+[KY, X])). (1)

but then VyVyZ =0 and Vy y}Z =0. Hence the Obata connection is flat. O

We can therefore use the Obata connection (which is always torsion-free) to define
a Lie group structure on T*G, where G is any nilpotent 8-dimensional Lie group with
invariant hypercomplex structure preserving the centre. From the classification [3] we
know that we only have to exclude one exceptional group and in all other cases the
centre will be 4-dimensional. The invariant hypercomplex structure on G lifts to an
integrable hypercomplex structure on 7*G.

We now describe the resulting algebra structure on g* @ g in more detail. Let
el, ..., eg beabasis of invariant vector fields on G such that the centre is (es, . .., eg). If
e, ..., é®are the dual forms then de! = de* =de® = de* =0 and de°, de®, de’, de® e A?
(e',...,e*. Forj=1,...,4define

fj = (e4+js 0)7 .f;lJrj = (09 ej)’ f3+j = (le O)s f12+j = (07 e4+j)'

Then f1, ..., fis define a basis of invariant vector fields on 7*G.
For any (o, X )eg*@gand 1 <j<4

[(e, X), (¢, 0)] = (=€ 0 Vx, 0) =0,

since Vy Y € (es, . ..eg) for any Y € g using the formula (1) for the Obata connection
in terms of Lie brackets and the fact that any Lie bracket lies in the centre of g which is
preserved by the hypercomplex structure. Hence fo, .. ., fi» are in the centre of g* & g.
Also

[(O{, X)’ (Ov e4+j)] = (Ol o V34+/., 0) = 0,
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since [ X, e44;]=0as eq; is in the centre of g and thus also V,, , = 0 using formula (1) for
the Obata connection in terms of Lie brackets; hence f}3, ... fi¢ are also in the centre.

The Lie group T*G is 2-step nilpotent because any Lie bracket [f,,f,] lies
in the centre. This is obvious if p>9 or ¢>9 (as the bracket then vanishes)
or if 5<p,q<8 (since [e,_4,e,_4] is in the centre of g). If 1 <p,g<4, then
U, fl=[(e*7,0), (e*7,0)] =0.If 1 <p<4and 5 < ¢ <8, then

o Sl = (€7 0V, 4, 0) € (€, 0), ..., (¢, 0)) = (fo, ..., fia),

since Vepe;=0 for/=5,...,8. Thus, forany 1 </ <4,
df8+leorj/\f4+k;1§j’k§4> and df12+IE<f4+j/\f4+k;1§j,kf4>

and also df/ =0, forj=1,...,8.
Note that the basis of invariant 1-forms /', .. ., /1% is actually of the type described
in Section 3.

6. An HKT metric on the cotangent bundle. If the invariant hypercomplex
structure on an 8-dimensional nilpotent Lie group G is abelian, the standard metric
g% is a global HKT metric on G and we will extend it to a neighbourhood of the zero
section of the cotangent bundle and thus prove Theorem B.

Examining the classification of such Lie groups by Dotti-Fino [3], we notice
that there are only three examples with abelian hypercomplex structure, namely the
following trivial extensions of Heisenberg groups: HE x R?, H§: x Cand H g’” x R.

All three cases will be solved using the following ansatz for a hyperhermitian metric
on T*G:

8

g=¢"+ > h. )
=0

where g = 1% (7)o = Y1 () and, for j=1,... .4,

l’l] =f'1f4+j +f2]f‘4+j +f3Jf‘4+j +f.4Kf4+jv
hasy = LS 41U+ f1I + fKH.
Let the corresponding Kahler forms be oy = #;(J-, -) and 8; = (K-, -), [ =0, ..., 8, and

let v, =f"1+j%, p=1,...,8, be a basis of (1, 0)-forms with respect to / on T*G.
Then

oo+ By = vy Avy+ V3 A,
aj +if1 = Vi Avs— v Avs,
oy + iy = vy Avg+ vy Avs,
asz+if3 = —vi Avs — v Ay,
a4 +ifs = —ivy Av3+iva A vy,
os +ifs = v3 A vg — Vg4 A Vs,
o6+ ifle = vz A vg + ivg A Vs,
o7 +if7 = —v3 A Vs — vg A Vg,
og +ifs = —iv3 A vs+iva A V6.
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In order to produce an HKT metric we need to choose (i, . .., ig such that

8
d(F> +iFs)* = d(FS +iF)™ + 3" d(u; (e +i)** =0,

j=0
where F) +iF) =g¢°(J-,-) +ig"(K-,").

We introduce holomorphic functions ¢i,...,qs4 by requiring dg;=v;, for
j=1,...,4. This choice is possible since dvi = - -- =dvs =0 and 71 (T*G)=m,G=0.

Case 1. HY x R3. The algebra on HY x R? is given by

dé =0, fori=1,...7,
de® = e At — A €.

Letey, ..., eg be the dual basis. Using formula 1 we compute the Obata connection as
1
Ve e1=—V,e1=—V,e3= —535.

All other V,,e; can be obtained from these using VI = VJ = VK = 0. Using the notation
from Section 5 we get

df' =0, fori=1,...,8,13,14,15,
1
df‘):_(}(1/\f'S_i_fZ/\f6_i_f3/\f7_]('4/\f8)7

2
¥ = é(‘f VAR AUNAR TAVAS S ARV}
P =SS A=A EL AL =1 AL,

dr'’? = %(fl A= AT AL SAAS),
d'® = A =fONST
and therefore
dv;=0for i=1,...,4 and (dvy)*°=(dvg)**=0,

1 1
(dv5)2’0 = Evz Avg and (dv6)2’0 = Evg A V3.

Choose po=0and

) 1 -~
w1+ ipy = Z(—Q2q4+Q2CI4+CI1613)’
) . _ __
n3 + iy = Z(C]2Q3 — {4243 — 6]1614),
s +ine =0,

. 1 _
w7 +ipg = 5(—612 +q2).
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Then the ansatz (2) satisfies the HKT equation for T*(H< x R3).

Case 2. H§3 x C. The algebra on ch x C is given by

de' =0, fori=1,...6,
de’ =e' AP+ Aet,

de® = e At — e A €.

Note that we use the abelian hypercomplex structure here. There is also a non-
abelian complex structure on Hg: by regarding this group as the complexification of H5 .
The Obata connection is given by

Vee1=—Ve,er=—es and V,e3=V,es=0.
We obtain

df' =0, fori=1,...,8,13, 14,
df9 =fl /\fs—i‘fz/\f6,

&' =~ AL AL,

A" =N =UAS

61712 =f3/\f6+f4/\f5,

6#'15 =f5 /\f7 +f6 /\f'S’

' =1 AL =LA S

Therefore dv; =0, fori=1, ..., 4, and (dv7)>° = (dvg)>* = 0. Also
(dv5)2,0 =0 and (dv6)2’0 =y A V3.

Choose o =—¢g3q3 and
. 1
pitipe = = =(q24a+q143),

) 1 _
w3 +ipg = 5(42613 +4144),

ws +ine =0,
W7 +ing = —qa.

Then the ansatz (2) satisfies the HKT equation for 7 *(H;C x C).
Case 3. H' x R. The algebra on H!' x R is given by

deé =0, fori=1,...5,
de® =e' A — P At
de’ =e' AP+ A,
de® = e' At — e A€

The Obata connection is given by V,,e; = —3es/2 and V,,e; = V,,e3 =e5/2.
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We obtain
df' =0, fori=1,...,8, 13,
& = 36/ AL LA AL AL 4L AL,
I = S AL A AL P AP AL AL,

AR VYU LN AR NN

@ = %(—fl A =L AT+ ALC 3 AL,
A N AR AN
A = AfTHIONSE,
&' = AL =1 ns,

and therefore dv;=0, for i=1,...,4, and (dv7)*>° =(dvg)>*=0. Also (dvs)*’=
%vl A vz and (dv6)2’0 = —%vl A Vg + V2 A V3.
Choose uy= —%cj3q3 and

) 1 _ _
wyFipy = 5(611613 —q244) — 193,

) |
u3 +ipg = 5(612613 +q144),

. 1 _
s+ ipe = 5(‘11 —q1),
w7 +ins = —qa.

Then the ansatz (2) satisfies the HKT equation for T*(H E’" x R).
In all three cases g restricts to g° on the zero section G in T*G. Hence we actually
obtain a positive definite metric in a neighbourhood of the zero section.
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