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1. Introduction

In 1962 Kodaira [3] proved that if X — Y is a compact complex submanifold of a complex
manifold ¥ with normal bundle Nxy such that HY(X, Nx|y) = 0, then there exists a
complete analytic family {X; — Y | t € M} of compact complex submanifolds X}
of Y with the moduli space M. The family is maximal and its moduli space M, called
the Kodaira moduli space, is an h°(X, Nx|y)-dimensional complex manifold. Kodaira’s
theorem found many applications in geometry and analysis, especially in twistor theory.
Merkulov [7] proved that if X < Y is a compact complex Legendre submanifold of a com-
plex contact manifold Y with contact line bundle L such that H!(X, Lx) = 0, then there
exists a complete and maximal analytic family {X; < Y |t € M} of compact Legendre
submanifolds containing X with the moduli space M, which is an h°(X, Lx )-dimensional
complex manifold. In this paper we prove that if X < Y is a compact complex isotropic
submanifold of a complex contact manifold Y with contact line bundle L such that
HY(X,Lx) = HYX,Sx) = 0, where Ly is the restriction of L on Y to X and Sx is
a certain canonically defined vector bundle on X which is the kernel of the canonical
projection p: Nxjy — J 'L, then there exists a complete and maximal analytic family
{X; = Y | t € M} of compact isotropic submanifolds containing X with the moduli
space M, which is an h°(X, Lx) + h°(X, Sx)-dimensional smooth complex manifold.
There are strong indications in [8] that the moduli spaces of such families studied in
this paper will play a pivotal role in the twistor theory of G-structures with restricted
invariant torsion.
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2. Complex contact manifolds

Definition 2.1. A complex contact manifold is a pair (Y, D) consisting of a (2n + 1)-
dimensional complex manifold Y and a rank-2n holomorphic subbundle D C TY of the
holomorphic tangent bundle to Y such that the Frobenius form

¢:DxD—TY/D,
(v,w) = [v,w] mod D

is non-degenerate. Define the contact line bundle L := TY/D on Y by the exact sequence

0 D2 — Ty 2 [ 0,

where 6 is the tautological projection and D = ker §. However, we may also think of 6 (in
a trivialization of L) as a line bundle-valued 1-form 6 € H°(Y, 2'Y ® L), and so attempt
to form its exterior derivative df. We can easily verify that the maximal non-degeneracy
of the distribution D is equivalent to the fact that the ‘twisted’ 1-form defined above
satisfies the condition

O A (dO)™ £ 0.

3. Complex isotropic submanifolds

Definition 3.1. A compact complex p-dimensional submanifold X? <« Y?27*1 of a
complex contact manifold Y2"*! is called isotropic if TX C D|x.

An isotropic submanifold of maximal possible dimension n is called a Legendre sub-
manifold. The normal bundle Nxy of any Legendre submanifold X < Y is isomorphic
to J'Lx [5], where Lx = L|x, and, therefore, fits into the exact sequence

0= 2'X®Lx — Nx|y — Lx — 0.
Definition 3.2. The bundle Sx is defined to be the kernel of the canonical projection
p: Nxy — J'Lx,
i.e. it is defined by the exact sequence
0— Sx = Nxjy = J'Lx = 0.

Definition 3.3. Let X be an isotropic submanifold of a complex contact manifold
(Y, D). Let
TXt={ZeD|dI(Z,W)=0, VW € TX}.

Then TX C TX* and the bundle Sx is defined by Sx = TXL/TX.

Theorem 3.4. Let (Y, D) be a complex contact manifold and X C'Y be an isotropic
submanifold of Y with contact line bundle L. Then there is a short exact sequence

0— Sx = Nxjy = J'Lx = 0.
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Proof. Consider a particular 1-form 6 that represents the contact structure. Let p €
X,Z € T, X be a vector in the normal bundle and @ € T,,Y. There are then two equations

flp) =0(Q), d0(Z,Q) = Z(f)lp,

which uniquely determine the 1-jet on X of a function f at p.
Consider rescaling 6 — g6, where g is a function on Y. If we set 6 = gf and f = gf,
then we have

0(Q) = g0(Q) = gf(p) = flp

and

d6(Z,Q) = (dg A 0)(Z,Q) + g db(Z, Q)
=dg(2)0(Q) — dg(Q)0(Z) + gZ ()|,
=Z(9)f(p) =0+ 9Z(f)l,
= Z(gf)‘p
=Z(f)lp.

(Since T,X C T,X+ C D, we have Z € D, so 0(Z) = 0.) Therefore, this elementary
calculation shows that the two conditions above are satisfied by g f and so we can conclude
that we have defined a map Nxy — J ILx. Furthermore, it is clear that the kernel is
TX~+/TX. Thus, the proof is completed. |

4. Kodaira relative deformation theory

In this section we recall some useful facts about relative deformation theory of compact
complex submanifolds of complex manifolds [6].

Let Y and M be complex manifolds and let 71 : Y X M — Y and 7y : Y x M — M
be two natural projections. An analytic family of compact submanifolds of the complex
manifold Y with moduli space M is a complex submanifold F' < Y x M such that the
restriction of the projection 7o on F' is a proper regular map (regularity means that the
rank of the differential of v = ma|p : F — M is equal to dim M at every point). Thus,
the family F' has double fibration structure

Yy £ F 5 M,

where p = m1|p. For each t € M we say that the compact complex submanifolds X; :=
pov~i(t) = Y belong to the family F.

5. Existence of Legendre moduli spaces

Let Y be a complex contact manifold. An analytic family F' < Y x M of compact sub-
manifolds of Y is called an analytic family of compact Legendre submanifolds if, for any
point t € M, the corresponding subset X; := pov~1(t) — Y is a Legendre submanifold.
The parameter space M is called a Legendre moduli space. In 1995, Merkulov [7] proved
the following theorem for the existence of complete Legendre moduli spaces.
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Theorem 5.1 (Merkulov [7]). Let X be a compact complex Legendre submanifold
of a complex contact manifold Y with contact line bundle L. If H*(X, Lx) = 0, then there
exists a complete and maximal analytic family {X; — Y |t € M} of compact Legendre
submanifolds containing X with the moduli space M, which is an h°(X, Lx )-dimensional
complex manifold.

6. Families of complex isotropic submanifolds

Let Y be a complex contact manifold. An analytic family F' < Y x M of compact
submanifolds of the complex manifold Y is called an analytic family of isotropic subman-
ifolds if, for any ¢t € M, the corresponding subset X; = pov~1(t) — Y is an isotropic
submanifold. We will use the notation {X; — Y | ¢t € M} to denote an analytic family
of isotropic submanifolds.

Let X = X;, for some tqg € M. If X? — Y?"*1 is an isotropic submanifold, then each
point in X has a neighbourhood U in Y such that the contact structure in a suitable
trivialization of L over U (see [2]) is

n p
6 = dw® + Z w‘idwa—l—Zwadz“

a=p+1 a=1

and X in U is given by

W =w =w? =w? =0.
There exists an adopted coordinate covering {U;} of a tubular neighbourhood of X
inside Y. In view of the above fact one can always choose local coordinate functions
(W), wd w? Wt 28) in U;, where a,a=1,...,n and a = 1,...,p such that the contact

structure in U; is represented by

n P

0; = dw) + E widw! + E widzf
_~£ —— — ——
a=p+l (n—p)-terms a=1 p-terms

and U; N X is given by

and
0;

vinu; = Aijbjluinu; (6.1)

for some nowhere-vanishing holomorphic functions A;;. They satisfy the condition
A = A Aji

on every triple intersection U;NU;NUy. Clearly, {A;;} are glueing functions of the contact
line bundle L.
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On the intersection U; N Uj, the coordinates wi! = (w9, w?, w@ w?) and 2¢ are holo-

morphic functions of w? := (w9, ws, wf,wf) and zé?,

wp = f(wf,2))

wg:fiaj(wfaz;‘)) A A, B b

a a/ B b wit = fij(wy, z5),

wi = fii (w5, 27) — " 5 b (6.2)
G B b =955 2),

Wi :fij(wj 7Zj)

2 = gt P )

with A(O 27 ) = 0. Equation (6.1) puts the following constraints on glueing functions:

of3 995
Ay = 90 Jrz ”8 ] Z ”8 (6.3)

7 gz
Ozawi'i_z wag"i'z ZJa a7 (6.4)

% gz
0:8w2+z laai_"z ”8 a’ (6.5)

a_ OF; 09;;
Aijwj = 8&)& +Z i 9 cJL Z ’Ja 3’ (6.6)

ofi 993
Aijf = 02 Z i1 9, i +Z 2]3 ’ (6.7)

J

which express the fact that the chosen coordinate charts U; are glued by the contacto-

morphisms.
For any point ¢ in a sufficiently small coordinate neighbourhood My C M of ty with
coordinate functions t%, o = 1,..., m = dim M, the associated isotropic submanifold

Xy = pov~L(t) is given in the domain U; by equations of the form [2]
= ¢ (z0,t%), A=0,a,a,a.

Lemma 6.1. X, is isotropic if and only if

0 ) 5 - b 0 b 75
PACT L I S ks i

holds.
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Proof. Let XP — Y27+l be an isotropic submanifold in a complex contact mani-
fold Y. For an arbitrary X;, the deformation of X inside Y is given by

w?? :(b?(zlvt)
wi = @7 (zi,1) A A

o a = w; = ¢; (z;,t
w;;], — (b;l(z“t) ) ¢7, ( T )
("')'? :(b?(ziat)

Then, {96 /0t|y} is a global section of N x|y X; is isotropic if and only if
0; = dw? + w? dw? + wf dz¢

vanishes on X;. Then

0 =6;|x,
= d¢} (2, 1) + 6 (21,1) A} (24, 1) + 6 (24, 1) df
_ 8¢10(Zl7t) a a(.,. a(b a a
_ngdzi + o3 (2, )8 7 dzb + ¢% (2, t) d2
¢?(Zz,t) a(b ZZ7 + Z qsb Z“ a¢ (Z;’ ) dZ;z
b=p+1
Thus, we obtain
zl, (’9 zl,
$0 (zirt) = Z (it (b ), (6.9)
=p+1

where ¢ (2;,t) is a holomorphic function of z¢ and ¢, which satisfy the boundary condi-
tion ¢ (z;,t) = 0 for t = t. O

7. Isotropic moduli spaces: completeness and maximality

Let Y be a complex contact manifold and F' < Y x M be an analytic family of compact
complex isotropic submanifolds. The latter is also an analytic family of compact complex
submanifolds in the sense of Kodaira and thus, for each t € M, there is a canonical linear
map

ke : T,M — H°(Xy, Nx,|y).

The exact sequence

0— Sx, = Nx,)y = J'Lx, =0
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can be expanded as follows:

2X, ® Ly,

0——=Sx, —> Nx,)y ——=J'Lxy, —>0

Lx

t

0

Hence, there is a canonical map represented by a diagonal arrow,

0
HO(X, 2'X; ® Lx,)

0 HO(XtaSXt)HHO(XIHNXAY)%‘HO(Xt,JlLXt)%O

T

H°(Xy, Lx,)

Thus, there is a canonical sequence of linear spaces:
0 — H°(Xy,Sx,) = H°(Xy, Nx,)y) = H°(Xy, Lx,) — 0,

which is not exact, in general.

Definition 7.1. The analytic family I — Y x M of compact complex isotropic
submanifolds is complete at a point ¢t € M if the Kodaira map k; makes the induced
sequence,

0 — H°(Xy, Sx,) = k(T,M) — H°(X,, Lx,) — 0,

exact. The analytic family F' — Y x M is called complete if it is complete at each point
of the moduli space.
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Lemma 7.2 (Ali [1]). If an analytic family F — Y x M of compact complex isotropic
submanifolds is complete at a point to € M, then there is an open neighbourhood U C M
of the point ty such that the family ' — Y x M is complete at all pointst € U.

Definition 7.3. An analytic family ' — Y x M of compact complex 1sotr0plc sub-
manifolds is mazimal at a point ty € M if, for any other analytlc family F < Y x M
of compact complex isotropic submanifolds such that o™ Yto) = o~ (ty) for a
point fo € M, there exists a neighbourhood U C M of ty and a holomorphlc map
f:U — M such that f(f) = to and o1 (#') = pov='(f(#")) for each ¥ € U. The
family F — Y x M is called maximal if it is maximal at each point ¢ in the moduli
space M.

Lemma 7.4 (Ali [1]). If an analytic family of compact complex isotropic submani-
folds F — 'Y x M is complete at a point ty € M, then it is maximal at the point tg.

8. Existence theorem

Theorem 8.1. If X <« Y is a compact complex isotropic submanifold in a complex
contact manifold Y, then its normal bundle Nx |y fits into an extension

0— Sx = Nxjy = J'Lx = 0.

If HY(X,Lx) = H'(X,Sx) = 0, then there exists a complete and maximal analytic fam-
ily {X; = Y |t € M} of isotropic submanifolds such that

(i) Xy, = X for some ty € M;
(ii

) the moduli space M is smooth;
(iii) dim M = h9(X, Lx) + h%(X, Sx);
)

(iv) the tangent space TyM, t € M, fits into the extension

0 — H°(X:,Sx,) — ko(TyM) — H°(Xy, Lx,) — 0.

Proof. Let (w?,w@, w? szz) be a coordinate system on Y that is adapted to
the isotropic character of the embedding X <« Y as described in §6. Assume that
{X;, =Y |te M} is a family of compact complex isotropic submanifolds in the com-
plex contact manifold Y. According to §6, such a family can be described by ¢?(z;,1),

3 (2i,t), (2, 1), ¢%(2i,1), which solve the equations in U; N U;:

0 (zi,t) = F5(09(25,1), 89 (25, 1), 07 (25, ), 87 (25, 1), 25),
&7 (21, t) = F5(09(25,1), 8% (25, 1), 0%(25,1), 87 (25, 1), 25).
&F (20 1) = [15(07(25,1), 85 (25, 8), 95 (25, 1), 05 (25, 1), ),
O (20, 1) = [5(89(25,1), 65 (25,8), 85 (25, 1), 0 (25, 1), 29),

2= g5 (89(25,1), 65 (25, 1), 65 (25, 1), 8 (25, 1), 2),
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and equation (6.8). We know that Nx|y fits into a diagram:
0

X ® Ly

0 — Sx — Nx}v

J'Lxy —=0

Ly

t

0

There exists a canonical morphism of sheaves of abelian groups, a : Lx — J!' Ly, which,
in our local coordinates, is given explicitly by

¢ (2, t)
T SR Ten)

a
0%

Define a subsheaf of abelian groups in the sheaves Nx|y as Z\~7X|y :=~p_1(0¢(LX))7
where p: Nxjy — J'Lx is the canonical epimorphism. By construction, Nx |y fits into
an exact sequence:

OHSX%NXW%LX%O.

The long exact sequence associated with the sequence above gives
0— H°(X,Sx) - H°(X,Nxjy) = H*(X,Lx) = H*(X,Sx) = -+ .
By assumption, H!(X, Sx) = 0. Hence, we have an exact sequence of vector spaces,
0— H°(X,Sx) — H°(X,Nxy) = H°(X,Lx) — 0,
implying that
dim H(X, Nx|y) = dim H(X, Sx) + dim H°(X, Lx) := m.

Let O,, a =1,...,m, be a basis of the global sections of Nx‘y. In our coordinate system,
each 6, can be represented by a 0-cocycle,

00
092,

0o =102 b= {04}, A
0,

=
eai

Il
L
L
Sl
l
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In U; NUj, we have

04:(2) = Fjp(2)05;(2), z=(0,z), (8.1)
where the matrix-valued functions are given by
[ Aijlx 0 0 0 ]
ofa ofa
Zé ’Li O 0
owj | ow; | x
A a a a a
FijB: 81‘(3)‘ aii 81?)( 81‘2‘
Ojlx  Owilx Owb b |x
a a b b
Afij Ofij 9 ij afij‘
il 2l as’ Bl
Define
zQ(Zi7t)
g(zi)t)
d)?(z’ut) = (;5& )
7 Zi7t)

where equation (6.8) holds. Let € be a small positive number. In order to prove the-

orem 8.1, we must find the holomorphic functions ¢ (z;,t) in z; = (2},...,2") and in
t=(th, ..., t™), || < 1, |t| <&, with |¢(2;,t)| < 1 such that
O (g8 (07 (25,1), 25), 1) = [(67 (25,1), 25) (8.2)

where A =0, a, @, a, equation (6.8) and the boundary conditions
¢(2:,0) =0 (8.3)

and AGot)

0¢i Zi,t A

T o = oai(z)a Z = (07 Zi)v (84)
are satisfied. If we succeed in solving all these equations for the functions {¢7(z;,t)},
which are holomorphic in ¢ in some neighbourhood U C C? of the origin, then the
boundary conditions will guarantee that the resulting analytic family F' — Y x U is
complete at t = 0 and, hence, by Lemmas 7.2 and 7.4, is complete and maximal in some
neighbourhood M C U of the origin. Therefore, all we need to prove the theorem is to
solve equations (8.2)—(8.4). We shall do this in three steps.

Step 1 (simplification of the basic system of equations). Let us first show that

it is sufficient to solve only those equations of system (8.2), corresponding to A = 0, a, a,

which the holomorphic functions {¢7'(z;,t)} satisfy, on overlaps X N U; N U;. Then,
denoting

Ap = [ Y 89%% ag%}

L= Qwit 922 02

J

wit=¢(z,1)
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and using equations (6.3)—(6.7), we obtain (see [1, pp. 65, 66])
000 o _ [ "~ 097 §~ 098; 097 39%}

a a A b b
0% — 0z 4= Ows 0z 0z

a=1 WJA:(z)f(Z] 7t)

:[ n 8f%8¢§‘+8%}

A b b
= 8wj 0z? azj

A7¢A (zj 7t)

= wa’iA

which implies that

i( Z o ) Z < As. (8.5)

a=

Since the Jacobian of the coordinate transformation

0
deta(wowbwb wz,zz)
0wy, wi w?,wy, 27) Ix
= € € € =i
0w | 8wj x &u;? < &uw N b)lt=0

is nowhere zero on X, the matrix Af is non-degenerate at ¢ = 0 and hence is non-
degenerate for all ¢ in some small neighbourhood U’ of the zero in C™. Equation (8.5)
then implies that

(-5-2n3)

i.e. that equation (8.2) with A = a is automatically satisfied. Thus, we must solve equa-
tions (8.2) for A = 0, a, a with boundary conditions (8.3), (8.4).

fa|

= 0 A A
ijlwit=g7 (z5,t)
2i=9i; (¢ (25,1),25)

Step 2 (existence of formal solutions). In what follows we write the power-series
expansion of an arbitrary holomorphic function P(t) in t!,...,#™ defined on a neigh-
bourhood of the origin, in the form

P(t) = Po(t) + () + -+ Fy(t) + -+,

where each term P,(t) denotes a homogeneous polynomial of degree ¢ in t!,...,#™, and
denote by P4 (t) the polynomial

Pla(t) = Py(t) + Pi(t) + - + Py(t).

If Q(t) is another holomorphic function in ¢, we write P(t) = Q(t) if Pla(t) = Qldl(¢).
Now we expand each component ¢7'(z;,t) of ¢;(2;,t) into a power series
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int',...,t", and write
ﬁq(zi,t) = (¢11|q(zzat)a vy ¢ﬁq(zi7t)a ey (bﬁq(ziat))a
A
&M (23, 1) = ¢ (20, 1) + - + i) (20, ).

The equality (8.2) is then reduced to the following system of congruences:

A
oM (g8 (6719 (2, 6), 2)), 1) £ FAOP W (25,1), ), a=1,2,3,.... (8.6)
We note that the congruence (8.6); is equivalent to
¢;“1(Z“t) = Fz?B(Z) . ¢jB\l(Zj7t)a z = (07 Zl) = (0? Zj)'

First, we shall construct the polynomials (;5;4[(1] (2i,t) by induction on ¢. In view of the
boundary conditions (8.3), (8.4), we define

z|1 (2, t ZG

It is clear by (8.1) that the linear forms 1% \1(2“ t), i € I, satisty (8.6);.
Assume that the polynomials ng (zz, t), 1 € I, satistying (8.6), are already determined
for an integer g > 1. For the sake of simplicity we write

o1 (t) = o725, 1),
SWP) = fi Wl z),
FGP) = fihwP, 2),
95(w]) = g5(w], %),

and we set
A Alq] A
wij(zja ) ¢ (Zza >|Zg:9fj(¢f[Q](Zj,t),Zj) - ij(wj’ )| B d)B[Q](z ) (87)
Note that @/} .(zj,t) is a homogeneous polynomial of degree ¢ + 1 in ¢',...,¢™ whose
coefficients are vector-valued holomorphic functions of zj, |z;| < 1, |g;;(0, 2;)] < 1, and
that .
q A
3G 'S 61 (967 0),0) — £1(6] 1 ®)). (8.8)
We define
;;‘-(z,t) = f}(zj,t) for z = (0,2;) € U; NU;.
We have the equality [1]
f;(z,t) = wﬁc(z,t) + FiéB(z) . w,]fj(z,t) for z € U; N U; N Uy. (8.9)
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We now have to prove that the 1-cocycle {wf}(zi,t)} takes values in N x|y rather than
in Nx|y. By definition, we obtain

+1
O G [P TN Sl LG A0 | IS (8.10)
and
+1 a
wz](zjat) q: d) [q](z“t)|Zf:gfj(¢f[q](zJ, ),25) fz]( ) )|W]B:¢j3[q](2j,t)' (811)
Then {1/){3 (z;,t)} represents a cohomology class in H'(X, NX‘Y) if and only if
3¢ (25, 1)
@z t) = Ao
wz](zj ) 8Zj ( )a
or
1o} Z3,
%73 _ _Z% 2 )AL

To prove this, differentiate (8.10) with respect to zé-’, and using equations (6.3)—(6.7) and
(8.11) with Lemma 6.1, we obtain (see [1])

ovY; 0N (2, 1)

a A a
(agij 8¢j agij)
A b b
20 =gt (6719 (25 0),2) \OWS 02] 0z

0zt 0z
awf B[a](zv t) azb 325 wfztﬁfm(zjvt)

= !l[q Aa Z ¢b[4] a(b Aa + Z

—Z%‘j zj, 1) A
a

) z[‘]]
Ay + Yo%y
B K3

B
wB=¢P(z; 1)

Hence,
aw” o0 == Ui
From the exact sequence )
0— Sx = Nxjy = Lx =0,
it follows that
-— HY(X,Sx) = H'(X,Nxy) - H' (X, Lx) —

as HY(X,Sx) = HY(X,Lx) = 0, and hence we get H'(X, NX‘Y) = 0. Therefore, there
exists a collection {qﬁf“qﬂ(z, t)} of homogeneous polynomials (bﬁqul(Za t) of degree g + 1

int!,... ;t™, whose coefficients are holomorphic functions of z defined on U; if we take
values in Nx |y such that
w;‘}(z,t) = F{?B(z)¢ﬁq+l(z,t) — (bf“qﬂ(z, t) for z € U;NU;. (8.12)
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Considering the coefficients of ¢/} . (z,t) as functions of the local coordinate z; of z, we

i|q+1(
write ¢f“q+1(zi, t) for ¢f“q+1(z, t). The formula (8.12) can then be written in the form

Wi (25,t) = Fip(2)h 11 (25, 1) — 61l411(9i5(0, 25), 1), (8.13)

V\/e oW deﬁlle
Alg+1 — + 0] Z t '
Zsi [q ](Zz,t) — ¢ [q](Zz7 ) Z‘q+]( Iz )7 S 1

On writing ¢A[q+1 (t) for (bf[q](zj, t), we then have

A Blg+1 A B
¢i [q+1](9ij(¢j [+ ](t)),t) (b [‘ﬂ( ]((b [q]( ))7t> +¢ﬁq+1(gij(072j),t)7
507 W0) = 1567 (0) + Fijp(2) 654 (24, ).
Consequently, from (8.8) and (8.9), we obtain the congruence

q+1

Alg+1 Blg+1 Blg+1
0" gy (o7 1), 0) = 67 (1),
This completes our inductive construction of the polynomials d)?[q] (zi,1), © € I, satisty-
ing (8.6),4. Thus, setting

& (2, 1) = Dy (20, 1) + -+ B (20, 0) + - |

we obtain a formal power series ¢§4(zi,t)7 i€ I,in t',... t™, whose coefficients are
vector-valued holomorphic functions of z;, |z;| < 1, which satisfies equations (8.2)—(8.4).

Step 3 (convergence). There is an arbitrariness involved in the construction of the
formal power series ¢7(z;,t). For each ¢ > 1, the 0-cochain {¢z| 41(2i,t)}, whose image
under the coboundary map is the 1-cocycle {dJ” (zj,t)}, is defined up to the addition
of a global holomorphic section of Nx|y over X. We now want to use this freedom to
ensure convergence of the formal constructions. The idea is to estimate each holomorphic
function involved in the construction of ¢*(z;,t) and show that, under appropriate choices
of {¢24|q+1(zi7 t)}, ¢=1,2,..., all the resulting power series {¢7(z;,t)} are majorities by
an obviously convergent series

oo
b n
2—2 b+ o+t b)),

where a and b are some positive constants. Fortunately, what really counts at this stage
is the compactness of X and the analyticity of all functions involved in the construction.
Therefore, all the estimates obtained by Kodaira [4] carry over verbatim to our case. We
conclude that polynomials ¢f|1q 41(zi,t) can be chosen in such a way that the power series
#(2;,t) converges for |t| < e, where ¢ is some positive number. This completes the proof
of Theorem 8.1. O
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Example 8.2. Let Y be a five-dimensional complex projective space CP? with con-
tact structure coming from some non-degenerate skew symmetric product w on C%. The
contact line bundle L of such a structure is O(2). Let X = CP! be an isotropic com-
plex projective line in Y such that Lx = Ox(2). The normal bundle of X — Y is
Nx|y =C*® Ox(1). Since J'Lx = C? ® Ox(1), the exact sequence,

0— Sx = Nxjy = J'Lx =0,

implies that Sx ~ C? ® Ox(1). As HY(X,Lx) = HY(X,Sx) = 0, Theorem 8.1 then
ensures that there is a (3 +4) = 7-dimensional moduli space M of deformations of X in
the class of isotropic submanifolds.

In fact, X is a complex projective line, linearly embedded in CP? in the usual way. Non-
projectively, this corresponds to a 2-plane in C®, and the condition that CP! is isotropic
with respect to the contact structure translates into the condition that the 2-plane is
isotropic with respect to the symplectic form w.

Let us consider first the linear deformations of X. These correspond to a subset of the
Grassmannian of all 2-planes in C% which has dimension 2(6 — 2) = 8. We may embed
this Grassmannian in 77(/\206) = CP' by the Pliicker embedding. The isotropic 2-planes
then correspond to a hyperplane section of the image of this Grassmannian, since the
symplectic form w is a linear functional on A2CS. The space of isotropic 2-planes therefore
has complex dimension 7. Therefore, we can identify the moduli space M of deformations
of X with the isotropic Grassmannian of 2-planes in CS.

References

1. M. S. AL, Moduli spaces of compact complex isotropic submanifolds in complex contact
manifold, PhD thesis, Department of Mathematics, University of Glasgow, UK (2003).

2. V. 1. ARNOL’D, Mathematical methods of classical mechanics (Springer, 1978).

3. K. KODAIRA, A theorem of completeness of characteristic systems for analytic families of
compact submanifolds of complex manifolds, Ann. Math. 75 (1962), 146-162.

4. K. KODAIRA, Complex manifolds and deformation of complez structures (Springer, 1986).

5. C. LEBRUN, Thickenings and conformal gravity, Commun. Math. Phys. 139 (1991), 1-43.

6. S. A. MERKULOV, Geometry of Kodaira moduli spaces, Proc. Am. Math. Soc. 124 (1996),
1499-1506.

7. S. A. MERKULOV, Existence and geometry of Legendre moduli spaces, Math. Z. 226
(1997), 211-265.

8. S. A. MERKULOV, Affine connections on involutive G-structures, in Geometry and physics,
Lecture Notes in Pure and Applied Mathematics, Volume 184, pp. 261-274 (Dekker, New
York, 1997).

https://doi.org/10.1017/50013091505000301 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000301

