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HIGHER DIMENSIONAL HARMONIC VOLUME
CAN BE COMPUTED AS AN ITERATED INTEGRAL

WILLIAM M. FAUCETTE

ABSTRACT.  In this paper it is shown that the computation of higher dimensional
harmonic volume, defined in [1], can be reduced to Harris’ computation in the one-
dimensional case (See [3]), so that higher dimensional harmonic volume may be com-
puted essentially as an iterated integral. We then use this formula to produce a specific
smooth curve C, namely a specific double cover of the Fermat quartic, so that the image
W,(C) of the second symmetric product of € in its Jacobian via the Abel-Jacobi map
is algebraically inequivalent to the image of W,(C) under the group involution on the
Jacobian.

1. Introduction. The concept of harmonic volume, introduced by Bruno Harris in
1983 [3], is defined in the following way. Take three real harmonic one-forms with inte-
gral periods on a Riemann surface of genus at least three. By choosing a basepoint and
integrating each one-form modulo Z along a path from the basepoint to any arbitrary
point, we obtain a well-defined map of the Riemann surface into the three dimensional
torus. By imposing certain conditions on the three one-forms, the image of the Riemann
surface under this map will be the boundary of some three-chain. The harmonic volume
of the wedge product of the three one-forms, considered as a three-form on the Jacobian
of the Riemann surface, is then defined to be the “volume” of this three-chain modulo Z.

The importance of harmonic volume is two-fold. First, B. Harris showed that the
domain of one-dimensional harmonic volume is precisely the class of primitive decom-
posable three-forms on the Jacobian. Further, the value of harmonic volume, considered
as a linear functional on primitive decomposable three-forms, is shown to be twice the
value of the linear functional which is the image of the null-homologous algebraic cycle
classically denoted Wi — W in an intermediate Jacobian. It is classically known [6] that
if Wi and W are algebraically equivalent, then this latter linear functional must van-
ish identically on (3,0)-forms. Hence, if twice the harmonic volume can be shown to be
nonzero on a real primitive decomposable three-form corresponding to a (3,0)-form on
the Jacobian, then W, is algebraically inequivalent to Wy .

The second importance of harmonic volume is that it can be computed as an iterated
integral and this allows its explicit computation. Hence, specific examples of Riemann
surfaces may be exhibited for which W; and W| are not algebraically equivalent. See,
for example, [4].
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Recently the author extended the definition of harmonic volume to the various sym-
metric powers of a Riemann surface [1]. This higher dimensional harmonic volume is
defined on decomposable (2k + 1)-forms for a fixed natural number k, where the genus of
the Riemann surface is at least k + 2. Just as in the one-dimensional case, harmonic vol-
ume is twice the value of the linear functional which is the image of the null-homologous
algebraic cycle Wy — W,~ in an intermediate Jacobian. If Wy and W, are algebraically
equivalent, then this linear functional must vanish identically on (k +j, k + 1 — j)-forms
forj # 0, 1. Hence, if twice the harmonic volume can be shown to be nonzero on a real
decomposable (2k + 1)-form corresponding to a (k +j, k+ 1 — j)-form on J forj # 0, 1,
then W, is algebraically inequivalent to W,_.

What is missing in the development of the higher dimensional harmonic volume is
the analogous interpretation of harmonic volume as an iterated integral. In this paper it is
shown that the computation of higher dimensional harmonic volume can be reduced to B.
Harris’ computation in the one-dimensional case, so that higher dimensional harmonic
volume can be computed essentially as an iterated integral. Using the computational
formula derived in Section 3 and Harris’ iterated integral computation in [4], we give
an example of an unramified double cover C of the Fermat quartic and a good five-form
corresponding to a (4,1)-form on the Jacobian J(C), so that twice the value of harmonic
volume on this five-form fails to vanish. It then follows that the algebraic surface W(C),
the image of the second symmetric product of € in J(C), is algebraically inequivalent to
the image of W,(C) under the group involution on J(C).

The idea for this approach stems from the combination of Theorem 2.10 and Propo-
sition4.1 in [1], which taken together show that the set of forms on which higher dimen-
sional harmonic volume is both defined and nonzero reduces to the set of all decompos-
able forms whose Lefschetz decompostion has the form Q%! A 8, where Q is the Kihler
class of the Riemann surface and 6 is a primitive three-form on the Jacobian. Since the
domain of B. Harris’ harmonic volume in the one-dimensional case has the group of
primitive decomposable three-forms as domain, this suggests that higher dimensional
harmonic volume can be expressed in terms of Harris’ harmonic volume.

This approach was suggested to me by Ted Shifrin when I presented my research
results to the geometry/topology seminar at The University of Georgia. I owe him a word
of thanks for the suggestion. I would also like to thank Robert Varley and Roy Smith for
helpful conversations, and The TgXplorators’ Corporation, who produced LANMS-TEX.

2. Notation. Throughout this paper, X denotes a nonsingular algebraic curve of
genus g > k + 2 for a fixed natural number k, J = J(X) its Jacobian variety, and
61,...,05, real harmonic one-forms on X with integral periods. We identify H!(X, R)
with H'(J,R), so we may consider the (2k + 1)-form § = 6; A - - - A O, as an element
of AZ*1H!(J,R) & H**1(J,R).

Since 6y, ..., 0, are real harmonic one-forms with integral periods, we may define
a map J; of Xy, the k™ symmetric product of X, into the (2k + 1)-dimensional torus 72+!
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by fixing a basepoint p € X and defining
Jk: Xk RN T2k+l

ke [
i i 2k+1
X1y ene, Xg) (?:1/1’ 91,...,;:1/11 92k+|) modulo Z7,

The image of this map is the boundary of some (2k + 1)-chain in 72**! if and only
if there exist real harmonic one-forms with integral periods 61, ..., ,,, with 6; - 0]’- =
Jx0; A0 =0forall 1 <i,j<k+2andsothat =0y A---Abys =01 A A0y (1,
Proposition 2.9]. Such a decomposable (2k + 1)-form on J will be called good. We define
the harmonic volume of 8, I(8), to be the volume modulo Z of any (2k + 1)-chain in
T*+! with boundary J,X;. Harmonic volume is independent of basepoint p € X and
independent of the decomposition of 6 into one-forms 8 = 6; A - - - A G4, s0 we will
assume that 8y, 6,03 and 6, for 1 < j < k — 1 are mutually orthogonal under the
natural skew-symmetric pairing of one-forms on X.

Let W, denote the image of X} in the Jacobian J(X) under the Abel-Jacobi map and let
W, denote the image of W, under the group involutionon J(X). Then the cycle W,—W is
homologous to zero and therefore determines an element v in the intermediate Jacobian
Ik (J(X)) of J(X). The element v is defined by v(0) = | "s 9 modulo periods, for any
(2k+1)-form 6 on J(X). As mentioned in the introduction, if ka and W~ are algebraically
equivalent cycles in J(X), then v must vanish on all (k +j, k + 1 — j)-forms forj # 0, 1.

3. The formula. Let X and J be as above and let § = 6; A --- A 041 be a good
(2k + 1)-form on J. As explained in the last section, we may assume without loss of
generality that 61, 0,,603 and 65,,, 1 < j < k — 1, are mutually orthogonal under the
natural skew-symmetric pairing of one-forms on X. By an integral change of basis in the
free abelian group H'(X,Z), we may assume the intersection pairing of the 6;’s has the
form 042 - 02543 = —02j43 - Ooji2 = 6, 1 < j < k — 1, for some natural numbers é;,
and §; - §; = O otherwise. We remark that we may assume that none of the §;’s is zero,
for otherwise 8 contains at least k + 3 orthogonal one-forms and therefore the value of
harmonic volume is zero [1, Proposition 4.1].

Let a;, 8;, 1 <j < k—1, be closed curves on X which are Poincaré dual to 85,2, 8243,
respectively. Let X be X cut along all the a;’s and the §3;’s. We will denote the two bound-
ary arcs formed by cutting X along o (respectively, 3;) by o and «; (respectively, 3/
and 3;°), so that theroundary of Xis ¥jof — a; +; — B; . Hence, under the natural
quotienE map from X to X, o/ and «; are identified to «;, and likewise for B}‘, B/, and
B;. On X the functionals f; 0; for 4 <j < 2k + 1 are well-defined, so we get a map

J: X — T x R*2
"X "X
X (/ 0,... ,/ 92k+1) modulo Z? on the first three factors.
P P
Define Ji:X — T2 by Ji(x) = (f01,..., [ Oxs) modulo Z**!. Define

Ji_;: Xx—1 — T**! to be the map induced on the symmetric product X;_, by the (k — 1)-
fold Cartesian product of J|. We remark that the following diagram commutes:
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- JxJ!_
XXXy —— (T3 x R*2) x 721
(T) 111><i|1 42><"zi
JIxX ey
X x Xk~1 ! T2k+1 % T2k+l m T2k+l

where g; and g, are the natural quotient maps, i; and i, are identity maps, and m is
multiplication in 724*1,
We remark that X X X;_, is a k-fold cover of X; and that the following diagram com-

mutes:
JIxJ!
X X Xk—l __'_L__, T2k+l % T2k+l
) ql "
m
Xk T2k+1 % T2k+1 T2k+l

where ¢ is the natural quotient map and where the composite map

Xk — T2k+] X T2k+l m T2k+l

is the map Ji.
Consider the diagram

TR

q1 l 92 l
X _‘L T2k+1
We claim that JX can be completed to a cycle in 7> x R%*=2 and that this cycle is a
boundary.
First, note that J(a;) and J(3}) bound in T° x R*~2. Indeed, for 1 <i < 3,

/](a;) dx; = e, 0; = /Xoi Abyjsr =0,

since 0;, 1 < i < 3, is orthogonal to all §;. This is sufficient to-show that ](ajf') bounds
in T3 x R*~2. Likewise, ](B;' ) bounds a two-chain in 73 x R%~2,

Let C;, be a two-chain with boundary J (). Since the coordinates of corresponding
points on J(a;') and ](aj‘) differ by periods of the 6;’s (4 < i < 2k — 2) over f; and
the only nonzero period is for 65,2, simply translating C‘;j in the (2j + 2)"-coordinate
gives a two-chain CC_';' with boundary J(c;"). We may likewise choose two-chains CE,-
and C; which are translates of one another and which have boundaries J(B}) and J(B; ),
respectively.
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LetY = JX — (& Ci, — Co, + C5, — Cy). We claim that Y is the boundary of some
three-chain in 73 x R%~2, Indeed, for 1 < s <t < 3, we have

thA@ZA#MAM—/iﬂmMMniL(JMAM

@ @ 3 3

= /]des A dx;
= /X 0, A6,

:A&A&
-0

since 6, and 6, are mutually orthogonal for 1 <s <t < 3.
Choose a three-chain C3 in T? x R%*~2 with boundary Y. Using the notation of (1),
define
Cos1 = my(qz X i2)4(C3 X J;_ Xi 1),

which is a (2k + 1)-chain in 72%*1. Note that
0Cous1 = my(qa X 12);0(C3 X Ji_ Xp—y)
= my(q2 X i)y (Y X J;_1Xk—1)
= k BJka,

using commutative diagrams (1) and ().
Since harmonic volume is computed by taking the volume modulo Z of any chain
with boundary equal to J; X}, we obtain

k1(0) = / A A---ANd
© my(g2xi2)(C3xJ;_ Xi—1) 1 X2k+1

1
® -+ @ dxiy, N dxiy,,
(k — 1), IZIUI dxll A dxlz A dxls H / 012,+2 lzjd
€
=3 01/ dx;, N dx;, N dx;, H / 0iy., A Oy

el

:/ dx, /\de/\d.X3ﬁ(5',
G i

where
I={G1,....000m) € S 1 11 <z < i3,ipja2 < igju3, 1 <j<k—1}
and

= {1,y ika1) € Sauar = 1 < <3, dgpen < lgjus, g < dgjua, 1| <j <k —1}.
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Now, we are almost finished. We need only to recognize f¢, dx; A dx, A dx3 as an
iterated integral. In order to do this, we may consider the three-form dx; A dxp A dx;
on 73 x R%*~2as a three-form on T> which has been lifted via the natural projection
p:T> x R%*2 T3 Then

/C}dxl/\dxg/\dxg :/Csp (dx; A dxs A dxs)

- dx) Adx, Adxs
ey 2

It is easily checked that the boundary of py(C3) is J1 X, so that this integral is precisely
the one-dimensional harmonic volume defined by B. Harris. Hence

/Cdxl/\d)cz/\dX3: )dxl/\d)Q/\dm

pi(C3
= Ahﬂ)z — 112 modulo Z,

where 7 is a one-cycle on X which represents the homology class Poincaré dual to 3 on
X and 717 is a one-form satisfying dn;» = 6; A6, and orthogonal to all closed one-forms
on X.

Finally, we have

k—1
k10) = ] 6 - L 110 — 112 modulo Z.
i=1

4. Anexample. In [4], Harris constructs three holomorphic one-forms with periods
in Z[1] on the Fermat quartic and then computes the one-dimensional harmonic volume
of these three one-forms. Here we shall construct a specific unramified double cover of
the Fermat quartic and lift these three holomorphic one-forms up to this double cover. We
will then produce an antiholomorphic one-form 7 with periods in Z[:] which is orthogo-
nal to all three lifted holomorphic one-forms. Then the three lifted forms together with 5
and 7 give five one-forms on the double cover whose wedge product is a good five-form
on the Jacobian of the double cover. We will then use the formula in the preceding sec-
tion and the computation in [4] to show that the image of the second symmetric product
of the double cover in its Jacobian, W,(C), is algebraically inequivalent to the image of
W(C) under the group involution on the Jacobian of the double cover. Unfortunately, in
order to produce the one-form 7, it will be necessary to go through some mathematical
contortions to compute the periods of a canonical basis for holomorphic one-forms on
the double cover.

Let C be the Fermat quartic, having affine equation x* + y* = 1. This is a nonsingular
algebraic plane curve of genus three. We follow the realization of C described in [4].
By projection onto the x-line, we can represent C as a 4-sheeted branched cover of the
Riemann sphere with branch points 1, +1. Let a € 7(C, 1) be the closed path from 1 to
1 on sheet 1 followed by 1 to 1 on sheet 0. The automorphisms A(x, y) = (wx, y), B(x,y) =
(x, 2y) of C generate a canonical homology basis for C by acting on a:

ag=a, fo=Aa, o = Ba, B = A'lBa, a = Asza, B2 = A’B'a.
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By a canonical homology basis for C, we mean one satisfying

<Ct’,', (Xj) = <ﬁi,6j> = 0 and
(@, Bj) = &ij»
for all i,j, where we use angle brackets to denote the intersection pairing on one-

dimensional homology classes.
Using the notation of [2] and [4], the one-forms

dx dx x dx
mi2 = —x» m21 = —&, mi = —5
y3 y? 3

form a basis for holomorphic one-forms on C. If B = B(x, y) is the beta function ré’(‘lzg),
we may modify this basis to get

N %
I
/=

—
R
-
N——
=
=

n

N 11—
= ( 2 )"2“ /
as a basis for holomorphic one-forms on C.
Let 6,, 85, 05 be defined by

Or=2n1, O=>0-vm—n), 0=01A-v05—n).

The periods of the 6;’s over the canonical basis for H;(C, Z) then lie in Z[:]. These are
given in Table 1.

| a  Bo ai B o B2
0, — 1 1 -1 —1 1
0, 0 0 —(1+) 1 1+ —1
03 0 1 0 1 1+1 1—1

TABLE 1. Periods of the ;s over the a3-basis

We now consider an unramified double cover m: C — C to be described below. By
the Riemann-Hurwitz formula, C is a curve of genus five. An unramified double cover
is specified by an index two subgroup of m;(C, 1). Since each index two subgroup of
m1(C, 1) contains the commutator subgroup, each index two subgroup corresponds to an
index two subgroup of H;(C, Z), and conversely. So, we may specify the mapping 7 by
the index two subgroup of H(C, Z) to which H(C, Z) maps.
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In order to specify the mapping 7, on the homology groups, we first choose a new
canonical homology basis for H;(C, Z), defined as follows:

Yo=ar+a b= p
Yi=ap b1 =0
Ye=—ar b =015
The reason for this change of basis will be explained below.

Let “70,...,“74,50‘...,54 be a canonical basis for Hl(C', Z). Now, we may define
m: Hi(C,Z) — H,(C,Z) by

(Yo0) = Yo
(Vi) = m(Vis2) = Vi fori = 1,2
m(80) = 260

m:(8;) = m(bir2) = §; fori = 1,2

The periods of 81, 8,, 03 on the Y-basis are given in Table 2.

l Yo b M & Y2 23
o, 0 - = 1 1 —(1+1)
0, 0 1 0 0 —(1+) 2
03 1+ 1 0 1 —(1+1) 1

TABLE 2. Periods of the ;s over the Yd-basis

Let wy,...,ws be a set of holomorphic one-forms on c uniquely determined by the
relations
[7 : w]' = 5,]

These one-forms constitute a basis for H'°(C) adapted to the é-basis for H,(C, Z).

Lift 8;, 05, 65 up to C via m. Then 78, 76, 1*0; are three holomorphic one-forms
on C with periods in Z[:]. From what is known about the §;’s on C, we may compute the
periods of the 7*6;’s, and, since a holomorphic one-form is determined by its A-periods,
we can write the 7*6;’s in terms of our canonical basis for H 1’O(Ck‘). In fact, we can write
the 7*6;’s in terms of the basis for the holomorphic one-forms invariant under the sheet
interchange involution: wy, w; + w3, wy + ws. We then get

701 = —u(wi + w3) + Wwr + wy)
71'*92 = —(1+1)(wy +wy)
703 = (1 +)wp — (1 +1)(wp + wy).

By inverting the coefficient matrix, we may express the basis for invariant holomor-
phic one-forms on C, wy, w; +w3, wy +wy, in terms of the 7*6;’s, and then use the already
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known periods of the 8;’s on C to compute all the periods of wy, w; + w3, ws + ws. These
periods are given in Table 3.

Yo 1 Y2 V3 a4 bo 6y 6> 53 b4

wo [ 1 0 0 0 0 22 B Sblwoul

w1 + w3 0 1 0 1 0 1+ 1 0 1 0
wy + Wy 0 0 1 0 1 1—1 0 1—1 0 1— 1

TABLE 3. Periods of the invariant holomorphic one-forms

Now, we wish to completely determine the period matrix of the w;’s.
Using the fact the matrix of the B-periods is symmetric, we may write the periods of
the w;’s as in Table 4.

Yo Y1 Y2 Y3 Y4 b b b b b
w | 1 0 0 0 0 2 tp obolnoud
w |0 1 0 0 0 ™ a b ¢ d
wpa | 00 1 0 0 = b e f g
wy {0 0O O 1 0 ¥ ¢ f h ]
Wy 0o 0o o0 o0 1 S d g j k

TABLE 4. Periods of the w;’s

From the information in Tables 3 and 4, we get equations

a+c=c+h=1
b+d=b+f=d+j=f+j=0
e+g=g+k=1—1

which imply that

atc=1, e+g=1—1,
which gives the table of periods appearing in Table 5 subject to the constraints

at+c=n1

e+g=1—1.
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]

Yo N Y2 3 Y4 bo b & b
w | 1 0 0 0 0 2o o osSllndl
w |0 1 0 0 0 ¥ a b ¢ -b
w2 |0 0 1 0 0 = b e -b g
w3y O 0 0 1 0 ¥ ¢ —-b a b
wg |0 0 0 0 1 S5 b g b

TABLE 5. Periods of the w;’s

The subgroup . (H W(C, Z)) C H,(C,Z) which determines the double cover C has
been rather carefully chosen so that it is fixed by the action of A. Hence, this action
lifts to an action on C. To determine the remaining periods, we utilize the action of the
automorphism A on H,(C, Z) and this lifted action of A on H(C,Z).

The action of A on H,(C, Z) is given by

Yo — Yo bor— 61— 60— Yo — T2

Vi 6y o1 — =71 —"Y

Yo Yo+7Y2 46 by — —Yo— 27, — b2

and the lifted action of A on H;(C, Z) is given by

Yor— —Yo o 261 — by — 2% — 27,
Yy — 6 §1— =51 —9

Yo—Yo+T+b o T —-2%-6
Y3 6y 63— %1 — 9o

'74'—>’70+72+52 54'——>-’70-2’72—5z

Since a holomorphic one-form is determined by its A-periods, we can write Aw;, 0 <
i <4, interms of the canonical basis wy, . . . , ws by computing the A-periods of each Aw;

using the relation
[‘7,' AUJ,' = /A"‘V,- wj.
This yields

Awg = —wo + l—;—l(wl +wy + w3 + wy)
Aw) = —awy — bwy; — aws = bws
Awp = —bwi — (1 +e)wy —bws — (1 + e)wy
Aws = —cwy + bwy — cw3 + bwy

Awg = bwy — gwy + bws — guwy

and then the periods of the Aw;’s can be computed. These periods appear in Table 6.
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6o b1 b, b3 b4
Awp 1—1 0 b 0 n
Awy —a(l+1)—b(r—1) - —b(1—1) —m —b(1—1)
Aw, —b(1+)—A+e)a—1) —b —+e)a—1) —b —(1+e)a—1)
Aws —c(1+1)+b(r—1) —C1 b(ir—1) —Ct bt—1)
Auwy b(1+1)—ghr—1) h —g(r—1) 12 —g(r—1)

TABLE 6. B-Periods of the Aw;’s

On the other hand, we can also use the relation

/: Awi = / . Wi
o A~16;

to compute the B-periods of the Aw;’s. This yields the table of periods appearing in Ta-

ble 7.
8o b & & &
Awg 1—1 0 = o It
Aw) 26+% 1 b1 b
Awy | 2e+3% 0 e+2 0 e+2
Awy | =2b—1 0 b 0 —b
Awy 2g — % 0 g 0 g

TABLE 7. B-Periods of the Aw;’s
Comparing these two tables, we see that
a=1, e=1—1l,andb=c=g¢g=0,

so that the periods of the w;’s are now completely determined. These appear in Table 8.

Yo N1 Y2 s T4 b & b & by
w [ 1 0 0 0 0 2 L L lnud
w |0 1 0 0 0 B o, 0 0 0
wa |0 0 1 0 0 % 0 =1 0 0
w3y |0 0 0 1 0 X 0 0 1 0
wg@ |00 0 0 1 5 0 0 0 -1

TABLE 8. Periods of the w;’s

Now, we assume that there is a non-zero holomorphic one-form 7y of the form w; —
>3 Ajm*0; satisfying the relations [ 7*0; ATl = 0 for 1 <i < 3. Let M = [m;] be the
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matrix with entries m;; = [z 7*0; A7*0; and let E = [¢;] be the column matrix with entries
e; = Jem0; A wr. Then the conditions that ng satisfy the relations [z 7*6; A7 = 0 for
1 <i < 3 translate into the matrix equation E— M)\ = 0, so that A\ = M—!E. Computing,

we have
-8  4a—1) 4a—1) -2 1/2
M={[4(1+1) —8& —4 ); E:( 0 ); )\:(—(1——1)/4).
4(1 +1) —4y —8 1—1 0
Hence, we find that the holomorphic one-form 7y given by
1—
n = wy — %ﬂ*Bl + —z‘—lw*ﬂz

is orthogonal to 7*60; for 1 < i < 3. Now let = 41y = 4w; — 2™6; + (1 — )7*6s.

Then 7 is a holomorphic one-form with periods in Z[1] so that 7] is orthogonal to 7*6; for
1 <i < 3. The periods of 7 are given in Table 9.

| Yo N T2 3 s b b b b b

7|0 2 0 -2 -2 1+1 22 0 -2u 0

TABLE 9. Periods of 7

Using the Reciprocity Law for abelian differentials of the first kind, we compute that
Jen A = —16u.

Finally, we are ready to use the formula for higher dimensional harmonic volume from
Section 3. On the algebraic curve C, consider the one-forms 7*0;, 7*6,, 763, 7, and 7,
which have periods in Z[:]. If we extend our scalars from R to C, the wedge product
0 = 70; A*0, A 7603 A AT of these forms, considered as a five-form on the Jacobian
J(C), is a good five-form. Using the formula from Section 3, we have

() = 21(0) = ( /C n /\ﬁ) : L 116 — 12 modulo Z[1]
=16 / 110> — 112 modulo Z[1]
Y
= —8w(f; A 6, A 03) modulo Z[1],

where 7 is a one-cycle on C which represents the homology class Poincaré dual to 63 on C
and 7, is a one-form satisfying dn,, = 0; A6, and orthogonal to all closed one-forms on
C. Further, v in the last line of the displayed equation represents the linear functional on
H(J1 (C)) given by integrating a three-form over any chain whose boundary is W;(C) —
W1(C)~ in the Jacobian of C. Fortunately, v(6; A 8; A 83) is computed in [4] as being
approximately equal to 1. 24178137867 - - -x —. Hence, we see that v/(§) is not congruent
to zero modulo Z[1], and it follows that the image of the second symmetric product of C
in its Jacobian—classically denoted W»(C)—is not algebraically equivalent to its image
under the group involution on J(C). Hence, the second symmetric product C; of this
unramified double cover of the Fermat quartic gives a specific example of an algebraic
surface embedded in a principally polarized abelian variety in such a way that it and its
image under the group involution on the abelian variety are algebraically inequivalent.
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