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ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS TO
A SINGULAR NONLINEAR BOUNDARY VALUE PROBLEM
ARISING IN ISOTHERMAL AUTOCATALYTIC
CHEMICAL KINETICS

by D. J. NEEDHAM and A. C. KING
(Received 15th January 1992)

In this paper we consider the questions of existence and uniqueness of solutions to a singular, nonlinear
boundary value problem arising from a model problem in isothermal autocatalytical chemical kinetics. The
boundary value problem occurs in the construction of a small time asymptotic solution to an initial-boundary
value problem (King and Needham [14]), and existence and uniqueness for the boundary value problem are
required for consistency of this formal asymptotic solution.

1991 Mathematics subject classification: 34

1. Introduction

In a one-dimensional unstirred environment, the study of the isothermal autocatalytic
reaction scheme,

A—-B rate=k[A][B]°, (1.1)

(where A,B are reactant and autocatalyst respectively, k>0 is the rate constant and
p>0 in the reaction order) leads to an examination of the coupled reaction-diffusion
initial-boundary value problem,

d 02 0 02
ottt L=ILiep, x>0 (12)
ax,0=1, x20, ﬂ(x,O):{g(x)’ gf’;é"’ (1.3)
2,(0,0)=B,(0,0)=0, ¢>0 (1.4)
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afx, t) > A(t), B(x,t)—B(t), with 0SA()SL,0<B(t)<oo as x—o0,t>0. (1.5

Here a(x,t),f(x,t) are dimensionless concentrations of the reactant and autocatalyst
respectively, x is dimensionless distance and t is dimensionless time, with the notation
(2B") , defined to be,

0, a0 or B=ZO

apf, o, p>0. (1.6)

(aB) . = {

In (1.3), g(x)>0 is an analytic function in 0<x <¢, and so g(x)~g,(c—x)" as x—o7,
for some constant g,>0 and reN. Under these conditions it is readily shown (via the
scalar maximum principle for parabolic operators) that a(x,t), f(x,t) =0 for all x,¢t>0.

For p=1 the initial-boundary value problem (1.2)—(1.5) has been studied extensively
by Merkin et al. [19], Merkin and Needham [16,17,18], Gray et al. [11], Billingham
and Needham [4,5,6,7] and Needham and Merkin [21]. An important part of
examining this system is a full understanding of the scalar initial-boundary value

problem,
2
—g_l:___g—x%-*_(up)‘f’ x9t>01
x); 0=x=<o
u(x,0)={g( b 0sx 0]

u(0,6)=0, >0,

u(x,t)-u(t), with 0=Zu (t) < o0, as x— 00, t>0.
Here (). is defined as in (1.6) and throughout the paper, the notation (-), will have
the following definition,

_ [0, x20
(f(x»+={0 S

We will refer to the above problem as I[p]. With p=1, I[p] has been studied
extensively (see, for example, Fujita [10], Bandle and Levine [1], Weissler [24], Levine
[15]). For 0<p<]1, the equivalent “sink” problem (with +(up), replaced by —(up), in
I[p]) has been considered in detail by Bandle and Stakgold [2] and Grundy and
Peletier [12]. The corresponding source problem I[p] has recently been examined by
King and Needham [14] and Needham [20], who in particular obtain an asymptotic
solution to I[p] as t—07, uniform in x, using the method of matched asymptotic
expansions. In the course of the analysis in [14] the following modified initial-boundary
value problem arose,

https://doi.org/10.1017/50013091500018563 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018563

CHEMICAL KINETICS 481

oUu o*U >
E=W+(UP)+; —00<X<oo, t>0, W
v g (_X')Z/(l"p)’ X<O,
U(X,0)=45° i -
(X,0) {0 %20 (p]
- —p)L=PlI=P a5 F sop
o {ga(—)?)”“_"’ as X-—o0 t>0’J
Following [14], this problem is reduced by the similarity transformation,
UX,0)=t11=Py(X), 1.7)

with X =Xt~'2. On substituting from (1.7) into J[p], we are left with the following
nonlinear boundary value problem for V(X), namely,

VXX+%XVX+[V"—11—pV] =0, —ow<X<ow, (1.8)
- +
V(X)=0 forall —oo<X<oo0, (1.9
(1—-pt=n X>+o0
V(X)a{ga(_x)zm_p), Yot (1.10)

which will henceforth be referred to as BVP. It should be noted that in the reduction of
J[p] to BVP, we have replaced (V?), —(1/(1—p)V by [V?—(1/(1—p))V],. This is
allowable by condition (1.9) and will be convenient in what follows. The details of this
problem were not considered in [14]; only the asymptotic forms as X — + 0o, which
were immediately required as matching conditions, were derived. However, for the
asymptotic structure derived in [14] to be formally complete, we require that for a fixed
O<p<1, then BVP has a unique solution for each g,>0. It is this existence and
uniqueness question for BVP which we consider in the present paper. Related problems
in the non-singular case p>1 have been considered by Escobedo and Zua Zua [9].

We adopt a shooting method, similar in spirit to that used by Berestycki et al. [3]
and Peletier and Serrin [22] for radial problems on the half line. This method is
adapted for BVP, which is_defined on the full line. In particular, we consider a modified
boundary value problem BVP (defined in (2.1)(2.4)) for u=a(X), —co<X <o and
establish the following main theorem.

Theorem. The set of solutions to BVP consists of a one-parameter family, which can
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be parametrized by 6>0. For each 6 >0 3 a unique solution of BVP if and only if v=v{0).
Moreover, that solution can be constructed in terms of solutions to IVP1,2 as

#X,v(d)), x20

ux)= {a(x, v(8), x<O.

Here 4 and & are solutions of the initial value problems IVP1,2, (defined in (3.1,2)
and (4.1,2) respectively) with v.(d) being a critical value of v defined in section 3. This
theorem enables existence and uniqueness for BVP to be deduced directly.

2. A modified boundary value problem

We consider in this section a modified form of BVP, namely,

Uxx+%XUx+[U"—ﬁU:| =0, —o<X<ow, 2.1)
- +
UX)20 in —wo<X<oo, (2.2)
UX)=0[(—X)¥1-P] as X——o0, (2.3)
UX)->(1—p)» a5 X—+o0, (2.4)

which we will refer to as BVP. A solution of BVP is to be a solution in the classical
sense; that is, a twice continuously differentiable function U(X) satisfying (2.1) on
— o0 <X < o0, together with conditions (2.2)2.4). We begin by first establishing some
general properties concerning BVP.

Proposition 2.5. Let U(X) be a solution of equation (2.1) in a neighbourhood N, of
X =Xy, such that at X=X, U(X)=Ux(X,)=0, whilst U(X)Z0 in N,; then,
(i) Xo>0=U(X)=0 in X=X,
(i) Xo<0=U(X)=0 in X=X,
(ii) Xo=0=U(X)=0 forall —ow<X<ow.

Proof. (i) In this case Xy>0 and U(X)=Ux(X,)=0, with U(X)20 in N, For
X e Ny, we now multiply (2.1) by Uy and apply [%,...ds, to obtain

207 (X)) |, UP(X),
(1+p)  (-p)

X
Ui(X)=—~ | sUX(s)ds— X€eN,, (2.5)
Xo

after use of the conditions at X =X,. We now take X >X,, and use the mean-value
theorem on the first term on the right-hand side of (2.5), to give,
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p+1 2
UR(X) = ~(X ~ XLRUREN - T )+

XeN,y, (2.6)

with X €(X,, X). Now, since 0<p<1, there exists a 6>0, depending upon X, and p,
such that, from (2.6), U3(X)S0V X e[X ¢y, Xo+35]. Hence Uy(X)=0 in [Xy, X+ 5], and
as U(X,)=0 and U(X) is continuous in Ny, we conclude that U(X)=0 for X e[ X, X, ]
for any X, > X, and the results follow.

Parts (ii) and (iii) are established similarly. O

This result can be used to establish the following monotone property for all solutions
to BVP.

Proposition 2.7. Let U(X) be a solution of BVP, then U(X) is strictly monotone
decreasing, with U(X)>(1—p)"'*~P for all —o0 <X < c0.

Proof. From condition (2.2), U(X)=0. However, conditions (2.2)~(2.4) together with
Proposition 2.5 lead us to conclude that U(X)>0 for all — o0 <X <00. Now, suppose
that U(X)2(1—p)/* =P for all —oo<X < oo, then (via conditions (2.3), (2.4)) U(X)
must have a local minimum at X =X (say), with 0<U(X;)<(1—-p)"* P U'(X;)=0
and U"(X7)=0. However, using equation (2.1) we have U"(X)=(1/(1-p)U(X1)—
UP(X ;) <0, which gives a contradiction. Hence U(X)=(1—p)"?*~? for all —0 <X <
0. Next suppose that U(X) has a turning point at X = X (say), then, via (2.1),

"( l v v >0’ U(X-T)>(1 _P)ll(l_p)
U'Xp)=—U(X)-U X -

()=, VXD - U T){zo, R (1 — i,
Thus, U(X) can only have a local minimum for all —oo <X < 0. It then follows from
conditions (2.3), (2.4) that U(X) must be strictly monotone decreasing in — oo <X < o0,
after which the above inequality tightens to U(X)>(1—p)**~? for —wo <X <0, as
required. O

These results will be revisited at a later stage. We now adopt a shooting technique to
obtain the complete family of solutions to BVP. This involves the study of two related
initial value problems.

3. The initial value problem in X >0

In this section we consider the initial value problem,

! a] —0, X>0 (3.1)
1-p |+

fyy+3Xiy+ [ﬁ”—

H0)=(1-p)!1 =P 4§, iiy(0)= —vd, (3.2a,b)
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where 620 and v=0, and we henceforth refer to this as IVP1. We first make the
following remark.

Remark 33. With 6=0, IVPl clearly has the global solution &(X)=
(1—p)"*~Py X >0. It follows that this is unique through an application of the local
uniqueness result (Coddington and Levinson, [8, Theorem 2.2]).

We now restrict attention to the case when >0, and to proceed, we require the
corresponding linearized initial value problem, namely,

uxx +3Xux—[u—(1—p)"*~P]=0, X>0, (34)
w(0)=(1—p)*=P 15 uy(0)=—v4, (3.5,6)

which we shall refer to as LIVP1. The general solution to equation (3.4) is readily
obtained, and conditions (3.5, 6) determine the unique solution to LIVP1 as,

_32/4

w(X)=(1—p)* P4 su(1+3X2) [ Eds+8(1— Jm)(1+3X3),  (37)
x (1+325%)
for all X =0. We note that for X > 1,

20ve X4 5
~(l—pt-Py 4 -(1- X2, .
u(X)~(1=p) P+ S 45 (1= /) (38)

For v=1/ﬁ, u,(X) is monotone decreasing in X with u(X)—(1—p)'/' = as X —o0.
However, for O0sv<l1//m, u(X)>(1—p)*"*~P for all X>0 and u(X)~
(6/2)(1 — /nv)X? as X —o0. For v> l/ﬁ, u(X) is monotone decreasing with u,(X)~
—(0/2)(/mv—1)X? as X - 0. We are now able to relate @#(X) to u,(X).

Proposition 3.9. Let i(X) be a solution to IVP1 for X e[0,X_.] for any X,>0. Then
#(X) 2 u(X) and tix(X) 2ux(X)V X €[0,X.].

Proof. Define the linear differential operator, L[-], as L[w]=wyy+3iXwy—
(w—(1—p)"*~P)  for any suitably differentiable function w(X). Now, L[u]=
0V X e[0,X,] and u(0)=(1—p)"* =P 4§, u;x(0) = —vé. Also,

LI =T+ X (3= = | 2= L | —pa—-pe om0

+

VYV —o0 <ii<oo and hence ¥V X €[0, X_]. Moreover, @(0} =u,(0) and iix(0) =u,x(0); thus we
can apply the comparison theorem for initial value problems with linear ordinary
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differential operators (see, for example, Protter and Weinberger [23, Ch. 1, Theorem 13,

p. 26]) to #(X) and u(X) in [0,X.,] to obtain, u(X)<da(X) and u(X)<
4,(X)VXe[0,X,), as required. O

We next consider a further initial value problem,
ukx +3Xuk—N@u'), =0, X>0, (3.10)
WO0)=(1-pHt=-P 45, uf(0)=—vé (3.10,11)
where N=1+Int(1/1—p), and we shall henceforth refer to this initial value problem as

LIVP2. The solution to LIVP2 is readily obtained. For v<2?¥ ‘l(N!)Z/(ZN)!ﬁ then
#'(X) is always positive in X >0 and,

© _ —~s/4 2N)!
u’(X)=(l _p)l/(l—l’)-l-V(SAZN(x) ;{ :%N(S) ds+5{1 - %} AzN(X), X>0 (312)

where A,n(X)=Y"_o N[N —r)!]~ ' X*. It is readily shown from (3.12) that in this
case u'(X)>(1—p)"/* PV X >0. Now, for v>22N"‘(N!)2/(2N)!\/E, then there is a point
X =X*>0 at which #/(X*)=0, with 4/(X)>0 for 0L X <X* and v/(X)<0 for X >X*.
In this case u'(X) is given by (3.12) for 0< X < X*, but has the form

X
u(X) = ul(X*) [ e~ (C* =X gg (3.13)
x‘
for X > X*. We note that, in this case,
W(X) > ul(X*) [ e XD s <0 (3.19)
x‘

as X —c0. In addition we observe from (3.12,13) that for any v=0, there is a constant
K(N) such that,

d(X)<(1=p)" P4 5[1+K(N)X*MV X 20. (3.15)

We can now establish:

Proposition 3.16. Let 6(X) be a solution of IVP1 for X €[0,X_] for any X ,>0. Then
(X)) <u'(X) and iy (X)Sub(X)V X €[0, X ,].

Proof. We first observe that if id(X)#0V X e[0,X.] then 3 an X,€e[0, X_.] such that
#Xo)=0, #(X)>0VXe[0,X,] and i(X)=0 or #(X)<0VXe(Xy,X,.]. This follows
from equation (3.1) and Proposition 2.5. There are now three cases to consider:
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(i) First suppose u'(X)>0V X e[0,X,] and #(X)>0V X e[0,X,]. We then define the
linear differential operator, L[], as L[w]=wyy+3Xwy— Nw, for any suitably differen-
tial function w(X). Now via LIVP2, L[4']=0V X €[0, X,.]. Also

Li) =iixx +4Xiix— Nii= —[ﬁ”— 1 ! pa]—Nago

Vii>0 and hence V X €[0, X_.]. Moreover, ii(0)=u'(0), iix(0)=u’(0), thus we can apply
the comparison theorem for linear ordinary differential operators, [23], to #(X) and
#'(X) in [0, X ] to obtain i(x) Su'(X) and iy (X)Suk(X)V X €[0, X, ].

(i) Next suppose u'(X)>0V X e[0,X,], but #(X)$0VXe[0,X,], and let X, be as
defined above: For X €[0, X,,] the result follows from (i) above, whilst for X e[ X4, X ]
we apply the same argument as in (i) but using the operator L[w]=wyy+3Xw. For
Xe[Xq,X.], #(X) <0, from above. Thus, using equation (3.1), L[] =0V X e[X,, X_].
However, in this case u!(X)>0VXe[X,,X.] so that L{u']=Nu'>0¥Xe[X,,X.]
Moreover, u'(Xy)=#(X,) and u'y(X,)2ix(X,), and so the comparison theorem for
linear differential operators, [12], gives @#i(X) <u!(X) and dy(X) Su(X)V X e[X,, X, ], as
required.

(iii) Finally suppose ' (X)#0 on [0,X,]. Then 3 an X=X, such that u#/(X)>
0V X [0, X,), t(Xo)=0 and u/(X)<O0VX e[X,,X,], via (3.12,13). For Xe[0,X,) the
result follows from parts (i) and (ii). Moreover we can deduce that i#(X,)<u'(X,)=0
and iiy(X,) Su(X,) <0 from the result on [0,X,) and continuity of #(X), 4/(X) and
first derivatives at X = X,. These conditions enable us to conclude that (via the first part
of this proof and (3.12,13)) d#(X), u'(X)S0VXe[X, X,.], and so via (3.10), (3.1)
L{i)=L[u']=0¥ X e[X,, X.], and the result follows via the comparison theorem.

All cases have now been considered and the proof is complete. O

Remark 3.17. On the interval X [0, X ], for any X_ >0, Propositions 3.9, 3.16 show
that, u,(X) < i#(X) Sul(X), u(X) Ziix(X) £ul(X), which provide a priori bounds on the
solution of IVPI.

Having established a priori bounds on the solution of IVP1, we are now able to
consider (for each 6 >0, v=0) global existence and uniqueness of solutions to IVPI.

Proposition 3.18. For each 6>0 and Ogv_s_l/ﬁ there exists a unique solution to
IVP1 with X e[0,X,], for any X,>0.

Proof. We first write IVP1 as the equivalent first order system

! a], Xe[0,X,]
I-p |+

ﬁx=i7, ?X='—"%Xi7—'[ﬁp—
) (3.19)
a(0)=(1—p)1=P 4165, V()= —vd.
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Now, via Propositions 3.9, 3.16 and 3.17, any solution of (3.19) is a priori bounded in
[0, X, ] with, for 0<v<1//x,

(1—p P LAX) S(1—p)0 P+ 6[1+ K(N) X, — % < V(X)§2N<3K(N)X3("3"2‘6
b . )

Now let D=Rx[0,X,], where R is the rectangle described in (3.20), and define
F:D-R? as,

F(ﬁ,f/,X)=(I7,—%XI7—I:ﬁ”— ! a] )
l—p ]+

It is clear that F is continuous throughout D. Moreover, since via (3.20) i is bounded
away from zero in D, then F is a differentiable function of (&, ¥) throughout D, and
hence is Lipschitz continuous in (&, ¥) throughout D. Under these conditions, a repeated
application of the local existence and uniqueness theorem (see, for example, Coddington
and Levinson [8, Ch. 1., Theorem 2.3]) on the intervals [0,a],[a,2a],...,[(s— Da, sa]
(where a=min(X,,b/M) with, b=31-p)/* P41, M=max|F@i, V,X)|V(@i5X)e
[3(1—p) =P, 3(1—p)* =P 4 §(1+ K(N)XZM)] x [—(1+8//m), 2NSK(N)XZ¥ ™! +1]x
[0,X.], and seN with X /a<s< X, /a+1) establishes existence and uniqueness on the
interval X e[0, X,], for any X,>0. O

Remark 3.19. For the above proof, in the notation of Coddington and Levinson [8],
the rectangle R used in each local application of [8, Theorem 2.3], with initial
conditions (o, D) at X, is | —il| S3(1—p)/* P, |5—o| <1, | X ~ XS 1.

The restriction 0Sv< l/ﬁ in Proposition 3.18 can be removed as follows:

Extension 3.20. For v> 1/\/7—t existence can again be established on [0,X_], for any
X,.>0, via the a priori bounds of Propositions 3.9, 3.16 and the Cauchy—Peano local
existence theorem ([8, Ch. 1, Theorem 1.2]). However, in this case the lower bound on ii is
negative, and so uniqueness cannot be guaranteed immediately as now F is not Lipschitz
continuous in (4,0) throughout D (D now contains part of the plane i=0). Despite this,
uniqueness can still be established.

Proof (of uniqueness for v> l/ﬁ). Suppose #(X;v) is a solution of IVP1 with
v>1 /\/;t and X €[0, X.]. There are two cases to consider,

(i) a(X;v)>0vVXe[0,X,]

Uniqueness follows from applying the local uniqueness result ([8, Ch. 1, Theorem
2.3]) at each X,€[0,X,], as F(ii, ¥, X) is locally Lipschitz continuous at each such point
(#(X o), V(X,), X ), since @(X;v) is bounded away from zero.

(i) #(X;v)#0V X e[0,X,]
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In this case 3 X*€(0, X ] such that #(X*;v)=0 and d(X,v)>0V X €[0, X*). Unique-
ness for X € [0, X*) follows as in (i) above. At X =X*, iiy(X*;v)<0. With iiy(X*;v)=0,
then via equation (3.1) and Proposition 2.5, we deduce that #(X;v)=0 for X e[X*, X,],
and uniqueness follows on this interval. The remaining possibility is that #,(X*;v) <0,
when for X e [X*, X ], ii(X;v) satisfies the initial value problem (via IVP1),
aXX+%XaX=Oa XE[X*’Xel
HX*v)=0, dy(X*v)=—a*

for some o* > 0. This has the unique solution

X
HX;v)= —a* [ e XG5 <0,
X*
VXe[X* X,], and the result is established. |

The next stage is to examine the closeness of solutions to IVP1 and LIVP1. We begin
with:

Lemma 3.21. Let i(X) and u(X) be solutions of IVP1 and LIVP1 respectively on
[0,X.], for any X >0, then,

L a—w), 0svsl
—D

(i) OSH(u)—H(u) SA(p)S%, v=1//x,
for all Xe[0,X,]. Here Hw)=[w?—(1/(1—p))w], and H,(w)= —[w—(1—-p)'/t-P],
with A(p)=2p(1—p)~ " 7P.

() 0= H(w)-H@ = 5

Proof. (i) Via Proposition 3.9 we have #(X)=u,(X)V X [0, X,]. Moreover u,(X)>
(1=p)1 -7y X >0. Hence ti(X)=(1—p)'* PV X €[0, X,]. Now, H(w) is strictly mono-
tone decreasing in w for w>(1-p)"/*~P. Therefore [H(u(X))—H(#(X))]=
0V Xe[0,X.] In addition, H(w) is also Lipschitz continuous in w>(1—p)}/~? (it is
differentiable, with bounded derivative |H'(W)|<(1/1—p)Vw=(1—p)'*~P). Thus
[H(u,(X))—H@a(X))] £(1/1 —p)[#(X) —u(X)]V X € [0, X], as required.

(i) We note first that when v=1//n, 4(X) is monotone decreasing in X =0, with
u(X)=(1—p)"" =P as X—oco. Also, in w2(1—p)/1~P H(w)—H(w) is positive and
monotone increasing. Therefore 0< H,(4,(X))— H(u,(X)) £ H,(14,(0)) — H(u,(0)) S A(p)62 V
X [0, X,], on using 1;(0)=(1—p)/* ~P 4+ 5 and Taylor’s theorem with remainder. O

Extension 3.22. The inequality (1) also holds for v>l/\/;, but only extends to the
maximal interval [0,X,], where X, is the unique, positive value of X with u(X,)=
[p(1—p)]H~P < (1 —p)]*/"* =P, Note that X, depends on & and v.

The mequahty (ii) holds for v> l/ﬁ but only extends to the maximal interval [0,X,],
where X, is the unique, positive value of X with ufX,)=max{(1—p)l/1-»_4,
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[p(1—p)1""" =P}, This inequality also holds for 0<v<1/./n, but only extends to the
maximal interval [0,X,], where X, is tlze unique, positive value of X with u{X,)=
(1—=p)t/ =P 4 8. Again we note that both X, and X, will depend on & and v.

We next write IVP1 and LIVP1 as equivalent first order systems,
~ —_ o~ — _l ~_ ~ .

y=0,0x= z)l(u H@) ; X>0} (3.23)
ux =0, vx=—2X0,—H(w); X>0

subject to u(0)=a(0)=(1—-p)* P+, v(0)=50)=—vs. On defining W(X)=
(@#(X) —uy(X), 5(X)—v(X))", we readily find from (3.23) that W(X) satisfies the following
initial value problem

Wy=A(X)W+g(W), W(0)=0, X>0, (3.24)
where
A(X)=<0 } ) g(W)=(0, H () — H(@@)".
0 —2X (3.25)
The initial value problem (3.24) is equivalent to the integral equation,

S=X

W(X)= | B(X)B~'(s)g(W(s))ds, X >0, (3.26)
§=0

where B(X) is a fundamental matrix for the system Yy=A(X)Y, and can be taken as,

B(X) =<(1) Jrerfe(ix )). (327)

—-x2
_eX/4

On substitution into (3.26) using (3.25) and (3.27) we arrive at,

s

=X
W(X)= | [/aletf 3X)—erf (35)], e~ /*¥9]T e/ 5 [H (uy(s)) — H(i(s))] ds, X >0,
s=0
which leads directly to the inequality,

IWOOIS T (/AL (3X) —erf ()] + e~ /430 grasd
s=0

x |H(u(s)) — H(i(s))| ds, X >0, (3.28)

We can now establish:
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Proposition 3.29. Let é#(X) and u(X) be solutions of IVP1 and LIVPi respectively.
Then for any 6>0,v=0,

|a(X) —u(X)]

<IA(PI*X (X.+2 MX} 3.29
|ax(x)—u,x(X)|}- (DOX(X.+ )exp{(l_p) (3.29)

for all Xe[0,X,] (where X, when necessary, is restricted to those values allowable for
Lemma 3.21 to hold).

Proof. From (3.28) we have immediately that
s=X
IWX)|= | [(X—9)+ 1]]H,(u,(s))—H(ﬁ(s))| ds, X>0. (3.30)
s=0

Now, for X e[0,X,] (with X, if necessary, restricted so that Lemma 3.21 holds) we
have, via Lemma 3.21 and (3.22),

0= Hy(u)— H(#) =[H,(w;) — H(u,)] + [H(u,) — H(@)]

1 ) ,
S, B0 +HAD, (3.31a)

Vse[0,X]1<[0,X.]. Thus, using (3.31a) in (3.30) we arrive at,

Wx)|= 5 [(X—9)+1] {(T—IW(s)IM(p)éZ}
VX e[0,X,]. This leads to,
| (X)|__(()§ etD 7 j' |W(s)|ds+A(p)62(2X2+Xe) (3.31b)

VXe[0,X,.] It is now straighforward to apply the Gronwall inequality (see for
example, Hirsch and Smale [13, Ch. 8, §4]) to (3.31b), to obtain,

|W(X)|<3A(p)S2 X (X, +2)exp{((le_+;) }

VXe[0,X,], as required. O

Remark 3.32. For any finite (allowable) X,, Proposition 3.29 implies that |a(X)—
(X)), |dx(X) = ux(X)|=0(6?) uniformly on X €[0,X,] as §—0* for fixed v=0.
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We next make use of Proposition 3.29 to examine the behaviour of the solution to
IVP1 with varying v2>0, at a fixed 6=0. We first recall that, for v>1/,/n, then u,(X) is
monotone decreasing in X with u=0 at X =X (v, §) where, from (3.7), (3.8),

z(l_p)l/(l—p) 1+
s /av—1Jm) = T a
X.(v,0)~ (3.33)
_ 1/(1-p)
LT NI

Recall also that for v>1/,/7, X,(v,6) is defined so that u,(X,)=Max {(1—p)t=P=5,
(p(1—p))"* =2} and in this case Proposition 3.29 applies for X e[0, X,(v,8)]. Hence,
applying Proposition 3.29 at X = X ,(v,) we obtain

@R, (,8) — (1= )" "7 Smax { =6, —(1—p)!14 ~P(L—p!/ 7))

HAREL (4 Derp [CEDRL 039
We also note, via (3.7), that,
-1+
Xl(v,a)—v{c’o as v=17/\/n (335)
0 as v—oo,

with X,(v,5) being a monotone decreasing function of v> l/ﬁ. Therefore, for a fixed
0>0, we observe from (3.34), (3.35) that there exists a v=v,(d)> l/ﬁ (with
v,(8)= 1%/ /7 as $>0%) such that,

(X, (v,8) <(1=p)"1 =P Y ye(v,(d), ). (3.36)

Moreover (via equation (3.1), the only turning point of # with 0<ii<(1—p)'/* 7P can
be a local maximum) we may also infer that,

fix(X (v, 0)) <OV ve(v,(5), o). (3.37)
Thus, using (3.36, 37) and equation (3.1), it is clear that for each ve(v,(5), o), then i#(X)

is monotone decreasing for 0<X <X*(v} (X*(v)>X(v)) with a(X*(v))=0. For X>
X*(v) we have (from (3.1) directly),

X
FX)=uy(X*() [ ™ =¥ gs,
X*(v)

with,
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#(X)>uy(X*(v) | e & ¥4 gs<0,
X*(v)

as X —oo.

We now consider the case when 0Zv<1/,/n. In this case recall that u(X)>
(1—p)** 7P in X >0 and has a single turning point, which is a local minimum, with
u(X)—> o0 as X—o0. Moreover, there exists a unique point X =X,(v,8) with u(X,)=
(1—p)** =P 4 5 and Proposition 3.29 holds for X €[0, X,]. We also observe that (via
(3.7,

)zz(v,é)_,{oo as V_'1+/ﬁ (3.38)
0 as v-0".

Thus, for fixed 6>0, #(X,)>u,(X;)>(1=p)Y =P and (X ,)>u(X,)>0, via Proposi-
tion 3.9, for all ve[0,1/./n). These conditions imply (using (3.1)) that #(X) is monotone
increasing in X >X,(v,8) with #(X)—>w as X—o0,Vve[O, l/ﬁ). We have thus
established:

Lemma 3.39. For any §>0, then,

(i) with ve(v,(J), 00), @#(X) is monotone decreasing with (X)—ii <0 as X —>o0. Here
v(8)>1//7¥ 6> 0, with v,(8)>1%/ /7 as 6-0*.

(ii) with ve[0, l/ﬁ), #(X)>(1—p)"* =PV X >0. Moreover, i(X) is monotone increas-
ing in X >X,(v), and i#(X)— o0 as X — o0.

In what follows we regard 4 >0 as fixed and write #(X)=14(X,v) as we wish to explore
the dependence of & on the parameter v=0.

Lemma 3.40. Let I;={veR* u{0}:%X,v)2(1—p)!/" PV X 20}, then I5=[0,v*(5)]
for some 1/./n <v*(8) S v,().

Proof. We have already shown that [0, 1/\/;)91,,. Thus inf(I;))=0 and putting
sup (I;) =v*(d), then, l/ﬁ Sv¥(0)=v,(d). We now show that I; is connected. Suppose
that v,el; (v;>0), then #,(X)=i(x,v,)2(1—p)"* PV X 20. Also let 0<v,<v, with
to(X)=1i(X, vo). From equation (3.1),

~1r ~r ~ 1 ~ ~1 ~1 ~ 1 ~
uO+%Xuo+(u8_ 1 puo) =ul +%Xu1 +<u‘1,— 1 pul) =0

VX =0, and #y(0) =1 (0), &iy(0) > a',(0). Thus, via the nonlinear comparison theorem for
ordinary differential operators (Protter and Weinberger [23, Ch. 1, §9, Theorem 23]) we
have #y(X)2d,(X)VX =0 and therefore voel;,, We conclude that I; is connected.
Finally, we must show that v*(8)eI; (and hence that I(J) is closed). If we suppose that
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v¥(8)¢I;, then 3 an X >0 such that #(X,v*)<(l—-p)"*~P, However, u(X,v)=
(1—p)-PY0<v<v*(d), and so #(X,v) cannot be continuous in v at v=v*(5). This
contradicts continuous dependence at X=X of the solution of IVP! on initial
conditions (Coddington and Levinson [8, Ch. 1, §7, Theorem 7.1]), and hence v*(d)€l,.
The result follows. i O

For each 6>0, we now consider the solution of IVP1 with v=v*(J).

Lemma 3.41. The solution i(X,v*) of IVP1 (for any J >0) is monotone decreasing in
X =0 and has (X, v*)—(1 —p)/ 7P gs X > c0.

Proof. Suppose i(X,v*)—>o0 as X—o0, then 3 an X*>0 such that a(X*,v¥*)>1+
d+(1—p)/*~P_ However Yv>v*(d), d(X*,v)<d+(1—p)/" P This contradicts conti-
nuity of #(X*,v) on v at v=v*(5). Therefore we conclude that #(X,v*) must remain
bounded as X —oo. Since #(X,v¥)=(1—p)!/ P then (via (3.1)) @#(X,v*) can have at
most one turning point in X >0, which must be a local minimum. We suppose that
#i(X,v*) has a local minimum at X = X,,>0 with @(X,,,v*)=(1—p)'" P, Then (X, v*)
is monotone increasing and bounded above in X > X, so #(X,v¥*)—u, as X - oo, with
u,,>(1—p)~P However, this is not compatible with equation (3.1), and we conclude
that #(X,v*) is monotone decreasing in X >0. Thus #(X,v*)—>u, as X— oo with now

C(1=plt <y <(1—p)*-P 45 Equation (3.1) then gives immediately u,=
¢ (1—-p)MC¢ =P as required. |

Remark 3.42. It follows from Lemmas 3.40, 3.41 that for all ve(v*(d), ), then
i(X,v) is monotone decreasing in X, with #(X,v)—#,<0 as X—o0. Note also that
v*(8)>1%//n as 0% (via Lemma 3.40).

At present we have shown that for any 6 >0, there is at least one value of v, given by
v=v*(9), such that the solution of IVPI is asymptotic to (1—p)!/*~? as X—oc0. We
now determine that v=v*(d) is the only value of v for which the solution of IVP1 has
this property.

Lemma 343. Let J;={veR* U {0}:d(X,v)>(1—p)"'"*"P as X—o0}, then J;=
[v,(9), v*(9)] for some 1/./n<v (8) S v*(9).

Proof. From Remark 3.42 we have immediately that J;<1I;, and, via Lemma 341,
sup(J5)=v¥*(d)eJ;. Let v (8)=inf(J;), then v*(é);l/ﬁ via Lemma 3.39. To demon-
strate that J, is connected, we follow the proof of Lemma 3.40 and use the nonlinear
comparison theorem for ordinary differential operators, [23]. Finally to show that
v,(0)e J; we again follow the proof of Lemma 3.40, using continuous dependence of the
solution of IVP1 on v at fixed X, [8]. O

We note from Lemma 3.43 and Remark 3.42 that v (8)—1%/,/m as §-0*. Moreover
we are able to show that for each § >0, J, has just one element.
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Lemma 3.44. For each 6>0, we have v*(5)=v,(0).

Proof. Suppose 3 a §>0 such that v*(0)#v,(5). Then, by definition v_(J) <v*() and

3 values v=vq,v, with v (8)<vo<v,<v*(d). Let i,(X)=du(X,v,) and &,(X)=i(X,v,),
then, via the nonlinear comparison theorem, [23], it is readily deduced that,

Y(X)Z0V X 20, (3.45)

where Y(X)=iys(X)—d4,(X) in X2=0. Moreover, using initial conditions
(i5(0) = i, (0) = (1 — p)V* ~P + §) and since vy, v, €J,, then,

Y(0)=0, Y(X)-0" as X-—oo. (3.46)
Also, ¥'(0)= —6(vo—v,)>0 and so 3 an X, >0 such that,
Y(X)>0Y X e(0,X ). (3.47)

The conditions (3.45-47) imply that 3 a point X=X7>0 where (X) has a local
maximum. Thus,

(X >0, ¢'(XN)=0, y"(XT)=0. (3.48)

Now as both 4,(X) and i,(X) are solutions of IVP1 with v=v,,v, respectively, then
Y(X) satisfies the following,

W HIXY = (TEB Lio(X) — i, (X)] — [a§(X) — a3 (X)], (3.49)

in X >0. We now consider X =XT. Since ¢(XT)>0, then, iip(XT)>i,(XT)>(1—p)/t~»
(via definition of J;). Thus, using the mean value theorem,

(X T) — a5(X) = ptP~ '[do(X ") — (X)),

where £e(il,, ;). Hence,

AB(XT) —B(XT) < —E— [p(XT) — i, (X )]
(1-p)

<2 _[ay(XT)—ai,(XT)]. (3.50)
(1-p)

Next, evaluating (3.49) at X=X7, using (3.50), we arrive at, ¢"(XT)=(1/(1—p))
{tio(XT)—a,(XT)} — {#8(XT)—a5(XT)} >0, which contradicts the last of (3.48). We
conclude that v*(6)=v,(9) V>0, as required. d
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In the light of the above lemma we introduce the notation v () =v,(d)=v*(s). We can
now state:

Theorem 3.51. For each 6>0 the solution of IVPI1 is such that ii(X,v)—(1 —p)/@~»
as X—oo if and only if v=v/(5). Moreover, ii(X,v(d)) is monotone decreasing in X 20,
and v(8) 2 1//nV¥ 6>0, with v(8)~1%//n as 6-0".

Proof. Follows directly from Lemmas 3.39-3.44. |

The above theorem concludes our analysis of IVP1.

4. The initial value problem in X <0

In this section we consider the initial value problem,

ﬁxx+%Xﬁx+[aP—lipa] =0, X<0, (4.1)
+

#0)=(1—p)/1 =P +5, x(0)= v, 4.2)

with 8, v=0, which we henceforth refer to as IVP2. Again, we can make the following
remark.

Remark 4.3. With §=0, IVP2 has the global solution #(X)=(1—p)'/* PV X <0. It
follows that this is unique ([8, Ch. 1, Theorem 2.2]), from application of the local
uniqueness theorem.

To proceed further we re-write IVP2 in terms of {= — X,

! ﬁ] =0, (>0, (4.4)
I-p J+

iy + 300+ [a”—

40)=(1—p)"1=P+5, G(0)=vé, (4.5)

which we refer to as IVP2. This now falls into the same class as IVP1 (with v replaced
by —v), and we have the following:

Theorem 4.6. For each 6>0 and v=0, IVP2 has a unique solution in X <0. Moreover,
this solution is monotone decreasing in X with a{X)— + o as X - — c0.

Proof. We work with the equivalent problem IVP2 in {>0, with solution #({). We
define @,(¢) and @'({) as before, except we replace conditions (3.6), (3.11) by u, (0)=
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#(0)=vd. Similarly following the proofs of Propositions 3.9, 3.16, we readily establish
that on any interval [0,(,], #({) and @#'({) provide lower and upper bounds on #()
respectively. These a priori bounds then enable existence and uniqueness for IVP2 to be
established in [0,{,] for any (,>0. Now, since @(0)>(1—p)""'~” and #(0)20, an
examination of equation (4.4) establishes directly that #({) is monotone increasing in
{>0. Moreover, since a({) = ;({) in {>0, then #({)— co as {— o0, as required. O

We are able to use the information that #(X)—o0 as X— —oo to obtain the
asymptotic form,

W(X)~ A6, (—X)H1"P as X —oo, 4.7)

with 4(J,v)>0 for any 6>0, v=0. We can now return to the original problem BVP.

5. The boundary value problem BVP

We first return to BVP. Through Proposition 2.7, we observe that any solution, U(X),
to BVP has U(0)>(1—p)'/®~P and Ux(0)<0. Thus we may write for any solution to
BVP,

UQQ)=1—p"'7P+45, Ux(0)=—vs, 5.1
for some 6, v>0. This leads us to:

Theorem 5.2. There is a bijection between solutions to BVP and those pairs
6,v)eR* xR* for which IVP1 has a solution ii(X,v) with 4(X,v)—>(1—p)/*~P g5
X - 0.

Proof. Let SSR* x R* be defined by,

S={(8,v):1VPI has a solution at (8, v) with &(X,v)—(1—p)/* " has X -0},

and,
B={ii: R—>((1—p)*""* =P, 00):1(X) is a solution of BVP}.

Now define the mapping T: B—S by T[a#(X)]=(9, v), where,

a0 Ni-p) —i4(0)
d=u(0)—(1—p)/2=o), V—[a(o)_(l_xp)l/(l—p)]‘

Clearly, T is well-defined. We must now show that T is one-one and onto.

(i) One-one
Suppose ii,(X) and @,(X)eB and T[a,(X)])=TL[i,(X)]. Then, by definition of T,
2,(0)=11,(0) and i1, x(0) =1i,4(0). Thus, in X =0, both &,(X) and #&,(X) satisfy IVP1 with
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the same v,6>0 (see (5.1)). Uniqueness follows from Proposition 3.18 and Extension
3.20, and so, #,(X)=1ii,(X) in X=0. Similarly, Theorem 4.6 shows that i,(X)=1,(X) in
X <0. Hence @,(X)=i,(X)V X eR and T is one-one.
(i) Onto

Let (0, V) € S, then we define, -

. a(X,%, X=0

X)= =
ux) {a(x, §), X<O.

Now, via Theorem 3.51, since #(X,9)—-(1—p)"’*~P as X—o0, then #(X,9) is
monotone decreasing in X with 4(X,9)>(1—p)"*~PVX>0. Also, via Theorem 4.6,
#(X,7) is monotone decreasing in X <0 with #(X,V)>o as X——oco and has
asymptotic form (4.7). Therefore #(X)e B and so T is onto. O

We note that S={(4,v): v=v,(J), >0}, via Theorem 3.51.

Remark 5.3. The correspondence of Theorem 5.2 relates solutions of BVP uniquely
to points in the positive quadrant of the (4, v) plane.

Theorem 5.4. The set of solutions to BVP consists of a one-parameter family, which
can be parametrized by §>0. For each >0 3 a unique solution to BVP if and only if
v=v8). Moreover, that solution can be constructed in terms of solutions to IVP1,2 as,

. uX,v(0), X=20
X)= ¢ 5.5
a(X) {a(x, v(8), X<O. (:3)
Proof. The proof follows from Theorem 5.2, 3.51. O

Remark 5.6. From definition 5.5, we readily deduce that at any fixed X e R, #(X, ) is
a continuous function of §=0. In addition we observe that with 6=0 in (5.15) then
#X,00=(1—-p)/*~PY X eR, via Remarks 3.3, 4.3. Hence for fixed XeR #(X,8)—
(1=p)t*1a-» a5 550*.

In the remaining part of the paper, we relate solutions of BVP to solutions of BVP.
We begin with:

Proposition 5.7 The function x(6)=6v(d), for 6>0, is non-decreasing. Moreover
2(8)2(1//7)5 in >0, and y(8) ~(1/\/n)d as 6-0".

Proof. Suppose that §,>68,>0 and that x(6,)<yx(d,). Hence d,v, <dovo, where
vy =v(6,), vo=v(Jo). Then, via the nonlinear comparison theorem, [23], the solution of
IVP1 with §=4,, v=0,v,/8, has @#(X)—(1—p)*/' =P as X—>o0 (as it is bounded above
by the solution to IVP1 with §=46,, v=v, and bounded below by the solution to IVP1
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with §=4,, v=v,). Thus 8,v,/dg€J;s,. But voeJs and v,#4,v,/d,, which contradicts
Lemmas 3.43, 3.44. Therefore x(d,) = x(J,) and the results follows. The final part follows
from Theorem 3.51. O

The family of solutions to BVP, (5.5), have the following behaviour as X —» — o0,
a4(X,8) ~P(B)(—X)'"P as X— —o0, (5.8)

via (4.7), with ®(8) = A(J, v.(9)), and ®(5)>0 for all 6>0. We can establish the following
properties of ®(d):

Proposition 5.9. In 6>0, ®(5) is monotone increasing with ®(5)—=0* as 60" and
D(6)—> 0 as 6— .

Proof. Continuous dependence of #(X,d) on & (initial conditions) establishes the
continuity of ®(8) with §>0. Also at §=0 (via Remark 5.6), #(X,8)=0V X eR, and
continuity of @#(X,d) on é for fixed X at §=0 (Remark 5.6) requires lim,_ . ®(5)=0.
Now, for 6, >d8,>0 we have (via the nonlinear comparison theorem, [23], in X <0, and
Proposition 5.7) (X, 6,)>u(X,d,) and [—ax(X,0,)]=[—ix(X,d0)]V X <0. Thus, via
(5.8) ®(6,)>D(d,), as required. We next show that for a given 4>0, ay(X,0) is
monotone decreasing in X <0. Suppose that @y(X,d) has a turning point in X <0, at
X=X say, then #yy(Xr,6)=0, and so, via equations (5.5), (4.1), ay(Xr,0)=
XT /(A =p)i(X 5, 8)—iP(X 7, 6)]. >0 as a(X5,8)>(1—p)/*~P  However, via
Theorem 4.6 and (5.5), @ix(X7,8)<0, which gives a contradiction. Hence iiy(X,d) is
monotone in X <0, and is monotone decreasing via (5.8). It now follows directly from
Proposition 4.7 (noting that ix(0,0)= —y(d)) and (5.8) that ®(6)—> o0 as d—o0. This
completes the proof. O

Finally we are able to return to our original boundary value problem BVP given by
(1.8)«(1.10). We have:

Theorem 5.10. For each g,>0, BVP has a unique solution. Moreover that solution is
given by V=u(X,0), where § is the unique, positive, root of the equation ®(5)—g,=0.

Proof. The proof follows directly from properties of #(X;d), 6>0. O
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