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NONNORMAL SMALL JUMP APPROXIMATION
OF INFINITELY DIVISIBLE DISTRIBUTIONS

ZHIYI CHL* University of Connecticut

Abstract

We study a type of nonnormal small jump approximation of infinitely divisible
distributions. By incorporating compound Poisson, gamma, and normal distributions,
the approximation has a higher order of cumulant matching than its normal counterpart,
and, hence, in many cases a higher rate of approximation error decay as the cutoff for the
jump size tends to 0. The parameters of the approximation are easy to fix, and its random
sampling has the same order of computational complexity as the normal approximation.
An error bound of the approximation in terms of the total variation distance is derived.
Simulations empirically show that the nonnormal approximation can have a significantly
smaller error than its normal counterpart.
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1. Introduction

The simulation of infinitely divisible (i.d.) random variables has many applications. In most
cases, since exact simulation is either unavailable or computationally costly, good approxima-
tion methods are desired. The normal approximation of i.d. distributions, which was studied
in [24] and later developed in [1] under the framework of the small jump approximation, has
received much attention in the literature [2], [11], [12], [13], [17], [20], [22], [23], [33], [34].

Let X be a real-valued i.d. random variable, and let A be its Lévy measure. Without loss
of generality, we will always assume that X has no normal component. The normal (small
jump) approximation starts with the decomposition X = X, + A, given r > 0, where X,
and A, are independent and i.d. with Lévy measures A, (dx) = 1{|x| < r}A(dx) and A — A,,
respectively. As A, is compound Poisson, its sampling is standard. The key is to approximate
X, by anormal random variable with the same mean and variance [1]. Thus, we can regard the
approximation as relying on second-order cumulant matching. By a certain measure, the error
of the approximation is bounded by

Cebx, (1.1)

oy,
where C is a universal constant, o, is the standard deviation of X, and, for j > 2, |«|; x, =
f |x ] A, (dx) [1]. Currently, the smallest available C seems to be 0.4748 [32]. In symmetric
cases, since the third cumulants of X, and the normal random variable are O, the bound can
be more or less replaced with Clk|4,x, / of{r [1]. The pattern of the bound suggests that, if X,
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and some Y, have the same cumulants of order 1, ..., ¢ — 1 with ¢ > 5, then X, might be
approximated by Y, with the error being bounded by

C(r)(|K|q,X, + |K|q,Y,)
oy '

where C (r) is nearly constant, at least for small , or, most ideally, is a small universal constant.
Since the gth cumulant of a normal random variable is 0, the bound is consistent with that for
the normal approximation.

Even by rough Fourier analysis, there is good reason to expect the above bound to be true,
and elementary calculations indicate that in many cases it vanishes at a strictly higher rate than
the bound for the normal approximation as r — 0. However, perhaps we first need to ask if an
approximation based on higher-order cuamulant matching can possibly be easily implemented.
The motivation behind this question is twofold. First, the approximating distribution should be
easy to identify and preferably i.d. Second, the approximating distribution should be easy to
sample; preferably, the computational complexity of the sampling is of the same order as the
normal approximation. If the answer to the question is positive then another question to ask is
how large can g be. It can be anticipated that the larger q is, the faster the error of approximation
vanishes as r — 0. If both questions are answered then a wide range of available techniques
can be potentially adapted to establish error bounds.

Clearly, cumulant matching is equivalent to moment matching. In fact, our proof of the
above type of bound ultimately relies on moment matching. However, thanks to the Lévy—
Khintchine representation, it is much more convenient to work on cumulants than moments.
In Section 2.1 we present a simple way to construct approximating i.d. distributions with
matching cumulants up to at least the fourth order, i.e. ¢ > 5. In many important cases we
obtaing = 6, and in symmetric cases, ¢ = 10. Each approximating distribution is a convolution
of compound Poisson and normal distributions, with the former made from gamma variables.
Importantly, using standard algorithms [14], [21], the computational complexity of sampling
for the approximation is universally bounded, and, hence, is of the same order as for the normal
approximation.

We refer to the approximation as the Poisson-gamma-normal (PGN) approximation, although
a term like ‘compound Poisson-normal small jump approximation with gamma summands and
higher-order cumulant matching’ would be more accurate. In Section 2.2 we bound its error in
terms of the total variation distance. The bound is nonasymptotic and of the desired type. In
Section 2.3 we give some examples of the PGN approximation. The examples show that the
bound yields a substantially higher rate of precision than the normal approximation as r — 0.
However, they also indicate that the bound may be far from being optimal or even practically
useless. Therefore, in Section 3 we conduct large-scale simulations to show that, empirically,
the PGN approximation can have a significantly smaller error than the normal approximation.

In Section 4 we prove the error bound by combining Fourier analysis, Lindeberg’s method,
and a device in [1]. Of course, on modern treatments of Poisson, compound Poisson, and
normal approximations, there is now an extensive literature, and on gamma and other types
of approximation, there is also a growing literature; see [3], [4], [7], [8], [18], [25], [26],
[29], and the references therein. However, it appears that there has been little work on using
convolutions of different types of simple distributions to improve approximation. We remark
that while in this paper we are only concerned with the univariate case, accompanying results
on the multivariate case have been reported elsewhere; see [10].
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In the rest of this section we define notation and recall some basic facts. A Borel measure A on
R is the Lévy measure of an i.d. distribution if and only if A({0}) = 0 and f(u2 A1) A(du) < o0
[31, Theorem 8.1]. Denote by sppt() the support of A. If X isi.d. with Lévy measure A, denote
by Wx(t) and Yy x(t) = exp{—Vx ()} = E[e""X] its characteristic exponent and characteristic
function, respectively, and define

&/ tX i
= R j i
Kjx = i InE[e' "] ;:07 lkljx = / |ul/ A(du), jeN,

andoy = K21 /)%. Here «j x is known as the jth cumulant of X. Itis well defined if E[e'*] < 0o

for all ¢ in a’neighborhood of 0. We refer to |«|; x as the jth absolute cumulant of X. For
a > 0,E|X|* < oo if and only if [ 1{Ju| > 1}|u|® A(du) < oo (see [31, Theorem 25.3 and
Proposition 25.4]). If sppt(1) is bounded then E[e’X] < oo for all # [31, Theorem 25.17]. Since
X has no normal component, kj, x = f u’ A(du), j > 1, and var(X) = k2 x. If, in addition,
Uy (t) = f(l + iru — e™) A(du) then «; x = EX = 0. If j is even or sppt(A) C Ry :=
[0, 00), then k; x = |« |; x. Denote the total variation distance of X and the random variable Y
by drv(X,Y) = sup{|P{X € A} —P{Y € A}|: A measurable} and their Kolmogorov—Smirnov
(KS) distance by dxs(X, Y) = sup{|P{X < x} —P{Y <x}|: x e R}.
Henceforth, we set X, such that

Uy (1) = /(1 +itu — e™)A, (du).

Consequently, EX, = 0 and E|X,|? < oo forall p > 0. Let Z ~ N(0, 1) be independent
of A,. Then A, and ox,Z + A, are known as the compound Poisson (CP) and normal
approximations of X, respectively [1]. We refer to r as the cutoff for the jump size of
approximations.

2. PGN approximation

2.1. Cumulant matching

In general, we can decompose X = X4+ — X_ + X, where X4 and X are independent
and i.d., with the Lévy measures of X1 being supported on R, and X being symmetric, i.e.
Xy ~ —X;. Indeed, the Lévy measure of X can be any symmetric Borel measure A such
that, for A C Ry, A;(A) < min(A(A), A(—A)), and the Lévy measures A+ of X+ are defined
by A+(A) = A(£A) — A;(A). Although we can always set A; = 0, as seen below, it is useful
to exploit Ay 7~ O.

Without loss of generality, we will therefore only consider the asymmetric case where
sppt() C Ry and the symmetric case. First, let sppt(A) C R4. Givenr > 0 and p > —1, let
Y, be an i.d. random variable independent of A, such that

OO .
Wy (1) = / (A +iru — ™)y (du) with  y-(du) = m@r)uPe /5" du, 2.1
0

where m(r) > 0 and s(r) > 0 are constants to be determined. Then let
T, =Y 4+o0@)Z with Z~ N(0, 1) independent of (¥, A,), 2.2)

where o () > 0 is a constant that also needs to be determined.
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To use T, + A, to approximate X, first acomment on the sampling of 7;., which boils down to
thatof ¥,.. Since ¥, = U —EU, where U > Oisi.d. with Lévy density m(r) 1 {u > 0}uPe "/
and EU = ['(p + 2)m(r)s(r)P*2, the sampling of Y, is reduced to that of U. If p = —1
then U ~ Gamma(m(r), s(r)), the gamma distribution with shape parameter m(r) and scale
parameter s(r), whose sampling has universally bounded complexity (see [14, pp. 407—420]).
If p > —1then U ~ ZZN=1 &, where N ~ Poisson(a) with a = fooom(r)upe_”/s(’) du =
['(p + Dm(r)s(r)?*!, and & are independent and identically distributed (i.i.d.) Gamma(p +
1, s(r)) random variables independent of N. The sampling of Poisson(a) has universally
bounded complexity (see [15] or [21, pp. 228-241]). Then because, conditional on N, U ~
Gamma(N(p + 1), s(r)), the sampling of U, and, hence, that of 7}, has the same order of
complexity as the sampling of N (0, 1).

Owing to its Lévy—Khintchine representation, we refer to 7, + A, as the PGN approximation
of X with cutoff ». To match the cumulants of X, and 7}, note that E7, = EY, = 0 and

Kiy, =D +p+Dm@)ser) TP wip =kjy, +1{j =2)a()?  j=2. (23)

We next show two results. The first result allows r = oo and, hence, applies to any i.d.
random variable with finite fourth cumulant, subject to a mild constraint. However, it only
attains fourth-order matching. The second result asserts that we can obtain fifth-order cumulant
matching provided there exists a slowly varying Lévy density at 0+.

Proposition 2.1. (Fourth-order cumulant matching.) Let 0 < r < oo and 0 < k4, x, < o0.
Suppose that A, is not concentrated on a single point. Then

p+4 k2 x,KaXx,

< or all large p. 2.4
43 2y f gep 24
For any p > —1 satisfying (2.4), if
K4 X K3 X

sr)=——=——,  m@r)=———"—, 2.5
") (p +dk3.x, ) I'(p+4)s(r)ptd (2:5)

and if Y, is defined by (2.1), then k2 x, > Kk2.y,, and, by setting
o(r) = (ka,x, — k2,v,)'/%, (2.6)

Kjx, =kjT1, for2 < j <4.

Remark. If A(R;) = oo then, for any » > 0, A, # 0 and is not concentrated on a single point.

Proof of Proposition 2.1. Since A, is not concentrated on a single pointand 0 < k4 x, < 00,
by Holder’s inequality, 0 < /<32‘ x, < k2,x,k4,x, < 00, which implies (2.4). From (2.3), by
setting s(r) and m(r) as in (2.5), k x, = «jy, for j = 3,4 and

Gy, (P

K2y, = F(p+3)m(r)s(r)p+3 = F(p+3)r(p+4)s(r) - (p+3)kax :

Then, for p > —1 satisfying (2.4), k2,y, < k2,x,. The rest of the result is then clear.
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Proposition 2.2. (Fifth-order cumulant matching.) Let A(du) = 1 {u > O}M_"‘_IZ(u) du, with
a € (0,2) and £(u) slowly varying at 0+. Let p = p(r) be defined by the equation

I Kk3x,K5%,

= —1.
p+4 Kf,x,

Then, for all small r > 0, p > —1 and satisfies (2.4). For any r > 0 with such p, set s(r) and
m(r) asin (2.5) and o (r) by (2.6). Then k x, = «j1,,2 < j <5.

Proof. Forj > 3,asr — 0+, x, = for w! =170 ) du ~ ri=*0(r)/(j —a) [5, Theorem

1.5.11], so
! “-a 1 ! — 2 _8a 411> —1
~ - l=—— ~a° — 8ua > —1.
4 GB-awG-a G- —a) P
As aresult, for all small » > 0, p > —1. Furthermore, as
K2,X,K4,X, 3 -a)? 1
2 ~ =1+ 2 6y LR’
K3 x, R-—a)d—0a) o —6a +8

combining with the previous display, it is not hard to obtain (2.4). By Proposition 2.1, it only
remains to show that, givenr > Osuchthat p > —1 and satisfies (2.4), k5 x, = «s,y,. However,
this follows from &3 x, k5 x, /Kixr =((p+95/(p+4) =«k3yKs5y, /Kin, where the second
equality is due to (2.3).

Now consider the symmetric case. Let X = X1 — X@_ where X are i.i.d. with Lévy
measure A supported in Ry. Let X, = X 51) - X 52), and approximate it by 7, = T,(l) — Tr(z),
where Tr(’) are i.i.d. defined in (2.2). Since all the odd-ordered cumulants of X, and 7, are 0,
it suffices to match their even-ordered cumulants. The next result asserts that in general one
can match their cumulants up to the seventh order, and in some important cases up to the ninth
order.

Proposition 2.3. (Symmetric case.) (i) Let 0 < r < oo and 0 < k4 x, < 0o. Suppose that A,
is not concentrated on a single point. Then

(p+35)(p+6) _ K2.X, KX,

for all large p. 2.7
P+IP+d 2y
For any p > —1 satisfying (2.7), if
K6,X K4.X
s(r) = L , m@) = s , 2.8
OG0+ omx, " T A+ s @9

and Y, = Yr(l) — Yr(z) with Yr(i) i.i.d. defined by (2.1), then k2 x, > K2y, and, by setting o (r)
asin(2.6), kjx, =kj 1, for2 < j <.

(i) Let A(du) = 1 {u > 0yu=*"'0(u) du, witha € (0, 2) and £(u) slowly varying at 0+. Then,

for all small r > 0, there is a unique p = p(r) > 0 satisfying (2.7) and
(p+D(p+8)  KkaxkKgx,
(p+35)(p+6) Kex,

2.9

Givenr > Owith such p, sets(r) andm(r) asin(2.8) and o (r) asin (2.6). Then« x, = k;1,,
2<j=<0
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Proof. (1) By the assumption and Holder’s inequality, 0 < Ki x, < K2,X,K6,x, < 00,80 2.7
holds forall large p. Since, foreven j, kjy, = 2« ,a) = 2T (j+p+Dm(r)s(r)/ TP+ itiseasy
to see that k4 x, = K4y, and k¢ x, = K¢,v,. On tﬂé other hand, forall odd j, «; x, = kjy, = 0.
Finally, by a similar argument as used in the proof of Proposition 2.1, k2 y, < k2 x,, leading to
Kj X, =Kj T, for2 < Jj <.

(i1) Following the proof of Proposition 2.2, as r — 0+,

K4.x,ks.x,  (6— a)? 4

G080 Ta o a @

2
ke x,

The function #4 is strictly increasing on (0, 2). On the other hand,

+7(p+8 2 2
g(p) = P+ Np+3) _ (1 + —) (1 + —)
(p+5(p+06) p+5 p+6
is strictly decreasing on (—1, co), with g(0) > h(2) > h(x) > h(0) > 1 = g(o0). Therefore,

there is a unique p > 0 satisfying (2.9). We have to show that, for this p = p(r), (2.7) is
satisfied for all small » > 0. By continuity, it suffices to show, that for p > 0,

P+ +8) _ 6 —a)? P+5(p+6) _ 4 —a)?
P+3)(p+6) “G-a0)B@—a) P+3)p+4 QC-a)6—a)

By calculation, the equality is equivalent to 2p? = 2p(a® — 120 + 21) 4 13> — 156« + 356,
while the inequality is equivalent to 2p> > 2p(a? — 8a + 5) 4+ 9a® — 72« + 84. Then, as
p > 0and 0 < o < 2, itis not hard to see that the implication holds. The rest of the proof then
follows the proof of (i).

Propositions 2.2 and 2.3 immediately lead to the next result on i.d. distributions with truncated
stable Lévy measures. It should be pointed out that simple exact sampling methods for stable
distributions are well known [14] and i.d. distributions with truncated stable Lévy measures
with a € (0, 1) can be sampled exactly but with high computational complexity [9].

Corollary 2.1. Let A(du) = c1{0 <u < ro}u_"‘_1 du, where ¢ > 0, 0 < ro < oo, and
a € (0,2).

(i) Let X have Lévy measure ). If p = o> — 8a + 11 then p > —1 and, for all 0 < r <
ro, by setting (s(r), m(r)) as in (2.5), k2,x, > K2.v,, and, by setting o (r) as in (2.6),
Kj X, =ijrrf0r2 < ] <5.
(i) Let X = X — X@ with XD i.i.d. with Lévy measure . If p is the (unique) solution
to
P+DP+8) _ (6—a)
pt3p+6) @A—-—a)@—-a)
then, for all0 < r < rg, by setting (s(r), m(r)) as in (2.8), k2, x, > k2.y,, and, by setting
o(r)asin(2.6), kjx, =«j7, for2 <j=<09.

, p € (0, 00),

2.2. Error bound for the PGN approximation

Define Cy = (sin 1)2/2 = 0.354... Observe that, as lkljt1,x, <rlkljx,, j =2, fors(r)
defined in (2.5) or (2.8), s(r) < r/(p + 3). The main result is the following.
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Theorem 2.1. Fixr € (0,00) and g > 5. Let T, be defined by (2.1)—~(2.2) in the asymmetric
case, and let T, = T,( ) Tr(z) in the symmetric case, where the T,(l) are i.i.d. defined by (2.1)—
(2.2). Suppose that s(r) < r/(p+3) and o (r) > 0. For j > 1, define

LGH1/2) | ot [ 2 oran 4]
Q-(r):[ , + oy / te de|
! 2Cé+l/2 i

where L(t,r) = 12 min{CoKz,Xl/m, a(r)2/2}. Suppose thatkj x, = kj 1, for2 < j < q. Then

Pt 20 (.0, 1) 4+ 04 (1) + Q1 (), (2.10)
qloy
Remarks. (i) The bound in (2.10) is on dry instead of the more commonly used dxs [1],
[24]. However, we have not been able to derive a Berry—Esseen type of bound C(|«|4 x, +
lklg,v,)/ ‘7;,’ with C a universal constant depending only on ¢g. It appears that some key
ingredients for the proof of the Berry—Esseen bound for the normal approximation cannot hold
for higher-order approximations. Also, as seen later, the bound sometimes is quite suboptimal.

dTV(Xs Tr + Ar) <

(i1) The bound will be proved by combining Fourier analysis, the Lindeberg method (cf. [6]
for a modern application of it), and a device in [1] (cf. the proof of Theorem 25.18 of [31]).
Although a bound on dkgs may be established solely based on Fourier analysis [24], our proof
seems to be more transparent and suitable for generalization.

(iii) As seen later, in order for the right-hand side (RHS) of (2.10) to be finite, X, must have a
density, in particular, A(R) = oo. The last condition implies that X is not compound Poisson
and has no atom [31, Theorem 27.4]. It also excludes lattice distributions, to which the Poisson—
Charlier approximation applies [3], [24]. Although the condition A(R) = oo is necessary for
X to have a valid normal small jump approximation, it is not sufficient, which is a fact with
several interesting and important implications [1], [12].

To evaluate the RHS of (2.10), we need to evaluate o (r)* and l«|g,v, . Both can be expressed
in terms of the cumulants of X,. For the asymmetric case, the proof of Proposition 2.1 shows
that i y, = (p + 43 x /[(p + 3)k4.x,]. Then, by (2.6),

(P + 43
(p+3)kax,

Similarly, for the symmetric case, using (2.3) and (2.8),
(P+5(p+60ly
(p+3)(p+Huex,

Furthermore, if k' x, =« 1, for 2 < j < g then |k|4,y, can also be expressed in terms of the
absolute cumulants of X,.. In the asymmetric case, by (2.3),

2
o(r)” =rK2x, —

2
o(r)” =x2x, —

lKlg.y, = kq,v, = (@ + p)s(Nkg—1,y, = (@ + p)s(r)kg—1,x,-
Similarly, in the symmetric case, if g is even then
lklgy, = Kq,v, = (g + P)g + p = Ds()kg-2y, = (¢ + p)g + p = Ds(r)kg-2.x,.-

In bound (2.10), the Q ;(r) look rather technical. The next result gives their asymptotics as
r — 0+.
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Proposition 2.4. Forb € (0, 1) and g > 3, there is M = M (b, q) > 0 such that if

K2, K2, X,

limsup =2 < b and liminf M, 2.11)
s—0 K2,Xx; s—>0 §2 In(1/s)
then, forany2 < j <q+1,
rg+1/2)
()2 —
Q) = 2Cé+1/2 +o(l) asr — 0.

Here is a short proof. By (2.11), for small r > 0, (7(7')2 = Kk2,x, —k2,y, > (1 = D)k x, .
Then, from the increasing monotonicity of k2 x, in r, there is a constant ¢ = c(b) > 0 such
that, fort > 1/r, L(t,r) > Ctsz’Xl/[. Consequently, if M > (g + 2)/c then, by (2.11), for
t>1/r,L(t,r) > Mclnt > (g +2)Int, and, hence, forall2 < j < g + 1,

oo 00
/ 12e 2L g < / P2atD=2Me g — (1) asr — 0.
1/r 1/r

Since oy, = o(1) as r — 0, the proof is complete.

2.3. Examples

Example 2.1. (Truncated stable Lévy measure.) Let A(du) = ¢ 1{0 < u < ro}u~"*"! du with
¢>0,0<ry<oo,anda € (0,2). By Corollary 2.1, given r € (0, ro), if p = a® — 8a + 11,
and s(r), m(r), and o (r) are set as in (2.5)—(2.6), then k; x, =« 1, for2 < j < g =6. To
apply (2.10), we need to know k3 x,, k6 x,, and ke y,. For j > 2, kj x, = crj_“/(j — ).

Then
K4,x, B -y r
S(r) = kil — — ’
(p+Hdisx, (p+HEd-—a) @G—a)E—a)
K3,Y, K3,X, c4—a)$5— a)r2—o¢
K2.Y, —

T p+3)st) (p+ds() G—a)eX—8a+14)

and ey, = (6 4+ p)s(r)ks.y, = (6 + p)s(r)ks.x, = cA(@)r®®, with A(e) = (@? — 8a +
17)/(4 — a)(5 — a)?. Therefore, by Theorem 2.1,

o\ 2
dry(X, T, + A,) < (2 — a)3[ﬁ + A(a)] 00s(r) + Qg'('") +010) (%) .12

Since 0 < x3,y, /k2,x, < 11is a constant independent of r, and A satisfies Orey’s condition,
liminf, 0«2 x, /sz_"‘ > 0 (see [28] and also [31, Proposition 28.3]), the conditions in (2.11)
are satisfied no matter the value of M. Then, by Proposition 2.4, drv(X, T, + A;) = O(rz"‘).
This may be compared to the normal approximation in [1] and [24], where dks between X and
its normal approximation is O (r*/?) when X is asymmetric. Specifically, by (1.1),

dxs(X,0x,Z + A,) <

cR2- 05)3/2 r¢
c

12
_) . C=04748. (2.13)
G-w

Furthermore, if X = XV — X@ is symmetric, where the X ® are i.i.d. with Lévy measure
A, then by Corollary 2.1(ii), it can be seen that we can set ¢ = 10 and get dtv(X, T + A,) =
0(r4°‘), whereas the dgs between X and its normal approximation in this case is O (r%) [1].
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a=03,c=1,Ax)=clix>0}x *" a=15c=1,Arx)=clix>0}x *"
0.100 4| — PGNdry 0.5004 |~ PGNdpy
——- Normal dgg ——- Normal dgg
0.050 02001
0.020 0.1007
0.010 0.050 1
0.005 1 0.020
0.002 0.100
0.001 - . . . . . 1 0.005 . . . —
2e—9 5e—9 le—8 2e—8 5e—8 le—7 0.4 06 08 1.0 1.2
r r

FIGURE 1: The bounds in (2.12) and (2.13) as functions of r, for « = 0.3 and 1.5, respectively, with
A(dx) = 1{u > O}u=*"! dx. The axes are plotted using a base-10 logarithmic scale.

Although the bound in (2.12) vanishes at a higher rate than that in (2.13) as r — 0, the
asymptotic result says little about how the bounds compare if r is not too small. This is
especially the case when o < 1. In Figure 1, for ¢ = 1 and ry = oo, the bounds are plotted as
functions of . The bound in (2.12) is evaluated numerically; see Appendix A for details. As
can be seen from the plots, for « = 1.5, the bound in (2.12) is smaller than that in (2.13) once
r < 0.6, whereas, for @ = 0.3, thishappensonly ifr < 2x 10~8. Therefore, (2.12) may provide
little evidence on whether the PGN approximation is better than the normal approximation in
practice. To address this issue, we resort to numerical simulation in the next section.

Example 2.2. (Tempered stable.) Let A(du) = 1{u > O}u="! exp{—ug}du, where @ €
(0,2) and 8 > 0. Then, for j > 2,

0

i, 1
Kj X, =/ ul ! exp{—ug}du = _/ wl—e)/0=1g—u q,,
0 0 Jo

The last integral can be numerically evaluated as an incomplete gamma function [27]. However,
it has no closed-form formulae. The following method can be used if we want to avoid
this problem. Recall that, for any odd n > 1,e™ > f,(u) for u > 0, where f,(u) =
Z:’zo(—u)i Jil. Letn = 2|a/(26)] + 1, which is the smallest odd number greater than o /6 — 1.
Let F(u) = 1{0 < u < ro} f(u?), with ro = sup{r > 0: f,(u) > O forall 0 < u < r%).
Decompose A = A + Az, where Aj(du) = 1{u > 0}u~*"'F(u)du. It is easy to evaluate
for u/x1(du). Then we can apply the PGN approximation to A;, with all parameters set in
closed form. Meanwhile, since u‘“‘l[exp{—ue} — F)] = 0@m™tDi—e=ly a5y 5 0+, Ay
has finite mass, and, hence, corresponds to a compound Poisson random variable that can be
sampled exactly. If X, X’, and X” denote i.d. random variables with Lévy measures A, A1, and
Ao, respectively, and A, and 7} are the i.d. random variables from the PGN approximation to
X', then, by Proposition 2.2, dry(X, Ty + A, + X") < drv(X', Ty + A,) = O(r2%).

Example 2.3. Let A(du) = ¢1{0 < u < 1}u—"In(1/u) du. Since

r 2
f uzx(du)=cf u1n<l>du= er?2In1/r) + 1]
u<r 0 u 4
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by Proposition 2.1 of [1], the normal approximation is valid in the sense that its error in terms
of ds tends to 0 as  — 0. However, since, for |¢| > 1, L(t,r) = Cot? fu<1/|t| u? A(du) ~
cCoIn |z, it can be seen that the RHS of (2.10) is finite only when c is large enough, and even

in that case the RHS of (2.10) decreases to 0 very slowly as r — 0.

3. A numerical study

As seen in Section 2.3, the bound (2.10) is sometimes a poor indicator of the precision of
the PGN approximation in practice. To address this issue, we conducted a simulation study
to empirically compare the errors of the PGN and normal approximations in terms of the KS
distance. We exclusively considered the approximations to stable distributions for two reasons.
First, besides gamma distributions, they are the only class of nonnormal i.d. distributions
whose Lévy measures and distribution functions are both known (semi-)explicitly. Second,
unlike gamma distributions, they have valid normal approximations [1]. The simulations were
implemented in the R language (see http://www.R-project.org), withits stabledist package
used for all computations involving stable distributions.

The Lévy measure of a stable distribution with exponent @ € (0, 2) was parametrized as

Adu) =My 1{u >0} +M_1{u < O}]|u|—1—a du,

where M4 > 0 such that M := M, + M_ > 0. For simplicity, the stable distribution to be
approximated (‘target distribution’) was centered in the sense that

y“|t|“[1 - isgn(t)ﬂtan(?)}, a1,

2
y|t|[1+isgn(t)<—)ﬂln|t|], a=1,
b4
where y > 0 and 8 € [—1, 1] (see [30, p. 5]). Then, by [16, pp. 568-570],

Wy (1) =

el — 1, O<a<l,
Wy (1) = /qs(t,u),\(du) with ¢, u) = {ei™ — 1 —iru, l<a<2,
e — 1 —irsinu, o=1,
and
Mn l/a M, —M_
V= |:2F(oz n l)sin(ﬂa/Z)] ’ - M

Given r > 0, Example 2.1 provides all the parameters for the PGN and normal approxi-
mations to X,. The PGN approximation was sampled according to the description following
(2.2). On the other hand, A, was sampled by the representation

N
Ar~d)+r Y sU
i=1
where d(r) is a constant, and N, ¢; € {1}, and U; ~ Unif(0, 1), i = 1, 2, ..., are mutually
independent, with N being Poisson distributed with mean f|u\>r A(du) = Mo~ 'y~ and
P{e; = 1} = My /M. To determine d(r), use Wx (1) = Wy, (t) + Wa, (7). It follows that

r

id(r)t:/(l)(t,u)k(du)— (ei’”—l—im)x(du)—/ €™ — Da(du),

= lul=r

https://doi.org/10.1239/aap/1418396239 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396239

Nonnormal small jump approximation 973

giving d(r) = (M4 — M_)dy(r), where

rl—a

) a#1,
dory =11

/ u(ul{u <r)—sinu)du, o=1.
0

As in the previous section, M_ = 0 or M_ = M,. Equivalently, 8 = 1 or 8 =
The simulations became quite numerically unstable for small «, so we started with o« = 0.2.
Also, for @ = 1.0, the R routines provided by the stabledist package appeared to become
numerically unstable in the asymmetric case but showed no serious problems in the symmetric
case. Therefore, in the simulations for the asymmetric case, we chose o = 1.01 instead of
a = 1.0, while, for the symmetric case, we chose o« = 1.0. With this exception, we let o range
from 0.2 to 1.8 with a step size of 0.2.

For each value of «, at a given value of r, we sampled 100 triplets (7, ox, Z, A,). The paired
sums 7 + A, and ox, Z + A, formed samples from the PGN and normal approximations to
X, respectively. Meanwhile, A, formed a sample from the CP approximation of X. Denote
by FpgN, FNorm, and Fcp the corresponding empirical distributions. For 6 € (0, 1), let xy be
the (unique) quantile of X such that P{X < xg} = 6. The emplrlcal KS dlstance between the
PGN approximation and the target distribution was deﬁned as DpGN = maxy |FpGN (xg) — 0|
with 8 € {i/200: i =1, , 199}. Likewise, DN(,rm and DCP were calculated for the normal
and CP aRproxir/rlations,/\respectlvely. This step was repeated 2500 times. The resulting 2500
triplets (DpgN, DNorm, Dcp) were used to estimate dgs(X, T + A,), dks(X, ox, Z+ A,), and
dks(X, A;), respectively, and their pairwise ratios. The focus here was the ratio of dxs (X, T +
Ay) to dgs(X, 0x,Z + A,). However, to make sure that our implementation of the normal
approximation was correct, we also estimated the ratio of dxs(X, ox, Z + A,) to dgs(X, A;).
In the following, all errors are in terms of the KS distance from target distribution.

We first compared the approximations with M, = 1 and the cutoff r fixed at 5. To
compare with Example 2.1, we included & = 0.3 and 1.5 in the simulations. The results
are summarized in Table 1. The top half of the table displays the sample means of DPGN (‘PGN
dgs’), DNOrm 6 Norm dks’), and Dcp (‘CP dks’), respectively. The bottom half of the table
displays DPGN/ DNorm (‘P- N dks ratio’), the upper 99% t-confidence limit of E[DPGN/ DNorm
(¢ C,I:()‘gg(RR N, DNorm / DCP (‘N-C dks ratio’), and the upper 99% ¢-confidence limit of
E[DNorm/ Dcp] (‘CLg.99(RN-c)’), respectively. Since all of the standard errors are less than 1%
of the corresponding sample means, they are omitted for brevity. To compare the performances
of the approximations when the distribution is asymmetric (8 = 1), and when the distribution
is symmetric (8 = 0), the sample means under these two conditions are displayed in pairs,
with the results under the symmetric condition placed in parentheses. The results given in the
table show that, generally speaking, except for small «, the error of the PGN approximation is
significantly smaller than that of the normal approximation. For example, in the asymmetric
case, for « = 0.3 and r = 5, the sample mean of DpGN is about 1 3 of that of DNOrm This may
be compared with Figure 1, which shows that the bound in (2.12) for the PGN approximation
is smaller than that in (2.13) for the normal approximation only if r is extremely small. The
results for « = 1.5 in the table can also be compared with Figure 1. This indicates that the
bound in (2.12) is quite conservative.

The results given in Table 1 also confirm that the normal approximation has a significantly
smaller error than the CP approximation. In fact, from the confidence limits shown in the table,
the ratio of reduction of error by the normal approximation compared to the CP approximation
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TaBLE 1: Errors of the approximations in terms of the KS distance from the target distribution at cutoff
r = 5 with 8 = 1 (asymmetric) or 0 (symmetric) and M4 = 1. The numbers in parentheses indicate
values under the symmetric condition.

o r PGN dks Norm dks CP dks

0.2 5(5) 3.84e—2 (8.71e—4) 3.99e—2 (8.72e—4) 5.72¢—2 (9.34e—4)
0.3 5(5) 2.82e—3 (8.31e—4) 8.75e—3(8.53e—4) 7.00e—2 (8.49e—3)
0.4 5(5) 5.14e—3 (8.39e—4) 2.08e—2 (1.64e—3) 1.50e—1 (3.63e—2)
0.5 5(5) 7.45e—3 (8.44e—4) 3.33e—2 (3.54e—3) 2.35e—1 (8.36e—2)
0.6 5(5) 8.96e—3 (8.66e—4) 4.47¢—2(6.13e—3) 3.05e—1 (1.41e—1)
0.8 5(5) 9.60e—3 (9.23e—4) 6.14e—2 (1.16e—2) 4.10e—1 (2.51e—1)
1.0* 5(5) 7.79e—3 (9.22e—4) 6.88e—2 (1.54e—2) 4.75e—1 (3.35e—1)
1.2 5(5) 5.26e—3 (8.72¢—4) 6.72e—2 (1.61e—2) 5.10e—1 (3.93e—1)
1.4 5(5) 2.87¢—3 (8.22e—4) 5.79¢—2 (1.38e—2) 5.20e—1 (4.30e—1)
1.5 5(5) 2.02e—3 (8.32e—4) 5.05e—2(1.17e—2) 5.20e—1 (4.44e—1)
1.6 5(5) 1.42e—3 (8.38¢e—4) 4.15¢—2(9.19e—3) 5.15e—1 (4.55¢—1)
1.8 5(5) 8.74e—4 (8.23e—4) 1.98¢—2 (3.70e—3) 5.00e—1 (4.70e—1)
o P-N dks ratio CLg.99(Rp-N) N-C dksg ratio CL0.99(RN-C)
0.2 9.62e—1 (9.99e—1) 9.63e—1 (1.00e+0) 6.97e—1(9.42e—1) 6.98e—1(9.47e—1)
0.3 3.23e—1(9.77e—1) 3.25e—1(9.80e—1) 1.25e—1 (1.0le—1) 1.25e—1 (1.03e—1)
0.4 2.47e—1 (5.10e—1) 2.47e—1(5.16e—1) 1.39e—1 (4.52e—2) 1.39e—1 (4.56e—2)
0.6 2.00e—1 (1.41e—1) 2.0le—1 (1.42e—1) 1.47e—1(4.36e—2) 1.47e—1 (4.37e-2)
0.8 1.56e—1(7.92e—2) 1.57e—1 (8.03e—2) 1.50e—1 (4.64e—2) 1.50e—1 (4.65e—2)
1.0*  1.13e—1 (6.00e—2) 1.14e—1 (6.08¢e—2) 1.45¢—1 (4.58¢—2) 1.45¢—1 (4.59¢—2)
1.2 7.83¢e—2 (5.41e—2) 7.86e—2 (5.49¢—2) 1.32e—1(4.10e—2) 1.32e—1 (4.11e—2)
1.4 4.96e—2 (5.95e—2) 4.99e—2 (6.04e—2) 1.1le—1(3.21e—2) 1.11e—1(3.22e—-2)
1.5 4.0le—2 (7.11e—2) 4.0de—2(7.21e—2) 9.7le—2 (2.64e—2) 9.72e—2 (2.64e—2)
1.6 3.42¢—2 (9.13e—2) 3.46e—2 (9.27e—2) 8.06e—2 (2.02¢—2) 8.06e—2 (2.02e—2)
1.8 4.42¢e—2 (2.24e—1) 4.48e—2 (2.27e—1) 3.96e—2 (7.88¢e—3) 3.96e—2 (7.91e—3)

*a =1.01forg=1.

is greater than that by the PGN approximation compared to the normal approximation. Also, the
bound in (2.13) for the normal approximation is quite conservative compared to the numerical
results. For example, in the asymmetric case, for « = 0.8, the sample mean of Dnormy, i about
0.06, whereas the bound in (2.13) gives 0.54. In the other sets of simulations, the greater ratio
of reduction of error by the normal approximation and the conservativeness of the bound in
(2.13) were observed as well.

At cutoff r = 5, the error of the normal approximation varies with «. One question to ask is
how the PGN approximation compares to the normal approximation when the error of the latter
is fixed at a specified level. In the second set of simulations, we let r vary according to «, such
that the empirical KS distance between the normal approximation and the target distribution
was roughly 1%. The value of » was selected as follows. For each r, ten values of Dnorm Were
sampled, each based on 10° observations from the normal approximation at cutoff r. Starting
with a large r, we reduced r by half if the average of the ten sample values of 5Norm was
greater than 1.05%. We kept doing this until the average was within (0.95%, 1.05%) or was
less than 0.95%. In the former case r was selected. In the latter case we got two values of 7, one
giving an average greater than 1.05%, the other giving an average smaller than 0.95%. Then a
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TABLE 2: Errors of the approximations, with 8 = 1 (asymmetric) or O (symmetric), M4 = 1, and r set so
that the empirical KS distance between the normal approximation and the target distribution was roughly

1%. The numbers in parentheses indicate values under the symmetric condition.

o r PGN dks Norm dkg CP dks
0.2 4.38e+1 (2.00e+3) 9.33e—3 (4.38¢—3) 9.78e—3 (1.00e—2) 5.50e—2 (5.61e—2)
0.4 2.34e+0 (2.03e+1) 1.70e—3 (2.03e—3) 9.55e—3 (9.70e—3) 9.00e—2 (1.12e—1)
0.6 1.37e+0 (7.03e+0) 8.55e—4 (1.12e—3) 1.02¢—2 (1.03e—2) 1.40e—1 (1.78e—1)
0.8 1.12e+0 (4.69¢+0) 8.35e—4 (8.74e—4) 1.0le—2 (1.05e—2) 1.80e—1 (2.42¢e—1)
1.0 1.07e4+0 (3.91e+0) 1.47e—3(8.37e—4) 1.06e—2 (1.0le—2) 2.25e—1 (3.00e—1)
1.2 1.03e+0 (3.71e4+0) 8.21e—4(8.29e—4) 9.83¢—3 (9.67e—3) 2.55e—1 (3.54e—1)
1.4 1.12e+0 (4.10e4+0) 8.24e—4 (8.32e—4) 1.02e—2 (9.86e—3) 3.10e—1 (4.10e—1)
1.6 1.37e4+0 (5.08¢+0) 8.24e—4 (8.32e—4) 1.00e—2 (9.42e—3) 3.75e—1 (4.56e—1)
1.8 2.54e+0 (9.38¢+0) 8.36e—4 (8.38¢e—4) 1.01e—2(9.70e—3) 4.65e—1 (4.90e—1)
o P-N dkg ratio CLg.99(Rp.N) N-C dksg ratio CLo.99(RN-C)
0.2 9.54e—1 (4.37e—1) 1.05e+0 (4.81e—1) 1.78e—1 (1.78e—1) 1.89e—1 (1.87e—1)
0.4 1.78¢—1 (2.09¢e—1) 1.79¢e—1 (2.11e—1) 1.06e—1 (8.69¢e—2) 1.06e—1 (8.70e—2)
0.6 8.41e—2 (1.08e—1) 8.52e—2 (1.10e—1) 7.27e—2(5.78e—2) 7.28e—2 (5.79¢—2)
0.8 8.27e—2 (8.34e—2) 8.39e—2 (8.46e—2) 5.62e—2 (4.33e—2) 5.63e—2 (4.33e—2)
1.0*  1.39e—1(8.26e—2) 1.40e—1(8.38e—2) 4.70e—2 (3.38e—2) 4.71e—2 (3.38e—2)
1.2 8.36e—2 (8.58e—2) 8.49¢—2 (8.71e—2) 3.86e—2 (2.73e—2) 3.86e—2 (2.74e—2)
1.4 8.10e—2 (8.44e—2) 8.22e—2(8.57e—2) 3.29e—2 (2.40e—2) 3.29e—2 (2.41e—2)
1.6 8.25¢—2 (8.83¢e—2) 8.37¢—2 (8.96e—2) 2.67e—2(2.07e—2) 2.68e—2 (2.07¢—2)
1.8 8.31e—2 (8.64e—2) 8.44e—2 (8.77e—2) 2.17e—2(1.98e—2) 2.17e—2 (1.98e—2)

*a =1.01forg=1.

bisection search was used to get a value of r with the corresponding average of BNorm within
(0.95%, 1.05%).

After a value of » was selected, the simulations proceeded as those of Table 1. The results
are summarized in Table 2, which also reports the selected values of ». The mean values of
5N0rm realized by the simulations are included to make sure that the values of r were selected
appropriately. In general, the mean value of DNom fell into the interval (0.95%, 1.05%).
However, due to random fluctuations, the mean value could fall outside of (OQS%, 1.05%),
even though during the selection of », the average of the ten sampled values of Dnory fell into
the interval. Similar to Table 1, except for small values of «, the error of the PGN approximation
is significantly smaller than that of the normal approximation.

In the above simulations, M, = 1. In the last set of simulations, we set M, = 0.1 to
see how the approximations performed. The results are summarized in Table 3. Again, we
attempted to set r so that the empirical KS distance between the normal approximation and
the target distribution was roughly 1%. However, although theoretically the approximation
error vanishes as r — 0, in our simulations, the numerical precision of the approximation
deteriorated for small M, especially when o was small as well, and the minimum empirical
KS distance for the normal approximation could be significantly larger than 1%. In this case,
we set r so that the empirical KS distance was as small as possible. The results of Table 3 show
that, for @ < 0.4, the empirical KS distance for the normal approximation sometimes could
not reach 1%. When this happened, the empirical KS distance for the PGN approximation did
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TABLE 3: Errors of the approximations, with § = 1 (asymmetric) or 0 (symmetric), M4 = 0.1, and r
set so that the empirical KS distance between the normal approximation and the target distribution was
roughly 1%, or as low as possible if this could not be attained numerically. The numbers in parentheses

indicate values under the symmetric condition.

o

r

PGN dks

Norm dks

CP dks

0.2
0.4
0.6
0.8

1.0*

1.2
1.4
1.6
1.8

2.44e—1(1.71e—1)
2.29e—2 (6.71e—2)
2.90e—2 (1.46e—1)
6.10e—2 (2.56e—1)
1.04e—1 (3.91e—1)
1.53e—1(5.37e—1)
2.20e—1 (7.81e—1)
3.17e—1 (1.27e40)
6.84e—1 (2.73¢40)

1.47e—1 (2.38¢e—2)
1.26e—2 (2.37e—3)
8.51e—4 (1.08e—3)
8.39e—4 (8.71e—4)
1.47e—3 (8.37e—4)
8.35e—4 (8.33e—4)
8.38e—4 (8.26e—4)
8.28¢—4 (8.28¢—4)
8.33e—4 (8.29e—4)

1.73e—1 (3.19e—2)
3.12e—2 (1.00e—2)
9.95e—3 (9.79e—-3)
9.56e—3 (1.00e—2)
9.60e—3 (1.01e—2)
1.00e—2 (9.42e-3)
1.04e—2 (9.64e—3)
9.75e—3 (1.03e—-2)
9.74e—3 (1.04e—-2)

3.70e—1 (1.45¢e—1)
1.86e—1 (1.17e—1)
1.35¢e—1 (1.74e—1)
1.70e—1 (2.38e—1)
2.15e—1 (3.00e—1)
2.55¢e—1 (3.52e—1)
3.10e—1 (4.09¢—1)
3.70e—1 (4.59¢—1)
4.60e—1 (4.91e—1)

o

P-N dks ratio

CL0.99(Rp.N)

N-C dks ratio

CL0.99(RN-C)

0.2
0.4
0.6
0.8

1.0*

1.2
1.4
1.6
1.8

8.53e—1(7.32e—1)
3.60e—1 (2.39¢—1)
8.56e—2 (1.10e—1)
8.79¢—2 (8.69¢—2)
1.53e—1 (8.26e—2)
8.35e—2 (8.84e—2)
8.07e—2 (8.58¢—2)
8.51e—2 (8.07e—2)
8.58¢—2 (8.01e—2)

8.54e—1(7.39¢e—1)
3.69e—1 (2.43e—1)
8.67e—2 (1.11e—1)
8.92e—2 (8.82¢—2)
1.54e—1 (8.38e—2)
8.47e—2 (8.97e—2)
8.19¢—2 (8.71e—2)
8.64e—2 (8.19¢—2)
8.70e—2 (8.13e—2)

4.66e—1 (2.19¢e—1)
1.66e—1 (8.59¢—2)
7.37e—2 (5.63e—2)
5.62¢—2 (4.20e—2)
4.47e—2 (3.38¢e—2)
3.93e—2 (2.68e—2)
3.36e—2 (2.36e—2)
2.64e—2 (2.24e—2)
2.12e—-2 (2.11e—2)

4.66e—1 (2.20e—1)
1.68e—1 (8.62e—2)
7.38e—2 (5.64e—2)
5.63e—2 (4.21e—2)
4.47e—2 (3.38e—2)
3.94e—2 (2.68¢—2)
3.36e—2 (2.36e—2)
2.64e—2 (2.24e—2)
2.12e—2 (2.11e—2)

*oq=101forf = L.

not reach 1% either. Since in our simulation each pair (7, + A,, ox, Z + A, ) shared the same
sampled value of A,, this suggests that the deterioration of the numerical precision might be
largely due to the error in A,. However, a thorough solution to the issue is beyond the scope
of this paper. On the other hand, regardless of this issue, Table 3 again shows that the error of
the PGN approximation can be significantly smaller than that of the normal approximation.

4. Technical details

4.1. Proof of Theorem 2.1

Denote by 4 the space of smooth and rapidly decreasing functions on R. It is classical that
the Fourier transform h — h(t) = f e (x) dx is a homeomorphism of ’§ onto itself (see [19,
p- 103]). Let fx be the probability density of X. If it exists then ¥x = fx. Let

o0
/ 2@t De=2LEn) qp < oo, 4.1
0

Otherwise, Q441 = oo and (2.10) is trivial. We need two lemmas. Note that the second lemma
does not require matching of cumulants.

Lemma 4.1. (i) Let & be i.d. with W (t) = f(l +itu — ™) v(du) and E|E|/ < oo for all
j > 1. Givene > 0, let Z ~ N(0, €2) be independent of €. Then Yeiz € 8.

https://doi.org/10.1239/aap/1418396239 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396239

Nonnormal small jump approximation 977

(ii) Under condition (4.1), fx, € C4(R), and, for0 < j < gq, f)(({)(x) — O as |x| = oc.

Lemma 4.2. Let T, be defined as in Theorem 2.1 withs(r) < 1/(p+3)ando(r) > 0. Fixe >
0. Given A, B > Owith A+ B = 1, let W be i.d. with Wy (t) = AWy, (t) + BT, (t) +2t2/2.
Let& = W /v, where v = \/Ak> x, + Bia 1,. Then fz € & and, for j > 1,

2
) ) £
/Ifg(’)(x)ldx < JLi1() + 1) + (1 + ﬁ>1,-+1(r>,
where, for j > 0,
172

; I'(j+1/2) S
. _ jH12) 2N A 2j—2H(t,r)
Ii(r)y=v [2 By +/;/rt e dr

with D(r) = \/2ACok2.x, + B(Coka.y, + o (r)?) and

Bo (r)2t2
H(t.r) = ACQIZ/ W2 (duy + B2O
u<l1/lt] 2

Assume that the lemmas are true fornow. Sincedtv(X, T,+A,) = drv(X,+A,, T,+A,) <
drv(X,, T;), to show Theorem 2.1, it suffices to show that, for any measurable A C R,

M
0(A) = E(|K|q,X, + I€lg.v,), (4.2)

where 0(A) = [P(X, € A} = P{T, € A}jand M = 0 /(g Qy—1(r) + Qg (r) + Qg1(r)].

We start with smoothing X, and 7, while maintaining the same order of cumulant matching.
Let Z and Z' bei.i.d. ~ N(0, 1) and independent of (X, ;). Fix &¢ > 0. Let & be a measurable
function with ||2]|oc < 1. The goal now is to bound

Ay =E[h(X, +eZ) — (T, +¢Z)].
Forn >2,letU; =U;,and V; =V, ,, i, j=1,...,n+ 1, be independent and i.d. with
Wy, () =n"" Wy, 1ez(t), Wy (0) =n""Wg 2 (0).

Fork=1,...,n+1,let

We= > Vi+ > Up  g(x) =Eh(W+x).
1<j<k k<j<n+1

Since X, +eZ ~ Wyand T, + ¢Z' ~ W41, then A, = g1(0) — g,+1(0), giving
[Ael < |ELg1(U1) — gn+1 (Ve DI+ [E[g1 (U1) — 81 (O] +|ELgn+1(Vat1) — gn+1(0)]]. (4.3)

We bound the expectations on the RHS separately. By Wy + Vi = Wiy1 + Uk+1,

n+1
hW1 + U1 = bWt + Vo) = D [h(Wi + Ug) = k(Wi + Vo).
k=1
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For each k, since Wy, Uy, and V. are independent, by conditioning, EA(Wy + Uy) = Egr(Uy)
and EA(W; + Vi) = Egr(Vi). Then taking the expectation on both sides of the displayed
identity yields

n+1

Elg1(U1) = gn1 (VarD] = Y Elgr(Ur) — ge(Vio)l. (44)
k=1

Define v = oy, . Let § = W, /v. By Lemma 4.1, f;, € 8. Asaresult,

X
gr(x) = E[h(v& +x)] = /h(vu)fgk (u — ;) du 4.5)
is smooth. By Taylor’s expansion around 0,

q_l (]) O
gk (Uk) — g (Vi) = Z gkﬂ( )

j=1

. . 1
WUl = V) + =1 OWHUHU] — g 0 (Vi) V) V{1,
q!

where 6(x) € [0,1]. By assumption, «;x, = kj7, for 1 < j < g. Since kjy, =
n e x,4ez = n7 k) x, + &> 1{j =2}), and likewise k; v, = n" (k; 1, + 2 1{j =2},
thenkjy, =«jy, forl < j < q. Asaresult, IEU,{ = Eij for 1 < j < g and, hence,

1
Elgr(Ur) — g (V)] = ;E[gi‘”(e(vk)vkwf — POV,

gL lloo

7! [E|Ukl? + E[Vi|?]. (4.6)

= |E[gr(Up) — g (V)| <

Since by (4.5) we have g,iq)(x) =(-v1f h(vu)f;f)(u — x/v) du, then

18" oo < v / |£e7 ()| du < oo. 4.7)

By Wy, (1) = (k — DWy, (1) + (n + 1 — k)Wy, (1),

n+1—k k—1 e2t?
Wy, (1) = T‘I’xr(l)-i- \IjTr(t)+T'

n

Then we can apply Lemma 4.2 with V2= k2. x, =Kk2.1,,A=(m+1—k)/n,and B = (k—1)/n
therein. By the definitions of D(r) and H (¢, r) in Lemma 4.2,

D(r)? = 2AC)? + B(Cokay, + 0 (r)?) = Cov?
and

Bo (r)%2
H(t,r) = Acoﬂ/ W2 (duy + 22O
u<l1/lrl 2

> (A + B)t? min{Co/ u? x(du),
u<l/lt|

a(r)?
a

= L(t,7).
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By the definition of Q(r) in Theorem 2.1 and the definition of /;(r) in Lemma 4.2, I;(r) <
Q;(r). By condition (4.1), Q;(r) < oo for0 < j < g + 1. Thus, (4.7) and Lemma 4.2 give

_ e’
I8k oo < v q[q Qq1(r) + Qg (r) + (1 + ;) Qq+1(r)] = M, < co.
Since M, is independent of k, by (4.4) and (4.6),

n+1

(g1 (U1) = Bgnit (V)| < - Y EIUKI? + E[Vi|?).
T k=1

Since the Lévy measure of X, has bounded support, E|X, + ¢Z|? < co. Meanwhile, from
(2.3),ElY, + eZ|? < oco. Then, by Lemma 3.1 of [1],

n+1 n+1
D BIU = Ielgx,vez = Iklgx,, Y EIVil > Iklg.rez = Iklg.x,-
k=1 k=1

Thus, for the first term on the RHS of (4.3),

limsup [Eg1 (U1) — Egni1 (Vi < %(Iqu,xr + lelg,v,)- (4.8)
n—0o0 .

To bound the other terms on the RHS of (4.3), first note that |E[g;(U;) — g1(0)]] <
81 lccElU1]. Asin(4.7), [|g]lloc < 0. Since g1(x) = Eh(X,+eZ+x), || g}l is independent
of n. On the other hand, by EU; = 0 and the Cauchy—Schwartz inequality, E|U;| < oy, =
0x,+s2//1,50E[g1(U1)—g1(0)] = Oasn — oo. Likewise, E[gn+1(Vi41) — gn+1(0)] — 0.
Together with (4.3) and (4.8), this implies that

M,
(X, +62) = ER(T; +eZ)] < —E(klq.x, + lely.r,).

Let G be the union of a finite number of (a;, b;) and h(x) = 1{x € G}. By Lemma 4.1(ii),
P{X, = a;}orb;, somei = 0. Lete — 0. Then h(X, +eZ) — h(X,) — 0 almost surely. On
the other hand, since 7} is the sum of Y, and an independent nonzero normal random variable,
by Lemma 4.1(G), fr, € 8. As aresult, i(T, + ¢Z’) — h(T,) — 0 almost surely. Finally,
M. — M. Then, by dominated convergence, (4.2) holds for G.

Let A be measurable. Given§ > 0, fix R > Osuchthat P{| X,| > R}+P{|T,| > R} < §. Let
B =AN(—R,R). Then o(A) < o(B) + 5. There is an open G D B such that £(G \ B) < 4,
where £ is the Lebesgue measure. Here G is the union of at most countably many disjoint
open intervals (a;, b;). Let Gy = UL](‘U’ b;). Then o(B) < 0o(Gy) + P{X, € BAGy} +
P{T, € BAG}}. From the above paragraph, (4.2) holds for G;. Next, BAG; C (G \ G¢) U
(G\B),and P{X, € G\ B} < | fx, llooc(G \ B) with a similar inequality holding for 7,.. Then

M
o(B) < ;(Iqu,x, + klg,y,) + P{X, € G\ G} +P{T, € G\ Gy}
+ (1 fx, oo + 117, ll00)8.

By Lemma 4.1, || fx, lloo + Il f7, oo < 00. Letting k — oo and then § — 0, it is seen that (4.2)
holds for A.
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4.2. Proofs of Lemmas 4.1 and 4.2

We need the following elementary result for the proofs.
Lemma 4.3. (i) I — cosx > Cox? for |x| < 1.
(ii) inf 5o (1/T(p)) fop uP~le " du = %

Proof. (i) For x € [0, 1], since sinx is concave, sinx > xsinl, giving 1 — cosx =
2[sin(x/2)]2 > 2[(x/2) sin 11?2 = Cox2. Forx € [—1, 0], the proof follows from symmetry.

(ii) The inequality can be written as inf ,~o P{§, < p} = é, where £, ~ Gamma(p, 1).
By the central limit theorem, P{§, < p} — % as p — oo. Therefore, it suffices to show
that, for every p > 0, P{£, < p} > %, or, equivalently, [ uP~le™" du > f uP~le " du.
Applying the change of variable u <« pu to the first integral and u < p/u to the second
integral, the inequality is equivalent to f u" P~ u?Pe=P* — e~P/"]dy > 0, which holds if,
forallu € (0, 1), u?Pe™P* > e~ P/" or, equivalently, 2Inu + 1 /u —u > 0. The last inequality
follows directly from calculus.

Proof of Lemma 4.1. (i) From the assumption, f |u|f A(du) < oo for all j > 2. Then,
by dominated convergence, ¥r € C*(R) with \IJ W) 1) = f(l {j =1} — &™) (i)’ v(du)
for j > 1. By |l — e¥| < |x| for x € R, |\l' )| =< Kpelt]. Clearly, |\Il$(j)(t)| <

Ik} for j > 2. Since Yy z(r) = exp{—We(r) — £212/2}, then, for j > 0, ¥/, (1) =
Pi(We.(t),..., W (1),t 1) ex e where P;(z) is a multivariate polynomial in
VL), . W (0),1) Y (1) exp{—e22/2), where P;(2) it polynomial

z2=(1,..., zJ_H) of order j. It follows that |1ﬁg+)z(t)| = O(|t)fe ¢! /2) and, hence, for any

p >0, |t|l’|1pé(i)z(t)| — 0 as |t| = oo, which completes the proof.
@ii) For [t| > 1/r,

Re[Vx, (1] = /

|lul<r

(1 —costu) A(du) > / (1 — costu) A(du).
lul<1/]t]

Then, by Lemma 4.3, 1 — costu > Cot2u2 for 0 < u < 1/]¢| and, hence,

Re[Wx, (1)] > C0t2/ u? M(du) > L(t,r).

u<l/lt|

On the other hand, by the Cauchy—Schwartz inequality,

d 1/2 1/2
/ |t|‘f|wx,(r>|dts(/—2) </ <1+r2)r2‘f|wx,.<t)|2dt>
lri=1/r I+1 lr=1/r
1/2
<Jm < f (1 + 2)12e=2LE0) dt)

Then, by (4.1), |t|?]|¥x, ()| € L'(R) and the proof follows from Proposition 28.1 of [31].

To prove Lemma 4.2, we need a type of inequality known in the literature (cf. [4, Lemma
11.6]). Since the expression of ( f )(/ ) becomes rapidly complicated as j increases, the following
specific form is used to reduce the maximum order of the derivative involved.

Lemmad.4. Let f € 8 and y = f. Then, for j > 1,

1/2 1/2 1/2
/|f(j)| < %[(/anﬁa;) +j</ |tf‘1w(t)|2dt) +</ Itjw/(t)lzdt) ]
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Proof. By the Cauchy—Schwartz and Minkowski inequalities,

_ dx 1/2 ‘ 1/2
/If(“l < (/ 1+x2) (/|f<f>(x)|2(1+x2)dx)
' 1/2 _ 1/2
< ﬁ[( / |f<f><x>|2dx) + ( / Ixf(’)(x)lzdx) }

Then, by Plancherel’s theprem and the fact that the Fourier transforms of f ) (x) and x/ fx)
are (—it)/ ¥ () and (—i)7 ¥ ) (1), respectively (see [19, pp. 100-102]),

' 1 ‘ 1/2 ) 1/2
/|f(])| < ﬁ[(/ |l]1/f(l)|2dl> + (/ |(l]g[f(t))/|2dt> ]

The proof is complete by applying Minkowski’s inequality to the last integral.

Proof of Lemma 4.2. We only consider the case where sppt(A) C Ry. The proof for the
symmetric case is similar. For brevity, write f = fg, ¥ = ¥, and W = We. By Lemma 4.1,
f. ¥ € 8. Write M = ¢ + Bo (r). Then

t tu M2
Re[W(r)] =Re|Ww (2 )= [(1=cos( ) )[Ar (du) + By, (du)] + ——.
v v 212

If |t| < v/r then |tu|/v < 1for0 < u < r, so, by Lemma 4.3, 1 — cos(tu/v) > Cot*u?/v>.
Consequently,

Re[W(1)]

v

Cot? [ Mi?
—— | w’[Ar(du) + By, (du)] + e
0

_ AC()IQ,XVZ‘2 " BCOm(V)S(V)p+3t2 /r/s(r) P2 qy + M_t2
= 5 B 2"
b v 0 2v

Since s(r) < r/(p + 3), by Lemma 4.3(ii),

Then, as ['(p + 3)m(r)s(r)P3 = K2y,

ACok x,1° N BCom(r)s(r)P T30 (p + 3)1? N Mi?

Re[W(7)] =
bl z 2 212 212
AC()Kz,xrl‘2 BC()szy,t2 Bor(r)zt2
>
v2 202 202
_ D(r)*?
w2

If |#] > v/r thenr > v/|f]| and

ACyt? Bo (11212 ;
Re[W(1)] > 20 / aidiny + 2O (),
v? u<v/|t| 212 v
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Therefore, for j > 0,
oo
f|tjlﬁ(t)|2dt = 2[ 12 e 2Rl O] gy
0

v/ 2j .—D@r)*2v? ® i om
2/ 12 e= DO/ dt+2/ e 2B/ g
0 v

=<
/r
* 2j —D(r)* 2 v? 2j+1 > 2j —2H(t,r)
<2 t-e dr +2v t-e dt
0 1/r
G 4+1/2 . o .
v (JZ'-:I/ ) _|_2U2]+1/ (20 g=2H(r) g,
D(r)+/ 1/r
= 2]]'(7')2. (49)

Next, ¥/ (1) = =W/ (1) ¥ (1), with W' (t) = (i/v) [ (1 —e™/V)u [AL, (du) + By, (du)]+ Mt /v2.
As |1 —e¥| < |x|forall x € R,

M
W0 = 25 [ 1Ak, @0 + By + 5
Vv V

Akyx,t  Bioyt (¢2+ Bo(r))t
2 + 2 + 2

Vv
_ (Akyx, + Bro 1)t L6

V2 V2
82
/ 1t/ (1)|* dr = / [t W (t)y ()|* dr

e2\2 .
< <1+—2> [t
v

2\ 2
< 2<1 + i—2> I (2. (4.10)

v Vv

2

As aresult,

The proof is complete by combining Lemma 4.4, (4.9), and (4.10).

Appendix A

To evaluate the RHS of (2.12), we need to evaluate Q;(r), j = 5, 6,7, which involves
the integral of r2/¢=2L(:7) over t € [1/r, 00). One way to obtain good numerical precision
is to employ incomplete gamma functions [27]. For A(du) = c¢1{u > 0}u=*"'du, k>, X, =
Jo u*A(du) = c [y u'~*du = ¢s>*/(2 — @), s > 0. Then it is not hard to obtain 2L(z, r) =
min{Ar2, B|t|*}, where A = o(r)? and B = 2¢Cy/(2 — «). Let 1o = (B/A)/Z=®_ Then
2L(t,r) = At 1{|t] < 1o} + BJ|t|* 1{|t| > 1o}, and, hence, letting 1 = max{1/r, 1o},

oo

oo no 5 ‘
/ He 2L gy :/ Hem At dt+[ e B dr
1/r 1/r f

1 At 1/2 > @it a1
= — J=HeeT"d : JrHe= e du.
2A7%1/2 /A/r2 ! "t BT /I;tix ! !

https://doi.org/10.1239/aap/1418396239 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396239

Nonnormal small jump approximation 983

The integrals on the last line can be expressed as incomplete gamma functions. For symmetric
A(du) = c1{ju| > 0}|u|~*~! du, the formula is the same, except that B = 4c¢Co/(2 — @)
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