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Solutions for Semilinear Elliptic Systems
with Critical Sobolev Exponent and
Hardy Potential

Mohammed Bouchekif and Yasmina Nasri

Abstract. In this paper we consider an elliptic system with an inverse square potential and critical
Sobolev exponent in a bounded domain of RN. By variational methods we study the existence results.

1 Introduction

In this paper we study the existence of nontrivial solutions of the following system

Au—Lu=autbv+(a+ Duful*~!y|?*1 inQ,

[x[?
(Sas) § —Av — %V =bu+cv+ (B+Dul* ]’ inQ,
x
u=v=0 on 0%,

where  is a smooth bounded domain in RN (N > 3) containing 0 in its interior;
a, b, c are real parameters; a, # > 0 such that a + § < ﬁ; and 0 < p < 1 :=
(N=2y2

=)

We start by giving a brief history for the scalar case. The problem

u
M2
u=20 on 90f)

4 .
Lyu:=—-Au = ulu|™72 + Au  in Q,

(P/\,u)

has been considered by many authors (see [6,9, 11, 12] and the references cited
therein). The quasilinear case was treated for example by Ghoussoub and Yuan
in [10].

Problem (P) o) has been the object of the famous paper of Brézis and Nirenberg
in [4]. Jannelli in [11] generalized the results of [4] to problem (P, ) for ;1 > 0. He
proved the following:

* If0 < p < — 1, then problem (P, ,) has at least one positive solution in H(Q)
forall 0 < A < py, where p; = 1 () is the first eigenvalue of L, in HL(Q).
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*Ifft — 1 < p < ., then problem (Py,) has at least one positive solution for
Ae(p) < A < py, where

[ Vo)
Ja FiEg dx

Ae(p) = min —_—,
PN} fo) D dx

with o = i + /1 — pu.

*Ifm— 1< p < mand 2 = B(0,R) (i.e., the ball centred at 0 with radius R), then
problem (P) ,) has no nontrivial solution for A < A, ().

* If A < 0 and 2 is a smooth starshaped domain, then by a Pohozaev type identity
problem (P, ;) has no positive solution.

* The case A > p; has been discussed in several papers; we quote [5-7,9].

Cappozi and Gazzola [5] proved the following results:

*IfN = 4, A > 0,and A\ ¢ 0y, where oy denotes the spectrum of —A with
zero Dirichlet boundary problem, then problem (P ) has at least one nontrivial
solution.

* If N > 5, then problem (P, ) has at least one nontrivial solution for all A > 0.
Ferrero and Gazzola [9] developed some technical asymptotic estimates in their

proof for . > 0. Chen [7] gave a partial positive answer to an open problem proposed
in [9] by using the linking theorem and delicate energy estimates. Recently Cao and
Han [6] solved completely the open problem proposed in [9]; they proved that if
N>5and0< pu<pm— (%)2, then problem (P, ;) admits a nontrivial solution
for all A > 0. They established an asymptotic behavior of the eigenfunction, which
is crucial in their proof.

In this work we deal with the case of elliptic systems, we refer to de Figueiredo
(see [8]) for a general view about the theory of elliptic systems. The results of [4]
have been also generalized to system (Sa o) by Alves et al. [1].

Our system (S,,,,) can be written as follows:

~AU -~ p% =AU +VH inQ
U=0 on 012,

where A = (R),U = (*),A= (%) and H(u,v) = |u|**!|v|**".

Borrowing ideas of Alves et al. [1] and Cao and Han [6], we prove some existence
and nonexistence results for (S4,) with u > 0. By establishing a Pohozaev type
identity adapted for systems, we give a nonexistence result. We distinguish three main
cases, depending on the position of the eigenvalues of the matrix A for the existence
results.

The paper is organized as follows. In Section 2 we recall some preliminaries and
main results, Section 3 contains the case where the eigenvalues of the matrix A are
negative. Section 4 is devoted to the case where the eigenvalues of the matrix A are
between 0 and ;. In Section 5, we consider the case where the eigenvalues belong to

(1, +ool.
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2 Preliminaries and Main Results

Notations We make use of the following notation:
* LP(Q), 1 < p < 00, denote Lebesgue spaces, the norm L? is denoted by | - |p for
1 <p < oo.
* E: = H}() x H}(Q2) endowed with the norm || (u, v) ||, = (||u]|+]|v||2)?, where

M2 1
Jally = 96 = s s
0 ||

this norm is equivalent to the standard norm in E by Hardy’s inequality.
* E’ is the dual of E.
* 2% := 2 is the critical Sobolev exponent.
* Bg is the ball centered at 0 with radius R.
* supp ¢ denotes the support of the function .
* () denotes the usual inner product in RY.
* o(1) denotes 0,,(1) — 0 as n — +oo.
* C1,C,,Cs,. .. denote (possibly different) positive constants.

Let M = {(4%):a>0,c>0,0> <ac}. If A € M, then there exist two eigen-

values A1, A such that 0 < A\ < A,.
We have

2.1 M(uf+ ) < (AU,U) < X(jul* + v)*)  forall (u,v) € R%.

As a consequence of the Hardy inequality, the operator L, with zero Dirichlet
boundary condition is positive and has a discrete spectrum o, in Hj () if0 < p < 7.
The smallest eigenvalue g, is simple and p; — +00 asi — +o0.

Moreover, each L? normalized eigenfunction e; corresponding to i; € o, belongs
to the space H;(£2) and is not in L>°(£2), however for the case when ;1 = 0, ¢; €
L>(€).

Lemma 2.1 Let ) be a domain (not necessarily bounded), 0 < p < mand a + 3 <
5. We define

(|Vul? - pip) dx
(2.2) S, =8, := inf Jo Eiika
u€Hj (M\{0} (fQ |u|a+/5+2 dx)m

and

Jo(Vul* +|[Vv]* — ,u”lz;]f)dx

2.3 Sias=3S,038):= in
( ) 1,003 Naayﬁ( ) () EE\{(0,0)} (fQ|u|U+1|V|/5+1 dx)ﬁ

Then we have »
G+

s _{(a+1)m+(a+1)%§z‘]s
N AN B+1 "

Moreover, if wy realizes S, then (ug,vo) = (Bwo,Cwy) realizes S, o for any positive

constants B and C such that g = (‘;ﬂ )%.
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Proof The proof of the lemma is essentially given in [1] with minor modifications.
|

As in [11] we consider the family of functions

N-2

C:*

a! o —
(e2|x| VF + |x| VF)VE

where C. = 4’ N(fi — ) /(N = 2), 0 = /li+ /i — pand 0’ = \/Ti — \/Ti — [i.

For € > 0, the function w} solves the equation

wi(x) = fore >0

u AR
—Au— MW =ulu/~— in RM\{0}.

From Lemma [Z.J]we conclude that the problem

—Au— s = (o + Dulu|*'v|?*' in RN\ {0},
—Av— ppm = (B+ D]ul* vy A=1in RN\ {0},

u(x) =v(x) =0 as x| — oo

has a solution in the form (Bw}, Cw} ), where B and C are positive constants satisfying

Bi(a+l)%
C \g+1/

Let 0 < ¢(x) < 1 be a function in C§°(£2) defined as

)1 iffx] <R,
ox) = {o if [x| > 2R,

where Byg C Q.
Taking

~ ws
W =
) [lwe

with we = ¢(x)w?.
2*

Let us introduce the corresponding functional energy of system (S4 ,,)

1 1 p
Ju(u,v) = 5||(u,v)||i -5 /(AU, U) dx—/ |u|‘l+1|v|*’+1 dx.
Q

Q

It is well known that a weak solution (#,v) € E (in our case u # 0 and v # 0) of
(Sa,p) is precisely a critical point of J,. That is,

/ (Vchp + VvwWy — ﬁ(ucp +vip) — (aup + bvp + buyp + cvw)) dx
)

¢
- / ((a + 1)u|u|“_1|v|5+1<p +(B+ 1)|u|“”v|v|ﬁ_11/1) dx =0
Q

for all (p, ) € E.
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Definition 2.2 Letc € R, E be a Banach space and I € C'(E, R),
(1) (tn,vy)isa (PS). sequencein E for I atlevel cif I(u,,v,) — cand I’ (u,, v,) — 0
strongly in E” as n — +00.
(ii) We say that I satisfies the (PS). condition if any (PS), sequence in E for I has a
convergent subsequence.

In this paper we obtain the following results.

Theorem 2.3 Let A € My, symmetric matrix such that \y < A, < 0anda+ 3 =
ﬁ. If Q is a smooth starshaped domain with respect to the origin then system (Sa )
has no nontrivial solution.

Theorem 2.4 Suppose v+ 3 = = and A € M. If0 < p < 1 — 1, then system
(Sa,u) has a solution for all A, < ul If,u — 1 < p < T, then system (Sp ;) has a
solution for all p* < Ay < Ay < ) where

|Vl
fSZ [x[* dx
min R
<,9€H1 (\{0} J"Q g dx

ando = /T + VI — p.

Corollary 2.5 Suppose0 < u<p, o+ < ﬁ, and A € M. Then system (Sa )
has a solution for all \; < p.

Theorem 2.6 Suppose N > 5, a+ [ = 2, 0< u<pm— (NI\J;2)2, and A € M.
Assume one of the following conditions holds

* There exists k € N* such that p < A; < Ay < fbgs1-
* There exist k, k' € N*, k # k' such that

pr <a— b <X\ <a+|b] < ppn < e <c—[b] < X <+ |b| < i

Then system (Sa ;) has at least one solution.

3 Eigenvalues of A are Nonpositive

In this section, we give an nonexistence result which is based on a Pohozaev type
identity adapted for systems.

Proof of Theorem[2.3] We will use a Pohozaev type identity. The idea consists of
multiplying each equation by (x, Vu) and (x, Vv), respectively, and integrating by
parts. We obtain

(3.1) / (Vuf? + [9?) (e, ) o + /(|vu|2+|w| ) dx

N -2 + N
:u( )/“ v dx+—/<AU,U>dx+N/|u|““|v
P
2 o Xl 2 Ja Q

G+1 dx
)
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where v is the outwards normal to 9€2. On the other hand, multiplying each equation
by u, v respectively and integrating over {2 we obtain

(3.2) /(|Vu|2 — Luz) dx = /(a|u|2 +bvu+ (a+ D]ul* [v]7*) dx
Q Q

x|

(3.3) /(|VV|2 - sz2) dx = /(buv+ c[v[* + (B + D[u|* [v]*!) dx.
Q x| Q

Replacing (3.2) and (3.3) in (BI)), we obtain
(Va2 + [Vv2) (x, v) do = /(AU, U) dx.
90 o)
Using 2.0)) with A, < 0, we get
(|Vul* +|Vv[*){x,v) do < 0,
29

which is in contradiction with the fact that ) is starshaped, i.e., (x,v) > 0 a.e. on
o0. [ |

4 Eigenvalues of A Belong to [0, 1|
For proving Theorem[2.4] we need some auxiliary results.

Lemma 4.1 Let0O <X\ <X <, 0<p<panda+f< 5.
(i) There exist p > 0 and R > 0 such that J,(u,v) > p for all (u,v) € E with
(w9, = R
(ii) There exists (ug, vo) € E with || (uo, VQ)HH > R such that ], (19, vo) < 0.

Proof From (Z)) and (Z.3) we get
1 A2 2 atf+2
Jutay) 2 5 (1= 22 ) sl = Cll " = o

for || (u, V)Hu = R small enough.
We have

t? 2
Juttu,tv) = = [, )[ = = / (AU, U) dx — 174772 / | 7 dx — +oo
Q Q

as t — +00, thus there exists (1o, v9) with ||(uo,v0)|| > R such that J,(u, vo) < 0.
|

- 1z ’
( g]Ielf ( Hla_rx] ‘ L g (1 ) ] )

where
I':={g € €([0,1],E) : g(0) = (0,0), g(1) = (uo,v0) } -

Now we will prove that J, satisfies (PS). below some critical threshold.
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Lemma 4.2 Ifc < ﬁ(%Su’a%@)%, then ], satisfies (PS)..
Proof Let (u,,v,) bea (PS). sequence in E. We obtain, for large n,

(4.1) 27, (tty V) = (T (th, v), sy Vi) ) = (a+5)/ || " v dx < 2c+0(1).
Q

On the other hand, there exists Cy := C(N, a, 3, A) > 0 such that
(4.2) [ ) = A(Juf? + vP) > —Cy

forall (u,v) € R x R\{R x {0} U{0} x R}, where \ is a positive constant.
Indeed, consider the function

Hy(u,v) = [u ™ v = Al + o).

Then (u, v) is an extremum point of H), if

(4.3) (o + Dufu* v = 22u =0
and
(4.4) B+ D)|ul* vy’ — 200 = 0.

Multiplying (£3) and (@4) by (8 + 1)u and (« + 1)v respectively and subtracting
them, we get

a+1

_(m a+1)*1/2'

1/2
) ie, [v| = klu| with k := (m
Put

g(u) := Hy(|ul, klu|) = K*ul?” = X1+ K2)|u?,

g(u) attains its minimum at

2%

1 (2A(Q1 + /) ™7

2M(1 + k%)
= (200 O
(2* kd‘*’l) a+j

27kP1 )f with  g(ug) = —Cy == —

Thus, we have Hy(u,v) > —C) for all (u,v) € R x R\{R x {0} U {0} x R}. Finally,
(&), and [@2)), with X := Ay, yield

H(“nvvﬂ)”i = 2], (thn, vn) +/

(AU, U, dx + 2/ a1 [P dix
Q Q

< 2J,(tn, vi) + X2 /(|un|2 + [va]?) dx + 2/ |t |4FY v, |PHY dlx
Q Q

< C(l + H(”navn)Hu)i
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consequently (u,, v,) is bounded in E.
Thus there exists a subsequence, again denoted by (1, v,,), such that

(Un, V) — (u,v) weakly in E,

uy ) = (53) eyl

(U, V) — (u,v) stronglyin L" x L* forall 1 < r,s < 2%,

(1, V) — (u,v) a.e.on €,
it follows that (u, v) is a weak solution of system (S4 ,.), i.e.,

(4.6) (Ju(u,v), (p,9)) =0 forall (p,¢) € E.

We put ¢, = u, — uand ¢, = v, — v. From the Brézis—Lieb Lemma [3], we obtain
the following relations

(4.7) |Vu,|3 = |Vul3 + V|3 +o(1),
2 2 2
(4.8) i) ‘E’ +’ﬁ +o(1),
x |2 xl2 x |2
(4.9) [Vvals = [VV]; + [Viul5 + o(1),
2 2 2
(4.10) ) H +‘% +0(1),
x 12 xl2 x |2
and
(4.11) / || |y |PH dx = / |u|**L |v] dx+/ lu| Y 10|74 dx + 0(1).
Q Q Q

Using (@.3) to (£11) we get
l 2 _ a+l B+1 o
(4.12) Ju(u,v) + zll(son,wn)llﬂ lon]“ |90n]7" dx = ¢+ 0(1)
Q
and

I+ o)l = [ (AU,U) d
Q
+ 2% /(|u|a+1 |v|ﬂ+1 + |(pn|a+1 |¢n|/3+l)dx+0(l).
Q
Since (J'(u,v), (u,v)) =0,

o )| = 2° / lonl™ 4] i+ 0(1).
Q
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Therefore, along a subsequence we may assume that, as n — +00,
[(en, )|, = k and 2* /Q |0l [4h] P dx — k.
By (2.3) we get
H(sDn,wn)Hﬁ > Slhwﬁ(/@ |<Pn|a+1 Wnlﬂﬂ dx) 2/2*'

At the limit we have k > S, 5(£)7. It follows that either k = 0 or k >
2(4e0)3,

The case k = 0 is trivial.

Ifk > 0, then k > 2%(S, 4.5/2*)/2. Passing to the limit in (Z12)), we obtain

k 2 1 N/2
]N(M7V) + N =c< m(z—*su’a“@) .

From this, we conclude that ], (4, v) < 0 for all (u,v) € E.
Taking (¢, ¥) = (u,v) in ([4.6) we have

2+ )
) = (5= 1) [ Jul ez o
Q

thus we get a contradiction. Hence (u,, v,) converges strongly to (u, v) in E. [ |
Remark Lemmal42lis true for \; > ;.

Lemma 4.3 Supposethat0 < p <fand 0 < \; < Ay < py then we have

T (tBG, tCL) < —2 ( Lg )N/2 fore > 0 small
?gg u\EDWe , 1L We N_2\ o= o, ore small.
Proof LetB,C > 0such that 2 = (%)%. We have
- B> +(C? ~ oy
(B, 1C35) < 12 =5) Qu, (@) — £ BICH 1= (1),
where Qy, (@:) := [|&: |2, — A\i|@: 3. Observe that the function g attains its maximum
at (to, g(t0)), where
B? +C? N\
o= (ggmcm @)
and D .
2 B*+C ~ .\ 7
s) = v (5 Q@) -
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Thanks to Jannelli [11] we have

QW) <SS, ifp<m—1, forall0 <A <X < p,
Q@) <S, fp—1<p<m forallp® <A <A <,

with ¢ sufficiently small.
By Lemma [2.Tlwe deduce that

Ik

~ - 2 1
sup J,(tBw,,tCw,) < —— ( —S,wﬂ(Q)) for e > 0 small.
>0 N —2\2* '

Proof of Theorem[2.41 From Lemmas[4.1}[4.2] and[4.3] J, satisfies the conditions of
the mountain pass theorem [2]. Then there exists (u,v) € E such that ]/i(u, v) =0
and J,(u,v) = ¢ > 0. [ |

5 Eigenvalues of A Are Higher Than or Equal to /i,

In this section, we consider two subcases:

(a) There exists k € N* such that p < A} < Ay < fhge1-
(b) There exist k, k' € N*, k # k’ such that p < A\ < pip1 < per < Ao < flgerya-
Consider the technique introduced by Ferrero and Gazzola in [9]. Fix k € N,
and for each i € N* denote by ¢; an L? normalized eigenfunction relative to y; € o,
Let X denote the space spanned by the eigenfunctions corresponding to the eigen-
values i1, fi, - - -, f> Y = (Xp)© and let Py: HL(Q) — X; denote the orthogonal
projection.
Always take m € N large enough so that B, C €2, and consider the function
Cm: §2 — R defined by

0 ifx € Bi,
Cm(x) =< mlx| —1 ifx € B2\Buy,
1 ifx € Q\B; s
the approximate eigenfunctions e" := e;(,, and the space X]" := span{e!" : i =
1,...,k}. Foralle > 0, consider the shifted functions
wX(x) — w:(l) ifx € B1\{0}
w"(x) = € m "
0 ifx € Q\B..

We shall need the following lemma.

Lemma 5.1 [6]
(1) He:'ﬂ - €i||ﬂ — 0asm — oo.
(if) maxquexp fuj,—1y [[4l2 < i+ Com =2V,
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N+ . .
From [9] with e = m~(F=3)VII e obtain the estimates

M —
Hw?”fj S Sl% +C1m_N [L—u7
(5.1) w2 > 55 _Cym VIR
|W?|§ > Cym~ N,
5.1 Eigenvalues of A belong to [pu, i1 [ with k € N*

Now we verify that the functional J, has linking geometry conditions.

Proposition 5.2 Assume that Ay, Ay € [pk, k1] for some k € N*.

(i) There exist p, § > 0 such that J,(u,v) > 0 for all (u,v) € (0B, N Yi)2

(ii) There exists R > p such that J,|oqn < p(m) with p(m) — 0 as m — +oo, where
Q' = (BrNXM) & {Brw?”/0<r<R}) x (BrNXy)®{Crw?/0<r<R}).

Proof For any (u,v) € (Y;)?, we have
(52) I = e [ (1)
Q
Using (5.2) and (23)), we get
1 by “
) 2 5 (1= ) @l = Gl

Thus we can choose p = |[|(u,v)||, sufficiently small enough and § > 0 such that
Jul@B,nv,2 = 0. For (u,v) € (X]")?, we have

1 A
Tl w) < S| — 2 / (Juf +|vP) dx - / [y dic
2 2 g Q
From (4.2) and Lemma/[5.1} we obtain
1
Julat) < 2 =+ Com / (luf + v dx — / 1 |v] 1
Q Q

< —H)\(u,v) with A :=Cym 2VFi~H,

Then

2%

1 (2C(1+K)) ™

Ju(u,v) < Cym NVETI wwhere C; := -
N (2*kB+1) s

Consequently, we have

lim max J,(u,v) =0.
=00 () E(X])?
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On the other hand, we have

2 2
] (Brwm Crwm) < rZ(B +C ) meHZ _ rZ*Ba+1C/3+1|wm 2*
H € e/ = 2 e llp e 12%>

so J,(Brw!, Cr w!") becomes negative if r = R with R large enough. Therefore,

],u,(ua V) S CSmiN B=H
forall (u,v) € (X{' U(XJ" & R{Bw"})) x (X' U (X ® R{Cw!"})).

Since

max J,(Brw!”,Crw!") < +oo
0<r<R -

for (u,v) € ((Br N X}") ® R{Bw"}) x ((BrNX}") & R{Cw!"}),
as (u,v) € (X" @R{Bw"}) x (X" @ R*{Cw"}), we may write u = w; + tBw!" and

v = wy + tCw!". Hence meas(supp(w?") N supp(w;)) = 0. Then J, |(9Q;n§ 0 for R
large enough with

Q' = (BrNXP)@®{Brw!"/0 <r < R}) x ((BeNX{")®{Crw!"/0<r<R}). M
5.2 Eigenvalues of A Belong to [1u, pxe1[ X [pkr, i1 [ with k < K/, k, k' € N*
Proposition 5.3 Suppose A € M and
e <a— bl <A\ <a+ b < ppgr < <ce— b < X < e+ b <
for some k, k' € N*,

(i) Thereexist p,6 > 0 such that J,(u,v) > 0 for all (u,v) € (0B,NYy)x (OB,NY).
(ii) There exists R > p such that ], |3Q5m§ p(m), with p(m) — 0 as m — +o00 and

Q' = (BrNX{") @ {Brw”/0<r<R}) x ((BrNX{) @ {Crw!/0<r<R}).

Proof Forany (u,v) € Yy X Y/, we have

(5.3) HuHiz,ukH/ |ul*dx and ||VH;212,Uk’+1/|V|2 dx.
0 0

Then (23), (53) and Young’s inequality imply that

_a+|bl

* 1 C+|b|
e Ces (=S v = cl
+

1
T, v) > —(1
! 2 Hk’+1

) lull2 = Cillu

5
w20

for p = ||(u, v)||, sufficiently small.
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For any (u,v) € X" x X}, we obtain from (2.1), (4.2) and Lemma 5.1l that
1
Julu,v) < 5 / [ (= (a—1BD) [ul* + (pxr — (c = [B])) [v]?
o)
+ Cym™ VI (|uf? + [v])] dx — / ||| dx
)

< —Hy(u,v) with X :=Csm V7"

so J,(u,v) < Cym~NVF=E Thenlim, MAX () EX7 % X7, Ju(u, v) = 0. With simi-
lar arguments as in Proposition[5.2] we get J,[aq» < 0, where

Q' = (BrNX{") & {Brw”/0 <r <R}) x (B NX{) @& {Crw!"/0 <r <R}).

Set ¢. = infyer.,, maxyeqn J,(h(U)) with
Lem={heC(Q" E)/hU)=UVU € Q"}
and
Q' = ((BrNX{") ® {Brw!/0 < r < R})
X ((FR NXY @{Crw!"/0<r< R}) if e <A1 < Ay < s

or

Q' = (BrNX{") @& {Brw!”/0 <r <R}) x ((BeNX{)) ®{Crw!/0 < r <R})
if e <A< e < e < Ag < i

Lemma 54 Letp € [0,1 — (22)?) and A € M. Assume one of the following
conditions holds:
(i) There exists k € N* such that pupy < A\; < Ay < g1
(i) There exist k, k' € N*, k # k' such that uy, < a— |b] < A\j < a+|b| < pgr1 <
prr < € = [b] < X < e+ [b] <

Then
2 ( Su,a,“@)
N-2 2%

max J,(u,v) = Ju(ym +tI'Bwl, z,, + t/'CW")
(u,v)€Q™

iz

c: <

Proof Let

and

ol

where B, C > 0 such that & = (§7)

(X)? if e < A< Ao < g,
Umszm) €4 o om -
X' x X0 i <A < i < < Ap < gy
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From Propositions[5.2land [5.3] we have
JuYms 2m) < Com™NVETHE,

Since meas(supp (w?*) N supp(ym)) = 0 and meas(supp(w?) N supp(z,)) = 0, we
conclude that

e < max T, v) = Ju(Ym, 2m) + Ju (£ B! t'Cw")
u,v g’

N oma (BEHCH) m
<Cim NV +(t5 yf(ﬂ% ”;ZL_)‘llwe |%)

3 2% 2%
— B () w5

Using (5.0)), we obtain

N —
(S + Cam ™ NV X\ Cym~N¥2))

— B? + C?
. <Cym NVETH 4 (tg”)z%

_ B(wlCﬁJrl(t;n)Z* (55 _ C4m—%\/ﬁ—u)'

Put
A o oy ol NVE=T N+2)
h(t™) := ET(B +C?)(S7 + Cym ™ NVET# _ X\ Cym~ N2y
« N N =
_Ba+1C/3+l(t£n)2 (Sﬁ _C4m—%\/u—u)'
Then
m Sp.a, 3 —NVI—pt —(N+2)
Egg%(h(ts ) < N 2( T ) + Csm — M Cem .
Thus
c: < max J,(u,v)
(u,v)EQ™
N, 2 (Swap)? —NVi—h —(N+2)
<Cim + m( o ) +Csm — A\ Cem .

Then we have

N

2 Sia _ N+2\?2
¢ < m(’z—*ﬁ) " forpe [O,u— ( N ) ) and m large enough. M
Proof of Theorem[2.6] From Lemma[4.2]and Propositions[5.2]and[5.3} J, satisfies all
assumptions of the linking theorem [2]. Then J, has a critical point whose critical

value belongs to (0, s (Bmet)iy [
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