
84

The Apolar Locus of Two Tetrads of Points on a Conic.

By Dr WILLIAM P. MILNE.

(Received 22nd June 1917. Read 9th November 1917.)

1. In Vol. XXXV. (Session 1916-17), Part I., of the
Proceedings of the Edinburgh Mathematical Society, I discussed
in considerable detail the properties of the Apolar Locus of two
tetrads of points. I shewed there that, subject to certain defined
conditions, a unique quartic curve would be obtained, which
would be the Apolar Locus of the two given tetrads. I men-
tioned, however, in § 7 of the paper, that in the case when the
two tetrads lie on the same conic, the above-mentioned conditions
are not independent, and that, in fact, not a unique quartic but
a pencil of quartics is obtained.

The discussion of the case when the two tetrads lie on a conic
will be given in this paper. In addition to the interest afforded
by the investigation in relation to " Apolarity," many important
results are obtained with reference to the geometrical interpreta-
tion of the invariants and covariants of two binary tetrads on a
conic.

2. We choose the conic on which the two tetrads lie as our
Norm-Conic x = t\ y=\, z = 2t. Adopting the notation of the
paper above referred to, we take our ^-tetrad to be t* + 6Ai2 +1 = 0,
and our ^-tetrad as a01

4 + iai t° + 6a.,t2 + 4«3< + a4 = 0. Hence the
tangential equations of these two tetrads are given by

<f>l
4 = li + mi+ 16n4 + 24/fcw2rr + 2ikn"P + 2 (18F + l)Pm2

-l2kPm-12km3l-Wlmn2 = 0 (1)

if/* = <z4
2I* + a^m' + 16au a4 n* + 2ia0 a., m" n" + 24a2 a, n- P

+ 2 (18a2
2 + a0 a4 - 16a, a3) P m* + 4 (a./ - 3a2 a4) I

3 m

- 8a3 a4 P n - 8a0 a, m? n + 4 (4a,2 - 3a0 aj) m31

— 32a, ain
3l — 32a0a3 n

3m + 24 (a, a4 - 2a.2a3) I
1 mn

+ 24 (ao°3 - 2a1a2)lm?7i + 16 (4a,a3 - a0ai)lmril = 0 (2)
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Let the conies defining the two tetrads on the Norm-Conic
z2 - 4xy = 0 be respectively :

S=z~-ixy = O (3)

S1=x* + y* + kzi + 2kxy = 0 (4)

£a = a0 a? + a4 y- + a2 z
2 + 2a3 yz + 2a: zx + la^ xy = 0 (5)

Then the Principal Conies belonging to the <f>- and ^-tetrads
will be respectively:

The ^-Principal Conies
96I.2S*-96ILSSi + (3A--8II+iIlIJS2 = 0 (6)

The <p-Principal Conies
96/j &2 - 96ZT, SS2 + (M- - 8H+ 4/, I2) & = 0 (7)

Next, after performing the necessary calculations in accordance
with the definitions laid down in the paper previously referred to,
we find that the Generating-Conics are as follows :

The ^-Generating Conic

(AH1~&I.,J1)S = {A2-AI,I.^S1 (8)

The ^-Generating Conic

(9)

Furthermore, the equation to the Apolar Locus of the two
tetrads is easily calculated to be

;) X + ($A - <

(a0 x + n2 y + a, z)

1)x + (f a4 ^ ~ f ao * ~ %) 2/ + (2&a, - 6A2 a,) s}

+ {(ika3 + 4a]) x + ( 4 ^ + iajfy + (27, a2 - kA) z }

(10)

where we have used above the following convenient invariant
notation :

https://doi.org/10.1017/S0013091500035240 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500035240


86

(11)

(12)

A = ao + 6&a2 + a4 (13)

H = 6k(a0a., + a2at- a,2 - a3
2) + (1 - 3k2) (a0 at + 2a, a3 - 3a2

2). ... (14)

ZT1 = A(a0 + o4) + ( l - 3 F ) a 2 (15)

ZT2 = (a0 a2 + a2 a4 - «,s - a/) + &(a0a4 + 2a, a3 - 3a2
2) (16)

Jt=k-k? (17)

,/2 = a n a 2 a4 + 2a, a«a3 — a2aA- aQa3 - a2 (18)

It will further be convenient to write

I,I2 (19)

3. Now the general equation to all quartics passing through
the four common points of the conies S and <S' and the vertices of
their harmonic triangle is easily seen to be of the form

L (ssj - s'sx) + M (ss; - s's,) + N (ss; - ssj = o,
where L, M, N are general linear expressions in x, y, z, inasmuch
as a quartic can be made to satisfy 14 conditions, and we have
above at our disposal 7 effective constants for L, M, N, together
with the fact that the quartic passes through 7 given points,
namely, the intersections of the two given conies and the vertices
of their harmonic triangle, since the three cubics SSJ - S'SX = 0,
etc., each pass through the above 7 points.

Let therefore the Auxiliary Quartic of the i£-tetra,d be of the
form

n, z) («„ x + a.2y + a, z) + (lix-{- m2y + n2z)

(a.,x + at y + a3 z) + (J3x + m3y + n3z) (a, x + a3 y + a2 z)}

+ (o0 a? + at y
2 + a2 22 + 2a3 yz + 2a, zx + 2a2 xy) { 2 (I, x + mx y + n, z) y

z)z}=0, (20)

where lt, m,, etc., have to be determined from the assigned
conditions.

If we add to (20) the conies (7), viz., 2p(I1S2
2 - H^S^ + IfS2),

we get, if p be suitably determined, the Apolar Locus of the
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4>- and ^-tetrads. If, further, we add the conies (6) to the Apolar
Locus, viz., 2 a- (/><!?," - ffvSSt + JVS2), we shall obtain the Auxiliary
Quartic of <£,4, if o- be suitably determined. Let us consider
therefore the equation

nt z) (afsx + a2y + al z) + (Lx + m2y + n2z)

y + a-jz) + (lsx + m,y + n3z) (a,x + a,y + a*.z)}

(a0 x" + aiy- + a.,z"+2a..yz + '2a^zx + '2atzy){2(l1x + mly + n, z) y

+ 2

= 0 (21)

We shall now evaluate the various constants in (21).
z" = ixy (regarded as an envelope) is apolar to

2 (Z, x + OT, y + nx z) y + 2 (L x + m, y + n, s) x - (L x + m~ y + n3 z) 3 = 0

in (20) if -n. = li+m., (22)

Also the Apolar Locus will cut the norm-conic »S' in the
<£-tetrad if

2{2 (J, f + m, + 2re, t) + 2 (I. P + m.2 + 2w21) t" - 2 (/31- + m3 + 2w31) t)

+ 4/>7, («o t* + 4<ii f + 6a21" + 4a31 + a4) = 4T (t1 + 6A*2 + 1).

Hence, equating the coefficients of the various powers of t, we
obtain

(23)

(24)

I, + tn, - 2n, + 6p7, o2 = 6kr (25)

2n1-m3 + 4pI1as = 0 (26)

m, +pliai = r (27)

Hence L = T- pl1ao (28)

ZJ = 2n, + 4/o/1a, (29)

n3 = 2/J/,a2-2iT (30)

rra3 = 2n, + 4p/j a, (31)

m^r-pl^a, (32)

(33)
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Substituting in (21), we obtain after some obvious reductions :

{l1x + (r- plx ai)y + n1z}(aox + a,y + a, z)

+ {(T - plja^x + m^y + niz}(a.,x + aiy + a.iz)

+ {(2n2 + ^ / j ax) x + (2^ + ip^a3) y + (2pl1 a2 - 2k

+ 2rS, S2 + 2PS (NX - Hx S2) + 2a- (72 S? - 7/2 SS, + JVS") = 0.

(34)

We have still got to express the condition that (20) has the
assigned Generating-Conic. We obtain the Generating-Conic
of (20) by expressing the condition that S, + XS = 0, regarded as an
envelope, is apolar to

2 (li x + m1 y + nx z) y + 2 {!.„ x + m2y + n2 z) x - (l& + m3 y + n3 z) z = 0,
i.e., to

TS.-P^S^O (35)

in virtue of (28), (29), ... , (33).

We obtain as the required ^-Generating-Conic :

(TA-2PI1I.2)SZ + (3PI1J.,-TH2)S = 0 (36)

Hence, comparing (9) and (36), we obtain

p-.T=-2:A or T = $ A P (37)

Substituting from (37) in (34), we get as the Auxiliary
Quartic of the ^-tetrad :

- / ] a4) y + n, z}(aox + a*y + at z)

x + m2y + n2a}(a2 x + aty + a~z)

x + (2n, + <lpll a2)y + p (27,a2 - IcA) z]

(a, x + a~y + a2z)]

+ APSl S2 + 2PS (NS - H, S2) + 2a- (/, ^ 2 - //„ SS, + NS-) = 0.
(38)

If we write (38) in the form SC + 2S1{PAS2+2aI2S,) = 0, we
see that it is in standard form regarded as the Auxiliary Quartic of
<l>* = 0, since S, regarded as an envelope, is apolar to both £, and
S2 • To get the Generating-Conic of (38), we have therefore only
to express the condition that Sx + i*.S = 0, regarded as an envelope, is
apolar to PAS2 + 2o-/2 Sx = 0. We obtain as the Generating-Conic
of (38),

-ipA* + 4o-7,72)^ = 0 (39)
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Comparing (8) and (39), we obtain <r = - p.
Hence the Auxiliary Quartic (38) becomes

x + p(|4 - /; a4) y + riiz}(a0x + a2y + a1z)
+ {p($A - I} a0)x + m,2y + re2z}(a1 x + at

+ {(2n2 + ipI-Lai)x + (2n, + 4/)/, az)y + p(2/,a2- kA)z}

2LS;2) = 0 (40)

We must next express the conditions that (40) shall pass
through the points (0, 0, 1) ; (1, 1,0); (1, - 1, 0), the vertices of the
harmonic triangle of $,4. We obtain, after some rather trouble-
some reduction,

{k +a4)-2o2} (41)
f + af) - 12A2a^} (42)

«o h + aiin.,+ 2 (jij a3 + n,a,) = p {irk (ao° + a4") - 3a0 atk - o2 (a0 + a4)
- 12A2 (a,! + as») + 8 ^ a3]. (43)

We note that (41) is the same as (33), whence, where four
independent equations were to be expected, only three transpire.

Putting

o0^ + o4m, = p{^k (a0- + a4
2) - 3a0 a4 X; - aa (a0 + o4)} + 2^i(a0 - a4), (44)

and solving the set of equations just given, we obtain

Substituting in (40) and comparing with (10), we obtain the
following pencil of Quartics that satisfy the assigned conditions
(/x being a variable parameter):—

where p is the Apolar Locus of the two given tetrads and

S' = x (a0 x + a2 y + a^ z) - y (a2 x + at y + a,z)

+ r, ( a 3 y -a .x ) (axx + asy + a2z) =0,
— as
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i.e, S' is the conic through the two harmonic triangles of the
given tetrads.

Comparing this with the previous paper above referred to, we
have the following result:—

If we seek to find a quartic curve, which passes through two

tetrads of points, viz., <£(4 = 0 and ^;
4 = 0, and is such that

(i) the <j>-Principal Conies are the Self-Conjugate Conies of <f>

with respect to if/,*;

(ii) the ^-Principal Conies are the Self-Conjugate Conies, of <j>

with respect to <f>t*;

(iii) the ^-Generating Conic is the Polo-Reciprocal Conic of <f>

with respect to xf/,4 ;

(iv) the \j/-Generating-Conic is the Polo-Heciprocal Conic of \f/
with respect to <f>(*;

then, subject to these conditions, one and only one quartic curve can
in general be found to satisfy these conditions ; but if the two tetrads
<£,4 and ^,4 lie on one and the same conic, a pencil of quartic curves
can be found to satisfy these conditions, two members of which pencil
are the Apolar Locus of $>* and f* and the Conic-Pair consisting
of the conic on which lie the (j> and tl>-tetrads, together with the conic
through their harmonic triangles.
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