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The Apolar Locus of Two Tetrads of Points on a Conic.

By Dr WiLLiam P. MILNE.
(Received 22nd June 1917, Read 9th November 1917.)

1. In Vol XXXV. (Session 1916-17), Part I, of the
Proceedings of the Edinburgh Mathematical Society, 1 discussed
in considerable detail the properties of the Apolar Locus of two
tetrads of points. I shewed there that, subject to certain defined
conditions, a unique quartic curve would be obtained, which
would be the Apolar Locus of the two given tetrads. I men-
tioned, however, in §7 of the paper, that in the case when the
two tetrads lie on the same conic, the above-mentioned conditions
are not independent, and that, in fact, not a unique quartic but
a pencil of quartics is obtained.

The discussion of the case when the two tetrads lie on a conic
will be given in this paper. In addition to the interest afforded
by the investigation in relation to “ Apolarity,” many important
results are obtained with reference to the geometrical interpreta-
tion of the invariants and covariants of two binary tetrads on a
conic.

9. We choose the conic on which the two tetrads lie as our
Norm-Conic xz=¢, y=1, z=2¢{.  Adopting the notation of the
paper above referred to, we take our ¢-tetrad to be ¢!+ 6k*+1=0,
and our y-tetrad as a, '+ 4a, £+ 6a,8* + 4a,t+a,=0. Hence the
tangential equations of these two tetrads are given by
bf=l+m+ 160 + 24km? n® + 24kn* I + 2 (188% + 1) P m?

—1%2%Bm - 12km? 1 = 16lmn*=0. ............ccoinieenn (1)

Yi=all+atm+ 16a, a, n' + 240, a, m* n® + 24a, 0, n*
+ 2 (18a. + a, a, — 16a, a;) Em* + 4 (a) — 3a,a,) F'm
—8asa, B n - 8aya,m* n + 4 (4a,° — 3a,a,) m*(
- 32a,a,n°l — 32a,a; W’ m + 24 (a, a; — 2a, ;) P mn

+ 24 (@ a; — 20, ap) Im*n + 16 (4a, a; — aga,) lmn* =0, ...... (2)
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Let the conics defining the two tetrads on the Norm-Conic
2* - 42y =0 be respectively :

S=2—4my=0. ... (3)
Si=a?+ P+ h22 + 2y =0. 4
Sa=a, B+ a, ¥ + a2+ 20, y2 4+ 20, 20+ 20,0y = 0. ......... (5)

Then the Principal Conics belonging to the ¢- and y-tetrads
will be respectively :

The ¢-Principal Conics
961,872 - 96,88, +(34* -8/ +41,1,) 5*=0. ...... (6)

The Y-Principal Conics
961,82 - 96H,SS,+ (34 -8H+ 41, I,) F=0. ... (7)
Next, after performing the necessary calculations in accordance

with the definitions laid down in the paper previously referred to,
we find that the Generating-Conics are as follows :

The ¢-Generating Conic

(AH, - 6L,J)S=(A2-401)8,. .cooinniil. (8)
The y-Generating Conic

(AH,~ 65, J) S=(A*-4L1)S,. .cccoceeninn. 9)

Furthermore, the equation to the Apolar Locus of the two
tetrads is easily calculated to be

ST {(back - Ja,k - a))x+ (34 — a, ) y + (2ka, — 6K°a,) = }
(o + @y +a,z)
+{GA-al)x+ (Sak-3agk — a)y + (2ka; — 6K a,) 2}
(@ +a,y +a;sz)
+ {(4kas + 4a,) x + (4ka, + da)y+ (21,0, - kd) 2}
_ (x+asy+ayz)__
-8 (21, 8,- 48))
+2(0L 82 - H 88+ N8 =0, ..o (10)
where we have used above the following convenient invariant

notation :
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L = L4 3k, (11)
Li=aya,~4a,a,4 30,7, .0 e (12)
A =@y +0kay+a,. oo e, (13)
H =6k(a,a:+ a,a,— a — &) + (1 - 3%%) (a, a, + 20, 2, - 3a,%). ... (14)
H=k(a+a)+(1 =3 ay. .ooooriiiiiiniiin e, (15)
Hy=(a,a,+a,a,-a®—a?) +k(aya,+ 2a, 0, - 3a7). ............... (16)
Jimk— B e, (17)
Jy=0a 00+ 20,80, — a2y~ ag @ —a . i, (18)

It will further be convenient to write
96N =342 -8H +4L,1,. ...l (19)

3. Now the general equation to all quartics passing through
the four common points of the conics S and S’ and the vertices of
their harmonic triangle is easily seen to be of the form

L(SS, - 8'S,)+ M (S8, —8'S,) + N (S8, - §'8,) =0,

where L, M, N are general linear expressions in x, y, z, inasmuch
as a quartic can be made to satisfy 14 conditions, and we have
above at our disposal 7 effective constants for L, M, N, together
with the fact that the quartic passes through 7 given points,
namely, the intersections of the two given conics and the vertices
of their harmonic triangle, since the three cubies 8§, - 8'S,=0,
etc., each pass through the above 7 points.

Let therefore the Auxiliary Quartic of the y-tetrad be of the

form

(2 -4 {(lix+my+n2) (@ +a, y+ @, 2) + (L +mey +n,2)
(x+a,y+a,z)+(Lx+mey+ng2) (@ x+a,y+a,2)}

+ (@ + 0, Y +a,2 + 20,2 + 20, 25+ 20, 2y) {2 (L +my Yy + 1, 2) y
+2(Lx+myy+nz)x—(Lx+my+n;2)2} =0, (20)

where !, m,, etc., have to be determined from the assigned

conditions.
If we add to (20) the conics (7), viz., 2p (1,5 - H, 88, + NS§%),
we get, if p be suitably determined, the Apolar Locus of the
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¢- and y-tetrads. If, further, we add the conics (6) to the Apolar
Locus, viz., 20 (1, S — H, 88, + ¥ §7), we shall obtain the Auxiliary
Quartic of ¢, if ¢ be suitably determined. Let us consider
therefore the equation
& e {(bhx+my+n,2) (G +ay+a,2)+ (Lae+my+n.z)

(@ +a,y+a2) +(Lx+my+n,2) (mr+a,y+a,2)}

+(a, @+ a, Y’ + a, 2 + 20, yz + 2a, 2 + 2. 2y) {2 (L o+ myy + ny 2)y
+2Lx+myy+n 2y — (L +mey+n,2) 2}
+20 (5, 8- H S8+ N8 + 20 (1,8 - H,85,+ NS*)=0. ...... (21)
We shall now evaluate the various constants in (21).
2*=4xy (regarded as an envelope) is apolar to
2hx+my+nz)y+2(Lx+my+nz) v —(Lx+myy+nz)z=0
in (20) if — ;=0 +my. i (22)
Also the Apolar Locus will cut the norm-conmic .5 in the
¢-tetrad if
22 B +my+ 20, 0) + 2(L P+ my + Oy 8) 68— 2 (07 + ma + 2n8) )
+4pl, (ayt' + 4a, € + 6a, * + dagt + a) =47 (8 + 6&F + 1).

Hence, equating the coefficients of the various powers of ¢, we

obtain
btpligg=T. o i (23)
20— +4plia;=0. ... (24)
L+ms—2n;+6pla,=6kr. ...l (25)
Iy -my+4plia,=0. oo, (26)
my+plia, =T, 27)
Hence L=1—pliay. cooveiiiiiiiiinii (28)
L=+ 4p @ . ceeiei i (29)
ny=2pL @ — 2hT. ..o (30)
My=20 +4pL By eernreiiiiiiie e, (31)
my=1—plia,. it (32)
Lamy=2kr-200,8,. .cococveiiiiiiiiiiiieiaaee (33)
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Substituting in (21), we obtain after some obvious reductions :
SH{ha+(r-plia)y+mzi(ayx+a,y+az)
+{(r-plia)x+myy +n,z}(a,x+a,y+a;2)
+{(2no+ 4pla) x + (2n, + 4ply a5) y + (2pl, @, — 2k7) 2}
(o @ +asy + ay2)]
+ 278, 8, + 2pS (NS - H, Sp) + 20 (1,57 - H, 88, + NS =0.
(34)
We have still got to express the condition that (20) has the
assigned Generating-Conic. 'We obtain the Generating-Conic
of (20) by expressing the condition that S,+ AS =0, regarded as an
envelope, is apolar to
2(hz+my+n2)y+2(Lx+myy+nz)e— (lx+myy+ny;2)z=0,
i.e., to

S —pli S, =0 (35)
in virtue of (28), (29), ..., (33).
We obtain as the required y-Generating-Conic :

(4 -2p1, 1)) S, + (3pd, J, - THR) S==0. ............... (36)
Hence, comparing (9) and (36), we obtain
p:7=2:4 or T=L1dp. ...l (37)

Substituting from (37) in (34), we get as the Auxiliary
Quartic of the ¢-tetrad :
S{hz+p(34-La)y+nzlaz+ay+az)

+{p(FA-Lia)r+my+nzl(ax+a,y+a,z)
+{(2ny+ 4pdy @) x + (2ny + 4pl ag)) y + p (21, @y - ki) 2}
(@ x+ay+a.2)]
+ 4pS, S, + 208 (NS - H, Sp) + 20 (1,87 - H, 88, + N§%) =0.
(38)

If we write (38) in the form SC + 38, (pAS,+201,8,)=0, we
see that it is in standard form regarded as the Auxiliary Quartic of
¢/ =0, since S, regarded as an envelope, is apolar to both §; and
S;. To get the Generating-Conic of (38), we have therefore only
to express the condition that S, + uS =0, regarded as an envelope, is
apolar to pdS,+201,5,=0. We obtain as the Generating-Conic
of (38),

(pAH, + 601, 7)) S - (pA* + 401, [)S,=0. ... (39)
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Comparing (8) and (39), we obtain ¢ = —p.
Hence the Auxiliary Quartic (38) becomes
SH{he+p((4-La)y+nzl(ax+ay+a,2)
+{pG4-Ta)x+my+nzi(a: x+a,y+asz)
+{(%n+4pl o) x+ (2n, + 4ply a5) y + p (20, 0, — k4) 2}
(@@ + a3y +a,2)]
+p{458,8,-2H, 88,+2H, S8, - 21,8 =0. ............... (40)
We must next express the conditions that (40) shall pass
through the points (0, 0, 1) ; (1, 1, 0) ; (1, — 1, 0), the vertices of the
harmonic triangle of ¢,*. We obtain, after some rather trouble-

some reduction,
L+my=p{k(a, +a,)—2a,} ..coonviiiinnnn. (41)

w4y +n, ay=p {2k (a°+a’) - 12 aa;} ....... (42)
ayly+am,+2 (n a;+m.a,) =p {3k (a’ +a) - 3a,a.k - a,(a,+a,)
- 128 (e + a) + 8ka, a;}.  (43)
We note that (41) is the same as (33), whence, where four
independent equations were to be expected, only three transpire.
Putting
ady +a,m,=p{Sk(a’+a>2) - 3a,a,k—a,(ay+a)} + 2u(a, - a,), (44)
and solving the set of equations just given, we obtain
L=p{Bagk - Ja,k—a} +2u

my=p{ —Sayk+3a,k—a} - 2u

a _
n, =p{2ka, - 6k a;} + p _i‘(_c,zo:&a%)
1 3
ny=p{2kay~ 6K2a,} + p "‘a#faﬂ)
3 — M

Substituting in (40) and comparing with (10), we obtain the
following pencil of Quartics that satisfy the assigned conditions
(1 being a variable parameter) :—

F+2u88 =0,
where F is the Apolar Locus of the two given tetrads and
S'=x(@r+ay+az-y(ax+ay+agz)
-

+—3
a -

a.
X (@Y -a,2) (mo+ayy+az)=0,
3

7 Vol. 36
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i.e. 8 is the conic through the two harmonic triangles of the
given tetrads.

Comparing this with the previous paper above referred to, we
have the following result :—

If we seek to find a quartic curve, which passes through two
tetrads of points, viz., ¢=0 and Y,'=0, and is such that
(i) the ¢-Principal Conics are the Self-Conjugate Conics of ¢
with respect to )} ;
(ii) the y-Principal Conics are the SelfConjugate Conics of ¢
with respect to ¢} ; ’
(iii) the ¢-Generating Conic is the Polo-Reciprocal Conic of ¢
with respect to Y* ;
(iv) the y-Generating-Conic is the Polo-Reciprocal Conic of ¥
with respect to ¢ ;
then, subject to these conditions, one and only one quartic curve can
in general be found to satisfy these conditions ; but if the two tetrads
&' and ¥, lie on one and the same conie, a pencil of quartic curves
can be found to satisfy these conditions, two members of which pencil
are the Apolar Locus of ¢ and i} and the Conic-Pair consisting
of the conic on which lie the - and Y-tetrads, together with the conic
through their harmonic triangles.
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