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Abstract. This is the second part of our study on the dimension theory of C! iterated
function systems (IFSs) and repellers on R?. In the first part [D.-J. Feng and K. Simon.
Dimension estimates for C! iterated function systems and repellers. Part 1. Preprint, 2020,
arXiv:2007.15320], we proved that the upper box-counting dimension of the attractor of
every C! IFS on R? is bounded above by its singularity dimension, and the upper packing
dimension of every ergodic invariant measure associated with this IFS is bounded above by
its Lyapunov dimension. Here we introduce a generalized transversality condition (GTC)
for parameterized families of C 1 IFSs, and show that if the GTC is satisfied, then the
dimensions of the IFS attractor and of the ergodic invariant measures are given by these
upper bounds for almost every (in an appropriate sense) parameter. Moreover, we verify
the GTC for some parameterized families of C!' IFSs on R?.

Key words: iterated function systems, Hausdorff and box-counting dimensions, singular-
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1. Introduction
The present paper is a continuation of our work in [24] for studying the dimension theory
of C! iterated function systems (IFSs) and repellers.

One of the fundamental problems in fractal geometry and dynamical systems is to
compute various fractal dimensions of attractors of IFSs and associated invariant measures.
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The corresponding problem has been well understood when the underlying IFSs consist of
similitudes or conformal maps satisfying certain separation conditions (see e.g. [7, 25, 26,
30, 39, 41, 44]). The problem becomes substantially more difficult when the underlying
IFSs are non-conformal. In the last three decades, much significant progress has been
achieved for affine IFSs, see e.g. [2, 5, 11, 13, 19, 23, 27, 32, 34, 37], the references in
the survey papers [10, 17] and an upcoming book [3].

In contrast to the extensive studies on affine IFSs, there have been relatively few
results on those IFSs which are neither conformal nor affine. In 1994, Falconer [15]
introduced a quantity (known as the singularity dimension) in terms of sub-additive
topological pressure, and showed that it is an upper bound for the upper box-counting
dimension of repellers of C? expanding maps satisfying a ‘bunching’ condition. Later,
in 1997, Zhang [50] proved that this upper bound holds for the Hausdorff dimension of
repellers of arbitrary C! expanding maps. We remark that the results of Falconer and
Zhang extend directly to the IFS setting. Recently, Cao, Pesin and Zhao [9] also gave an
upper bound for the upper box-counting dimension of repellers of C'*% expanding maps
satisfying a certain dominated splitting property. However that upper bound depends on the
splitting involved and is usually strictly larger than the singularity dimension. In [24], the
authors proved that the singularity dimension is an upper bound of the upper box-counting
dimension of the attractor of every C! IFS or the repeller of every C' expanding map,
which improved the aforementioned results in [9, 15, 50]. The authors also established
a measure analogue of this result, that is, the upper packing dimension of every ergodic
invariant measure associated with a C! IFS or repeller is bounded above by its Lyapunov
dimension, which improved an earlier result of Jordan and Pollicott [31] for the upper
Hausdorff dimension of measures. The reader is referred to §2.2 for the definitions of
singularity dimension and Lyapunov dimension.

In [29], Hu computed the box-counting dimension of repellers of C? maps on R? which
have an invariant strong unstable foliation along which they expand more strongly than
in the complementary directions. Very recently, Falconer, Fraser and Lee [18] computed
the L9-spectra of Bernoulli measures associated with a class of planar IFSs consisting of
C'** maps for which the Jacobian is a lower triangular matrix subject to a domination
condition and satisfying the rectangular open set condition. As a corollary, they obtained
a formula for the box-counting dimension of the attractors of such planar IFSs. In another
recent paper [33], Jurga and Lee proved that, under slightly stronger assumptions, these
Bernoulli measures (and more generally, quasiBernoulli measures) on the attractors are
exact dimensional with dimension given by a Ledrappier—Young-type formula. In earlier
related works, Bedford and Urbanski [6] calculated the box-counting and Hausdorff
dimensions of the attractors of a very special class of planar nonlinear triangular C'*¢
IFSs (of which the attractors are curves), Manning and Simon [36] and Barany [1] studied
the sub-additive pressure associated with nonlinear C'*% IFSs whose maps have triangular
Jacobians.

In this paper, we introduce a generalized transversality condition (GTC) for parameter-
ized families of C! IFSs on RY , and show that if the GTC is satisfied, then for almost every
(a.e.) (in an appropriate sense) parameter, the Hausdorff and box-counting dimensions
of the IFS attractor are indeed given by the singularity dimension, and the dimension of
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ergodic invariant measures on the attractor is given by its Lyapunov dimension. Moreover,
we will verify the GTC for several classes of translational families of C! IFSs.

Before formulating our results precisely, we first recall some basic notation and
definitions. By a C! IFS on a compact set Z C R?, we mean a finite collection F = {f; }le
of self-maps on Z, such that there exists an open set U D Z so that each f; extends to a
C!-diffeomorphism f; : U — f;(U) C U with

pi = sup | Dy fill <1,

xeU
where D, f stands for the differential of f at x and || - || is the standard matrix norm (that
is, || A|| is the largest singular value of A).
Let K be the attractor of the IFS F, that is, K is the unique non-empty compact subset

of Z such that
¢
K =J £ (L)
i=1
(cf. [30]).
Let (X, o) be the one-sided full shift over the alphabet {1,...,£¢}. Let [T: ¥ — K
denote the corresponding coding map associated with the IFS F, that is,
IG) = nll)n;o fiyor -0 fi,(0), i=(in)5e,. (1.2)

It is well known that IT is continuous and surjective [30]. For a o-invariant Borel
probability measure u on X, let IT,u denote the push-forward of p by I, that is,
I, u(E) = n(IT"1(E)) for each Borel subset E of RY.

For a Borel probability measure & on R?, we call

1 B(x, — 1 B(x,
d(x) = lim inf logsBG.r) 14 de (x) = lim sup log $(B(x, )
- r—0 log r 0 log r
the lower and upper local dimensions of & at x, where B(x, r) stands for the closed ball
centered at x of radius . Moreover, we call
dimy§ =ess inf d.(x) and dimp& = ess sup Eg(x)
xespt(§) xespt(€)

the lower Hausdorff dimension and upper packing dimension of &, respectively. If
dim, £ = dimpé&, we say that & is exact dimensional and write dim & or dimy & for this
common value.

To introduce the notion of GTC, let £ > 2 and let F' = {f{,..., f/}, 1€, bea
parameterized family of C! IFSs defined on a common compact subset Z of R?, where
(€2, p) is a separable metric space, such that the following two conditions hold.

(C1) The maps fi’ have a common Lipschitz constant 6 € (0, 1), that is,

|ff ) = fi D] = 0lx =yl (1.3)

foralll <i </{,teQandx,y e Z.
(C2) The mapping t +— fi’ (x) is continuous over 2 for every given x € Z and
1<i<¢
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For each t € Q, let K' denote the attractor of !, and let [T’ : ¥ — RY denote the
coding map associated with the IFS F". Due to the conditions (C1) and (C2), the mapping
(¢, i) — TI’(i) is continuous over the product space  x .

Forr € Q,r > 0andi € =, := U, o{l, ..., 0", set

&
o*(Dnin ff)

where f = fltl 0---0 fl’n for i =iy ...y, f! denotes the identity map on R? and ¢*(+)
stands for the singular value function (see (2.5) for the definition).

Zi’(r)zxiggmin{ k:O,l,...,d}, (1.4)

Definition 1.1. Let 1 be a locally finite Borel measure on 2. We say that the family F',
t € Q, satisfies a GTC with respect to n if there exist 8o > 0 and a function v : (0, §¢) —
[0, 00) with lims_.g ¥ (§) = O such that the following statement holds: for every ) € Q2
and every 0 < § < dp, there exists a constant C = C(ty, §) > 0 such that for all distinct
i,bjeXandr > 0,

nit € B, 8) = |T'() — I ()| < r} < CNVOZ0 (), (1.5)

where B(ty, 8) denotes the closed ball in 2 of radius § centered at #, i A j denotes the
common initial segment of i and j, and |i A j| is the length of the word i A j.

The introduction of the GTC is inspired by the work of Jordan, Pollicott and Simon
[32], who defined the self-affine transversality condition for certain translational families
of affine IFSs. The new feature here is that the upper bound term on the right-hand side of
(1.5) depends upon fg, § and [i A j|, while in the setting of [32], the corresponding upper
bound term is independent of these parameters and is determined by the linear parts of one
pre-given affine IFS.

For ¢t € Q and a o-invariant measure 4 on X, we write

d(t) := dimg(F"), dy (1) == dim; r p (1.6)

for the singularity dimension of F’ and the Lyapunov dimension of p with respect to
F!, respectively; see Definitions 2.3-2.4. For E C RY, let dimy E denote the Hausdorff
dimension of E, and let dimgE, dimg E denote the upper and lower box-counting
dimensions of E, respectively (cf. [16]). When dimgE = dimg E, the common value is
said to be the box-counting dimension of E and is denoted by dimp E.

The first result of the present paper is the following.

THEOREM 1.2. Let F' ={f],..., fl}. t € Q be a parameterized family of C' IFSs

defined on a common compact subset Z of RY, such that the conditions (C1)~(C2) hold.

Let 1 be a locally finite Borel measure on Q. Assume that (F'),cq satisfies the GTC with

respect to 1. Then the following properties hold.

(i) Let u be a o-invariant ergodic measure on X. For n-a.e. t € Q, T\ is exact
dimensional and

dimpy M.y = min{d, d, (1)}.
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Moreover, Tl < Ly for n-a.e. t € {t' € Q:d,(t') > d}, where Ly denotes the
Lebesgue measure on R,
(i1) Forn-ae.t € 2,

dimy K' = dimpg K’ = min{d, d(t)}.
Moreover, Ly(K') > 0 forn-ae. t € {t' € Q: d(t') > d}.

The above theorem is a nonlinear analogue of the results of Jordan, Pollicott and Simon
[32, Theorems 4.2 and 4.3] for affine IFSs. We emphasize that in the nonlinear case,
the singularity and Lyapunov dimensions depend on the parameter #, while in the affine
case, the corresponding quantities are constant. This is a key difference between the affine
case and the nonlinear case. We remark that Theorem 1.2 also extends and generalizes the
corresponding results of Simon, Solomyak and Urbanski ([45, Theorem 3.1], [46, Theorem
2.3]) for C1** conformal IFSs on R.

Now a natural question arises of how to verify the GTC for a parameterized family of
C! IFSs. In what follows, we investigate this question for certain translational families of
C' IFSs.

First we introduce some definitions.

Definition 1.3. Let F = {ﬁ}le bea C' IFSona compact set Z C R? such that f;(Z) C
int(Z) for each i. Set

fl=fi+t, i=1,...,¢ (1.7)

where t = (t1,...,t) € R with t; € RY. By continuity, there is a small 7y > 0 such that
fit(Z) C int(Z) for every t with |t| < ro and every i, where | - | is the Euclidean norm. Set
Ft={f4¢_, for each t with [t] < ro. We call (F*)¢en, where A := {s e R : |s| <
ro}, a translational family of IFSs generated by F.

Definition 1.4. Let F = {f,-}f:1 be a C! IFS on a compact set Z C RY. We say that F is
dominated lower triangular, if foreach z € Z andi € {1, . . ., £}, the Jacobian D, f; of f;
at z is a lower triangular matrix such that

(D, foul = (D fi)azl = -+ = |(D; fi)aal.

‘We remark that in the above definition, the condition for an IFS to be dominated lower
triangular is slightly weaker than that required in [18, 33].

Definition 1.5. Let£ € Nwith£ > 2. Assumefor j =1,...,n, F; = {f,-,j}le is an IFS
onZ; CRY.Let F = {fi}f=1 beanIFSon Zy x - - - x Z, C R?" x - .. x R% given by
i, oo x) = (finx), oo finxg), i=1,...,4 xx€Zyforl <k <n.

We say that F is the direct product of Fi, . .., F,, and write F = F| X - - - X Fy.

Now we are ready to state the second main result of the paper.

THEOREM 1.6. Let F = {fi}f:1 be a C' IFS on a compact set Z C R? such that f;(Z) C
int(Z) for each i. Suppose either one of the following three conditions holds.
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(i) F is dominated lower triangular on Z satisfying

max (sup 1D, /il + IDf51) < 1, (18)

i#] \yzez
and Z is convex.

(i) Fisa C' conformal IFS on Z satisfying (1.8), and Z is connected.

(ii) F =Fi X ---x Fn, where foreach k € {1, ...,n}, Fy isa C' IFS on a compact
Zy C R satisfying either (i) or (ii), in which F and Z are replaced by Fy and Zy,
respectively.

Then there is a small ro > 0 such that the translational family
Fr={fi+t}_,, t=t,....t) e Ai={seR": |s] <rg),

satisfies the GTC with respect to the Lebesgue measure Log on A. As a consequence, the
conclusions of Theorem 1.2 hold for the family (F)¢ea.

The above theorem is a (partial) nonlinear extension of the corresponding results in
[13, 32, 47] for affine IFSs. Recall that in the case when F = { f; (x) = A;x + q; }le is an
affine IFS on R?, under the assumption that

max ||A; ] < 1/3, (1.9)
1<i<t

Falconer [13] proved that the dimension of the attractor of F* = {f; + t; }le is equal to its
affinity dimension for Lyg-a.e. t = (t;,...,t;) € R Later, Solomyak [47] pointed out
that the bound 1/3 in (1.9) can be replaced by 1/2. By an observation of Edgar [12], 1/2
is optimal. Under the same assumption that
max ||A;ll <1/2, (1.10)
l<i<t
Jordan, Pollicott and Simon [32] showed that the translational family (F*) e satisfies
the self-affine transversality condition. It was pointed out in [3, Theorem 9.1.2] that
the assumption (1.10) can by further replaced by a slightly more general condition
max; 2 (| Aill + [ A;]) < 1.

We remark that Theorem 1.6 also extends the results of Simon, Solomyak and Urbanski
([45, Proposition 7.1], [46, Corollary 7.3]) for translational families of C I+ conformal
IFSs on R. It is worth pointing out that for every C! conformal IFS satisfying the open
set condition (or C! conformal expanding map), the dimension of its attractor (or repeller)
satisfies the Bowen—Ruelle formula, and is equal to the singularity dimension; meanwhile,
the dimension of ergodic invariant measures on the attractor (repeller) is given by the
Lyapunov dimension (see [7, 25, 39, 44]).

The paper is organized as follows. In §2, we give some preliminaries, including
the variational principle for sub-additive topological pressure, and the definitions and
properties of singularity dimension and Lyapunov dimension. In §3, we prove Theorem
1.2. The proof of Theorem 1.6 is rather long and will be given in §§4—7, where we divide
the whole proof into three different parts, by considering the conditions (i)—(iii) in Theorem
1.6 separately.
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2. Preliminaries
2.1. Variational principle for sub-additive pressure. In order to define the singularity
and Lyapunov dimensions, we require some elements from the sub-additive thermody-
namic formalism.

Let (X, o) be the one-sided full shift over the alphabet {1,...,¢}. That is, ¥ =
{1, ..., E}N , which is endowed with the product topology, and o : ¥ — X is the left shift
defined by (x;)72, > (x;j+1)72,. Write X, = {1, ..., £}" for n > 0, with the convention
Yo = {e}, where ¢ stands for the empty word. Set ¥, = USO:() Zy. Forx = (xp)2, € X
andn € N, write x|n = x1 . . . x,.

Let C(X) denote the set of real-valued continuous functions on X. Let G = {g,,}°° | be
a sub-additive potential on X, thatis, g, € C(X) for all n > 1 such that

gman(x) < g1(x) + gm(c"x) forallx € ¥ andn, m € N. 2.1

The topological pressure of G is defined by

P(%,0,G) = lim ~ log ( > sup exp(gn(x))>, 2.2)
n—oon Ie 3, X€l]
where [/]:={x € ¥ : x|n = [} for I € X,. The limit can be seen to exist by using a
standard sub-additivity argument.
If the potential G is additive, that is, g, = ZZ;& g ooX for some g € C(X), then
P(X%, o, G) recovers the classical topological pressure P(X, o, g) of g (see e.g. [49]).
Let M(X, o) denote the set of o-invariant Borel probability measures on X. For u €
M(Z, 0), let h, (o) denote the measure-theoretic entropy of 1 (cf. [49]). Moreover, for
u € M(Z, o), by sub-additivity,

. 1 o1
Gx(n) == lim — /gn dp = inf — /gn du € [—00, 00). (2.3)
n—oon n n

See e.g. [49, Theorem 10.1]. We call G, (u) the Lyapunov exponent of G with respect to (.
The following variational principle for the topological pressure of sub-additive poten-
tials generalizes the classical variational principle for additive potentials [43, 48].

THEOREM 2.1. [8] Let G = {gn}fl":1 be a sub-additive potential on (X, o). Then
P(2,0,G) =sup{h,(o) + Gu(p) : p € M(X,0)}. 2.4

Although in [8] this is proved for sub-additive potentials on an arbitrary continuous
dynamical system on a compact space, we state it only for shift spaces. Particular cases of
the above result, under stronger assumptions on the potentials, were previously obtained
by many authors, see for example [4, 14, 20, 22, 34, 38] and references therein.

Measures that achieve the supremum in (2.4) are called equilibrium measures for the
potential G. There exists at least one ergodic equilibrium measure; see e.g. [21, Proposition
3.5] and the remark there.

2.2. Singularity dimension and Lyapunov dimension with respect to C' IFSs. In this
subsection, we define the singularity and Lyapunov dimensions with respect to C!' IFSs.
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Let F = { f,-}f: beaC U IFS on a compact set Z C R? and let K denote the attractor
of F (cf. §1). Let (X, o) be the one-sided full shift over the alphabet {1, ..., £} and let
IT: ¥ — K be the coding map defined as in (1.2).

Let R?*4 denote the collection of d x d real matrices. For T € R¥>4 et

ai(T) = -+ - = aq(T)

denote the singular values of 7. Following [13], for s > 0, we define the singular value
function ¢* : R4 — [0, 00) as

a1 (T) - - (T §(T) if0<s <d,

det(T)%/4 ifs >d, 2.5)

¢*(T) = {

where k = [s] is the integral part of s. Here we make the convention that 0° = 1. The
following result on ¢* is well known; see e.g. [13].

LEMMA 2.2.
(i) @°(ST) < ¢*($)P*(T) forall S, T € R¥*? and s > 0.
(i) ¢T(T) <@ (DT forall T € R*4 5,1t > 0.

For a differentiable mapping f : U C R? — R9, let D, f denote the differential of f
at z € U. Sometimes we also write f”(z) for D, f, and also call D, f the Jacobian matrix
of f at z. Below we introduce the concepts of singularity and Lyapunov dimensions.

Definition 2.3. The singularity dimension of F = {fi}le, written as dimg F, is the
unique non-negative value s for which

P(Z,0,G%) =0,

00
n=1

where G° = {g} is the sub-additive potential on X defined by

g, (x) =log ¢*(Drigny frjn), x € X, (2.6)
with fyjp i= fy 0« -0 fi, forx = (xp)52,.

Definition 2.4. Let u be a o-invariant Borel probability measure on X. The Lya-
punov dimension of | with respect to F = { fi}le, written as dimp, r u, is the unique
non-negative value s for which

hu(o) +Gi(n) =0,
where G* = {g3}7° | is defined as in (2.6) and G () := lim, oo (1/n) [ g du.

Remark 2.5.
(i) It is not hard to show that there exist a < b < 0 such that

nsa < gi(x) < nsb, gff’(x) < g, (x) + ntb

forallx € ¥,n e Nand s, t > 0, where g; (x) is defined as in (2.6). The existence
and uniqueness of s in Definitions 2.3-2.4 just follow from this fact.
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(i) The concept of singularity dimension was first introduced by Falconer [13, 15]; see
also [35]. It is also called affinity dimension in the case when the IFS { fi}f:l is
affine, that is, each map f; is affine.

(iii) The definition of Lyapunov dimension of invariant measures with respect to an IFS
presented above was adopted from [31]. It is a generalization of that given in [32]
for affine IFSs.

The following result describes the relation between the singularity dimension and the
Lyapunov dimension.

LEMMA 2.6. Let F = {fi}f:1 be a C' IFS on a compact subset Z of R%. Suppose 6 €
(0, 1) is a common Lipschitz constant for f1, . .., fe. That is,

Ifix) = fiDl =0lx —y| foralll =i <t x,y€Z.

Then the following properties hold.

(i) dimg F =sup{dim; F pn: u € M(X, 0)}. The supremum is attained by at least
one ergodic measure.

(i) dimg F < (log £/log(1/6)).

Proof. Since 6 is a common Lipschitz constant for f1, ..., f¢, | D, fill <6 foreach 1 <
i <fandz e Z. It follows from Lemma 2.2(ii) that for s» > s1 > 0,

¢*(Drionx frpn) < ¢° (Driony frjn)0" 27 forallx € £, n €N,
from which we see that
P(X,0,G%) < P(X,0,G") — (52 — 51) log(1/6).

Hence P(%, o, G°) is strictly decreasing in s.

Now let u € M(Z, o). Write s =dimy 7 u. Then h,(c) + Gi(n) = 0. Applying
Theorem 2.1 to the sub-additive potential G* yields that P(X, o, G%) > 0. Hence
dimg F > s = dimy,_7 w. It follows that

dimg F > sup{dim; r pu: pu € M(Z,0)}.

To show that equality holds, write s" = dimg F. Let v be an ergodic equilibrium measure
for the potential QS/. Then

0=P(Z,0,G") = hy(0) + G (v),

which implies that dim; r v = s’. That is, dim;_r v = dimg F. This completes the proof
of (i).
To see (ii), notice that ¢‘Y,(Dnanx Sfem) < 6™ forall x € ¥ and n € N. It follows from
the definition of P(X, o, G*) that
0=P(Z,o0, g“’) < lim l log(E"Q'”,) =log ¢+ s'log#,
n—o00 n

from which we obtain 5" < (log £/log(1/6)). This completes the proof of (ii). O
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For a o-invariant ergodic measure p on X, let [T, denote the push-forward of © by
I1. In the following, we present the main result obtained in the first part [24] of our study
on the dimension of C! IFSs: the upper box-counting dimension of the attractor of F is
bounded above by the singularity dimension of F, whilst the upper packing dimension of
[T, u is bounded above by the Lyapunov dimension of u.

THEOREM 2.7. [24] Let F = {f,-}f=1 be a C' IFS with attractor K, and let u be a
o -invariant ergodic measure on X. Then the following properties hold.

(i) dimgK < dimg F.
(i) dimpMep < dimg F(u).

3. The proof of Theorem 1.2
In this section, we prove Theorem 1.2. A key part of the proof is the following proposition.

PROPOSITION 3.1. Assume that F', t € Q, satisfies the GTC with respect to a locally
finite Borel measure 1 on Q. Let . be a o -invariant ergodic measure on X. Let ty € Q2 and
0 < § < 8, where &g is given as in Definition 1.1, Then the following properties hold.

(i) Forn-a.e.t € B(t, d),
V()
log(1/6)’

where Y (-) is given as in Definition 1.1, and 0 is given as in (1.3).
(i) Ifd,(t) > d+ (¥ (8)/log(1/6)), then MLu K Ly for n-a.e. t € B(ty, §).

dimy, [T i > min{d, dy, (1)) — (3.1)

The proof of the above proposition is adapted from an argument used in [32, Proposi-
tions 4.3 and 4.4]. For the reader’s convenience, we include a full proof. We begin with the
following.

LEMMA 3.2. Assume that (F'),cq satisfies the GTC with respect to a locally finite Borel
measure 1 on 2. Let s be non-integral with 0 < s < d. Let ty € Q and 0 < § < 8, where
8o is given as in Definition 1.1. Then there exists a number ¢ > 0, dependent on s and §,
such that for all distinct i, j € X,

.. —1
f M G) = T G| dn(r) < ceNVD (max ¢* (Do, /%) . (B2)
B(19,8) xex
where V (-) is given as in Definition 1.1.

Proof. Take y € X so that qbs(anoyfitAOj) = Maxycy qu(DntoxfilAj). Let k be the unique
integer such that s € (k, k + 1). Clearly k € {0, 1, . . ., d — 1}. For convenience, write

a:=¢* Do, /%), b= (Do, £2)),

where ¢°(-) stands for the singular value function (see (2.5) for the definition). A direct
check shows that

¢ (Do, fiy) = a1 =50 %, (3.3)
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Observe that
/ |1 (i) — T G) 1~ dn(r)
B(10.5)
o0
=5 / r_s_ln{t € B(ty, §) : |TI'(i) = IT' ()| < r} dr
0

X
Sscewwa)/ PTLIZO0 Y dr (by (15)

0 inj
. o Pk ket
5sCe'WW)/ r_s_lmin{—,—}dr (by (1.4))
0 a b
bla k—s k—s—1
5sce'“j|*”<5)f e dr+/oo T
0 b bja 4
.. 1 1
— (CelNII®) " s—k—1pk—s
See k+i—s "s—k)¢

1 1\ i ~
=sc(k oy p k)e"w“)(w(Dnroy ) (by 33)).

This proves (3.2) by setting ¢ = sC((1/(k + 1 — s)) + (1/(s — k))). O

Proof of Proposition 3.1. Fixty € Q and § € (0, §p). We first prove part (i). Let ¢ > 0 and
let s be non-integral so that

. ¥ ()
0<s<min{d,d, ()} - ———— — 2¢ (3.4)
log(1/6)
To show that (3.1) holds for n-a.e. t € B(ty, ), it suffices to show that
dim, Ml > s forn-ae.t € B(t, 5). (3.5)
For this purpose, we write
@*(I) = max ¢* (D, 1), I €3, (3.6)
xeXx ny /1
We first prove that
lim - pdliin) =0 foru-ae.ie X. 3.7
n—o00 @*(iln) exp(—ni (8))6"¢
To see this, according to the definition of d;, (#) (cf. (1.6) and Definition 2.4),
.1 d ‘ .
hu(@) + lim / 1og %0 (Dyyg i f;2) dpu (i) = 0. (3.8)

It follows from (3.8), the Shannon—-McMillan—Breiman theorem and Kingman’s
sub-additive ergodic theorem (see [49, pp. 93 and 231]) that

.1 w(liln])
Iim —lo y 7
n=00n = g0 (Dryg g fi)

=0 foru-ae.ieX. (3.9)
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Observe that foreachi € ¥ andn € N,

¢ (Dryiggni fin) < & (Dryiogni fyp) | Divio g Sy 1%~ (by Lemma 2.2(ii)
< ¢*(i|n)0™ =) (by (3.6) and (1.3))
< ¢*(iln) exp(—ny (8))07"¢  (by (3.4)).

Combining the above inequality with (3.9) yields (3.7).
By (3.7), we may find a countable disjoint collection of Borel subsets E; of ¥ with
w(Z\ U —1 E;) = 0 and numbers c¢; > 0 such that

wj(liln]) < c;j¢’(iln) exp(—ny(8))0"¢ forallie X, n e N, (3.10)

where p; stands for the restriction of u to E; defined by u;(A) = w(E; N A). Clearly,

=y puj. (3.11)

Hence, to prove (3.5), it suffices to show that for each j,
dimy, M\p; > s forn-ae.t € Bty 3). (3.12)

By the potential theoretic characterization of the Hausdorff dimension (see e.g. [16,
Theorem 4.13]), it is enough to show that for each j and n-a.e. t € B(fo, §), [T’ u; has
finite s-energy:

'
(M) == // alt Mjl)(cxid;ls*ﬂj(y) < oo

Integrating over B(fg, §) with respect to n and using Fubini’s theorem,

/ LT ;) dn(t) = // dnt“’(x)dn*“’(y)dn(r)
Bups) B(t.8) '

lx—y

/ // d,uj(l)duj(.]) AW dpiG)
B(10.9) [TI7 (i) — TI7 (j) |

_dn@ _ .
du;:@{) du;
// /B(to s |TIE(E) — nt(])'s wid) du;G)

< [ ce IO aA D) ans 0 dus @) by G2). G

<c [ 30O Gl b G
n=0

< cc; / > 0mdu ) (by (3.10)

n=0

< Q.

It follows that I, (IT i j) < oo for n-a.e. t € B(to, §). This completes the proof of part (i).
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Next we prove part (ii). Take a small € > 0 so that

v (9)
dﬂ(l‘o) >d+ W + 2e. (3.13)

Then for everyi € X andn € N,
¢™ ) (Do gni i) < ¢ (Dpiogns fip) | Drvog fi 1400~ (by Lemma 2.2(i))
< ¢%(ijn)e" =D (by (3.6) and (1.3))
< ¢%(iln) exp(—ny (8))0>"¢  (by (3.13)).
Combining the above inequality with (3.9) yields that

lim p([ifn])
n=00 ¢ (iln) exp(—ny (8))0"¢

Hence, there exist finite positive measures v; and numbers a; (j > 1) such that yu =
o0
> j—1 vjand

vi([ijn]) < aj<pd(i|n) exp(—ny (8))0"¢ forallie X, n e N. 3.14)

=0 foru-ae.ie X.

Since © = Z ~ v}, to show that [T, u < Ly for n-a.e. t € B(ty, ), it suffices to show
that for each j,

Miv; < L; forn-ae.t € Bty §). (3.15)

To this end, fix j. We will follow a standard approach (introduced by Peres and Solomyak
in [40]). In particular, it suffices to show that

Iiv:(B
= /( 5) / fim inf S rﬂfzd(x ) dTv;(x) dn(t) < oo,
B(tg,

r—0

where Bpa (x, r) stands for the closed ball in R? centered at x of radius r. Observe that by
(1.4) and (3.6),

d rd
¢ (anoxfw fﬂd(w)

Applying Fatou’s Lemma and Fubini’s Theorem,

Zh(ry < mf forwe =, r > 0. (3.16)

r—0 rd

I <11m1nf—/ /l'[ v;(Bga(x,r)) dIT\v;(x) dn(t)
B(t0.8)

_hmlnf—/ // (e ,y): x—yl<r) dr1’ «Vj(x) dl‘[’v,(y) dn(t)
B(1),5)

r—0 rd

—hmll'lf—/ /f 1{(1J) T (i) —TT (j) | <r} dl)j(l) dUJO) d?](t)
B(10.,6)

r—0 rd

_hmmf_///l{teB(tOS) I G)—11 Gy <} dn (@) dv; () dv;(j)

r—0 rd

= ligiglfﬁ // n{t € B, 8) : |TT'() — II' ()| < r} dv;(i) dv;(j).

https://doi.org/10.1017/etds.2021.92 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.92

3370 D.-J. Feng and K. Simon
By (1.5) and (3.16), we obtain that

I< hm mf— / / CelNIV® Zho §) dv; @) dv; )

gmlw«s)
// d(l/\ ) dl)](i) dl)j(j)

Ce®
sz i dv )

§ajC/ZQ"€ dvi(G) (by (3.14)

n=0

< 00,
which completes the proof of part (ii). O
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2(i). Let p be a o-invariant ergodic measure on X. We first show
that for n-a.e. r € Q, T’ u is exact dimensional with dimension equal to min{d, d,,(1)}.
Recall that dimpIT! o <min{d, d, (¢)} for each t € Q2 (see Theorem 2.7(ii)). Hence, it
is sufficient to show that for n-a.e. r € Q, dimy T, u > min{d, d,,(t)}. Suppose on the
contrary that this is false. Then there exist k € Nand A C Q with n(A) > 0 such that

2
dimy [T’ 1 < min{d, d,, (1)} — B forall t € A. (3.17)

Take a number § € (0, §g) small enough such that

3 1
V@ < - (3.18)
log(1/0) k
Since 2 is a separable metric space, it has a countable dense subset
={y.: neN}L
Notice that by (1.3) and Lemma 2.6,
log ¢
0<d,(t) <d(t) < ————— foreacht € Q.
log(1/6)
Due to this fact, for each n € N, we may pick y;¥ € B(y,, §/2) so that
1
dy(yy) > sup d,(t) — 0 (3.19)
t€B(yn,8/2)
Let Y* = {y} : n € N}. Clearly, Y* is countable. We claim that
1
sup dﬂ(y*) >d,(t) — % for all t € Q. (3.20)

y*eB(1,8)NY*
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To see this, let # € Q2. Since Y is dense in €2, there exists an integer m such that p (y;,, 1) <
&/2. Then

Ym € B(ym, 8/2) C B(t, ). (3.21)

Meanwhile, by (3.19),
k ’ 1 1
dy(yp,) = sup d,@)——->d,(t) — -,
'€B(Ym.8/2) k k

where in the last inequality, we use the fact that r € B(yy,, §/2) (since p(ym, t) < §/2).
This proves (3.20), since y;; € B(z, §) N Y* by (3.21).
Setforn € N,

Q, = {t € By 8) : du(y) = dyu(t) — 1/k). (3.22)
By (3.20), @ = U, Q,. Define
E,=1{t € B(y*8): dim, 'y < min{d, d,(y})} — 1/k}, neN.

By (3.17), we see that A N 2, C E, for each n € N. However, by Proposition 3.1(i) and
(3.18), for each n € N and n-a.e. t € B(y,, §),

¥ (6)
log(1/6)
It follows that n(E,) = 0 for each n € N. Hence

n(A) = n(A N ( U Q)) <Y nANQ) <Y n(E,) =0,

n=1 n=1 n=1

1
dimy, T 0 = min{d, dy, (1)) — > min{d. d, (;)} = -

leading to a contradiction. This proves the statement that for n-a.e. t € , [T, u is exact
dimensional with dimension min{d, d,()}.

Next we prove that T\ < Ly for n-ae. t € {t' € Q: d,(t') > d}. Again we use a
contradiction. Suppose on the contrary that this result is false. Then there exist k € N and
A’ C Q with n(A”) > 0 such that

2
d,(t) >d+ i and Mip & Ly forallt e A’ (3.23)
Set
Fo={teB(,8&: Mpn&LLy, nel

Clearly, A’ N Q, C F, for each n € N. Since 2 = [ J72, 2, and n(A’) > 0, there exists
m € N so that n(A’ N Q) > 0. Hence A’ N @, # @. Pick 1 € A’ N Q. By (3.22), (3.23)
and (3.18),

. 1 1 ¥ (3)
dp(yp) Z du@) = 2> d+ - >d+ log(1/6)"

Hence n(F,;) = 0 by Proposition 3.1(ii). Since A’ N ,, C F,, it follows that n(A’ N
Q) = 0, leading to a contradiction. O]
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Proof of Theorem 1.2(ii). By Lemma 2.6, for eacht € €2, we can find a o-invariant ergodic
measure (1, on X such that

d(t) =dy, ().

Moreover, 0 < d(t) < (log £/ log(1/6)).
Next we prove that dimy K! = dimg K’ = min{d, d(¢)} for n-a.e. t € Q. By Theorem
2.7, dimgK"’ < min{d, d(t)} for every t € Q. Hence it is sufficient to show that

dimy K’ > min{d, d(t)} for n-ae.t e Q.

Suppose on the contrary that this statement is false. Then there exist k € N and H C @
with n(H) > 0 such that

dimpg K' < min{d, d(t)} —2/k forallt € H. (3.24)

Take a number § € (0, §p) such that (3.18) holds. Since d(¢) is uniformly bounded from
above, similar to the construction of Y* in the proof of part (i), we can construct a countable
dense subset Y = {y,}°° | of Q such that

1
sup d(y)=>d@)—~ forallt € Q. (3.25)
y'eB(t,5)NY’ k
Write
Q;={t€B(y,/1,3) : d(y,/l)zd(t)—l/k} forn e N. (3.26)

By (3.25), @ = (U, €2,,. Notice that for each n € N,
Q NHC{teB(®,35: dmy K' <min{d,d(y,)} — 1/k)
C {t € B(y,,8) : dimy T, (iuy;) < min{d, du,, ()} = 1/k}
¥ (8) }
log(1/6) §’
where we have used the facts that dimy K’ > dim, Hi(ﬂy,’,) and d(y)) = d“yr’l (y;) in the

c {r € B(y;,8) ¢ dimy T (11yy) < min{d, dy, , ()} —

second inclusion, and (3.18) in the last inclusion. Hence n (€2, N H) = 0 for each n by
applying Proposition 3.1(i). It follows that n(H) < Y 2, n(€2, N H) = 0, leading to a
contradiction. This completes the proof of the statement that dimpy K’ = min{d, d(t)} for
n-a.e.t € Q.

Finally, we prove that £;(K") > 0 for n-a.e.t € {t' € Q: d(t') > d}. Suppose on the
contrary that this result is false. Then there exist k € N and H' C Q with n(H’) > 0 such
that

2
d(t)>d+E and Ly4(K')=0 forallt € H'. (3.27)
Set
F,={teB(,,8: LiK')=0}, neN.

Clearly, H' N ), C F,, for each n € N. Since Q = |2, ], and n(H’) > 0, there exists
m € Nso that n(H' N €),) > 0. Hence H' N ), # @. Taking t € H' N ], and applying
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(3.26), (3.27) and (3.18) gives

, / 1 1 ¥ (3)
du},;n(ym)=d(ym) zd(f)—% >d+z >d+m.

Now by Proposition 3.1(ii), ka(uy;n) & L4 for n-a.e. r € B(y,,,§). This implies that
n(F,) =0.Since H' N, C F,, it follows that n(H' N 2),) = 0, leading to a contra-
diction. O

4. Translational family of IFSs generated by a dominated lower triangular C' IFS

In this section, we show that under mild assumptions, a translational family of C! 1FSs,
generated by a dominated lower triangular C! IFS, satisfies the GTC. To begin with, let §
be a compact subset of R¢ with non-empty interior.

Definition 4.1. Let £ € N with £ > 2. We say that F = {fi}f:l is a dominated lower
triangular C' IFS on § if the following conditions hold.
@ fi(S cint(S),i=1,...,¢
(i) There exists a bounded open connected set U D S such that each f; extends to a
contracting C! diffeomorphism f; : U — f;(U) with f;(U) C U.
(iii)) Foreachz e Sandi €{l,..., ¢}, the Jacobian matrix D, f; of f; at z is a lower
triangular matrix such that

I(Dz fi)jjl = (D fidwk| foralll <k < j <d.

In the remaining part of this section, we fix a dominated lower triangular C!' IFS F =

{fi}_, onS.
By continuity, there exists a small 7o > 0 such that the following holds. Setting
fit = fi+t
for 1 <i <€ and t=(ty,...,t) € R with || < rp, we have fit(S) C int(S) for
each i.

Write A := {t € R : |t| < rp} and set
[
Ft={fh,, tea.

We call F4, t € A, a translational family of IFSs generated by F.Fori =iy ...i, € X,
we write f;* =fl’; o---o ff.

Fora C! mapg:S — R4 and z1,...,2q € S, we write
g1 9g1
VTgl(Zl) a_xl(zl) T @(Zl)
D;l ,,,,, ng = = ’ (41)
T 0g4 0g4
V*ga(za) 8d 0y o 2B
0x1 0x4
where g; is the ith component of the map g,i =1, . . ., d. Clearly,
(D;‘1 ..... .,8)ii = (Dyg)y foralll <i,j<d. 4.2)

The main result in this section is the following.
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THEOREM 4.2. Let Ft, t € A, be a translational family of IFSs generated by a dominated
lower triangular C' IFS F defined on a compact convex subset S of R?. Suppose in
addition that

pi= _max_(sup Dy fill +sup ID.f;1) < 1. (4.3)
1<i,j<C:i#]j yes zeS

Then F4, t € A, satisfies the GTC with respect to Ld-dimensional Lebesgue measure Lg
restricted to A.

The proof of the above theorem is based on the following.

PROPOSITION 4.3. Let FY, te A, be a translational family of IFSs generated by a
dominated lower triangular C' IFS F on a compact subset S of RY. Then there exists
a function h : (0, ro) — (0, 00) with limg_,o h(8) = 0 such that for each 5 € (0, rg), there
is C(8) = 1 so that

IDy £ - (DE S~ < C@®)e"™® (4.4)
foreveryn e N,we X, y,21,...,2q0 € Sand s, t € A with|s — t| <.

In the next two subsections, we prove Proposition 4.3 and Theorem 4.2, respectively.

4.1. Proof of Proposition 4.3.  'We first prove several auxiliary lemmas.

LEMMA 4.4. Let c > 1 and d € N. Let A be a real d x d non-singular lower triangular
matrix such that

|Aj| < clAjl foralll <i,j <d. 4.5)
Then
1A~ < VD NA Yl foralll <i, j < d.

Proof. 1t is well known (see e.g. [28]) that Al = (1/det(A))adj(A), where adj(A) is the
adjugate matrix of A defined by

(adj(A)); = (=)' det(A(j, i), 1<i,j<d,

where A(j,i) is the (d — 1) x (d — 1) matrix that results from A by removing the jth
row and ith column. By the Hadamard’s inequality (see e.g. [28, Corollary 7.8.2]),
|det(A(j, i))| is bounded above by the product of the Euclidean norms of the columns
of A(j, 7). In particular, this implies that

det(AGLiDI <[] Iwls

1<k<d: ki

where vy denotes the kth column vector of A. By (4.5),

d
D (Ai)? < eVd|Awl,

i=1

[ve| =
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so [det(A(j, i) < (evVad)* ' T <pza: ki |Akk|. Hence for given 1 <i, j <d,

Ahyl __eaGu Dl _ (VDT Ticisasin ARl ooy

= O
I(A=Dal  det(A) - [(A=Dul — det(A) - [(A~ D)l

For ¢ > 1 and d € N, let 7:(d) denote the collection of real d x d lower triangular
matrices A = (a;) satisfying the following two conditions:
@) lanl = laxn|=>--->laql > 0;
(ii) aj| < clajlforall1 <i,j <d.

Then we have the following estimates.

LEMMA 4.5. Letn €e Nand Ay, ..., A, € To(d). Thenfor1 < j <i <d,
(A1 -+ Al < (en) ™ (Ay - - - Al (4.6)

Proof. We prove by induction on n. Since A| € 7.(d), the inequality (4.6) holds when
n = 1. Now assume that (4.6) holds when n = k. Below we show that it also holds when
n==k+1.

Given Ay, ..., Ag+1 € Tc(d), we write A = Aj and B = Ay - - - Ag41. Clearly B is
lower triangular. By the induction assumption, | Bjj| < (ck)i—J | Bjj| for each pair (i, j) with
l<j=<i=zd

Now fix a pair (i, j) with 1 < j <1i < d. Observe that
(AB)j _ x~ Ap By _ Ai Bj ’i Aip By

LUy @.7)
(AB)j; A; B

p=J

Applying the inequalities |Aii| < |Ajl. [Bjl < ()7 |Bjl, |4jp| < clAppl < clAy] and
| Bpj| < (Ck)p_lejjI to (4.7) gives

i—1

(AB); - » -
——— | < (k) +c ) (P! <(ctk+ 1) .
(AB);; I;

Hence (4.6) holds forn = k + 1. ]

LEMMA 4.6. Let Ft = {fit}f:l, t € A, be a translational family of IFSs on a compact
subset S of R? generated by a C' IFS F = {fi}le. Let 0 € (0, 1) be a common Lipschitz
constant of f1, ..., feonS. That is,

|fitw) — fiw)]| <Olu—v| foralll <i <{landu,v € S.

Then fors,t€ A,u,ve S,neNandt € %,

t— t—
frw - fro = =2 +e"(|u —o -k _;') 48)
In particular,
@ -l = T2 w1 - o) =0t @)
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Proof. To verify (4.8), weleti € {1, ..., ¢}. Then

1) — [P < 1) — f2@)] + 15w — 2 )
=t —si| + | fi(w) — fi (V)
<|t—s|+0lu—v|

Let ¢ : R — R be a contracting affine map defined by ¢(x) = |t — 5| + 0x for given s
and t. Then forevery 1 <i < ¢,

| £ ) — £2 )| < (u — v)). (4.10)

Now we can prove (4.8) by using the above inequality. Indeed, using (4.10) and the fact
that ¢(-) is monotone increasing, we obtain that for 1 < i, j < ¢,

@) = FEUE D] < ol @) = f2)D < 9*(u — v)).
Successive application of this implies that for every T € ¥, and u, v € S,

) = f2)] < ¢"(u—v]) = 'I::' +9"(|u - |I:Z|>‘

This proves (4.8). The assertions in (4.9) then follow directly from (4.8). O]
Now we are ready to prove Proposition 4.3.

Proof of Proposition 4.3. We divide the proof into five small steps.
Step 1. Write

(Dy £5ii .
C::sup”—:teA,y,zeS,weE,lfzSd. 4.11)
" (D f&)ii "
We claim that

1
lim —log C, =0. (4.12)

n—oo n
To prove this claim, for each p € {1,...,¢} andi € {1, ..., d}, we define a function

ap;i: S— Rby
ap,i(z) =log |(D; fp)iil-

Clearly, the functions a,; are continuous on S. Since the matrix D, f), is lower triangular
foreachz € Sand 1 < p < ¢, itfollows thatfort € A, y,z€ S, 0w =w| - - - w, € T, and

1<i<d,
log (D £)iil = Y @i (£, () (4.13)
k=1
and
(Dy £5)ii -
log % = ; (awk,i(f;kw<y>> — awk,i<f;kw(z>>), (4.14)
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where ofw = gyl oy for 1 <k <n—1, 0"w:= ¢ (here ¢ stands for the empty

word) and f}(y) := y. Define y : (0, 00) — (0, 00) by

yws= _ max sup{lap,i(y) —api(2)|: y,z €S, |y —zl <u}. (4.15)

I=p=t, 1=i=

Since S is compact and a,; are continuous, it follows that lim, ¢ ¥ (#) = 0. To estimate
the term in the left-hand side of the equality (4.14), by Lemma 4.6 we obtain that

|£5%, ) = £5, @] < 0" ¥y — 2| < 0" *diam($),

where 6 € (0, 1) is a common Lipschitz constant of fi, ..., f¢r on S. Hence by (4.14),
— log y—‘:” < - Z y (0" *diam(S)) - 0 asn — oo.
n Dz f)iil — n =

This proves (4.12).
Step 2. Fors,te A,yeS,neN,we X,and 1 <i <d,

D ty.. t—
Dy _ oo <ny(| s|)), w6
(Dy f3)ii 1—96
where y(-) is defined as in (4.15) and 6 € (0, 1) is a common Lipschitz constant for
fi,..., feonS.
To prove (4.16), by (4.13) we see that
(Dy £ ~
SO =N i (Fly () = i (£, ()
Dy il =

< [t — s]

p— 7/ 1 _ 0 9
where in the second inequality, we have used the fact that | f;kw(y) — ;kw(y)| <
(|t — s])/(1 — 8) (which follows from (4.9)). This proves (4.16).

Step 3. Set
D7 ..
c=sup{M:yes,lgpgz,lgi,jgd}. (4.17)
(Dy fplij
Then
D. £5).
Bolols yf,:),, <(en)? forallse A, yeS, e, 1<i,j=<d. (4.18)
(Dy [3)ji
To see this, we simply notice that Dy, 5 = [[;_; D 25 S, and apply Lemma 4.5.
Step 4. Let ¢ and C, be defined as in (4.17) and (4.11). Thenfort € A, y,z1,...,24 €

SSwe X,and 1 <k, j <d,

(D, D Dl < (en)? =D (Va1 (Cn)? (4.19)

|(Dy fHrkl”

where D7, g is defined as in (4.1).

,,,,,
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To prove (4.19), notice that forall 1 <k, j <d,

,,,,,

< (em)?|(Dy, £5)51 (by (4.18))
< (en)!Cul(Dz,; fA);1 (by (4.11))

.....

Applying Lemma 4.4 (in which we replace ¢ by (cn)?C, and take A = D7,
obtain

..........

= ((en)? CoV DD £H ™ Dl
1
|(Dzkf¢:§)kk|

< ((en)?C W) ~'C

= (em)?!Cy/dy™!

"1(Dy fHrxl’

from which (4.19) follows.
Step 5. Now we are ready to prove (4.4). Let § € (0, rg). Write

iy = (en)? VDN (C)?, neN.

Then, fors, t € Awith [t —s| <dand 1 <i, j <d,

,,,,,,,,,,

k=1
d
d (Dy f5)kk
n —_— by (4.18), (4.19
< (en)?u ; Dy O (by (4.18), (4.19))
d |t — s|
< d(cn)“u, exp (ny( —o )) (by (4.16))
< d(cn)dun exp (ny (%))
This implies that
I}
IDy £ - (D%, )~ < d*(en)?uy exp (ny(m)) (4.20)

where we have used an easily checked fact that

Al =d max [Ajl

I<i,j<d

for A = (Aj) € RI*4,
Seth : (0, r9) — (0, 00) by h(x) = x 4+ y(x/(1 — 0)). Since

L iemdy ) —
lim — log(d“(cn)“uy,) =0,
n—-oo n
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there exists C (8) > 0 such that d%(cn)%u,e™® < C(§) foralln > 1. According to this fact
and (4.20), we obtain the desired inequality

.....

for later convenience, we may assume that C(§) > 1. O]

4.2. Proof of Theorem 4.2. The following result plays a key part in our proof.

LEMMA 4.7. Let {F}¢en be a translational family of IFSs on a compact set S C R¢
generated by a C' IFS F = {fi}le. Suppose that (4.3) holds. Let § > 0. Then there exists
C > 0, which depends on F and § such that the following holds. Let a = (a,)7> ., b =

(bn)f;] € X with ay # by, and let A be a real invertible d x d matrix. Then for s € A
andr > 0,

Lia{t € Bru(s,8) N A : TIa) — Tt (b) € A~ Ba(0, r)}

rk

#F(A)

where Bgea (-, -) and Bga (-, ) stand for closed balls in R gnd R4, respectively.

§5min{ k:O,l,...,d}, (4.21)

Since the proof of the above lemma is a little long, we will postpone it until we have
finished the proof of Theorem 4.2.

Proof of Theorem 4.2 by assuming Lemma 4.7. Fix s € A and § € (0, rg). Leti,je =
with i # j. Set
w=iAj and n=|w|.

Write a = ¢”"i and b = ¢"j. Clearly a; # b;.
Fix y € S. We claim that for r > 0,

{t € Bgu(s, 8) N A : |TTHG) — G| < r)
C{te Beu(s, )N A: T'@) — M'D) € (Dy £5)™ Bra(0, C®)e™ 1)}, (4.22)

where C(§) and h(8) are given as in Proposition 4.3.
To show (4.22), let t € Bgea(s, §) N A so that |TT*(i) — TT*(j)| < r. Notice that

') — G) = £ @) — £LaT b)).
Since S is convex, by the mean value theorem, there exist z1, . . ., zg € S such that

') — I'G) = (DF, ., f) ([T @) — T (b)).

.....

Hence

,,,,,
,,,,,

,,,,,

C (Dy £5)7 ' Bra(0, C(8)e"®r)  (by Proposition 4.3).

https://doi.org/10.1017/etds.2021.92 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.92

3380 D.-J. Feng and K. Simon

This proves (4.22).
By (4.22) and Lemma 4.7, we see that

Lea{t € Brea(s, 8) N A 1 [TTH{) — IT4G)| < 7}
< Lealt € Brua(s,8) N A TT%(a) — T14(b) € (Dy £5) " Bra (0, C(8)e"®r))
) C(S)kenkh(ﬁ)rk
mm,—— .
{ oK (Dy f3)

< CC(8)%e"™"® min {

IA
™\

k
D 7 K=
¢*(Dy f$)

Since y € S is arbitrary and 1% (X) C S, recalling

rk

5 — 3 : .
Zw(r)—x12£m1n{m tk

=0, 1,...,d},
it follows that
Lea{t € Bgea(s,8) N A : |TIHG) — TIYG)| < r} < CC ) " z3 ().
This completes the proof of the theorem by letting cs = cc (B)d and v (8) =dh(5). O

In what follows we prove Lemma 4.7. To this end, we first prove an elementary
geometric lemma.

LEMMA 4.8. Let A be a real invertible d x d matrix. Then for ri, r» > 0,

k..d—k
La((A~' Bga (0, 1)) N Bga (0, r2)) < 2¢ min {:;kr&) Ck=0,1,.. .,d},

where ¢°(-) is the singular value function defined as in (2.5).

Proof. Letajy > - - - > ay be the singular values of A. Clearly the set
(A™'BRa (0, r1)) N Bga(0, 12)
is contained in a rectangular parallelepiped with sides 2 min{r /o, 2}, i =1,...,d. It

follows that

d
Ly((A™" Bga(0, 1)) N Bga (0, r2)) < 2¢ [ min {’—‘, r2}

i=1

Proof of Lemma 4.7. Let a = (a,);2 |, b = (by),2, € ¥ with a; # b;. Without loss of
generality, we assume that

ar=1 and b =2. (4.23)
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Define g : A — R? by
g(®) = M'(a) — ().
Recall that we have used the notation t = (ti, . . ., ty) € A C R¥ with
t = (k1. .. frg) €RY forall 1 <k < ¢

Fort=(t;,...,ty) e Aandk € {1,..., ¢}, let (0g/oty)(t) denote the Jacobian matrix
of the following map from R¢ to R¢:

(thets oo tkd) = 81, ot s - o tids Bt 1 - - -5 te).

Write I = I := diag(l, ..., 1). First observe that forevery n € Nandi = (ix);2, € X,
—
d

IYA) =t + fiy (6, + fiy iy + fis (- i (G, + fi, (TE0D) L)), (4.24)
It follows that for k € {1, ..., £},

a1t (a) ¢
atk = 8k,ﬂ1 | + (Dnt(aa)fal) X [I . (Sk,az
+ (Dryt 20y LT Stay + (Drye(oiay L) - Skay + -+ - 111
n
=8tar T+ Y ] Prora) far (4.25)
n=l k=1
ap 1=k

where §; ; = 1if i = j and O otherwise.
By (4.25) and the assumption (4.23), we see that for k € {1, ..., £},

O aral;fa) - ag;ib) = der 1= 8z -1+ Ew(D), (4.26)
where
n n
E® =Y []Pnwals— Y, []Pntwnfo- .27)
Recall that p = max;«;(p; + p;) < 1 with p; ;= max,cs | D fi . O]

LEMMA 4.9. There exists k* = k*(a, b) € {1, 2} such that | Ex+(®)|| < p forall t € A.

Proof. Our argument is based on an idea of Boris Solomyak, which was used to prove a
corresponding statement for self-affine IFSs [3, Theorem 9.1.2].
By (4.27),foreach k € {1,2}and t € A,

IEc®I < E Pay *** Pay + E Pby *** Pb, =" A (4.28)
n>1 n>1
apq1=k by 1=k

Clearly, Ax (k = 1, 2) only depend on a and b.
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Notice that

2 00 o0
Do =p) =Y pay - Pay (1= Paye) + Y poy -+ Pb, (1 = by,
k=1 n=1

n=1
=p1+ 02
=p. (4.29)

This implies that one of Ay, A, is smaller than p; otherwise, since p; + 02 < p < 1, it
follows that

2

Yol —p) = p(l—pr+1-p2) > p,
k=1

which contradicts (4.29). Now set

o — 1 ifA; < p,
" |2 otherwise.

Then Ag+ < p. Since A1, A2 only depend on a and b, so does k*. By (4.28),
lEwx ) < M= < p
forall t € A. O

In what follows, we always let k* = k*(a, b) € {1, 2} be given as in Lemma 4.9.

ag -1
H <3tk* (t))

Proof. Without loss of generality, we assume that k* = 1. The proof is similar in the case
when k* = 2.
Lett e A. By Lemma 4.9, ||[E{(t)|| < p < 1. Thanks to (4.26),

LEMMA 4.10. Forall t € A,

1
< T (4.30)

d
—8g (6 = I— (—E (1)), 4.31)
t

where I = diag(1,...,1). Since |E1(t)|| < p < 1, we see that dg/dt;(t) is invertible
——

d
with

ag -1 _ > n
(8_t1(t)> =I1+) (—Ei(®)",

n=1

from which we obtain that

ag -1
H (a—tﬁ”)

o0 o0
1
<1 Ei®|"<1 "= 4.32
< +n§_lj|| )" < +n§_lﬁp - 432)
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Next we introduce two mappings 71, T» : A — R by

i) =M, ta, ..., t), T =(t, g),t3,...,t), (4.33)

where t = (t1, . . ., t¢). Recall that g(t) = I1*(a) — I1¢(b).

LEMMA 4.11. Let k* = k*(a, b) € {1, 2} be given as in Lemma 4.9. Then the following
properties hold.

(i)  The mapping Ty : A — R is injective.

(i1) Foreacht e A,

1 d
|det((D¢Tis) ™| < (1—> . (4.34)
—p
Proof. Without loss of generality, we may assume that k* = 1. Then by Lemma 4.9 and
(4.33),
IE1®I < p, Ti(H) = (g, t2,..., 1) (4.35)
fort = (t1, ..., ty) € A.Hence to prove (i), it suffices to show that for givent,, ..., t; €

R with Zf:z |t2]* < rZ, the mapping

t = gt ta, ..., tp)

isinjectiveon Ay := {t; € R : 1ty] < ,/rg — Zf:z t;|2}. To this end, define ¢ : A —

R by
Yt =g, ... . t)—t.
Then by (4.31) and (4.35),
| Dg, vl = ”g—i(tl, e, tp) —IH = ||E1(t;,...,tp)] < p foreacht; € Aj.

Since Aj is a convex open subset of R4, by [42, Theorem 9.19], the above inequality
implies that

[¥(t1) — ¥ (sp)| < plty —s1| < [t; —s1]
for all distinct t;, s; € Aj. It follows that for distinct t;, s1 € Ay,

lg(t) — gD =¥t +t; —¥(s)) —si]
> [ty —si| — [ (t1) — (s
> 0.

This proves (i).
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To prove (ii), notice that

g g g g
—(t — () —(t —(t
8t1() 8t2() 8t3() 3tg()
D¢y = ,
O¢—1yd.d Li—1)a
where Io_1)q := diag(l, ..., 1) and O_1)q,q is the ((£ — 1)d) x d all-zero matrix. That
~——
“—-1)d

is,

Dm:( A | B(t))
0¢—nydd | Le-na)’

where A(t) and B(t) are given by

9 9 9
At) = 8—i(t), B(f) = <a—é(t), o a—i(t)).

Hence, by Lemma 4.10, Al (%) exists and

AT | —ATN - B(t))
O¢c—nday | Te—na '

(DeT) ™! = (

It follows that
-1
-1 -1 dg
det((D¢T1)” ") = det(A™ (1)) = det W(t) .
1
By the Hadamard’s inequality (see e.g. [28, Corollary 7.8.2]),

ag —1 ag —11d 1 d
det((ﬁm)) (a—tﬁ”) f<—1—p>’

where the last inequality follows from Lemma 4.10. This completes the proof of (ii).
To shorten the notation, from now on we write

1 d
Cy = <—> . (4.36)
I—p
Lets = (S;,...,8¢) € Aand$, r > 0. Let A be a given real invertible d x d matrix.
Write

<

|det((D¢T) ™| =

E:={te Bpu(s,5)NA: ITt@) — M*b) € A~ Bga(0, r)}
= {t € Bru(s,8) NA: g(t) € A~ Bpa(0, r)}.

Below, we estimate L4 (E).

Notice that Lpy(E) = Egd(TZI(Tk*(E))). Recall that by Lemma 4.11, the mapping
Ty : A — R is injective and det((D¢Tp+)~!) < C, for t € A. So by the substitution
rule of multiple integration (see e.g. [42, Theorem 10.9]),

Leg(E) < CoLpa(Tix(E)). (4.37)
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Next we estimate L¢q(Ty+ (E)). Without loss of generality, we may assume that k* = 1.
Notice that for each t € E,

g(t) € A”' Ba (0, r);

in the meantime, since I1¢(a), [Tt (b) € S, it follows that

g(t) = IT*(a) — ' (b) € Bga(0, 2diam($)).
Hence, foreach t € E,

g(t) € (A7'BRa(0, r)) N Bga(0, 2diam(S)).
Since T1(t) = (g(©), ta, . . ., ty), it follows that

T\(E) C Fi x F3,

where

Fi :=(A"'Bga (0, r)) N Ba(0, 2diam(S)),
Fr:={(ta, ..., t)) e REDL 1 — 5 < 6).
Consequently,
Loa(Ti(E)) < La(F1) - Li—1)a(F2)
k(s d—k
<24 min {r (2d1akm(S))
$*(A)

ok
§umin{k—: k=0,1,...,d}
¢*(A)
with u := 2¢45€=Dd max{1, 29diam(S)¢}, where we have used Lemma 4.8 in the second
inequality. Combining this with (4.37) yields that

ck=0,1,... ,d} - (28)Dd

k

Leg(E) = CiLyg(T1(E)) < uCy min {m ck=0,1,.. d}

This completes the proof of Lemma 4.7. O

5. Translational family of IFSs generated by a C' conformal IFS
In this section, we prove the following result.

THEOREM 5.1. Let F ={f;: S — S}f:1 be an IFS on a compact set S C R?. Suppose
that the following properties hold.
(i)  The set S is connected, S = int(S) and f;(S) C int(S) for all i.
(ii) There is a bounded connected open set U D S such that each f; extends to a C!
conformal diffeomorphism f; - U — f;(U) C U with

pi = sup [l f/) < 1.
xeU

(iii) max;+j pi +p; < 1.
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Then there is a small ro > 0 such that the translational family F* = {fit =fi+t }le,
t=(t,....t)) e A:={s eRY: |s| < ry}, satisfies the GTC with respect to the
Lebesgue measure Lyg on A.

Proof. By the assumptions (i) and (ii), we may pick two open connected sets V and W
(for instance, we may let V and W be the e-neighborhood and 2e-neighborhood of S,
respectively, for a sufficiently small € > 0), such that

ScVcVcWcWcU, and

fitVycVand fi(W)yc W foralli.

Then by continuity, we can pick a small ro such that for all t = (t;,...,t;) € R with
[t < ro,

V) c Vand fL(W) c W foralli,

where fit = f; +t;. Fix this rg and set A = {s € R : |s| < ro}. In what follows, we
prove that the family F t ¢ € A, satisfies the GTC with respect to Lgg on A.
Fori =1,...,¢, define gi : W — Rby

8i(2) = log || f{ @Il

Then g; is continuous on W for each i. Define y : (0, 0o) — (0, 0o) by

y () = max sup{lgi(x) —gi(y)|: ¥,y € W, |x =yl <u}.

<i

That is, y is a common continuity modulus of g, ..., g¢. Clearly lim,_,¢ y () = 0.
Notice thatfort € A,y e Wandw € %,

1og (£ DI =D 8oy (fle, O)-

k=1

Using similar arguments (with minor changes) as in Step 1 and Step 2 of the proof of
Proposition 4.3, we can show that the following two properties hold.

(a) Write forn € N,
IS DI
C,:= =
P { 1Y @I

Then lim,,_, o (1/n) log C,, = 0.
(b) ForyeW,s,te A,neNandw € %,

IS DI ( (|t—s|))
N , 5.2
igson = P e G2

where 6 := maxj<;j<¢ i < 1.

te A, y,zeW, a)GEn}. G.D

Let H denote the collection of C'! injective conformal mappings 4 : W — W such that
h(V) C V. The following fact is known (for a proof, see e.g. part 3 of the proof of [39,
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Lemma 2.2]): there exists a constant D € (0, 1) depending on V and W, such that
D (Zienva ||h’(z)||) x =yl < k() —h(y)| forallheH, x,yeV.  (53)
Now fix s € A and § € (0, rp). Let i, j € ¥ withi # j. Set
w=iAj and n=|w|.
Write a = o”i and b = ¢"j. Clearly a; # b;. Fix y € S. We claim that for r > 0,

{t € Bpu (s, 8) N A :|TTH{) — TT4G)| < r)
C {t € Bru(s, 8) N A 1t (a) — I'(b) € (Dy £5) "' Bra(0, c(n, 8)r)}, (5.4)

8
c(n, ) := D_lCn exp (ny<ﬁ)> > 1,

in which D is the constant from (5.3).
To show (5.4), let t € Bgea (s, §) N A so that [TT(i) — TT*(j)| < r. Notice that

where

TG — MG = | £ @) — £ b))
zD- (Zigva Il(f(,ﬁ)’(z)ll) -|TTta) — T1'(b)|  (by (5.3))

_ 8
> D(Cy)~ exp (— ny(m)) U I 1T @) — T D)),
where, in the last inequality, we have used (5.1) and (5.2). It follows that

8

M@ — ') < (£ W1~ D7 Crexp <"V<1 - e)) "

Since (f3)' (y) = Dy f§ is a scalar multiple of an orthogonal matrix, the above inequality
implies that

M) — Mb) € (D, f5) "' Bra (0, c(n, 8)r).

from which (5.4) follows.
By (5.4) and Lemma 4.7 (which is also valid in this context),
Lea{t € Brea(s, 8) N A 1 |[TTH({) — TT4G)| < r}
< Lialt € Brua(s,8) N A 1) — T1'(b) € (Dy £5) ' Bra (0, c(n, §)r)}
. { c(n, §)krk
MV kD, £2)
¢~ (Dy f3)

< Ec(n, 8)‘1 - min {

IA
™\

I"k k
oKDy fE

k
— CD4(C) exp (ndy <L)) min {r— S k=0,1... ,d}.
1—6 K (Dy f5)
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Since y € S is arbitrary and I[1%(X) C S, recalling

rk

5 — 1 : .
Zw(}’) —xlélg min {m tk

=0,1,...,d},

it follows that

Lea{t € Bge(s, ) N A 1 [TTH{) — IT4G)| < r)

- 8
< CD~UCy)? exp <ndy <ﬁ)>Zf,(r)
< 5D Z5(r),

where

~n—d d _—né 8
cs:=sup CD “(Cp)e <oo, Y@):=5+dyl——).
neN -6

Since lim,_o y(u) =0, we see that lims_,¢ ¥ (8) = 0. Thus, (FYH¢en satisfies the
GTC. O]

6. Direct product of parameterized families of C' IFSs

In this section, we study the direct product of parameterized families of C! IFSs (cf.
Definition 1.5). The main result is the following, stating that the property of the GTC
is preserved under the direct product.

PROPOSITION 6.1. Let £ € N with £ > 2. Suppose that fork =1,...,n, (]:/Zk)tkeﬂk isa
parameterized family of C' IFSs on Z ;i C R, satisfying the GTC with respect to a locally
finite Borel measure ny on the metric space (2, dg, ). Moreover, suppose all the individual
IFSs have £ contractions. Set

Fllen) = Fl s oo Fino (t, .0 1y) € Q1 X -+ - X Q.
Endow Q := Qq x - - - X Qp with the product metric dg as follows:
n 1/2
do((t1, .. 1), (51, .. 5) = (Z dey (st tk>2> :
k=1
Then the family F-) (11, ..., 1,) € Q1 X - - - X Qp,, satisfies the GTC with respect to
Ny X+ XNy
To prove the above proposition, we need the following.

LEMMA 6.2.

(1) Let A be a real non-singular d x d matrix with singular values a1 > - - - > aq. Then
for eachr > 0,

min{ o0 d}:nm
PP (A) T i a; '

where ¢°(-) is the singular value function defined as in (2.5).
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(i) Forj=1,...,n, let Aj be areal non-singular d; x d; matrix. Set
Ay 0 - 0
0 A 0
M = diag(Aq, ..., Ap) = . .
: 0
0 0 A,
Then
0,1,...,d1+'~—|—d}
{4)( ) "
n

=0,1,...,d;t. 6.1
H {¢P<A> } ©D

=1

Proof. The proof of (i) is direct and simple. We leave it to the reader as an exercise. Part
(ii) is just a consequence of (i), using the fact that the set of singular values (including the
multiplicity) of M are precisely the union of those of A;,i =1,...,n. O

Now we are ready to prove Proposition 6.1.

Proof of Proposition 6.1. Write
—{fl }l 1 WEQ k=1,...,n

For @ = w1 ... 0y, € Xy, write ft &= f;"l PCRRRRS f;" & Let l'[tk denote the coding

Ft) - According to the GTC assumption on the families (}'k ey, k=1,...,n,
there exist §o > 0 and a function v : (0, §¢o) — [0, co) with lims_.o ¥ (5) = O such that
for every 8 € (0, o) and (sq,...,8,) €R1 X - - - X Q,, thereis C=C(3, s1,...,5,)>0
satisfying the following: for each k € {1, . .., n}, distincti, j € ¥ and r > 0,

mil{te € Boy (sx, 8) :[T1F (D) — TTEG)| < r)

. . p
< CeMNW® inf min {r— —0,1,..., qk}, (6.2)
xes ¢p(Dn§f fwk)

where Bg, (si, 8) stands for the closed ball in € of radius § centered at s;. Writing t =
(t, ..., ty),s=(s1,...,S,) and using (6.2),

M X - X nu{t € Ba(s, 8) : TG — G| < r)

<[] mdtx € Bay(sx, 8) : 1T (H) = TTEG)] < r}

k=1
ﬁ < A (®) r’
< Ce" infmin{— p:O,l,...,qk}>
k=1 rex d)p(Dl'Ivkx inj, k)
n P
< C"e"NIVO) inf min {— :p=0,1,..., qk}
XexX 1:[1 ‘pp(Dl'[‘;"xfiil\{j,k)
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- P
= C"MINVO) inf min { ———— . =0,1,....q9 +---+
e d’p(DH‘xfiS/\j) P q1 qn

T
— "Nl ( )Zis/\j(r)’

where we have used (6.1) in the second last equality. Hence, the family 7, t € , satisfies
the GTC with respect to the measure 1y x - - - X n,, where the involved constant and the
function in the definition of the GTC are C" and n (-), respectively. O

7. The proof of Theorem 1.6 and final questions
Now we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. This follows directly by combining Theorems 4.2, 5.1 and
Proposition 6.1. O

Below we list a few “folklore’ open questions on the dimension of the attractors of C'!
IFSs. One may formulate the corresponding questions on the dimension of push-forwards
of ergodic invariant measures on the attractors.

Question 7.1. Ts it true that for every C! IFS F = { f,-}f: | on R9 satisfying (1.8), there is
a neighborhood A of 0 in R% guch that for Lyg-ae. t=(t,...,t) €A,

dimyg Kt = dimp K* = min{dimg F*, d},
where K is the attractor of the IFS F* = { f; + t;}_,?

Question 7.2. Do we have
dimy K = dimg K = min{dimg F, d}

for the attractor K of a ‘generic’ C' IFS F on R? (in an appropriate sense)?
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