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Abstract

We prove that every sufficiently large even integer can be represented as the sum of two squares of primes,
four cubes of primes and 28 powers of two. This improves the result obtained by Liu and Lii [ ‘Two results
on powers of 2 in Waring—Goldbach problem’, J. Number Theory 131(4) (2011), 716-736].
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1. Introduction

In the 1950s, Linnik [3, 4] proved that every large even integer N is a sum of two
primes and a bounded number of powers of two,

N=pi+py+2" +272 4+... 4+ 2%,

Throughout the paper, p and v, with or without subscripts, denote a prime number and
a positive integer, respectively. The famous Goldbach conjecture implies that k; = 0.
The explicit value for the number k; was improved by many authors.

In 1999, Liu et al. [8] proved that every sufficiently large even integer N can be
represented in the form

N:p%+P§+P§+Pi+ZV‘+2V2+---+2Vk2 (1.1)

and they also showed that there is a representation of the form (1.1) for some finite
value of vg,. The best result so far is by Zhao [12], who obtained k, = 39.

In 2001, Liu and Liu [7] proved that every large even integer N can be written as a
sum of eight cubes of primes and powers of two,

N=pl+pi+-+pg+2" +27 +.-- + 2%, (1.2)
The value k3 = 330 was determined by Platt and Trudgian [10].

Project supported by the National Natural Science Foundation of China (Grant No. 11771333).
© 2020 Australian Mathematical Publishing Association Inc.

207

https://doi.org/10.1017/S0004972719001382 Published online by Cambridge University Press ® CrossMark


https://orcid.org/0000-0002-6815-0844
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0004972719001382&domain=pdf
https://doi.org/10.1017/S0004972719001382

208 Y. Liu [2]

In 2011, Liu and Lii [9] considered the hybrid problem combining (1.1) and (1.2),
that is,

N=pl+py+pi+pi+pi+pp+2" +27 +-- + 2%,

and proved that every sufficiently large even integer can be written as a sum of two
squares of primes, four cubes of primes and 211 powers of two. In 2015, Platt and
Trudgian [10] improved the value of v; to 205. In this paper, we obtain a further
improvement of the value of vy.

Tueorem 1.1. Every sufficiently large even integer is a sum of two squares of primes,
four cubes of primes and 28 powers of two.

2. Notation and preliminary lemmas

In this section, we introduce the necessary notation and lemmas for the proof of
Theorem 1.1.

Throughout, N denotes a sufficiently large even integer. We fix a positive constant
7 < 1071 and let & < 107'° be an arbitrarily small positive constant not necessarily the
same in different formulae. The letter p, with or without subscripts, is reserved for
a prime number. We write e(a) = ¢ and e (@) = e(a/q). By A ~ B, we mean that
B < A <2B. We denote by (m, n) the greatest common divisor of m and n. As usual,
¢(n) stands for Euler’s function. Let

1 1(nN\'/3 1(nN\/18 log(N/log N)
=N, v=3(T) L v=s(T) L =R

2\ 2 2\ 2 log2
F@)= ) (logple(ap’), S(@) = ) (logple(ap’),
p~P> p~Us
T(@)= ) (logple(ep’), H(@)= ) e(@2"), &W)=lae (0 1]: H@]> AL},
p~V3 v<L

For the application of the Hardy—Littlewood method, we need to define the Farey
dissection. For this purpose, we set

Ql — N(1/9)—25’ Q2 = N(8/9)+8
and, for (a,q) =1, 1 < a < g, we define the major and minor arcs by

1 a

viao= (2 te ] we U Ui,

1<q<Q1 = 11

1 1
30=( 1+—] m= 5o\ M.
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[3] Sums of powers of primes and powers of two 209
Then it follows from orthogonality that

R(N) := > (log p1)(log ps) - (log pe)
N=p}+pi+p3+pi+pi+pa+21 422 4 42%
P1~P2, pr~P2, p3~U3, ps~Us, ps~V3, pe~V3, k<L

1
= f F(a)S*(@)T*(@)H"(@)e(—aN) da
0

- (f +f)FZ(Q)SZ(Q)Tz(a)Hk(a)e(—aN)da- 2.1
M m

Now we state the lemmas required in the proof of the main theorem. Lemma 2.1
will be used in the estimation of the integral over Mt and Lemmas 2.2-2.5 will be used
in the estimation of the integral over m.

Lemma 2.1 [5, Theorem 1.1]. For ;N <n <N,

1 11/9
fy | FH@S*@T(@)e(-an) da = 55— Sm3m) + 0( n )

Here S(n) is defined by

- §5%(q. @S5 (g, a)eq(—an) . N
S(n) = Z Z : 2 ! . Sig.a) = Z eqlar’)
g=1 a=1 ¢ (q) r=1
(a,q)=1 (rg=1
and satisfies S(n) > 1 for n = 0 (mod 2); J(n) is defined by
J(n) = Z (myma)™" 2 (mymymsme) ",

n=mj+my+ms+my+ms-+meg
P2 <my my<4P>?, Usd<my my<8U33, V33 <my,mp<8V33

and satisfies
NP < J(n) < N'/°.
Lemma 2.2 [9, Lemma 4.3]. For @ € m, F(a) < N¥/°*¢.

Lemma 2.3. We have
1
@) f IS (@)T (@) da < U3V3*;
0
1
(i) f IF()T*(@)]* da < N'°°L¢;
0

1
(iii) f IF(@)S ()T (@) da < 6.4894513U5°V;>.
0

Proor. For (i), see [11, Equation (2.7)].
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For (ii),

1
f |F(&)TX()Pda < L° Z 1 Z 1

0 p1,p2<P q1,92,93,94~V3
PP+ BG4,

< L6( Z Z 1+ Z (g +q3— @3 - ‘1431|))

P1=P2 q1,92,93,94~V3 q1,92,93,94~V3
QHa-a3=ai=0  41+a3-43-4;#0
< L] + L°N"P
< N'OPe,

where we have used [1, Equation (2.1)] in the second sum.
For (iii), we recall the definition of J(n):

1
22 .34 (myny) 1/2(’712712’713713) 2B,
my+my+m3z=n;+ny+n3
P>2<myng <4Py?
U33<m2,n258U33
V33 <ms,n;<8V33

3(n) =

Noting that

m1=n1+n2+n3—m2—m32n1+U§+V33—8U§—8V332(1—377)n1

and
m23 ~ 3U3, Z m23 ~ 3V, Z m '~ 2log2,
Us*<m<8U33 V33 <m<8V33 Py%<m<4P,?
we obtain

1
Smss— D, (=307 mammsny)
’ my+my+m3z=n|+ny+n3
Py2<my i <4P,?
U33<m2,n2$8U33
V33<m3,n3$8V33

1 +o0(1)
- 22.34

log 2
< (% + o(l))U32V32.

(1+3n)-2log2 - (3U3)*(3Vs)?

We deduce from [14, Lemmas 3.1 and 4.1] that

! log 2
f IF()S (@) T()2 da < 2.3405748 X (8 + 0(1))(% + o(l))U32V32
0
< 6.4894513U5% V52,

This completes the proof of (iii).
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In the following lemma, we chose the exponent instead of the earlier exponent
63 in Liu and Lii [9] because it leads to a smaller A and fewer powers of two.

LevMa 2.4. We have meas(E(1)) < NEW, with
E(0.8709277) > 13 + 107"°.

Proor. Let

Hy@)= ) e(a2",
0<n<h-1
2"—1

G = 21;, Z exp {eRe( (3 ))

f/l B log G(¢, h) R
log2 hlog?2 log2’

EQ) =

Then, for any h€IN, £ >0 and & >0, we have meas(E(1)) < NEW, For the
proof, we refer the reader to Heath-Brown and Puchta [2]. We confirmed the
estimate £(0.8709277) > % 13 + 10710 by taking & = 1.174 and & = 23 and running the
computation on a PC for about 15 minutes. O

Lemma 2.5 [13, Lemma 3.1]. Fork >3 and A C (P,2P) (NN, we define
g(@) = ) e(ax)
xeA

and

—u—1
9

uk+v k_u_%, u>
wk(Pk+)={ P u>

Let M be the union of the intervals M(q,a) for1 <a<gq < P2 and (a,q) =1, where
M(g,a) ={a: lga —al < P27V}, Let

2(g)lh(a + )P
= da.
Jo= o) fM (1 + PAla — a/ql)?

Suppose that G(a) and h(a@) are integrable functions of period one. Let n C [0, 1) be a
measurable set. Then

1/4
f g(@G@h(a) da < Pjol/4( f Ga)P da) T2 + P2 g (),

n

where

T = f G(@)h(@) da.
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3. Auxiliary estimates

We are now equipped to establish the auxiliary estimates needed in this paper. We
initiate our proof by recalling the Farey dissection (2.1):

1
R(N) = f F*()S*(@)T?*(o)H"(@)e(—aN) da
0

=( f N f + f )Fz(a/)Sz(a/)TZ(oz)Hk(a/)e(—a/N)da.
M m () E() m\E(Q)

3.1. The evaluation of the integral over i.

LemmMa 3.1 [6, Lemma 4.2]. Let

ENK)={(1-npN<n<N:n=N-2"-2" —... - 2%},
Fork >2and N =0 (mod 2),
Z 1> -e)Lt
neE(N.k)
n=0 (mod 2)

Lemma 3.2 [9, Section 5]. We have S(n) > 0.592836481.
Lemma 3.3. For (1 -n)N<n <N,

3(n) > 84.8230017U5° V5>
Proor. The domain of J(n) can be written as

P% <mp,myp < (2P2)2, U;’ <mz,my < (2U3)3, }

D:{(m1,...,m6)i V33<m3,m4$(2V3)3, m =n—my—--— Mg

Define

2 2 3 3
D*Z{(ml,--.,mé): P5 <my,my <3Py" =3nN, U; <m3,my < (2U3)’, }

Vi <m3,my <Q2V3), my=n—-my—---—mg

For (my,...,mg) € D*, we can deduce from (1 — )N <n < N that
P§<n—m2—2nN§n—m2—~-—m6:m1 <(2P2)2.

Thus, ©* is a subset of ©. Since (1 — )N < n < N, a simple calculation gives

J(n)

> Z (mymy) ™2 (mamymsmeg)

> ) (mm=2Nm) Y mam) Y (msme) P

P§<mz§3Pzz—3qN U3<m3<(2U3)? Vi<ms<(2V3)?
U3<my<(2U3)? V3 <me<(2V3)?

-1/2 -1/2 -2/3 -2/3

> > m A =N =m) Y mam) Y (msme) P
P2<m,<3Py*-37N U3 <m3<(2U3)? Vi<ms<(2V3)?
U§<M4S(2U3)3 V;<m6S(ZV3)3
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Replacing m; /(1 — n)N by t and applying Euler—Maclaurin summation and (2.2) gives

3/4 3/4
S(n) > (f 21 =712 dt—f 2 =712 dt)(3U3)2(3V3)2
1 3

/4 [4=3n/(1-n)

3/4
> (f 120 -7V dr - 1077)(3U3)2(3V3)2
1

/4
> 84.8230017U5 V5. !

Provposition 3.4. We have
f FX(@)S*(@)T*(@)H"(@)e(—aN) da > 0.1552042U3V; L.
M
Proor. Lemmas 2.1 and 3.1-3.3 reveal that

f F*()S*(@)T?*(a)H (@)e(—aN) da = Z f F?()S*()T?*(@)e(—an) da
n neE(N.k) Y7

1

R Z Sm)3I(n) + ON'O ¥ 1
3 L

>0.155204203V3 )" 1+ OWN"PLA
neZ(N,k)

> 0.1552042U3 V5 L. o
3.2. The estimation of the integrals over m.

LemMmA 3.5. We have
fIF(a)IzlS(a)T(a)P/z da <« NAOT/1+e
Proor. Consider )
f|F(a)I2|S(a)T(a/)I5/2 da = f S(@)T(@)S@T(@)IS (@)T(@)|?|F(a)P da.

By taking g(a) = S(@), h(@) = T(@) and G(a) = S(@)T(a)|S (@)T(a)|'?|F(a)]® in
Lemma 2.5, we see that the integral is

1/4 12
< U3501/4( f |F“<a)s3<a)T3<a)|da) ( f |F2<a>s3/2(a>T5/2(a>|da)

+U3(7/8)+gf|F2(Q)S3/2(Q)T5/2(a)|d0’

=1+ 1, (31)
where
W(@IT (@ +y)I? “ra 1 a 1
Jo = sup f —(13+ U3|a_£|)2da, M= U [ZI__UW 6_]+_U3/4
yel0,1] UM 3 q 1Sq£U§/4 (a‘,lq:)l:l 3
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By arguments similar to those of Zhao [14],

1
Jo < V3 E wW3(@)T(q) ————da
’ forr: ’ p<v; (1+ U381
=73

1
2 2() ¢ 3
< V2 Z w3 (g7 (q)( fw o 1+ Uj; fU33<w$U39/“ Wda)

g<U2M*
< V32 U3‘3(10g N)¢
< N749*e, (3.2)

where Lemma 2.1 in [14] is used in the estimation of }, g<U a)%(q)rc(q), From the

Cauchy—-Schwarz inequality and Lemmas 2.2 and 2.3(i) and (iii),

fIF4(a)S3(a)T3(a)I da

| 12, ol 12

< max |F(a)|3( f IF(@)S ()T () da) ( f IS ()T () da)

aem 0 O

< N@/+e, (3.3)

Similarly, it follows from the Holder inequality and Lemma 2.3(ii) and (iii) that
1 34, I 1/4
f IF2(@)S ¥2(a)T5 ()] dex < ( f IF()S ()T (@)]2 da) ( f IF()TX(@)]2 da/)
m 0 0

« N@3/36)+e (3.4)
Combining (3.1)—(3.2) together with (3.3)—(3.4) yields

I, < NOOTMte [ NO0T/TD4e
Hence,
f IF(@)PIS ()T (@)]* da < NUOT72*e
m
and Lemma 3.5 is proved. O

ProrosiTiON 3.6 (The estimation over m () E(A)). We have
f FX(@)S*(@)T*(@)H*(@)e(-aN) da < U3VILF".
mM &)

Proor. An application of Holder’s inequality together with Lemmas 2.2, 2.4 and 3.5
yields

f F2()S*(0)T*(@)H"(@)e(-aN) da
mEW)

4/5 1/5
< L max (@) f F@PIS@T @/ da)  ( f lda) < U3V
aem m &y

This completes the proof of Proposition 3.6. O
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[9] Sums of powers of primes and powers of two 215
ProrosiTioN 3.7 (The estimation over m\&E(A)). We have
f F*(@)S*(@)T*(@)H (@)e(-aN) da < 6.4894513U3 V3 A'LF.
m\&E(Q)

Proor. By Lemma 2.3(iii),

1
f F2(a/)Sz(a/)Tz(a)Hk(a/)e(—a/N)daS(/IL)k( f IF()S ()T (@) da/)
MEW) 0

< 6.4894513U3V3AM L. o

4. Proof of Theorem 1.1
On combining Propositions 3.4, 3.6 and 3.7,

R(N) > (0.1552042 — 6.48945132%) U3 V3 L.
When k > 28 and 1 = 0.8709277,
R(N) >0

for all sufficiently large even integers N. This completes the proof of the theorem.
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