UNIONS OF TWO CONVEX SETS
WILLIAM L. STAMEY axp J. M. MARR

1. Introduction and notation. Valentine (1, Theorems 2 and 3) has
defined a three-point property which he called P; and has shown that a closed
subset of the euclidean plane possessing this property is expressible as the
union of at most three convex sets. He also showed that if the number of
isolated points of local non-convexity of such a set is one, finite and even, or
infinite, the set is the union of two convex sets. In this paper we give properties
which, together with Valentine’s results, characterize those subsets of a plane
which may be represented as a union of two closed, convex sets.

The closed metric segment joining p and ¢ in the euclidean plane E? will
be denoted by S(p, q¢). A set 4 is star-like with respect to p € 4 if S(p, q)
lies in A for every ¢ € A. The set of star-like points of A is called the kernel
of A. The boundary of A4 and the kernel of 4 will be denoted by B(4) and
K (A4) respectively. A set 4 is said to have the property P; if for each triple of
its points p, ¢, r at least one of the segments S(p, q), S(q, 7), or S(p, r) lies in
A. By a convex polygon we mean a simple closed curve which is the union of
a finite number of line segments and which bounds a convex set in [2.

Suppose p1, P2, . . ., pi are the vertices of a convex polygon ordered in the
counter-clockwise manner around the polygon. Two lines containing adjacent
sides of the convex polygon intersect at a vertex p; and determine four closed
sectors whose intersection is p; That closed sector which has only p; in
common with the polygon will be denoted by > ;. Now consider a side
S(pj, ps+1) (where the index & + 1 is identified with the index 1) of the convex
polygon. The line determined by p; and p ;.1 divides the plane into two half-
planes. Let H(p;, p;+1) be the closed half-plane which contains > ;\U > 41,
and let

T(ps psr1) = Hps p3e) (22 U 22 510).

The set T(p;, ps+1) will be referred to as a T set. A T set may be triangular
or unbounded. The intersection > ; M T'(p;, p;+1) is either a ray with initial
point p; or is a segment with one endpoint p;. The intersection > ; M 341
is either null or contains interior points of both Y_; and 3 ;41. Then the sides
of the polygon determine in the plane 2k + 1 sets: (1) the interior of the
polygon, (2) the k sets X, and (3) the k sets T°(p;, pjt1).

2. Preliminaries. In this section results are obtained which enable us to
provide the desired characterization of certain subsets of E2.
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LemmA 1. Let S, a connected subset of E?, have property Ps, and let p1, ps, . . . , Pr
(k > 3) be all of the points of local non-convexity of S. Then py, pa, ..., pi
are the vertices of a convex polygon, and the interior of each 3> ;(j = 1,2,..., k)

contains no points of S.

Proof. Since S has Pj;, for each j, p; € B(K(S)) (1, Corollary 1). Since
K (S) is convex, the points p; are the vertices of a convex polygon.

Suppose ¢ € S and that ¢ is an interior point of a 3, say X_1. Since S(ps, pr)
C K(S), every point of S(ps, pr) can be joined to ¢ by a segment which lies
in S. Then the interior and boundary of the triangle determined by ¢, p», and
pr, contains only points of S. Since p; is an interior point of this triangle, S is
locally convex at p;. This is a contradiction.

Suppose p is a point of the boundary of a closed, convex set 4 in the plane.
If there is a line tangent to B(4) at p, then this line is the only support line
for 4 at p. Otherwise, there exist a unique right-hand and a unique left-hand
semitangent to B(4) at p. Each is a support line of 4.

LemMma 2. If Py, po, .. ., pu (B > 3) are all the points of local non-convexity
of a bounded, closed subset S of E? possessing property Ps, then the intersection of
S and any T set 1s convex.

Proof. If for any T set, say T(pi1, p2), T /M S is not convex, then there exist
points ¢, 7 € T M .S such that none of the points of S(g, r) between ¢ and 7
lie in S. Each of the points ¢ and 7 can be joined by a segment in 72/ .S to
S(pi, po). If S(q, r) extended meets S(pi, p2), there is a contradiction. Thus
the segment .S(g, ) must be parallel to S(p1, p2) or must be on a line which
intersects S(pi, p») extended. In either case the points p1, P2, ¢, and r determine
a convex quadrilateral. The labelling may be selected so that the diagonals
of the convex quadrilateral are S(py, 7) and S(p2, g). Now there exist points
pi’ € S(p1, q@) and ps’ € S(pe, 7) such that py = pi/ # 7, pe # p2 % g and
the quadrilateral determined by p1/, 2/, ¢, and 7 is convex.

Let Q be the set of points interior to and on the boundary of the quadri-
lateral with vertices py/, po’, ¢, and 7. Then TN Q is convex. Since ¢, 7 € T
NQONSand S(g,r) T TNQNS, then TN QNS is not convex. Hence
S has a point of local non-convexity in 7" different from p; and ps. This is a
contradiction.

Let C(j,j+ 1) = SN\ T(py, pss1) for j=1,2,...,k In the following if
we denote that the three points p1, P2, and p; are consecutive points on a
simple closed curve, we mean to indicate the order in which these points are
encountered in traversing the simple closed curve in such a manner that the
bounded component of its complement is always on the left.

LEMMA 3. Let p1, pa, p3 be any three consecutive points of local non-convexity
of a set S satisfying the hypothesis of Lemma 2. Then for j = 1,2 each of the
semitangents to C(4,7 + 1) at ps 1s a support line for K(S).
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Proof. We shall show that K(S) lies in only one of the closed half-planes
determined by the right-hand semitangent to C(1, 2) at p.. The proof for the
left-hand semitangent to C(2, 3) is similar.

The right-hand semitangent is a support line for the triangle with vertices
P1, P2, and ps. Let H be that open half-plane which does not contain the triangle.
Assume ¢ € H N K(S). Clearly ¢ ¢ C(1, 2); hence ¢ € C(2, 3). Consider the
line L containing S(g, p2). Since L is not a support line for C(1, 2), both open
half-planes determined by L contain points of C(1,2). Let r be a point of
C(1,2) in that open half-plane which contains the interior of .. Since
g € K(S),S(g,7) CSand S(g, r) M Y 2is not null. This contradicts Lemma 1.

LEMMA 4. Let p1, pa, p3 be points satisfying the hypothesis of Lemma 3. If
€ C(1,2) and ty € C(2,3), t1 # p2 # ts, are such that SN S(ty, t2) = b
\U to, then t1(t2) is in the closed half-plane not containing K(S) determined by
the lefi-hand (right-hand) semitangent to C(2,3) (to C(1,2)) at po.

Proof. Since K(S) M C(1, 2) is not null, by Lemma 3 the right-hand semi-
tangent at p. is a support line for K(S) U C(1, 2). Note that the right-hand
semitangent is also a support line for Y » and that Y, lies in the closed half-
plane not containing K(S). Since S(t;, t2) has points in common with the
interior of s, S(f, t2) intersects the right-hand semitangent to C(1,2). A
similar argument holds for ¢, and the left-hand semitangent to C(2, 3) at p..

THEOREM 1. Let S be a bounded, closed, and connected subset of E*. Suppose S
has property P3 and that S contains at least one point of local non-convexity. If
there exists a point g € S such that ¢ € K(S) M B(S) and S is locally convex
at q, then S can be expressed as the union of two closed and convex sets.

Proof. If the number of points of local non-convexity of S is one, finite and
even, or infinite, then the desired conclusion is immediate (1, p. 1232, Theorem
3). Otherwise, denote the points of local non-convexity of S by p1, ..., Pant1,
n > 1, ordered in a counter-clockwise manner around B(K(S)). Set 2n + 1
= k. Since ¢ lies in one of the T sets of the polygon pu, . .., Pk, the labelling
may be selected so that g € 7'(px, p1). Since ¢ € B(S), then by Lemma 2,
q is a point of the boundary of the convex set C(k, 1). Then ¢ lies on an arc
A (pr, p1) contained in B(S) with endpoints p; and p;. At every point of this
arc except at p, and py, S is locally convex. Since S is not locally convex at p;,
there is a point, say 7, of the arc 4 (pi, p1) such that r is not in K(S) and »
is in the subarc of A (pi, p1) from ¢ to p;. Since K(S) and C(k, 1) are closed
and convex, there is a subarc 4 (q1, p1) of 4 (pi, p1) with endpoints ¢; and p;
such that 4 (g1, p1) N K(S) = ¢ \J p1. Similarly there is a subarc 4 (g, px)
of A (py, p1) such that A (qi, pr) N K(S) = pr Y ¢;.

In T(p;, pj+1) M B(S), denote the arc joining p; and pj1 by Az (pj, Pir1)
for j =1,2,...,%k (where pyy1 = p1). Also for each two distinct points a
and b in B(K(S)), let Ax(a, d) be the arc connecting a and & in B(K(S)) in
the counter-clockwise direction. If a = 8, then let Ax(a, b) = a. Let
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D = Ak(qy, p1) \J Ar(p1, p2) I Ax(ps, p3) I ... T Ap(pros, pr—1) Y
AK(Pk—ly Plc) U AT(Pky Qk) (v AK(Qk, Q1).

Note that each arc of the form 4 or Ax can have only endpoints in common
with another 47 or Ax. Hence D is a simple closed curve. Let M denote the
closure of the bounded component of E*\D. It is clear from the manner in
which D was constructed that K(S) C M and that the set M is the union of
K(S) and a certain collection C of the sets C(4,7 + 1). Hence M C S.

ASSERTION. The set M 1s convex.

Proof. Let x,y € M. If either x or y is in K(S), then S(x, y) C M. Suppose
neither x nor y is in K(S); then each isin a 7-set. If x and y belong to the same
T-set, then S(x,y) C M. If x and y are in T-sets whose intersection is null,
then there exist points x; and y; in B(K(S)) such that S(x, y) = S(x, x1)
U S(x1, ¥1) \J S(y1, ). Since each of the three segments of the decomposition
of S(x, ) is in M, then S(x, v) C M. Suppose then that x and y are in 7-sets
whose intersection is a point of local non-convexity p,. If j # 1, then one of
the points x, ¥ is in K(S). This has been considered previously. Suppose j =1.
If x € T'(p1, p2), vy € C(k, 1) but v is not in the closed convex set F bounded
by A7 (pr, qr) and S(ps, qi), then vy € K(S). If y € F, then x and v lie on the
same side of the left-hand semitangent to C(1, 2) at p,. If S(x, y) Z S, then
Lemma 4 would be contradicted. Hence S(x, ) is of the form S(x, x;) U
S(x1, y1) U Sy, y) where x, \J y; C B(K(S)). That is, if x and v are in M
then S(x, y) C M, and the assertion has been proved.

Let E denote the simple closed curve which is the set-theoretic union of the
sequence of arcs 4 7 {(q1, 1), Ax(P1, p2)y « « + s Ar(Pr—1, i)y Ax(Prs 1)y A7 (qry q1)
and let N be the closure of the set of points interior to and on E. By an
argument similar to that used for M, the set N is convex and K(S) C N C S.

If x €S, then either x € K(S) or x € C(j,j7+ 1) for some j. In either
case x is in M or N. By construction M \U N C S, and hence S = M\ UN
where M and N are convex. Thus the theorem has been proved.

THEOREM 2. If a bounded, closed, connected subset S of the plane E* is the
union of two closed, convex sets, each of which contains the kernel of S, and if S

has an odd number >3 of points of local non-convexity, then S contains a point
of local convexity which lies in K(S) M B(S).

Proof. Let the points of local non-convexity be denoted py, .. ., pi, k& odd
and k& > 3, as K(S) is traversed in the counter-clockwise manner. Let S
= M\J N where K(S) C M N\ N with M and N each closed and convex.

Consider A4 7(p1, p2). Since S has P, points p; and p» each belong to K(S)
= M M N. If any other point of 47(p1, p2) belongs to both M and N, the
proof is complete. So let it be assumed that A7 (p1, p2) C M, and A, (p1, p2)
NN = p\U ps.

Then consider A 7(ps, ps). There exists a point of A7 (ps, p3) and a point
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of Ar(p1, p2) which cannot be joined by a segment in S. Such a point of
Arp(ps, ps) is in N. Again if a point of local convexity (with respect to S)
of Ar(ps, ps) belongs to M M N, the proof is complete. Thus it may be
assumed that every point of 4 7(ps, p3) belongs to N, and that the only points
of A 7(p2, ps) belonging to M are p, and ps.

Continuing around the polygon pi, ..., px in this manner gives
Ar(poyr, po)) CM : E—1
Ag(ponprp) CN - T T T
and AT(pk, Pl) C M

But A 7(pr, p1) and A 7 (p1, p2) are contained in M. Then any point of either
of these arcs may be joined to any point of the other by a segment lying in
M C S. This violates the local non-convexity of S at p; and nullifies the
assumption that no point of any of the .4, arcs except endpoints belongs to
both M and N.

The following example shows that the hypothesis of Theorem 2 cannot be
weakened by deleting the condition that S be bounded. Let M be the set of
points (x,y) € E? in the closed first quadrant; and let N be the set of points
(x,y) € E? satisfying both ¥y > 1 — x and vy > x — 3. The points of local
non-convexity of S = M U N are (0, 1), (1, 0), and (3, 0). This set .S has no
point ¢ of local convexity such that ¢ € B(S) M K(S).
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