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1. Introduction and preliminaries

Let f = f(x) = f(x,, 4, * * *, z,) be an indefinite #-ary quadratic form
of determinant det (f); that is, f(x) = x"Ax where 4 is a real symmetric
matrix with determinant det (f). Such a form is said to take the value v if
there exists integral x # 0 such that f{x) = v.

The problem of asymmetric minima is to find, for a given signature s
and for each ¢ = 0, the value ¢ (¢), defined to be the infimum of the set of
all positive « such that every normalised form f (that is, every form with
d(f) = |det (f)} = 1) takes a value in the closed interval [—a, f«]. The
value &3(¢) is thus a measure of the size of the least closed interval
I = [—a, b] containing the origin and with asymmetry b/a = ¢, such that
every normalised form f takes a value in any open interval containing I.

By considering —f in place of / it is easy to see that ¢}, (¢) need only be
evaluated for s = 0, except when ¢ = 0, in which case it is necessary to
consider separately the intervals [—a, 0] and [0, &].

For ¢t = 1, n = 3, the value of s is irrelevant and the problem reduces
to the symmetric minimum problem for indefinite ternary quadratic forms.
In this case the solution is known—Markoff [5] has shown that

$3(1) = ()}
and Venkov [8] has determined the first eleven successive minima.
For n = 2, Segre [6] has shown that
da(t) < 2(s2+42)% t=1

with equality if and only if ¢ is integral. By considering the relation between
#o(t) and #2(1/t) we can obtain from the above a bound for ¢2(f) for
O0<t< L.

Tornheim [7] has shown how to calculate $2(f) for any given ¢ > 0
in terms of infinite chains {p,], —o < 7 < o0, of positive integers, and

1 These results were obtained while the author held a C.S.I.R.O. Senior Postgraduate

Studentship.
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simple continued fractions associated with these chains. However #3(¢)
appears to be an extremely complicated function.

It comes therefore as a surprise to find that #$}(¢) is a continuous
piecewise linear function of ¢. This property of ¢i(¢) is a consequence of the
following theorem, which is the main result of this paper. A further con-
sequence is that every normalised form f takes a value in the closed interval

I = [—¢3(t), t43(8)],

not merely in any open interval containing I.

THEOREM A. Every mormalised indefinite ternary quadratic form of
signature 1 takes a value in each of the following closed intervals:

I,: [0, /4]

I [—¥ds V38
Iz:[—‘e/z,gg. %1
Iy: [—¥% Vﬁ%]
I : [— \’/ﬂnVﬂ
Ig: [— 1’/ {/
Ig: [— f/uz:e/s]
I : [, f/glz]
I: [—¥% %—3—;—)
I, : [—9/38, 0.

Furthermore if we define:

h= (+32)* — $(*—2y2—29?)
fa = @+3y+32)2— (" —2y2—35y?)
fs = (@+3y+i2)— §(2—2y2— »?)
fo = (+iy+32)2—24(2— yz— »?)
fs = @+3y+iz)2— %(z’—%yz—%y”)
fo= (@+39)2  — $(*— yz—1s?)
f=(thy)?  — 3(— g1y

fs = — 8(— yr—1y?)
fo = @+3y)?  —16(2— yz—?),

and let F,, 1 <1 <9, denote that multiple of f, which has determinant —1,
then for 0 < 1 < 8 closure is required on the left of interval I,., and on the
right of interval I, only for forms equivalent (under an integral unimodular
transformation) to F, ;.
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Clearly the closure conditions of this theorem imply that if I is any
interval about the origin in which every normalised indefinite ternary
quadratic form of signature 1 takes a value then I must contain an interval
I, for some 7 with 0 < 7 < 9. Thus in particular for every ¢ = 0 the interval
[—#3(t), t43(t)] must have an end-point in common with an interval I,.
From this it follows that as ¢ increases from zero, ¢3(¢) and #¢}(#) remain
fixed alternately, so that the graph of #¢;(¢) is piecewise linear and con-
tinuous. Thus if we let I, = [ —a,, B,;], we have that

g — | n max(en pn} it >0
B % f = 0’

with a similar expression for ¢;(£).

It is of interest to note that the forms f, have rational coefficients. The
following table gives m_(f;) and d(f,), while m_(f;) = 1 for all ¢, where
m_(f) and m_(f) denote the infimum of the positive values taken by f and
—f respectively.

TaBLE 1.1
: 1 2 3 4 5 6 7 8 9
m(f) 1 % 3 2 1 3 2 4 8
TR R R

For the proof of this theorem we shall make extensive use of the
properties of reduced binary quadratic forms and the continued fractions
associated with them 2. Given an indefinite binary quadratic form g(z, ¥)
not taking the value 0 and with d(g) > 0 the chain of reduced forms equiv-
alent (under an integral unimodular transformation) to ¢ is denoted by (g,),
where

2:(2 9) = (—1)'a; 22 +b,zy+ (—1)"*"a,49% —0 <1 < ®,
and a; > 0, b, > 0 for all ¢. Associated with this chain there is a doubly

infinite chain [p,] of positive integers p,. Defining, for each ¢,

po_A¥b o4,

i

L 2 4 -
24,1 2,14

(where A2 = D = 1d(q) is the discriminant of ¢), we then have, in the
usual notation for simple continued fractions, that

! For this classical theory of reduced forms see G. Frobenius, Sitz.-Ber. Preuss. Akad.
Wiss. Berlin (1913) 202—211.
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F,= (Pi»PHpPHz» o) Si= (O:Ps—l:P¢—2: ©e0)
We also have that
9=, y) = (—1)'*a, [+ (1) Y(F,—S )ay—F S 2]
= (—1)'*a, (YL F ) (yFS;2).
In addition, if we set K; = F,+S,, then
a;nK,= 4.

2, The forms F;

In this section we consider the special forms F,; and show that the
closure conditions of the intervals I, are necessary. The forms F, are con-
sidered in separate lemmas, each giving m_(F,) and m_(F,) for some 4.

Lemma 2.1. m (Fy) = /% and m_(F,) = ¢/ L.

This follows from the work of Barnes [1].

LEMMA 2.2. m (F,;) = /35 and m_(F,) = ¥/ 5.

PrOOF. Fy = ¥/55{(x+3y+%2)*— 5 (z2—2yz—3y?)}. For the proof we
consider the integral form
GZ(xv Y, Z) = 3\3/ﬁ Fz(z‘“4z: Y, Z)
= 3(z—y)?—21xz+ 35224 Txy.
Then we must prove that m, (G,;) = 3 and m_(G,) = 1. As G, takes the
values 3 and —1, and as taking congruences mod 7 shows G, cannot take
the values 1 or 2, we only need to show that G, cannot take the value 0.
Suppose to the contrary that G, (z, y, 2) = 0 has a non-trivial solution.
Then there exist relatively prime X, Y, Z with
3(X—Y)2—-21XZ+3522+7XY = 0.
This implies that X =Y (mod 7). Setting X = Y +47¢ and taking con-
gruences mod 49 yields that
Y+22)2+22 =0 (mod 7).

This can have only the solution Y427 = Z = 0 (mod 7), which implies
that X, Y, Z are not relatively prime, contrary to our initial assumption.
This contradiction shows that G, cannot take the value 0 and completes
the proof of the lemma.

LEMMA 2.3. m(F,) = ¥/ and m_(F;) = ¢/L.

ProoF. Fjy = /§{(z+3y+32)2—2(22—2yz—y?)}. For the proof we
consider the integral form
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Gs("’» Y, z) = 2&% Fs(x—!/. Y, x+y—z)
= 3224 3y2—22.
Then we must prove that m_(G3) = 2 and m_(G;) = 1. As G, clearly takes
the values 2 and —1, and as taking congruences mod 3 eliminates the value 1,

we only need to show that G; does not take the value 0. This is trivial,

as the equation
3X24+3Y2—-22=0

is insoluble in relatively prime integers mod 9.
LemMa 24. m (F,) = /153 and m_(F,) = /35

ProoF. F, = ¢/155{(x+4y+22)?—34(:2—yz—y?)}. For the proof we
consider the integral form
Gol@, y.2) = 5143 Fulz, 9, 2)
= bx?+ 8xy-} 42z 8yz+8y:—
Then we must show that m_(G,) = 5 and m_(G,) = 3. As G, clearly takes
the values 6 and —3, and as

G, =5(z+22)2=05 or 4 (mod 8)
and
G, =2(x+2y—22)2=0 or 2 (mod3)

it is clear that we only have to show that G, does not take the value 0.

Suppose to the contrary that there exist relatively prime X, Y, Z with
G(X,Y, Z) = 0. Then taking congruences mod 2 shows that X = 2¢ for
some integer ¢, and so

G(X,Y, Z) = 4(t+Z)*+8(Y24+YZ+22) (mod 16),

which is impossible, as at least one of Y and Z must be odd for X, Y, Z
to be relatively prime.

LemMA 2.5. m  (F;) = m_(Fg) = /3.
This follows from the work of Markoff [4].

LEMMA 2.6. m, (F¢) = /&% and m_(F,) = ¥/123.

ProOF. Fg = /&% {(@+3y)*—3§ (22*—yz—13y?)}. For the proof we con-
sider the integral form

Ge(@, 9, 2) = 3L E Fo(z+y, 9, 2)
= 32} 8xy- 8y?— 8224 8yz.

Then we must show that m  (Gg) = 8 and m_(Gg) = 5. As G4 takes the
values 3 and —5, and as taking congruences mod 8 shows that G, cannot
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take the values +1, 42 and —3, we only need to show that G, cannot
take the values 0 or —4.

Suppose that G¢(X,Y, Z) = —4. Then taking congruences mod 8
shows that X = 2¢ for some integer ¢. Hence

—1=1G,(X,Y, Z) = 3+2(Y*+YZ+2% (mod 4)

which implies that Y = 2s and Z = 2r for some integers  and s. However
this implies that Gg(¢, s, 7) = —1, which we know is impossible.
Suppose that G4(X,Y, Z) = 0 for relatively prime X,Y, Z. Then
taking congruences mod 8 shows that X = 4¢ for some integer ¢. Hence
0=13G¢(X,Y,Z)=Y2+YZ+2Z? (mod?2),

which is impossible as at least one of Y and Z must be odd for X, Y, Z
to be relatively prime. This shows that G4 cannot take the values 0 or —4,
and completes the proof of the lemma.

LeMMA 2.7. m_ (F,) = /% and m_(F,) = 42

ProOF. F, = ¥/2{(x+3y)?—3(22—yz—%y?)}. For the proof we consider

the integral form
G’l(x' Y, z) = ,\8/_% Fr(z+y, 9, 2)
= 2+ 3zy+ 3y2— 3224 3yz.

Then we must show that m_(G;) = 1 and m_(G,) = 2. As G, takes the
values 1 and —2, and as taking congruences mod 3 shows that G, cannot
take the value —1, we only need to show that G, cannot take the value 0.

Suppose to the contrary that G,(X,Y, Z) = 0 for relatively prime

X,Y, Z. Then taking congruences mod 3 shows that X = 3¢ for some
integer ¢, and so

0=1G,(X,Y,Z)=Y*+YZ—~Z* (mod 3).

However this is impossible as at least one of Y and Z must not be divisible
by 3 for X, Y, Z to be relatively prime.

LEMMA 2.8. m (Fg) = /5y and m_(Fg) = /3.

PROOF. Fg = /5 {#®—8(z2—yz—3y*)}. For the proof we consider
the integral form

Gs(x: Y, Z) = '\:y24 Fs(x» Y, Z)
= z%4 Y2 8yz— 822,

Then we must show that m (Gg) = 1 and m_(Gg) = 4. As G, takes the
values 1 and —4, and as taking congruences mod 8 shows that Gz cannot
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take the values —2 or —1, we only need to show that G4 cannot take the
values —3 or 0.

Suppose to the contrary that there exist relatively prime X, Y, Z with
Gg(X,Y,Z) = 0 or —3. Then

X4 (Y+4Z2)2=0 (mod3)
and so X = 3¢, Y+4Z = 3s for some integers ¢ and s. Then
1or 0= —3G4(X,Y, Z) =822 (mod 3),

which is impossible as Z cannot be divisible by 3 if X, Y, Z are to be rel-
atively prime.

LEMMA 2.9. m (Fy) = /155 and m_(F,) = 4%
This follows from the work of Barnes and Oppenheim [2].

3. The method of proof of theorem A

We first break down the theorem into ten sub-theorems which when
combined together are equivalent to theorem A. Each of these sub-theorems
takes the following form for some ¢, 0 <+ < 9, where a,, b,,, and F,
are as in the statement of theorem A,

THEOREM A,. Every mnormalised indefinite ternary quadratic form of
signature 1 takes a value in the closed interval

I, = [—+/a,, ¥b,].

Furthermore (for 0 < ¢ < 8) closure is required on the right only for forms
equivalent to F .\, and (for 1 < i < 9) closure is required on the left only for
forms equivalent to F,.

We now take the theorems A, and reduce them to a form in which they
are more easily proven. Consider, for 1 <7 < 8, in place of theorem A,
the theorem B; as follows.

THEOREM B,. If g is any indefinite ternary quadratic form of signature
1 with d(g) = d where

0 < d g l/b¢:
and if m_(g) = 1 then either
m_(g) < Va,d

or g is equivalent lo a multiple of either F,or F, ;.
It is easily seen that theorem A, follows from theorem B,, for if f is
any normalised form with m _(f) = m, then
(a) If 0 <m < b, f clearly takes a value in the interior I] of I,.
(b) If m = /b, consider the form g(z, y, z) = f(=, y, z)/m. This has
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a(g) = 1/m* < 1/b,,

and applying theorem B, gives that either

(i) m_(g) < Va,d, from which it follows that m_(f) < ¥a,, and so f
takes a value in I?, or

(ii) g is equivalent to a multiple of either F, or F,,;, from which it
follows, on comparing determinants, that f is equivalent to either F, or
Fi-

(c) The closure conditions follow automatically from the results of § 2.

Thus if we can establish theorems A, and A, and prove theorems
B,, B,, : - -, B; we will have proved theorem A. As

(i) Theorem A, follows from the results of Barnes [1] on observing
that if Q,(z, y, z) = —%+-8(y*+-yz+22) then

Fi(z, 9. 2) = 10:(:—22—2y, 2, y) ¥/,
and
(ii) Theorem A, follows from the results of Barnes and Oppenheim [2]

on observing that if Q,(z, y, z) = —a*—2y—y*+ 902 then
Fy(x, y, 2) = —Qy(x—5z, y+10z, —2)¥/ 135,

it is sufficient to prove theorems B,, B,, - - -, B,.
The proof of theorem B, is simplified by the use of the following result
on the approximation of indefinite ternary quadratic forms.

THEOREM 3.1. Let f be an indefinite ternary quadratic form of signature 1
such that both m  (f) and m_(f) are non-zero. Then if f does not attain the value
m_ (f) we can associate with  another indefinite ternary quadratic form f' with
the following properties.

(i) det (f') = det (f).
(i) mo () = m, () m_() = m_(f).
(iii) f' attains the value m (f).
(iv) f is not a multiple of a form with integral coefficients.

ProoF. As m_(f) is not attained by f we can find, for each integer
n = 2, relatively prime «z,, ¥,, 2, such that

M) < How ¥ 2) S (14 3) o0

Let f(z,, ¥,, 2,) = (148,)m_(f). Then there exists a form g, equivalent to
f such that

8n = m () (1-+8,) [(@+2,y+p,2)*+4.(y, 2)]-

Now ¢, is an indefinite binary quadratic form which cannot take a value
in the open interval
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(3.1) (—m_(f)[2m.(f), 1)

as otherwise by choosing z suitably we could obtain a value of g,, and
hence of f, contradicting the definition of either m _ (f) or m_(f). Hence we
can choose a reduced form, say c,y?*+d,yz+e, 2%, from the chain of reduced
forms equivalent to ¢,. Then by passing to an equivalent form, using the
notation f ~ g to denote that f is equivalent to g, we have

&~ by = m () (118,) [(e+ .y +B,2)*+c,y* +d,y2+e,2%)]
where we may assume without loss of generality that

el = 4, 18, = 3

Clearly as ¢, cannot take a value in the open interval (3.1) both |c,|
and |e,| must be bounded away from zero by min {, m_(f)/2m (f)}. Then
as

(3-2) 4d(f) = (146,)(m..())*(d.+4lcae,))

it is clear that the sequences {c,}, {d,} and {e,} are bounded. As {«,} and
{B.} are also bounded sequences we can choose a subsequence {y,} of {1/#}
such that the corresponding subsequences of {c,}, {4,}, {¢.}, {¢,} and {8,}
converge to limits c, 4, ¢, « and B respectively. We shall show that

' = m (f)[(x+ay+pz)2+cy?4-dyz-ez?]

has the desired properties.
By taking limits of the subsequences corresponding to {y,} in (3.2)
we have that
4d(f) = (m,.(f))*(@*+4cel).

Then property (i) follows as the right hand side of this equation is
—4det (f') and as /' must clearly have signature 1.

Property (iii) is trivial.

Property (ii) clearly follows on showing that f takes values arbitrarily
close to any value taken by f'. If f' takes the value v at X,Y, Z let
B = max (|X]|, |Y], |Z|). From the definition of ¢, d, ¢, « and 8 it is clear
that for any o > 0 we can choose m such that the coefficients of z2, y2,
2%, xy, xz and yz in A, differ from the corresponding coefficients in f' by at
most o.

Then

(X, Y, Z)~f (X, Y, Z)| = |hn(X, Y, Z)—0| < 608",

and as 4, ~ f it is clear that f takes values arbitrarily close to any value
v taken by f'.
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Using the notation that f is in the e-neighbourhood (abbreviated nhd)
N, (e) of g if the coefficients of 22, ¥?, 2%, xy, 2z and yz in { differ by at most
¢ from the corresponding coefficients in g, then we have seen above that for
any ¢ > 0 we can choose m such that 4, is in N, (e).

In order to show that f' cannot be a multiple of a form with integral
coefficients we refer to the results of Cassels and Swinnerton-Dyer [3]
concerning the isolation of indefinite ternary quadratic forms with integral
coefficients. This result is that if g is such a form and (g, %) is any open
interval there exists a nhd N,(e) such that any form lying in N,(e), not
a multiple of g, takes a value in (g, 9). If we assume that %f’ is integral
for some number & and take (g, ) = (0, 3km_(f)) then the above isolation
theorem shows that there exists N, (¢) such that every form g in N, (¢)
with m . (g) = 3m.(f) is a multiple of f'. As there exists m such that 4, is
in N,.(¢), A, and thus f, must be equivalent to a multiple of /. However
this implies, using properties (ii) and (iii), that f takes the value m_(f),
in contradiction to the given. This shows property (iv) and completes the
proof of the theorem.

We may now simplify the theorems B, as follows. Suppose that theorem
B, is false. Then there exists a form g of signature 1, with d(g) = d where
0 <d < 1/b,;, with m (g) = 1, such that g is not equivalent to a multiple
of F,or F, , and such that

m_(g) = Vad.

If m,(g) is not attained by g then by the above theorem there exists g’,
not a multiple of an integral form (and hence not equivalent to a multiple
of F,or F, ), with d(g') = d,m,(g') = 1 attained by g’, and such that
m_(g') = m_(g) = Va,d. Hence if theorem B, is false it still remains false
if we insert the extra condition that m_(g) is attained by g.

Let theorem C, denote theorem B, with this extra assumption. Then
clearly theorem B, will follow once we have established theorem C,.

For the proofs of theorems C; we use a chain of forms (g,),
— o0 < ¢ < 0, equivalent to and associated with a given indefinite ternary
form f.

Let f be an indefinite ternary quadratic form of signature 1 taking
the value m _ (f) = 1. Then we can find an equivalent form

g = (z+Ay+uz)’+4q(y, 2).

Now ¢ is an indefinite binary quadratic form with d(g) = d(f) # 0, and it
cannot take a value in the open interval

(3.3) (—m-(0)—1. %)

as otherwise we could choose z suitably to obtain a contradiction to the
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definition of either m (g) = 1 or m_(g). Hence there exists a chain of
reduced forms

(3.4) 9, = (—1)'a, 2 +b,yz+ (—1)**1a,,,2% —o0 <1 < o0,
each equivalent to ¢. By applying a suitable y—z transformation we may
replace ¢(y, 2) in g by any one of the ¢,(y, z) giving
& = (@+ay+B:2)*+4:(y, 2)
equivalent to f. Then by changing the sign of y if necessary and by applying
a suitable parallel transformation to 2 we obtain a chain of forms
8= (@+Ay+p2)+(—1)*a.,(z2—F,y)(z+Sy)

with |4,| < % and |u,| < $ such that each form g, of the chain is equivalent
to f. We shall call such a chain an “equivalence chain’’ for f. It should be
noted that there may be a number of distinct equivalence chains for a given
f, depending on the initial choice of g.

4. The proof of theorem C,

The proof makes use of the following results.

LEMMA 4.1. Let k = 2 be integral and let q be an indefinite binary
quadratic form. Define
A = [B4-k+ (3k— 1)V k2 4k][(4k—2),
B = min (4%2, k2{-6k+-1),
d = min {A2m? [4k?, Bm® [4, Bm? [4k?}
where m, = m_(q) and m_ = m_(q). Then either q is equivalent to a multiple
of x2—kxy—ky? or d(q) = d.

: Proor. The proof of this result depends on the work of Tornheim [7].
Put

Qe y) = q(x, y)/2vd(g)
so that Q has discriminant 42 = 1 and let

M =m,(Q) = m,(g)2Va(g)
(4.1) N =m_(Q) = m_(g)/2Vd(g)
P = max (1/M, k|N).
Then Tornheim has shown that either
(a) P =2k, or
(b) P = V' k24 4k and Q is equivalent to
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M (2®—kay—ky®) = N (@®—kzy—Fky?) [k,
or
(c) from the proof of lemma 7 of his paper,

N < k|4,
or
(d) from his lemmas 8 and 10 the chain of p, for Q contains at least
one p, = k41 and
P=vVEk246k+1.

Now (a) and (d) give that
1/M or k/N = min (2k, Vk*+6k+1) = 4/B
from which, using (4.1), we have that either

d(g) = m B4 24,
or

d(gq) = m® B/4k?® = d.
Similarly (c) gives that

d(g) = m® A2[4k? = d.

The lemma now follows on observing that the alternative (b) implies that
q is equivalent to a multiple of 2®—kzy—ky?.

LEMMA 4.2. Both hy(z) = 28—Js(a+3)? and hy(z) = @—JLp(x+3)?
have only one real root.

Proor. Evaluation of the roots of the derivatives of #, and A, shows
that these roots are at most % in absolute value. Then 4, and A, are negative
at these points, and so their graphs have both turning points below the 2-
axis. This implies that %, (z) and A,(z) have only one real root.

We are now in a position to prove theorem C; which for reference is
re-stated.

If g is any indefinite ternary quadratic form of signature 1, with d(g) = d
where 0 < d < 42, and if m,(g) = m, = 1 is attained by g then either

() m_(g) < V48, or
(b) g is equivalent to a multiple of either Fy or F,.

As indicated at the end of §3 we consider in place of g an equivalence
chain (g,) of forms equivalent to g. We have

g = (@+A,y+p:2)+(—1) a4 (z—Fy)(z+S,y)
where as indicated at the end of § 1
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(4.2) 4, K, =4; A*=4d.

As (—1)+la,,,(z—F,y)(z+S;y) cannot take any values in the interval
(3.3) we have, assuming that

(4.3) m_(g) = m_= Va[4s,

the following:

(4.4) a, =3 (v even),
(4.5) a,=m_+% = Vda8+L (i odd).
Using (4.2) and setting

(4.6) d=49p8/54, O0<f=<1

we obtain

K,="1V68/9,,,.
Then using the bounds (4.4) and (4.5) we find that
4.7) K, =< 28V68/27 < 2.5403,/8 (i odd),
48) K, < TVOROYBG+ ¥5ids]1"! < 3.6803¢8 (i even).
As p, < F; < K, we conclude that
p:=2 (todd); p;,<3 (¢ even).

The proof is now presented as a series of lemmas, each eliminating
various possibilities for combinations of p, occurring in the chain [p,]. In
these lemmas the following property will be used.

If the sequence (r,s, -, t) = (p;, Pis1, " " *» Piss) cannot occur in
the chain [p,] then neither can the sequence

@ - 87)= (Pr—y " Pr, Px)

where k2 = ¢ (mod 2).

This follows from the fact that replacing y by —y reverses the order
of the chain [p,] without affecting the values taken by the form.

For simplicity, 1 and g will replace 4, and g, in the local considerations
of the chain [p,] in the following work.

LeMMA 4.3. The chain cannot contain either p; = 3 with i even or p, = 2
with 1 odd.

ProoF. Let p, = 2 with 7 odd and suppose that one of p, ;, p,,, is
not 3. Then
K;>24(0,2,1)4+(0,3,1) = 2%

which contradicts (4.7). Thus if p, = 2 with ¢ odd then p,_;, = p,,; = 3.
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Let p, = 3 with 7 even and suppose that one of p,,,, p,; is not 2.
Then '
K,>34(0,1,1)+(0,2,1) = 32

which contradicts (4.8). Thus we must have p, , = p,,; =2, and so
Pia=Pi+2=3. Then

K,>342(0,2,3,3) =53

which again contradicts (4.8). As p, = 3 (¢ even) leads to a contradiction
and p, = 2 (¢ odd) implies that p,,;, = 3 lemma 4.3 follows.
From this lemma we can conclude that

pe=1 (¢ odd); P2 (¢ even).
LEMMA 4.4. The chain cannot have p, , = p,,, = 1 where i is odd.

Proor. Suppose that p;,_, = p,,; = 1 with ¢ odd. Then
(4.9) F,=(1,1,1,2) = 141/4/3 > 1.57735.3

Similarly S, > .57735, and so K; > 2.1547. Using (4.7) we can obtain that
B > .71944 and combining this with (4.3) and (4.6) we find that

(4.10) m_ > .2386.
Now
(4.11) F,<(1,1,1) = (y/56+1)/2 and

S.<(0,1,1) = (/5-—1)/2.
Using these bounds together with the lower bounds (4.9) we obtain that

91068 < F,S, <1
91068 < (F,—1)(S,+1) < 1.

In addition we have, with regard to (4.2), (4.4) and (4.6), that

(4.12)

75 < a,,, = TV6PI9K, < .8844.

Suppose, contrary to what we wish to prove, that a,,; < .81. Then as
m., = 1, choosing z so that (z+u)? <1, it is clear that we must have the
value (z+u)®+a,,; =1. Therefore

(@+p)? = 1—a,,, = .10.
This implies that

(4.13) u—3i| < .0642,

3 The symbol (1,1, 1) is used to denote the continued fraction (1,1,1,--°,1,°+°).
This usage extends to the symbol (p,--, ¢, 7 -+, s) in the obvious way.
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where ||#|| denotes the distance from ¢ to the nearest integer. Choosing =
so that 1 < (z44)? <1 gives g, the value (z+4)2—a,,, F,;S, which is
less than 1. Thus

@+A? =a,, FSi—m_.

Then using (4.10) and (4.12) gives that

(x+4)? < .5714
and so
liA—41l < .256.

Combining this with (4.13) yields that
[1A—u|| < 3202,
so we can choose z such that
(x+A—p)? < .108.
However using the bounds (4.9) and (4.11) we find that
a,,(14+F,)(1-S,) < .8963,
giving
(x+2—u)2+a, ,(1+F,)(1-S,) < .9993.

This is a value of g, contradicting m, = 1, and shows that we cannot have
a,,, < .81. Thus we have

(4.14) 8l < ag, < .8844.

In the following values of g, we choose z such that the square lies
between 1 and 2.25 inclusive:
(x+2)2—a, , FS,,
(@+2+p)2—ay (F—1)(Si+1).
Equations (4.12) show that these values are non-negative, so they must
be at least 1. Thus '
(4.15) (x+4)2 = 1+a,, F,S,.

Then using (4.12) and (4.14) we have (z+4)% > 1.73856, which yields that
{lA—%|| < .182. Similarly ||A+u—3}|| < .182. Thus ||g|| < .364, so we can
choose « such that

(z+p)? < (.364)2 < .1325.

In order that the value (z-+u)24-4,,, shall not contradict m, = 1, we must
have a,,; > .8675. Using this instead of (4.14) in (4.15) and repeating the
argument gives that ||u|| < .326, so we can choose z such that
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(@+p)2+a,., < (.326)2+.8844 < 1.
This contradicts m, = 1 and completes the proof of the lemma.

LemMMA 4.5. The chain cannot have p, 3 = p, 1 =2, Py = 1 where
1 is odd.

Proor. Suppose to the contrary that such an ¢ was in the chain. Then
the previous lemma implies that p,,3 = 2, and so
F_,=1(211121---)=(21,1,1)> 26329,
Sia=1(0,1,21,--)=(0,1,2 1, 1) > .7247.
Thus K,_, > 3.3576. Using (4.2), (4.3) and (4.5) we find that
m_ = VEKi(m_+%)Y/3/4,
and inserting the above bound for K, gives that
m_ > V3.1578(m_+1)/4.

By iterating on this, commencing with m_ =0, we eventually obtain that
m_ > .242.
The following bounds on F, and S, may be easily obtained.

1.57735 < (1,1,1,2) < F, < (1, 1, 1, 2) < 1.580,
.366 < (0,2,1,2) <S5,<(0,2,1,2,1, 1) < .36702.

Then K, > 1.9433, and using (4.2) and (4.6) we can deduce that
4., < .9804. Combining this with the bounds for F, and S, yields that

a;,FS,; < .5686,

(4.16) @441 (1+43F,)(35,—1) < .5686.

Choosing « with 4+ < (z+4)? <1 gives, by the same method as in the
previous lemma, that
(x+A)2 < a;, F,;S;—m_.

Using the above bounds for m_ and a,, F S, gives that
(@+1)® < .3266 < (.5716)2,

and so ||A—3]] < .0716. Similarly we can prove that ||34—u—}|| < .0716,
and so ||4A—u|| < .1432. Now

@,,1(7.309)(.464) < a,,,(1+4F,)(45,—1) < 3.36,

and we can choose « such that 3.4 < (x+44A—u)? < 4. This gives a positive
value

(x+4A—p)2—a, ., (144F,)(45,—1)

https://doi.org/10.1017/51446788700005577 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005577

[17] Asymmetric minima of indefinite ternary quadratic forms 207

of g,, so in order not to contradict m, = 1 we must have
a,,,(7.309)(.464) < 3.

Thus a,,; < .8847. This enables us to revise the bounds in (4.16), and
repeating the analysis yields that ||A—4|| < .021 and that |[3A—u—4||
< .021. Then |[g|| < .084, so we can choose z such that

0 < (@+p)+a,,, < (084)*4.8847 < 1.

This contradiction to m, = 1 completes the proof of the lemma.
It follows from the above lemmas that the chain [p,] must be one of
the following:

(@) oo(l, 2)oo, i.e. for all §, py; = 2, Py = 1.
(b) (1,1, 1, 2)co, i.e. for all §, pyyq = pay = Pass1 = L, Pajez = 2.
We now consider these special cases in turn.
LEMMA 4.6. If the chain [p]is (1, 2)co then g ~ F,/3.
Proor. If the chain is 0o(1, 2) o0, we have for 7 even that
g = (e4+A,y+p;2)2—a,  (22—2yz—2y?).

Since g, ~ g there is no loss of generality in dropping the suffixes and taking
g, to be g. Then
d=4d(g) =3a* <3},
and so _
a < 7V?2/18 < .55.

In addition, d/48 = 42/16, and so (4.3) and (4.5) yield that

md = (m_+1)%16,

ie.
hiim_)=0
By using lemma 4.2, noting that 4,(}) = 0, we have
m_=z% azih

Consider the binary quadratic form
L, 2) = az?— (x+uz)?,
the negative of a section of g. This must have
m () =% m_() =1

Then taking £ = 4 in lemma 4.1 we have that either
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(@) t~ (2—4xz—4a?)/4dand a = d(t) = }, or
(b) a =d(t) > .5389.
For the moment let us consider the second possibility. This gives
m_ = Va?[16 > .26.

Choosing, without loss of generality, 0 < u < }, we have in the section
—i(x, z) with = —z =1 that

(1—p)2—a < .5.
Then this value must be at most —m_, and so
(1—u)? < a—-m_ < .29 < (.5386)%,

from which we can deduce that .4614 < ¢ < .5. Then in the value —¢(1, 3)
we have that

5.66 < (14-3u)? < 6.25,

4.86 < 9a < 4.95.

In order not to contradict m, = 1 we must have (14 3u)® > 5.85, giving
4728 < u = .5. In the value —#(5, —4) we have that

9 < (5—4u)? < 9.67,
8.622 < 16a < 8.8.

Then as m, = 1 we must have 162 < 8.67. In the value —(1, 4) we have
that
8.35 < (14+4u)2 <9,
8.622 < 16a < 8.67.
Then as m, = 1, m_ > .26 we have that
8.35 < (14-4u)? < 8.67—.26 = 8.41 = (2.9)%
Hence we must have that

(4.17) AT28 < pu < 475,

By an identical treatment applied to the sections

—h = (2+0—p)z)—ai: y=-z1=12
—ty = (x4 (A+3p)z)—az: 2= 3z, =3y

we can derive that
(4.18) 4728 < A—p < 475 or .525 < A—pu < .5272,
(4.19) 4728 < A+3u < .475 or 5256 < A+3u < .5272
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(modulo 1). These inequalities (4.17), (4.18) and (4.19) can be shown to
be inconsistent by adding 4 times (4.17) to (4.18).
This eliminates the possibility that a > .5389 and leaves a = 4. In

this case

¢~ 32— (2+32)3,

ty ~ d—(@+3z)
This yields on considering the types of forms equivalent to §z2— (z+4z)?
that 4 = A—p = } (mod 1), from which it follows that g is equivalent to

(w+42)*— 42— 2y2—29*) = F,¥/%.
LeMMA 4.7. If the chain [p,] is o(1, 1, 1, 2)00 then g ~ F,&/42.

ProoF. If the chain is oo(1, 1, 1, 2) c0 we have for even ¢ with p, = 2
that

8i = (x+)~iy+/‘iz)2—a‘+1(zz—2313_%‘!/2)-

As g, ~ g there is no loss of generality in dropping the suffixes and taking
g, to be g. Then
d=d(g) =83 <4},
and so
a =5

In addition /48 = 4?/18 and so as in the previous lemma we obtain that
hg(m_) = 0. Since 5,(.23) < 0 we must have m_ > .23. By the same method
as in the previous lemma it can be shown that either

(a) as3— (@+p2)? ~ 32— @+ 2% or

(b) a > .5389.
For the moment let us consider the first possibility. In this case ¢ = }.
If we set y = 3z;, 2 = —2z, then we must have

azi—(z+ (31— 2u)2)* ~ d— e+ 12a)?,

which yields, taking (a) into consideration as well, that u = 31—2u =}
(mod 1). From this we can deduce that 1 =} or 4% (mod 1). However
A= 43 gives the section (z+2)2+% the value 3%, and A = } gives the
section (x+A—p)2—%4(1+2—3) the value %, in each case contradicting
m, =1,

This eliminates the possibility that a = }, leaving & > .5389, from
which we obtain that L

m_= Va?/18 > .252.

Choosing z with 4+ < (x+u)% < 1 in the section (x4-u)2—a gives a value
less than 1, so this value is at most —m_. Therefore
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(@+p)? < {5—.252 < .3314 < (.6757)2
This yields that ||u—3|| < .0757. Thus we can choose z such that
5.0 < (z-+3u)® = 6.25.

Then as 4.8501 < 9a =< 5.25 this gives (z+3ux)2—9a a value greater than
—m_, so this value is at least 1. This implies that

(z+3u)2 > 5.8501 > (2.4178)2,
from which it follows that
(4.20) lu—3| < .0274.

The value (x—i—l—,u) —4a[3 with z chosen such that 1 < (z4+A—u)2 <2
yields, as .718 < 4a/3 < &, a positive value of g. This value must be at least
1, so

(@+A—p)? > 1.718 > (1.31)2,
which yields that

(4.21) l|A—p—3| < .19.
Since 5a/3 < £% it is clear from the sections
(x+2)2+-5a(3; (z+24—p)24-5a/3;
(x+A+2u)2+5a/3; (x+2A+5u)2+5af3;
that we must have
(422)  [IAll, lA+2ull, |[24—pl|, ||22+5p]] each at least

It is easily verified that the only solutions to the congruence inequalities
(4.20), (4.21) and (4.22) are A = +%, p =4 (mod 1). Then in order that
the section (z+A4)%245a/3 shall not take a value contradicting m, = 1 we
must have g = L. Thus we must have

g~ (@+ey+32)°2—% (22 —2y2—3y?) = Fo¥/5%

as required. .

Combining the lemmas proven we have shown that if m_(g) = V/d/48
then g is equivalent to a multiple of either F, or F,. This is clearly equivalent
to proving theorem C,.

5. The proof of theorem C,

For reference theorem C, is re-stated.
If g is any indefinite ternary quadratic form of signature 1, with
d(g) = d where
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0<d<$,
and if m (g) = m, = 11is attained by g then either
(a) m_(g) < V2d]49, or
(b) g is equivalent to a multiple of either F, or Fy.

As in §4 we consider in place of g an equivalence chain (g,) of forms
equivalent to g. For simplicity we use the same notation as in § 4, renaming
(4.2) as (5.1), i.e.

(6.1) aKi=4; A*=4d,
and replacing (4.3) by the assumption that
(5.2) m_(g) = m_ = V/2d/49.
Similarly (4.4) and (4.5) become
(6.3) a, =32 (¢ even)
(5.4) a,=m_+% = V2d/49+% (i odd),
from which, using (5.1) and setting
(5.5) d=988, 0<p=<1,
we obtain that
(5.6) K, = 3V2B/2a,,,.
Then using (5.3) and (5.4) yields that
(5.7) K, < 2V2B < 2.82843\/8 (i odd),
(5.8) K, < 3.48859-/p (¢ even).
Thus

$:=2 (¢ odd); $: =3 (¢ even).

The proof is now presented as a series of lemmas, with the use of
2, u for A,, u, respectively for simplicity.

LeMMA 5.1, p, < 3 for all even 1.

ProoF. If p; =38 with ¢ even then F,> (3,2,1) =232,
S;> (0,2,1) =1, and so K, > 4! which contradicts (5.8).

LemMa 5.2. If p; = 2 with i odd then p, y = P, = 2.
Proor. Let p, = 2 with 7 odd and let one of p, ,, p;,, be 1. Then
K,>2+(0,2,1)4+(0,1,1) =17
which contradicts (5.7).
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LeMMA 5.3. If p; =1 for some odd | then either (@) p; o = p;a=1
or (b) pyy = Pss1 = 2 and one of p,_4, p;1a ts L.

ProoF. Suppose that p, = 1 with j odd and that one of p,_,, ,,s is
not 1. Then lemma 5.2 shows that there are in effect two possible cases
where (b) does not hold, viz.

(i) ps2a=2Ps42=2; thechainis---2,22/1,2,2,2,---
(ii) Pi—ﬂ = 11 Pi+2 = 2; the chain is .- ) lr 1: lju 2: 2) 2; ttt

It should be noticed that the reverse situation to (ii) i.e. p;,_ 3 =2, p,,3 =1
is equivalent to (ii) — this was observed in § 4.

As the method of elimination of possibility (i) is similar to that of
possibility (ii) it suffices to give the proof that (ii) cannot occur.

If (ii) occurred, we would have, taking ¢ = j+1, that F, > 2.4142,

¢ S;> +618, and hence that K, > 3.0322. Using this in (5.6) yields that

@,y < .69961. In addition, F; < 2.42265 and S, < .634. Hence considera-
tion of the value g,(z, 1, 2) with x chosen such that (z444-2u)2 g;}; yields
that a,,, > .67369 and that

(5.9) l1A+2u—3]| < .03.

As m® =4}, K}/98 we have that m_ > .349. Then considering the
value g,(z,0,1) with z chosen such that } < (z+pu)? <1 yields that
[lu—4%|| < .0925, and so using (5.9) we have that ||A—u|] < .31. Hence by
choosing « such that 1 < (x+4—u)? < 1.72 we obtain a value g,(z, 1, —1)
lying in the open interval (.085, .879), contradicting m,_ = 1.

LEMMA 5.4.If p, = 1 for some odd | then p, = 1 for all odd i.

Proor. Considering the above lemma, it suffices to show that if p, =1
with § odd then the situation p, , = p,,, = 2, p,_s = 1 cannot occur.

Suppose such a situation did occur. Then setting # = j—1 we have that
F, > 27071 and S; > .618. Hence K > 3.3251, and so a,,; < .638 follows
from (5.6). Combining (5.1), (5.2) and (5.4) yields that

md = Kj (m_+%)?/98,
and inserting the bound for K, gives that
98m® > 11.05629(m_+1)2.

Iterating on this, commencing from m_ = 0, eventually gives that m_ > .339
and so a;,; > .589.

Considering the value g,(x,0,1) where = is chosen such that
1 < (4u)2 <1 yields that |ju—13|| < .04681, and so in the section
gz, 0, 3) we can choose x such that 5.567 < (z+3u)? < 6.25. However as
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5.301 < 9a,,, < 5.742 this gives a value of g, contradicting either m, = 1
or m_ > .339.
LEMMA 5.5. If p, = 1 and p,,, = 2 with | odd then p,_, = p;.3 = 1.
ProoF. This is a direct consequence of the proof of the above lemma.
LEMMA 5.6. If p, = 1 and p,,, = 2 with | odd then p,_3 = 2.

PRrOOF. Suppose to the contrary that, for some odd §, p,_3 = p, =1,
pis1=2. Then setting ¢=7+1 we have that 2.618 < F, < %2,
.618 < S, < .62021, and hence that K; > 3.236. By using a method similar
to that used in lemma 5.4 we obtain that a,,; < .6556 and that m_ > .33.

Applying lemma 4.1, with 2 = 3, to the binary form

Lz, z) = —g,=, 0, 2)
which has m_(t) =m_(g,) =1 and m_ (¢) = m_(g,) > .33, we find that
either

(i) d(t) > .6577, which contradicts the previous bound a,,; < .6556, or

(ii) d(t) =a,,; = {5 Then as K, < 3.2636 we have that d < $§ and
the result follows from theorem C,.

LeEMMA 5.7. p, = 2 for at least one 1.
Proor. If p, = 1 for all 4, then for ¢ even
8« = @+Ay+p2)*—a, (P—yz—y?).

As g,~ g there is no loss of generality in dropping the suffixes. Then
d=d(g) = 6a’/4 = 2, and so

(5.10) a < .9487.

If a < .852 we have that d < #2 and the result follows from theorem C,.
Hence it is sufficient to assume that a > .852.
Considering the values g(z,, 1, —1) and g(z,, 0, 1) where

1< (@+a) <$ and 1 < @ HA—u)? < §

we find that |Ju—3|| < .14 and that [|A—u—3}|| < .14 in order not to
contradict m, = 1. Hence ||4|| < .28, and so, for suitable z,

0 < gz, 1,0) < .0784+a.

Thus a > .921. Repeating this argument twice yields that ¢ > .95, con-
tradicting (5.10).
From the above lemmas it follows that either

(i) p; = 2 for all , i.e. the chain is 00 (2)c0, or
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(ii) there exists an even ¢ such that
;=2 (j=1mod4),
p;, =1 (otherwise),

i.e. the chain is oo(1, 1, I, 2)co. We shall now consider these remaining
two possibilities.

LEMMA 5.8. If the chain [p;] is (1, 1,1, 2)c0 then g ~ Fy¥/%3.

ProoF. If the chain is (1, 1, 1, 2)co then for any even ¢ with p, = 2
we have that

g = (@+Ay+p)i—a,,(2—2yz—3y).
As g, ~ g there is no loss of generality in dropping the suffixes and taking

g.tobeg. Thend = d(g) = 84%/3 < £ and so @ < .65. By the usual method
we find that m® > 16(m_-4%)2/147, and so

(3m_—1)(49m? +11m_+1) = 0.

Hence m_=%1 and a = U

Now considering the value g(z, 0,1) where 3 < (z4+u)2 <1 we
find that ||u—3{| < .041. Then considering the value g(z, 0, 3) where
5.85 < (z-+3u)? < 6.25 we find, if a > {5, that g takes a value in the open

interval (—.2, 1), contradicting either m, =1 or m_=%. Hence a = T7§'
49

d = §3, and the lemma follows from the results of theorem C,.
LeEMMA 5.9. If the chain [p,] is 00 (2)00 then g ~ Fyy/2.
Proor. If the chain is c0(2)oo we have for 7 even that

g: = @+A,y+p2)2—a, (22 —2yz—y?).

As g, ~ g there is no loss of generality in dropping the suffixes and taking
g;tobeg. Thend = d(g) = 2a®> < 2 andsoa < 4. Asm, = 1, considering
the sections g(z, 1, 0) and g(z, 1, 2) we find that a = 3 and A= A+2u =1}
(mod 1). Then as p = 0 implies that g(z, 0, 1) takes the value %, con-
tradicting m, = 1, we must have u = 4. Hence

g~ (r+3y+32)2 12—y = Fy¥/3
as required.

6. The proof of theorems C; and C,

Consider the following result.

THEOREM D. If g is any indefinite ternary quadratic form of signature 1,
with d{g) = d where
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0<d=<3$,
and if m_ (g ) = m, = 1 is attained by g, then either

(@) m_(g) < Vd|9, or
(®) gis eqmvalent to a multiple of either Fg, Fyor Fy.

This theorem is stronger than either theorem C,, which makes the
stronger assumption that d <14%, or theorem C,, which has the weaker

conclusion that m_(g) < V/34/16. 3d/16. Thus theorems Cz and C, will follow from
the work of § 2 when we prove theorem D.

Applying theorem D to normalised forms, in the way that theorems
A, are deduced from theorems B,, it can be seen that every normalised
indefinite ternary quadratic form of signature 1, not equivalent to F,,
takes a value in the closed interval [— /%, &/£], the intersection of intervals
Igand I,.

To prove theorem D we consider, as usual, in place of g, an equivalence
chain (g,) of forms equivalent to g.

Assuming that m_(g) = vV % and using the same notation as in the
previous chapters we have that

(6.1) anK;=4; A4%*= 44,

(6.2) m_(g) =m_= Vs,

(6.3) a, =3 (¢ even),
(6.4) a,zm 432 Vaa+i (i odd),
(6.5) d=38/2, 0<B=1, and

(6.6) K, = VG—ﬂ-/ai+l'

Using the bounds (6.3) and (6.4) in (6.6) we obtain that
(6.7) K, < 4V68/3 < 3.266./8 (¢ odd),
(6.8) K, < V6R[¥/B(¥A+1)]1 < 3.0629/8 (i even).
Hence we must have p; < 3 for all 7. If however p, = 3 for some ¢ we would
have

K,> (3,4,1)4+(0,4,1) = 3.4

which contradicts the relevant one of (6.7) and (6.8). Thus we must have
p: < 2foralls.
We now present the proof as a series of lemmas.

LeMMmA 6.1. If p, = 2 with © even then p,_, = p,; = 2.

Proor. Let p; = 2 where ¢ is even and suppose that one of p,_;, ;1
is 1. Then . .
K,=24(0,1,1,2)+(0,2,1,2) > 2.943,
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and comparing this with (6.8) yields that ¢/f > .96113, i.e. &/ > .92377.

Hence as m_ = \”//% we have that m_ > .508, and so a,,; > .758. In ad-
dition, using the above bound for K, in (6.6), we find that a,,, < .8324.
However applying lemma 4.1 with 2 = 2 to the form ¢(z, z) =—g,(z, 0, 2),
which has m_(¢) = 1 and m_ () > .508, yields that either

(@) t ~ }(x2—22z—222), with d(}) = a;,, =32, or
(b) @y = d(t) > 944,
in either case contradicting .758 < a,,; < .8324.

LEMMA 6.2. If p, = 2 with i even then p, = 2 for all 4 and g ~ Fy/3.

ProoF. Let p, = 2 where ¢ is even. Then K, = 24-2(0, m) = 144/3.
Combining (6.1), (6.2) and (6.4) we have that m® = K?(m_+-3)2/36, and
inserting the above bound for K, yields that

m® > 7.4641(m_-+1)2/36.

From this we obtain by iteration that m_ > .478, and hence ¢(z, z) =
—g.(,0,2) has m_(f) =1 and m_(f) > .478. Applying lemma 4.1 with
k = 2 yields that either

(@) @ =%, or

(b) a;4q > .913.

However as (b) implies that d = a} ;K}/4 > 1.55 which contradicts the
given we must have a,,, = 3.
Now we have, using the previous lemma, that

F,<@; S,=(0,3)=1@),

and so F;S; = 1 with equality if and only if p, = 2 for all +. However as
F.S, < 1 implies that a,,, F;S,; < % which contradicts (6.3) we must have
p¢= 2 for all 4. Thus

8:i= (x+;~i!l+.“£z)2—%(12—2?/‘2"'3/2)»

and so d = d(g) = 2 and the lemma follows from theorem C,.
For the remainder of the proof of theorem D we may assume that
p: =1 for all even i.

LEMMA 6.3, If p, = 2 with ¢ odd then p, g = P9 = 1.

ProOF. Let p, = 2 with 7 odd and suppose that one of p, 5, p.q is 2.
Then
K,=24(0,1,2,1)+(0, 1) > 3.31

which contradicts (7.7).
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LEMMA 6.4, If p, = 2 with i odd then p,_y = p,,q = 2.

ProorF. Let p, = 2 with ¢ odd and suppose that one of p, 4, p,,4is 1.
By considering the reverse chain if necessary we may assume that p, , = 1.
Then 2.618 < F; < 2.633, .618 < S, < .62021, and so K, > 3.236. Using
this in (6.6) gives that a,,, < .757. In addition, from (6.3), a,,; = .75, so
combining (6.1) and (6.2) with the above bound for K ; yields that m_ > .545.
Considering the section g,(z, 0, 1) yields that

(6.9) llu—3%|| < .0071.

Furthermore choosing # such that 1< (x4+4)2 <% in the section
g.(z, 1, 0) yields that ||A—3|| < .013 in order not to contradict the bounds
on m, and m_. Combining this with (6.9) shows that ||6A—3u|| < .09.
Then the value g,(z, 5, —3) where 1 < (z+54—3u)? < 1.19 lies in the
interval (—-24,.11), contradicting either m, =1 or m_ > .545. This
contradiction completes the proof of the lemma.

It follows from the above lemmas that if g ~ Fy¥/2 and if p, = 2 for
some ¢ then p, = 2 for § =+ (mod 4) and p, = 1 if § £ ¢ (mod 4), and so
the chain is oo(l, 1, 2, 1)oo0.

LEMMA 6.5. If the chain [p,] is 00(1, 1,2, 1)oo then g ~ Fy¥/3.

Proor. If the chain is oo(1, 1, 2, 1)co then for odd ¢ with p;, = 2 we
have that
g = @+Ay+u2)+a ., (2—2yz—3y?).
As g, ~ g there is no loss of generality in dropping the suffixes and taking
g to be g. Then d = d(g) = 84%/3 <3 and so a < &. Thus, using (6.3),
a =3, Considering the sections g(z, 0,1) and g(=z, 1, 0) yields that
u= A=} (mod 1). Hence

g~ (e+3y+32)2+3 (2 —2y2—3y?)
~ (z+3y+32)2—3 (22— Eyz—Py?).

i.e. g ~ F 5'& 'g'.
There is only one further possibility left for the chain [p,], namely
;=1 for all <. We now consider this case.

LEMMA 6.6. If the chain [p,] is co(1)co then g ~ F, /144,
Proor. If the chain is co(1)co then for even ¢
g = @+Ay+p2)2—a.4(2—yz—y?).

As above we may drop the suffixes and take g, to be g. Then
d=4d(g) =5a%/4 <2 and so a < 1.096. Now considering the section
(x+1)%+-a it is clear that @ = 1—|[4||2, and so
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(6.10) a Z 1—(llp—H+112—p—}])%
The value g(z, 0, 1) where 1 < (z+u)? < % lies in the half-open in-

terval (—.096, 1.5]. Hence, as m_ = V/d/9 = /2, this value of g must be
at least 1, and so (z+4u)2 = 14-a. Hence

llu—3| = $—V1+4a.
Similarly it can be shown that |[A—ux—3}|| <3—+V1+4. Inserting these
into (6.10) yields that
—(3—2V1+a)?,
which on simplification gives, as @ > 0, that a = 2%

Considering the sections (x+u)2—a, (x+A1—u)?—a and (z+1+-2u)2—a
with the squares chosen in the closed interval [1, 4] we find that

(6.11) le—3l < .1
(6.12) lA—u—3ll =.1 and
(6.13) llA+2e—3 = .1

Taking 0 < u < } without loss of generality it is found that (6.11), (6.12)
and (6.13) imply that 4 = -4 and that 4 = -8 (mod 1).

As 3.84 < 4a << 4.4 the value g(3,0, —2) will contradict m,_ =1
unless a = £%. Hence

g~ (x+3y+8) 482 —yz—y?) = F, 9148
This completes the proof of theorem D.

7. The proof of theorems C; and G,

Both of these theorems may be proved in a manner similar to the above.
However it is simpler to deduce them from the following result of Venkov

(8].

Let f be an indefinite ternary quadratic form and let
M (f) = min {m_ (), m_(f)} = V2d(f)]9.

Then f must be equivalent to a multiple of one of the following forms.

l, = —x—ay—y?+222,

ly = x+ay—y*—222,

Iy = — 2——‘7/2—}-322

Iy = —d—ay+y*—§2,

ly = —a*—Joy—y*+far APy 3722,

https://doi.org/10.1017/51446788700005577 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005577

1293 Asymmetric minima of indefinite ternary quadratic forms 219

lg = —x®—y?—xz—yz+ 322,

I, = —at—xy—y2452°

Iy = —Za?420y—2ly?+2aztLlyz 422,
ly = —atHHay—yt+ e+ 4

Lo = —a*+zy—y*+3yz+322,

Uy = —a*f-xy—y2+ 2wz 2yz+ 222,
Furthermore M(1,) =1 for 1 =7 < 11,
DEDUCTION OF THEOREM C;. Let g be an indefinite ternary quadratic form
of signature 1, with d(g) = d where 0 < d <21}2, and let m (g) = 1 be

attained by g. Furthermore let m_(g) = V/24/3. Then M(—g) > V/2d/9,
and so by Venkov’s result it follows, on comparing signatures and minima

m,, that g = —/, for some 7. Hence

(7.1) m, () = m_(g) = V243,
and

(7.2) dl) = d < 3.

As I, takes the value 1 for 7 = 2, 3, 4, 6, 7 and 8, as ; takes the value §,
and as d(l,;) > d(ly,) > 442, it follows that the only 7, satisfying (7.1) and
(7.2) are I, and /. Theorem Cgz now follows from the results of lemmas 2.5
and 2.6, on observing that

—h(2, y+z 2) = '\S/%FS(:”’ Y 2),
and
(7‘3) —ls(z» —Y,2) = ,‘3/_151_72. Fele,y, z).
DEDUCTION OF THEOREM C4. Let g be an indefinite ternary quadratic
form of signature 1, with d(g) = d where 0 <d < 3, and let m_(g) = 1 be

attained by g. Furthermore let m_(g) = V¥/1254/112. Then M(—g) = V/24d/9
and so by Venkov’s result it follows that g = —/, for some <. Since /; takes
the value 1 fors =1, 2, 3, 4, 6, 7 and 8, since ; takes the value £, and since

l,o takes the value 2, it can be shown that m  (I;) < V/4d/5 unless ¢ = 9
or 11. Considering (7.3), and noting that

—Iln(@+z, —y, 2) = \""/%F.,(x, Y, 2),

theorem Cq4 now follows from the results of lemmas 2.6 and 2.7,

8. The proof of theorem C,

For reference theorem C, is restated.

THEOREM C,. If g is any indefinite ternary quadratic form of signature 1,
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with d(g) = d where 0 < d < 24, and if m (g) = m, = 1 is attained by g
then either

(a) m_(g) < V16d[9, or

() g s equivalent to a multiple of either F, or Fg.

Proor. Let (g,) be an equivalence chain of forms equivalent to g.
Assuming that m_(g) = V/16d/9 and using the same notation as in previous

sections we have

(8.1) a K, =4;, A2=4d,

(8.2) m_(g) = m_= V16dJs,

(8.3) a, =3 (¢ even),
(8.4) a,zm_+% = V16d/9+% (i odd),
(8.5) d=248, 0< =<1, and
(8.6) K= 4\/@/“”1-

Now if # < ;2 then d < ¥ and using the results of theorem C4 and
lemma 2.6 it follows that g is equivalent to a multiple of F,. Hence we may
assume from now on that § > ;2. Then

m_>ViE. 24 3 =2
and so using the results of a previous paper [9] we find that either
(@) g~ (x+32)*—3(y2—yz—1s?), or
(i) g ~ (z+32)*—3(y*—yz—32?), or
(ii) g ~ 22—3(y*—%yz—14t), or
(iv) d = 7.5.

Now possibility (i) may be eliminated as § 3 % for this form, and pos-
sibilities (i) and (iii) may be eliminated as these have m_ = 2 < V164/9,
contradicting equation (8.2). Hence d = 7.5, f =%, and using this in
(8.2) yields that m_ > 2.37.

Applying the corollary to theorem 1 of the paper [9] to the sections
g¢(x, 0, z) where ¢ is even yields that a,,, = 4.62 for all even 7, and hence
that ¢,(y, z), as defined in (3.4), can take no values in the open interval
(—4.62, .75). By a result of Segre [6] it follows that

d = d(g,) = {(4.62)*+3(4.62)}/4 > 8.8.

We may now use this in (8.2) to obtain that m_ > 2.5. Repeating the above
process yields that

(8.7) m_. > 2.53; a, > 478 (i even).
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For the present we shall assume that
(8.8) d < 243,

Then f < {4, and using this in (8.6) gives that K, < 1.631 for all even 1.
Hence p, = 1 for all even 4. In addition, combining (8.3), (8.6) and (8.8)
yields that K, < 10.393 for odd ¢, and so p; < 10 for all odd +.

We now show that, for all even ¢,

(8.9) 478 < a,,, = 5.25.

For 1 even we have that K; > 142(0, 10, 1, 11) = +8£ and using this in

(8.6) gives that a,,; < 6.6. Suppose, for some even ¢, that 5.25 < a,,, < 6.6.

Then the value g(z, 0, 1) where 4 < (z+u)? < 6.25 contradicts either

m,=1 or m_> 2.53 unless a,,, > 6.63. However in this case, as

K, > 188 combining (8.1) and (8.2) yields that m_ > 2.8, while g,(=, 0, 1)

lies between —2.6 and —.26. This contradiction is sufficient to show (8.9).
The bound

(8.10) K, < 6V3[7 < 1.485

may be shown to hold for all even ¢ as follows. From the corollary to
theorem 1 of [9], as m_ > 2, we have that

(8.11) @4y = 4.264 (m_—2),
and combining this with (8.1) and (8.2) yields that
(8.12) $i(m_) = m® —4K3(2.254-m_)2 = 0.

As (8.9) and (8.11) together imply that m_ < 3, inequality (8.12) must be
satisfied for some m_ < 3. However using the known bounds on m_ and K
it can easily be seen that the derivative ‘

$i(m_) = 3m> —§K3(2.25+m_) > 0,

and so (8.12) must be satisfied with m_ = 3. Hence K, < 6v/3/7 as required.
The proof is now continued as a series of lemmas eliminating all pos-
sibilities for the chain [p,].

LeMMmA 8.1, p, < 8 for all odd {.
ProoF. Let p, = 9 for some odd . Then
2 =10010,1,11) < S,,;, < (0,9,2) =3.

Now using (11.3) we have that a;,,F,,;S;11 = @;; =%, and so, as
a9 =4l and S,,; <%, it follows that

(8.13) Fop > 1.357.
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Hence, taking (8.10) into account, p,, = 2. Thus S, > 1% and so,
to satisfy (8.10), F,. 3 < 1.1422. This implies that p,,, =7, and so
F,.,<(1,2,1,7) < 1.35, contradicting (8.13).
LEMMA 8.2. p, = 7 for all odd j.
ProoF. Let p;, ; = 8 with ¢ even. Then
$3=1(0,81,9<5,<(0,82) =%,

and so (8.10) implies that F; < 1.373. In addition F, > 1.214 follows on
considering the relation a,,, F;S; = a;, = 4. .

Now the value g,(z,1,0) where (z+24)2 <% contradicts m, =1
unless

(8.14) 1A—4) < .113.

In addition the value g;(z, 0,1) where 4 < (z+pu)% < 6.25 contradicts
either m, = 1 or m_ > 2.53 unless ||u—3|| < .096. Hence ||[A—u|| < .209.
However this implies that the value g;(z, 1, —1) where 9 < (z+4—u)% < 10.3
contradicts either m, = 1 or m_ > 2.53.

LeEmMMA 8.3. p, = 6 for all odd §.
Proor. Let p;_, = 7 with ¢ even. Then
2 =100718)<5.<(012) =%,
and so (8.10) implies that F, < 1.359. Now F, > §%, hence
8.81 < a,,,(1+F,)(1-S,) < 10.82.
As one of the values g,(z,, 1, —1), g;(x;, 1, —1), where
6.25 < (z,+4A—u)? = 9 < (zp+A—p)? < 12.25,

contradicts either m, = 1 or m_ > 2.53 if ||[A—u—3%|| = .2183, it follows

that

(8.15) [1A—p—13]| < .213.

In addition it can be shown, as in the proof of lemma 8.2, that
(8.16) llu—3| < .096.

Combining this with (8.15) yields that ||4]| < .309. Thus the value
gz, 1,0) where 0= (x44)?< .096 contradicts m, =1 unless
a;, F;S; > .904. Using the known bounds on a,,, and S, this yields that

(8.17) F, > 1.291,
and so K, > 1.417. Thus
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(8.18) m_ > 2.85, a,,, > 5.10,

for if m_ < 2.85 inequality (8.12) yields, as ¢;(m_) > 0, that K, < 1.416,
contradicting (8.17).

Using the bounds (8.17) and (8.18) it can be shown that
a1 (14+F,)(1—S;) > 10.12, and so in order that the value g,(z,, 1, —1)
shall not contradict either m, = 1 or m_ > 2.85 we must have

(8.19) [IA—u—13| < .166.

In addition, (8.16) can be refined to [[u—3|| < .031 by using (8.18), and
combining this with (8.19) yields that [|A|| < .197. However this implies
that the value g;(z, 1, 0) where 0 < (z+4)2 < .04 contradicts m, =1,
and completes the proof of the lemma.

LEMMA 8.4. p;, = 5 for all odd {.
ProoF. Let p,_; = 6 with ¢ even. Then
5 =100617) <S,<(0,6,2) =23,

and so (8.10) implies that F,; < 1.34. Hence p,,, = 3. Similarly by con-
sidering the reverse chain, it can be shown that p, 3 =3, and so S; < %.
Thus as F; > €2 it follows that

8.73 < a,,(1+F,)(1—S,) < 10.5

and so, as in the proof of the previous lemma

(8.20) [lA—u—3| < .213.
In addition
(8.21) lle—3}I| < .06

for otherwise one of the wvalues g(z,,0,1),g(r;, 0,1) where
2.25 = (z,4+u)2 = 4 < (x,+p)? < 6.25 would contradict either m,_ =1 or
m_ > 2.53. Furthermore as @, , = a,,,(1+6F,)(1—6S;) it can be shown
similarly that |{6A—u—3|] < .06. Then combining this with (8.20) and
(8.21) yields that [|4|| < .187. Thus if p,,, = 4 then F; < %! and the value
8:i(x, 1,0) where (z+41)? < .035 contradicts m, = 1. Hence p,; =3,
F,> (1,3,1,7) > 1.258, and K, > 1.403. We can use these bounds to
find a lower bound on m_ and hence to obtain contradictory bounds on
[I134464|| as follows.

As ¢;(m_) > 0 inequality (8.12) yields, if m_ < 2.8, that K, < 1.4,
contradicting the above bound. Hence m_ > 2.8 and a,,, > 5.05 for all
even k. Then the value g;(z, 0, 1) where 4 < (z+p)% < 6.25 contradicts
either m, =1 or m_>28 unless |u—3}| <.041. Similarly, as
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@iy3 = @;,(4—3F)(4+3S,), it can be shown that |[3A+4u—3|| < .041,
and so

(8.22) [|34+6u—13| < .123.
However as F, < (1, 3, 2) = 2 the value g,(, 1, 2) where
6.25 < (w+A+2u) < 9

contradicts either m, =1 or m_ > 2.8 unless ||[A42u|| < .051. This
contradiction to (8.22) completes the proof of the lemma.

LeEMMA 8.5. p, < 4 for all odd j.
Proor. Let p,_; = 5 with 7 even. Then
a=100516)<S5,<(0,52) =5

and so (8.10) implies that F; < 1.315. Hence p,,, = 3. Considering the
sections g;(x, 0, 1) and g,(z, 5, —1) in the same way as the sections
g, 0, 1) and g,(x, 6, —1) were considered in the proof of lemma 8.4 it can
be shown that

(8.23) llu—34i| < .08 and ||5A—u—3|| < .08.

Now
8.48 < a,,,(1+F,)(1-S,) < 9.96

and so, by the same method as was used in the proof of lemma 8.3, it can
be shown that

(8.24) llA—u—3| < .213.

Combining (8.23) and (8.24) yields that ||A+2u]| < .344, and so the value
&z, 1,2) where 7.06 < (z+A+2x)® < 9 contradicts either m_ =1 or
m_ > 2.53 unless both

(8.25) a..(2—F))(2+S)) =8,
and
(8.26) JlA42u|] = 0.1.

Using the known bounds on ,,, and S,, (8.25) yields that F; > 1.228.
Hence p;,, =3, and so F,; > (1, 3,1, 8) = 24 Thus K, > 1.403, which
yields, by the same method as was used in the proof of the previous lemma,
that ||3A+6x—3{| < .123 which is incompatible with (8.26).

LEMMA 8.6. p, < 3 for all 0dd §.

ProoF. Let p;_; = 4 with 7 even. Then

https://doi.org/10.1017/51446788700005577 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005577

[35] Asymmetric minima of indefinite ternary quadratic forms 225

£ =1(0,41,5)<S,< (0,42 =%,

and so (8.10) implies that F,; < 1.279. Hence as in the proof of lemma 8.4
we find p;y; =38, p,y = 3andso S; < (0,4,1,3) =%

As K, > 142(0, 4, 1, 5) = #1 it can be shown, by the same method
as was used in the proof of lemma 8.4, that a,,, > 5.05, m_ > 2.8, and

(8.27) lu—4l| < .041.
Now the values g,(x,, 1, 2) and g,(z,, 1, —1) where

6.25 < (z,4+A+2u)2 < 9 and 6.25 < (z,+-A—p)? < 9

contradict either m, = 1 or m_ > 2.8 unless both ||[A+2u—%|| < .1 and
||A—pu—3|| < .1. However by subtraction these yield ||3u|| < .2 which is
incompatible with (8.27).

As a consequence of the preceding lemmas p,_; can only be 1, 2 or 3
for ¢ even. Hence, for 7 even, we have that K; > 142(0, 3,1, 4) > 1.485
which contradicts (8.10). From this contradiction we can deduce that the
assumption (8.8) was false. Thus we may assume from now on that

(8.28) d > 253

We now obtain bounds on m_, a,,, and y, for even ¢, and K, and p, for
both odd and even 3.

Firstly, inserting (8.28) into (8.2) yields that m_ > 3. Then by an
obvious modification of the corollary to theorem 1 in [9] applied to the
sections g;(x, 0, z) it follows that

(8.29) i =7+ (m_—3) > 17

for all even ¢. Hence the binary form g,(y, z} can take no values in the open
interval (—7, 2), so by the result of Segre it follows that 4 = 3. Using this
in place of (8.28) and repeating the above analysis yields that m_ > 3.145,
@, > 7.145 and d > 18.12. Repeating the iteration a few more times
yields that m_ > 3.19 and that a,,;, > 7.19 for all even 4.

Combining (8.2), (8.3), (8.6) and (8.29) yields that

(8.30) K, < 4V6p[4+4V/28/3] < 1.308¢/8
and
(8.31) K, < 16V68/3 < 13.07¢/8

for even and odd ¢ respectively. Hence
pi=1 (i even); p, <13 (i odd).
Now if p; < 3 with ¢ odd then K, ; > (1, 4)+ (0, 14) > 1.32 which con-

tradicts (8.30). Hence p; = 4 for all odd . In addition, if p; = 12 with ¢
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odd then K, > 12+2(0, 1, 4) = 13.6 which contradicts (8.31). Hence

t1<p, <1
for all odd <.

To obtain an upper bound on a,,, we first note that a,,, < 8.4 for
all even 7 follows from (8.6) on observing that K, > (1, 12)4-(0, 12) = &
for even ¢. However if a,,, > 8 for some even ¢ then the value g;(z, 0, 1)
where 6.25 < (z+u)? < 9 would contradict either m,_ =1 or m_ > 3.19.
Hence, for all even 7, 7.19 < a,,, = 8.

For 7 even the lower bound on 4,,; may be improved, and a bound
on ||u,l| obtained, as follows. For a given even § it may be assumed without
loss of generality that 0 < u; < }. Then we must have

(8.32) (244, =5y S —m_
and
(8.33) B—u)—a;y 2 1.

On subtraction these yield that 10u; < 4—m_ and hence that
u; < .081. Thus g,;(5, 0, 2) < 0, hence in order not to contradict the def-
inition of m_ we must have (542u;)2—4a, , < —m_. Multiplying this
inequality by 2 and rearranging yields that

(843u;)2—9a,,, = 7.75+3u,—9Im_[4 < .83.
Hence, as this is g;(8, 0, 3), we have that
(8.34) (84+38u;)2—9a,,, < —m_.
Subtracting this from 9 times (8.33) yields that 102u, < 8—m_, and so
(8.35) ps < .048.
Inserting this into (8.34) yields that

(8.36) a4 > 1.46.

Thus, as the even § was chosen arbitrarily, (8.35) and (8.36) imply that
(8.37) [lmil] < .048

and

(8.38) A > 1.46

for all even 7. Using this new bound on a,,, in the argument immediately

following (8.29) yields that m_ > 3.26, and this enables (8.38) to be re-
fined to

(8.39) Ay > 7.47 (all even z).
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Having obtained these general bounds on a,,,, ||u]|, m_, K; and p;
we now proceed to eliminate all possible chains [p,] except that which gives
rise to Fg.

LEMMA 8.7. p, < 11 for some odd 3.
ProoF. Let p, = 11 for all odd ¢. Then

& = (x—l—l,y+y,z)2—a,+l(zz—yz—T1Ty2)
for even §. Thus the value g;(z, 1, 0) where (x+4,)? < % contradicts m,_ = 1.
LEMMA 8.8. p; =< 10 for all odd §.
PrOOF. Let p,,, = 11 with 7 even and suppose that p,_; =< 10. Then

188 =(1L,11,1,12) < F, < (L, 11,1, 4) = §§
and
225 =100,10,1,12) < S, < (0,4,1,4) = 2.

Hence in order that the value g;(x, 1, 1) where (x4-A-4pu)2 <1 shall not
contradict m, = 1 we must have ||A+u—3%|| < .075, which, combined with
(8.87), yields that ||A—u—4%|| < .171. However this implies that at least
one of the values g,(z,, 1, -—1) and g;(z,, 1, —1) where

11.07 < (2 +A—u)? < 12.25
and
12.25 < (x,+A—pu)? < 13.48

contradicts either m, = 1 or m_ > 3.26.

Hence p,,, = 11 implies that p, ; = 11. Repeating this argument
indefinitely to both the original and the reverse chains shows that p;, = 11
for all odd 1, in contradiction to the result of lemma 8.7.

LEMMA 8.9. If p,_, = 10 with ¢ even then p; , < 6.

ProOOF. Let p,_; = 10 with ¢ even and suppose that p,,, = 7. Then
H3 F, <% and 11321 < S; < g4 Hence the value g;(z, 1, —1) where
12.25 < (z+A—u)2 < 16 contradlcts either m, = 1 or m_ > 3.26 unless
||A—pu|| < .108. Combining this with (8.37) yields that |[i]] < .156 and
hence that the value g,(z, 1, 0) where (z+4)? < .025 contradicts m, = 1.

This contradiction is sufficient to prove the lemma.

LeMMA 8.10. p, = 9 for all odd §.

Proor. Let p, ; =10 with 7 even. Then 23 < F; <%} and
a7 < Si < 2 s py_s and p,,, can be at most 6. Hence K, > 1.235, and so
applying the steps
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d = (a,,K,)*[4
m_ = V16d[9

yields that m_ > 3.35. Now the value g,(z, 1, 0) where (z+1)? <% con-
tradicts m, = 1 unless {[A—4}|| < .178, and combining this with (8.37)
yields that ||A+2u—3|| < .274. Then at least one of the values g,(z,, 1, 2),
g:(x,,1,2) where 10.4 < (z;+A4+2u)2 < 12.25 and 12.25 < (2, +A4+2u)2 < 14.3
lies in the open interval (—3.35, 1) contradicting eitherm, = 1orm_ > 3.35.

(8.40)

LemMA 8.11. If p, , = 9 with i even then p,; < 6.

ProoF. Let p,_, = 9 with ¢ even and suppose that p,,, = 6. Then
120 < F, <3} and )5 <S, <5 Now the value g(z,1,0) where
(z+2)? < % contradicts 7, = 1 unless ||A—}|| < .26, and combining this
with (8.37) yields that [|A—u—4|| < .308. Then the value g,(z, 1, —1)
where 12.25 < (z+4—p)? < 14.51 contradicts either m, = 1 orm_ > 3.26.

LEMMA 8.12. If p,_, = 9 with 1 even then P, = 4.

Proor. Let p,_, = 9 with 7 even and suppose that p,,, = 5. Then
18 < F, < 8%, & < S. < and so K, > 1.27. Using this in steps (8.40)
yields that m_ > 3.419. Now the value g,(z, 1, —1) where

12.26 < (x+A—p)? < 16

contradicts either m,_ = 1 or m_ > 3.419 unless both [|A—u|| < .057 and
a,..(1+F;)(1—S,) = 15. Using (8.37) and the known bounds on F, and
S, these inequalities imply that |{i|| < .105 and a,,, < 7.71. Hence the
value g,(z, 1, 0) where (z+2)2 <1 contradicts m, = 1.

LemMA 8.13. p, < 8 for all odd j.

ProorF. Let p, ; = 9 with 7 even. Then the above lemma shows that
Pia=pia = 4 Hence £§ < F, < 33}, & < S, <5 and so K, > 1.304.
Using this in steps (8.40) in conjunction with the bounds a,,, > 7.47,
a,.,=17922 and a,, = 7.992 yields that m_ > 3.48, m_ > 3.619 and
m_ > 3.641 respectively. Now

14.78 < a,,,(1+F,) (1—S,) < 15.884,

where the upper bound may be reduced to 15.869 or 15.73 according as
the upper bound on a,,, is reduced to 7.992 or 7.922 respectively. Hence
the value g,(z, 1, —1) where 12.25 < (z+A—u)? < 16 contradicts either
m, =1 or the relevant bound on m_ unless both |[|[A—u|| < .03 and
a,,(1+F,;)(1—S;) = 15. Thus ||A|| < .078 and a;,, < 7.59, and so the
value g,(x, 1, 0) where (x+2) < % contradicts m, =

LemmA 8.14. p; = 5 for all odd j.

https://doi.org/10.1017/51446788700005577 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005577

{39] Asymmetric minima of indefinite ternary quadratic forms 229

ProoF. Let p, = 4 with § odd. Then K, , > (0, 5)-+(1, 9) > 1.31 in
contradiction to (8.30).

LeMMA 8.15. If p, = 8 for all 0dd j then g ~ Fg<y/24.
ProOOF. Let p, = 8 for all odd 4. Then

& = (e+A,y+p;z)t—a,, (zz_yz_%yz)

for ¢ even. As g,~ g the subscripts can be dropped without loss of
generality. Then (8.37) and (8.38) imply that

(8.41) [lel| < .048

and 7.47 < a < 8. In addition m_ = V/242/3 > 3.33.
Now the value g(z, 1, —1) where 12.25 < (z+2A—pu)? < 16 contradicts
either m, = 1 or m_ > 3.33 unless

(8.42) lA—pl| < .13.

Combining this with (8.41) yields that ||2A—ul|| < .31. Then the value
g(x, 2, —1) where 16 < (x+24—pu)? < 18.6 contradicts m_ > 3.33 unless
[|24—p|| < .083. Hence ||24|] < .131, and combining this with (8.41) and
(8.42) yields that

(8.43) [|14]] < .066.

As the transformations (y, z) - (y-+82, —z) and (y,z) - (y+82,y+9z)
applied to g only replace (4, ) by (4, 84—u) and (A4, 84-4-9u) respectively
it is clear that any bound for [{x|| must also hold for both ||84—u|| and
[|84+9x||. Now let |lu|| =7 be the best such bound possible. Then
||84—u|| < and ||84+9u|| = r, and combining these three bounds yields
that ||84]| < 2r and ||10y|| < 2r. The second of these yields, as (8.41)
implies that » < .048, that ||u|| < 7/5. Clearly, from the definition of 7,
this implies that » = 0. Hence |ju|| = 0 and ||84]] = 0. Thus as the second
of these yields, considering (8.43), that |[[A|| =0, we must have
g ~ 2*—a(z®—yz—3y?). Hence as the value a/8 contradicts m, = 1 unless
a = 8 we must have

g~ a®—8(2—yzr—3y?) = Fa/24
as required.

LemMA 8.16. If p,_, = 8 with 1 even then p, ., # 1.

Proor. Let p, ;=8 and p,,, =7 where ¢ is even. Then
3 <F,<§and 3§ < S, < &, and so K, > 1.2389. Using this in (8.1)
and (8.5) yields that a,,, < 7.91. This implies that the value g;(z, 1, —1)
where 12.256 < (x+A—u)? < 16 contradicts either m, =1 or m_ > 3.26

unless ||[A—g|| < .117. Thus ||3|| < .165, and so the value g,(x, 1, 0) where
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(x+2)* < % contradicts m, = 1 unless a,.; > 7.61. Then repeating the
above analysis with this new bound on a;, yields that ||A—u|| < 0.83,
[1A]} < .131 and a,,, = 7.69. Hence ||2A+3u|} < .406, and so the value
g:(z, 2, 3) where 16 < (z+24+43u)2 < 19.42 contradicts either m, =1 or
m_ > 3.26.

LemMma 8.17. If p,_y = 8 with 1 even then P, # 6.

PrROOF. Let p, ; = 8 and p,,, = 6 with ¢ even. Then I3 < F, < 4%,
13 < S, < &, and K, > 1.257. Using this in (8.1), (8.5) and (8.40) yields
that m_ > 3.39 and a,,; < 7.795. Using the method of proof of the previous
lemma yields that ||[A—g|| < .102, and so {|24—u|| < .254. Hence the value
&:(x, 2, —1) where 16 = (z424—pu)? < 18.1 contradicts m_ > 3.39 unless
both ||24—ul|| < .064 and a,,, > 7.59. Hence ||2443u|| < .16, and so the
value g,(x, 2, 3) where 16 < (x+24+43u)? < 18.2 contradicts eitherm, =1
or m_ > 3.39.

LeMMma 8.18. If p,_, = 8 with © even then p,, F#~ 5.
ProoF. Let p,_, = 8 and p,,; = 5 with 7 even. Then
B<F<# 8B<Si<g

and K, > 1.2818. Using this in (8.1), (8.5) and (8.40) yields that a,,; < 7.644
and m_ > 3.44. Using the method of proof of lemma 8.16 yields that
||A—u|| < .08. Hence ||244-3y|| < .4, and so the value g,(x, 2, 3) where
12.96 < (z+424-+3u)? < 16 contradicts either m, = 1 or m_ > 3.44.

From the above work it is clear that if p, = 8 for some odd ¢ then
P, = 8 for all odd ¢ and g ~ Fg+/24. Hence for the rest of the proof we
may assume that p, < 7 for all odd 5.

LEMMA 8.19. If p,_, = 7T with i even then p, = 1.
ProorF. Let p,_; = 7 with 7 even and let p,,, < 6. Then
G<F,<$t 2A<Si<f and K,>12719.

Using this in (8.1), (8.5) and (8.40) yields that a,,; < 7.704 and m_ > 3.42.
Then following the method of proof of lemma 8.16 yields that ||A—u|| < .131.
Hence ||24—u]| < .310, and so the value g,(», 2, —1) where

16 < (x+24—u)® < 18.6
contradicts either m, = 1 or m_ > 3.42.
LEMMA 8.20. p, = 6 for all odd §.

Proor. Let p,_, = 7 with ¢ even. Then lemma 8.19, applied to both
the original and reverse chains shows that p;, = 7 for all odd 4, and so
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& = (et y+u2)—a,, (zz—?/z_%’.‘lz) .

As usual the suffixes may be dropped without loss of generality. Then as
d = 114%/28 and a > 7.47, equations (8.2) and (8.5) imply that ¢ < 7.82
and m_ > 3.39. Following the method of proof of lemma 8.16 yields that
||A—g|| < .144. Hence ||2A—pu|] < .336, and so the value g(x, 2, —1)
where 16 < (x-+24—u)? < 18.81 contradicts either m, = 1 or m__ > 3.39.
This contradiction implies that p; < 6 for all odd 5. However if , < 5 for
some odd ¢ then K, , > (1,5,1,7)4(0, 6, 1,7) > 1.308, contradicting
(8.30). Hence p;, = 6 for all odd 5.

LEmMMA 8.21. p, % 6 for some odd i.
Proor. Let p, = 6 for all odd . Then

&= (x+}“{y+.uiz)2~ai+l(zz_yz_%yz)

for even 7. As usual the suffixes may be dropped without loss of generality.
Then as d = 5a?[12 and a > 7.47, equations (8.2) and (8.5) yield that
a < 7.59 and m_ > 3.45. Following the method of proof of lemma (8.16)
yields that ||A—pu|| < .168. Hence ||2A—u|| < .384, and so the value
8i(x, 2, —1) where 16 < (x4 24—pu)? < 19.22 contradicts either m, = 1 or
m_ > 3.45 unless [|2A—y|| > .293. Combining this with (8.37) yields that
.245 < ||2A—u|| < .336. Hence the value g,(z, 2, —2) where

52.49'< (x+21—2u)% < 53.82

contradicts m_ > 3.45.

The result of theorem C, now follows as we have shown that if
0<d=24 and if m_(g) = ¥/(16d/9) then g is equivalent to a multiple
of either F, or Fy.

9. The proof of theorem Cg

For reference theorem Cg is restated.

THEOREM Cg. If g is any indefinite ternary quadratic form of signature
1 with d(g) = d where 0 < d < 67.5 and if m_(g) = m, = 1 is attained by
g then either

(a) m_(g) < V843, or
(b) g is equivalent to a multiple of either Fg or Fy.

Proor. Let (g;) be an equivalence chain of forms equivalent to g.
Assuming that m_(g) = V/84/3 and using the usual notation we have that
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(9.1) a, K, =4, A2 = 44,

(9.2) m_(g) = m_ = V843,

9.3) a,zm_+% = V8d3+1 (i odd),

(9.4) a, =3 (¢ even),

(9.5) d=1358/2, 0<pB=<1, and
(9.6) K, = 3\/5@/““1-

Now if d < 24 then theorem C, shows that m_ < v g/é unless g is
equivalent to a multiple of Fg. Thus it is only necessary to show, assuming
that d > 24, that g is equivalent to a multiple of F,.

Under this assumption we have that m_ = ¥/84/3 > 4. Applying
theorem 1 of [9] to the sections

(9.7) (T+p2)2—a,, 2

of g, (where i is even) yields that a,,, = 10.25 for all even ¢, and hence that
g:(y, z) can take no values in the open interval (—10.25,.75). Then ap-
plying Segre’s result yields that d = d(g,) = 2322, and using this in (9.2)
gives m_ > 4.49. Thus, applying the corollary to theorem 1 of [9] to the
sections (9.7) of g,, it follows that a,,, > 10.74 for all even 7. Repetition
of the above process yields, after a few iterations, that 4 > 37.87,
m_ > 4.65 and

(9.8) @, > 109 (¢ even).
For the present we shall assume that
(9.9) 84/3 < 125.

Using this in (9.5) yields a bound on g which in conjunction with (9.4),
(9.6) and (9.8) yields that

(9.10) K, < 18.267 (¢ odd)
and
(9.11) K, <1257 (i even).

Hence p, = 1 for all even ¢ and p, < 18 for all odd 7.

Now if p, =<3 for some odd % then K, , > (1, 4)+(0,19) > 1.3
which contradicts (9.11). Hence p, = 4 for all odd ¢. Thus p; < 16 for all
odd 7, as otherwise, if p, = 17 with 2 odd, K, would be greater than 18.6,
contradicting (9.10). This in turn implies that p, = 5 for all odd 7 in order
to satisfy (9.11). Thus we have shown that

(9.12) p: =1 (¢ even); 5<p, <16 (i odd).
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Before commencing to eliminate various [p,] chains it is necessary to
obtain upper bounds on 4., and |[u;—3|| for even i. From the bounds
(9.12) it follows that K,> 14-2(0, 16,1, 17) = 441 for even ¢, and in-
serting this into (9.1) and (9.9) gives that a,,, < 12.26 for even 7. For even
1 it is clear that (34||u||)2—ay, =1 and (83—||uy||)?—@s4y = —m_ in
order not to contradict either m, = 1 or the definition of m_. The first of
these yields that a,,; < 11.25, while subtracting the second from the first

yields that

(9.13) el = (14-m_)j12
for all even ¢. As m_ > 4.65 this implies that
(9.14) llme—3l1 << .03

for all even 1.
As m_ > 4, applying the corollary to theorem 1 of [9] to the sections
(9.7) yields that

(9.15) A4y = 10254 (m_—4) (¢ even).
Combining this with (9.1) and (9.2) yields that
(9.16) pim_) = md —2K3(6.25+m_)%[3 = 0 (i even).

Now from (9.15), as a,,; < 11.25, it is clear that m_ =< 5 and so the in-
equality (9.18) must be satisfied for some m_ < 5. However using the known
bounds on m_ and K it can easily be shown that the derivative

pi(m_) = 3m> —4K3(6.254-m_)[3 > 0,

and so (9.16) must be satisfied with m_ = 5. Hence
(9.17) K, < /33 < 12172 (i even).

Furthermore as y;(m_) > 0 it is clear that if y;(x) < 0 for all allowable
values of K, then m_ > z.

The bounds (9.12) on p, for 7 odd can now be improved to 6 < p, < 16,
for if p, < b for some odd % then K, , > (1, 6)4 (0, 17) > 1.22 contra-
dicting (9.17).

The proof is now continued as a series of lemmas eliminating all pos-
sibilities for the chain [$,].

LEMMA 9.1, p, < 14 forall odd §.

ProoF. Let 15 < p, , < 16 for some even ¢. Then 18 < F, <53,
7 < Si < 741 and so a,,, F, S, < .813. Hence ||2—4|| < .07 in order that
the value ||4]|24-a,, F;S, shall not contradict m, = 1. Using (9.14) this
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implies that [|24—u—14|] < .17, and so the value g(x, 2, —1) where
28.4 < (x+24—u)? = 30.25 contradicts either m, = 1 or m_ > 4.65.

LemMMA 9.2. p, = 9 for all odd §.

ProOF. Let 10 < p, ; < 14 for some even 4. Then 233 < F, < 433
and 455 < S; < v%. Thus [JA—u|| < .23 and ||A+2x|| < .17 in order that
the values g;(x;, 1, —1) and g,(z,, 1, 2) where 16 < (x,+4—u)? < 20.25
and 16 < (z,+A+2u)% < 20.25 shall not contradict either m, =1 or
m_ > 4.65. However on subtraction these yield that ||3u|| < .4, in contra-

diction with (9.14).
LeEMMA 9.3. p, > 9 for at least one odd .

Proor. Let p, =<9 for all odd j. Then
18 < F.<$8 s <Si<s and so K,>12018

Hence as 9,(4.93) < 0 for K, > 1.2018 we must have m_ > 4.93 and
a;., > 11.18. Thus [|A—p|| < .12 and ||A+2x|| < .12 in order that the
values g,(z,, 1, —1) and g,(z,, 1, 2), as in the proof of lemma 9.2, shall
not contradict either m, =1 or m_ > 4.93. However on subtraction
these yield that ||3u|| < .24, in contradiction with (9.14).

From the contradiction of lemmas 9.2 and 9.3 it is clear that the as-
sumption (9.9) is false. Hence

(9.18) 84/3 > 125

and so, using (9.2), m_ > 5.
By an obvious modification of the corollary to lemma 1 of [9] applied
to the sections (9.7) of g, it follows that

(9.19) Ay = 144+ (m_—5) > 14

for all even :. Hence the binary form g¢,(y, z) can take no values in the
open interval (—14,.75) and so by the result of Segre it follows that
d = d{g,) = 59.5. This may now be used to obtain new bounds on m_
and a,,,, and repeating this iterative process a number of times yields that
m_ > 5.538 and a,,, > 14.538 for all even ¢. Combining this with (9.4)
and (9.6) gives that

(9.20) K, < 21911 (¢ odd); K, < 1.1304 (¢ even).

A tighter bound on K, for ¢ even may be obtained as follows. As
Agq = 9+m_ = 9+V/24%/3 we have that

K, < A[{9+V243].
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Now the right hand side of this inequality has positive derivative with
respect to A (over the allowable range) and so as 4 < 4/270 we have that

(9.21) K, <v270/(9+V180) < 1.1222 (i even).

It is clear, from (9.20) and (9.21), that p, = 1 for all even ¢ and that
$¢ =< 21 for all odd 7. Now suppose that p, = 21 for some odd k. Then
K, > (21, 2)4- (0, 2) = 22 contradicting (9.20). Hence p, =< 20 for all odd 7.
In addition p, =13 for all odd ¢, for if $, =12 with %2 odd then
K, , > (1,13)4(0, 21) > 1.124 contradicting (9.21).

We now find upper bounds on a,,, and ||u;|| for all even 7. As
K,>1+2(0, 20,1, 21) = 222 using (9.6) yields that a,,, < 15.01. Then

(4—||pid]P—a,, =1

(B+1lpill)2—asy < —5.538

in order not to contradict either m, =1 or m_ > 5.538. From the first
of these it follows that @,,, < 15, while subtracting the first from the second
yields that [ju,|| < .033. Hence

(9.22) [|ps]] < .083 (all even 2).

We are now in a position to work on the [p,] chain, eliminating all
possibilities except that which gives g as equivalent to a multiple of F,.

LemMMmA 9.4. If p, = 20 for all 0dd j then g ~ Fyy/335,
ProoF. Let p, = 20 for all odd 4. Then

and

&= (x-|-}.,.y-}-,u,.z)2—a,-+1(zz—yz—%y2)
for any even ¢. Clearly, as a,,, < 15, the values [|4,||>+a.,/20 and
A+ 2+a:4,1/20 contradict m, = 1 unless a,,, = 15, ||4,|| =3} and
{|#s]] = 0. Hence
g~ &~ (r+3y)*—15(2—yz—ggy?) = Fo¥/2§>
as required.

In order to eliminate the other possibilities for the chain [p,] we shall
suppose from now on that p, << 20 for at least one odd 1.

LeMMA 9.5. If p;_y = 20 with © even then p, ., 7 19.
Proor. Let p,_; = 20 and p,,, = 19 with 7 even. Then
SE<F<H} A <Si<din

and so a,, F;S, < .757. Hence |[A—1}|| < .003 and a,,, > 14.94 in order
that g,(z, 1, 0) where (z+4)% < % shall not contradict m, = 1. This implies
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that ||u]| << .008 as otherwise the value (4—||g||)®—a,,, Will contradict
either m, = 1 or m_ > 5.538.

Combining the above bounds on ||A—3|| and ||u|| yields that
[|8449u|| < .096, and so the value g;(x, 8, 9) where 81 =< (x+84+9u)%? < 82.8
contradicts m_ > 5.538.

LeMMA 9.6. p, = 19 for all odd §.

Proor. Let p, = 20 for some odd k. Then by the above lemma there
must occur, either in the original or the reverse chajn an even 7 such that
pi1=20 and 13 <p,,, <18. Then 4} < F, <282, 22 <SS, <&
and a,,, F;S; < .7685. Hence ||A—3|| < .019 and a,,, > 14.638 in order
that g,(x, 1,0) where (z+4)2 <% shall not contradict m, = 1. Thus,
using (9.22), ||2443u|| < .137, and so the value g,(z, 2,3) where
36 < (x+2443u)? < 38 contradicts m_ > 5.538.

LEMMA 9.7. p, < 18 for all odd j.
PrOOF. Let p,_; = 19 with z even. Then
S <F, <%, &% < S.< g+45 and K, > 1.1002.

Using this in (9.6) yields that a,,; < 14.936. Hence ||A—4}|| < .06 in order
that the value g,(, 1, 0) where (x+1)? <1 shall not contradict m, = 1.
Combining this with (9.22) yields that {|24+43x|| < .22, and so the value
g:(z, 2, 3) where 36 < (z+21+43u)? < 38.7 contradicts either m, =1 or
m_ > 5.538 unless a,,, > 14.8, 3—2F, > .897 and [|2A+43y| < .OlL.
Using (9.22) this yields that ||8449u|| < .143, and so one of the values
g:(xy, 8, 9), g:(xy, 8,9) where

78.4 < (z,+84494)2 < 81 and 81 =< (z,+84+9u)® < 83.6
contradicts either m, = 1 or m_ > 5.538.
LEMMA 9.8. p, = 14 for all odd 4.
Proor. If p;, < 13 for some odd 7 then
K. > (1,18,1,19)4(0, 13, 1, 19) > 1.1222,
contradicting (9.21).
LEMMA 9.9. p, = 17 for all odd j.

ProoF. Let p,_, = 18 with ¢ even. Then
398 < F, < 332, 2% < S, < A&, and K, > 1.1055.

Using the same method as in the proof of lemma 9.7 it can be shown that
@y < 14.862, ||2—4]| < .1 and ||2A+3u|| < .3. Hence the value g,(z, 2, 3)
where 36 < (z+24+43u)? < 39.7 contradicts either m, = 1 or m_ > 5.538.
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LEMMA 9.10. p, = 15 for all odd j.
Proor. If p; < 14 for some odd 7 then
K> (1,17,1,18)4(0, 14, 1, 18) > 11222
contradicting (9.21).
LEMMA 9.11. p, =< 16 for all odd j.
ProOF. Let p,_; = 17 with ¢ even. Then
880 < F, < 31, 22 < Si < 2%, and K, > 1.1114.

Using the same method as in the proof of lemma 9.7 it can be shown that
a;,; < 14.785 and ||A—}|| < .148. Combining this with (9.22) yields that
||2A—pui| < .33 and so the value g,(z, 2, —1) where

36 < (x+21—p)? < 40.1
contradicts m, > 5.538.
LEMMA 9.12. p, < 15 for all odd §.
Proor. Let p,_, = 16 with 7 even. Then
323 < F, < 3Lt & < S, < g7y, and K, > 1118,

Using this in (9.6) yields that a,,, < 14.7. Hence ||2A—p—4{| < .1 in
order that the value g;(x, 2, —1) where 36 < (x+24—u)? < 42.25 shall not
contradict either m, = 1 or m_ > 5.538. This implies that ||[A—u—4{| > .18,
and so the value g,(z, 1, —1) where 25 < (x+A—pu)® < 28.4 contradicts
either m, = 1 or m_ > 5.538.

LemMMA 9.13. p; > 15 for at least one 0dd §.

Proor. If p; < 15 for all odd § then K,; > 14-2(0, 15, 1, 16) > 1.1222
for all even 7, contradicting (9.21).

From the contradiction of lemmas 9.12 and 9.13 it is clear that we have
eliminated all possible chains [p,] which have p, < 19 for at least one odd j.
Hence p; = 20 for all odd § and theorem Cg follows from lemma 9.4.
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