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Abstract. For manifolds M, M’ of theform 5% U e* U e® we compute the homomorphisms H. M —
H. M’ between homology groups which areredlizableby amap F: M — M'.
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For oriented compact closed manifolds M, M’ of the same dimension the degree
d of amap F: M — M' isdefined by the equation

F.M] =d- M.

Here [M] denotes the fundamental class of M. In a classical paper Hopf [H]
considered such degrees. In this paper we compute all possible degrees of maps
M — M' where M and M’ are 6-manifolds of the form S U e* U €8 and for
which the cup square of a generator - € H? is non trivial. For example for such a
manifold M the degrees of maps M — M are exactly thenumbersd = k3, k € Z.
Theresult in this paper answersaquestion of A. Van de Ven. The author is grateful
to Fang Fuquan for his remarks on Pontrjagin classes.

1. Homotopy types of manifolds S2 U e* U ¢® and degrees of maps

We consider closed differentiable manifolds M of dimension 6 which are simply
connected and for which the cohomology with integral coefficients satisfies

. Z for i=0,2,4,6,
H'(M) = (1.3

0 otherwise.

Moreover we assume that a generator = of H?(M) has a non-trivial cup square
Uz # 0. We choose a generator y € H*(M) such that = U z = my, where
m € N={1,2,...,} isanatural number; we also write m = m(M). Moreover
let w = w(M) € Z/2 be given by the second Stiefel-Whitney class. Then the Wu
formulas show that w(M) = 0if and only if the Steenrod square

Sq¢?: HY(M,7./2) = 7./2 — H®(M,7/2) = 7.]2 (1.2)
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istrivial so that (1.2) is determined by w(M). Any manifold asin (1.1) admits a
homotopy equivalence
M~ §? Uy e U eb, (1.3
where the attaching map ¢ representsm), € 73(S?). Herer, isthe Hopf element
which generates m3(S?) = Z. Moreover the attaching map f of the 6-cell satisfies
g f = wng € 75(S%)  with w = w(M), (1.4)
whereg: S? U, et — S2U, e*/52 = S* isthe quotient map. Here n,, withn > 3
denotes the generator of m,1(S™) = 7 /2. Recall that 7(S®) = Z/12 so that
76(S%) ® Z /4 = 7./4. We define subsets
a(M)CzZ/4 if wM)=0,
B(M) C /4 if m(M)iseven
asfollows. For w(M) = 0the suspension X f of the attaching map in (1.3) admits
up to homotopy a factorization

(1.5)

§6 — = 552U, €4
fo i (1.6)

wherei istheinclusion. Then (M) consistsof all elements fo®1 € 76(S°) @7 /4
for which (1.6) homotopy commutes, that is i.fo = Xf in me(2(S? U, e4)).
Moreover if m (M) is even then the inclusion i : S° C (52 U, ¢*) admits a
retraction r. Let 3(M) betheset of all elements (rXf)® 1 € ws(Sg) ® Z /4 given
by compositions

s6 2L 952U, ef) - 5%, (1.7)
where r is any retraction of i. Let iy : Z/2 C Z /4 be the inclusion which carries
lez/2t02 € Z/A

(1.8) LEMMA. For w(M) = 0and m(M) eventhesetsa(M) = (M) coincide
and consist of a single element in the image of 4. In this caselet p(M) € Z/2be
given by

iop(M) = a(M) = B(M).
Moreover we have

a(M) =1{1,3} if m(M)=1mod2 and w(M) =0,
B(M) = {13} if m(M)=2mod4 and w(M) # 0,
B(M) = {0,2} if m(M)=0mod4 and w(M) #O.
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Forw(M) = Oandm (M) eventhefirst Pontrjaginclasspy (M) € H4(M) = Z
of M isdivisible by 8 and hence yields by reduction mod 16 an element in Z /2
denoted by p (M) € Z/2;then we havein Z /2 the formula

p(M) + py(M) = {m(M)/2} € Z/2

so that the element p(M ) in (1.8) isaso determined by the Pontrjagin classpi (M).
For thiscompare Theorem 4 and the proof of Theorem 7in[W] and[Ya]. Form € N
and w € Z /2 we define the group

Z]2, if mevenand w =0,
0, otherwise.

P(m,w) = {
(1.9) PROPOSITION. The homotopy types of manifolds (or Poincaré complex-
es) which satisfy the conditions in (1.1) are in 1-1 correspondence with triples
(m,w,p) wherem € Nyw € Z/2and p € P(m,w) such that mw = 0. The
correspondencecarries M to thetriple (m(M),w(M),p(M)) defined above.

In particular each such triple (M, w, p) is realizable by a manifold asin (1.1)
and the redlization is unique up to homotopy equivalence. The case of Poincaré
complexes in (1.9) was proved by Unsold [U] and by Yamaguchi [Y] and [Y4].
In fact, for Poincaré complexes Proposition (1.9) can be easily derived from the
proof of (1.12) below. In the case of manifolds we can use the result of Wall
(Theorem 8 in [W]) that each Poincaré complex with the properties in (1.1) is
homotopy eguivalent to a smooth manifold. Compare a so the result of Zubr [Z];
according to the remark at the end of [Z] the results of Jupp [J] and Wall [W] on
the homotopy classification of simply connected 6-manifold have to be modified.

We now are ready to discuss the possible degrees of maps F': M — M’ where
M and M’ are manifolds asin (1) with generatorsz € H?(M), 2’ € H?(M'). We
saythatk € Zis(M, M')-realizableif thereexistsacontinuousmap F': M — M’
with F*(z') = k - z. Moreover we say that k € Z is (M, M")-good if k2 - m(M)
isdivisible by m(M') and if

k2 - m(M)
m(M'")

k2 - m(M)

Hn o)

=w(M') k- (1.10)

holds in Z /2. One readily checks that any k& € Z which is (M, M')-redizable is
(M, M'")-good. We define the group
z/2 if w(M)=0andm(M') even,

] (1.12)
0 otherwise.

G(M,M') = {

Then we have the following result which completely determines all degrees k
which are (M, M')-realizable.
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(1.12) THEOREM. Let k € Z be (M, M')-good then k is (M, M')-realizable if
and only if an obstruction element

O(M,k,M") € G(M,M")
istrivial. For w(M) = 0and m(M') even this obstruction element is given by the

formulainZ/4

. N k2 - m(M)
i20(M,k,M') =k (—a + Wﬁ)

with o € a(M), B € B(M") asdescribed in (1.8).

Hence, for example, if k£ is (M, M')-good and if & is divisible by 4 then k is
(M, M')-redlizable. Moreover if M = M’ thenany k € Zis(M, M)-good and by
(1.12) dso (M, M )-realizable. The theorem computesall possible degreesof maps
F: M — M'. Infact, such degrees are exactly the numbers k2 - m(M) /m(M')
for which k is (M, M')-redlizable.

2. Proof of Theorem (1.12)

For the proof of (1.12) and (1.8) we first consider the homotopy groups 7, (C) of
amapping cone Cy = BU, CAof amapg: A — B where CA is the cone of
A. Weassumethat A = ¥ A" isasuspension. Let 7y (CA, A) — (C,, B) bethe
canonical map and let i: B C C, be the inclusion. For the one point union A vV B
letr = (0,1): AV B — B betheretraction and let

(A V B)2 = kernel(r,: m,(AV B) — m,B).

Then we obtain the following commutative diagram in which the bottom row is

exact.
1(CAV B, AV B) 2+ m,(AV B);
(7’-9’1‘)* (g’l)* (21)
B — e 1, (Cy) — m(Cy, B) Tn_1B.

Hence we can define the functional suspension operator
E,: kernel(g,1), — m,(Cy) /isxm, B
Eg(f) = jil(ﬂ—ga 1)*671(5%

where ¢ € 1,(A V B), with (¢,1),£ = 0; see 3.4.3[BO] and 11.11.7 [BA]. Now
let [Cy, U] be the set of homotopy classes of maps C, — U. Then the coaction
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Cy — Cy Vv XA yields an action + of o € [YA,U] on G € [C,,U] so that
G + a € [Cy, U] isdefined. For f € m,(Cy) with f € E4(¢) we have by 11.12.3
[BA] the formulain m, (U)

G+ a)= f*(G) + (a, Gi) EE, (2.2)
where

E:7mu_1(AV B)2 = m(32AV B),
isthe partial suspension; see [BA].

Now let C}, bethe mapping coneof h: A" — B' andlet G: C, — C), beamap
associated to a homotopy commutative diagram

A a4 A

g h

B—" .p.
Thenwe call G aprincipal map; see [BA]. The functional suspensionis natural in
the sense that

G.Ey(€) C Enl((aV b).g). (2:3)

Thisfollows from V.2.8 [BA] and diagram (2.1).

Now let A = S?and B = S2 sothat C, = S2U, e*. Thenwe seeby 3.4.7 [BO]
or V.7.6 [BA] that (g, i), in (2.1) is surjective for n = 6 and is an isomorphism
for n = 5. Hence we obtain the exact sequence

,1 * b
s(S3V 8%, WY rg(82) e m(Cy)
) 1)
2 ma(8PV 89, W ny(s?) (2.4)

with 6(a) = ¢ if and only if @ € Ey(€). Here n5(S2) = 7 /2is generated by 73
and we have

T4(S3V 8% =2 @ 7/2,
where Z is generated by the Whitehead product [i3, i2] of the inclusionsiz : S° C
S8V 820y 82 C $3 Vv 5% and where Z /2 is generated by i3 3. Using the Hilton

Milnor theorem [H] we see that (2.4) induces for g € m, € 73(S?) the exact
sequences

0 — 1552 " 75(Cy) — 14(S3V §2)2 — 0 if miseven, (2.5)
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2 ix=0 ) . .
m55° — m5(Cy) — Z if misodd. (2.6)

For this we need the fact that the Whitehead product [, 12] = O istrivial where
12 € m2(S?) isrepresented by the identity of S2. We point out that (2.5) is non split
if m = 2(4) and is split otherwise; compare[Ya).

For f € m5(Cy) weobtain & = §(f) with f € E,(¢). Let X = 52U, e* Uy €®
be the mapping cone of f. Then the cohomology ring H* = H*(X) satisfies for
appropriate generators z € H?, y € H*, » € H® theformulas

xUx=my Iif g€ mnp, 2.7
yUz =nz if £ =nlig, iz +w - izns. (2.8)

Moreover the squaring operation Sq¢?: H*(X,7/2) — H®(X,7/2) is determined
by w; that is S¢? # 0if and only if w # 0. Hence for amanifold M asin (1.3) we
have f € E,(¢) withg € m(M) - np and

¢ = [ia, ig] + w(M) - ian3 € ma(S®V 5%),. (2.9)

Proof of (1.12). We consider manifolds M = S? U, e* Uy €® and M’ =
S2Up e Ug 8. Any map

G:Cy=S%U, et — Cp, = S%uy e M)

is principal and hence associated to a diagram

S a S
g h )
§2 b g2

where b and a have degree k and k2 - m(M)/m(M’) respectively. We see this
by V.7.4,...V.7.9 [BA]. Moreover for maps G, G’ both associated to (a, b) there
exists o € m4(S?) such that

G' =G +i,a € [Cy, Cyl. ©)
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We now consider the diagram

55 a’ 55
f d
Cy —S— 4
U Ul
S2 52

b

where f and d are the attaching maps of the 6-cell in M and M’ respectively. The
map G extendstoamap F: M — M’ if and only if the obstruction

O(G) = —Gf +dd' € m5(Cp) )

vanishesin m5(Cj,). We now assumethat o' isamap of degree k3 - m(M) /m(M')
and that & is (M, M')-good as in the assumption of (1.12). Then we see by (2.9)
and (2.3) that

jO(G) =0 in 75(Ch, S?). (6)
Hence there exists an element O’ (G) € 5(S52) with
i.0'(G) = O(Q). ©)
Moreover by (2.9) and (2.2) we seethat for G’ in (3) we have
O(G") = —f*(G + i) + dd’
= —f"(G) +dd — (o, Gi)E¢
= 0(G) = (,b) E(£). (8)
Here E¢ isgiven by
E¢ = E([is, i2] + w(M) - i3ns3)
= [ia, i2) + iqw(M)ng € ws5(S*V 5§2),.

Sincethe Whitehead product [, ¢5] € m5(S2) vanishesfor o € m4(S2) wetherefore
get

O(G") = O(G) — w(M) - ix(c o). 9)
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We now are able to construct maps M — M’ asfollows. Let & be (M, M')-good.
Then (2) homotopy commutes and hence there existsamap G associated to (a, b).
If m(M) is odd then (7) and (2.6) show that O(G) = 0 and hence G' can be
extended to obtainamap M — M’ associated to (a’, b) in (4). If w(M) # 0then
O(G) might be non zero but by (9) and (7) we find G’ such that O(G’) = 0 and
hence G’ can be extended. Hence we are allowed to put G(M, M') = 0 if m(M')
odd or w(M) # O.

If m(M') even and w(M) = O then we define the obstruction in (1.12) by
O'(G) in(7); thatis

OM,k,M') = 0O'(G) € n5(5?) = 7./2. (10)

Here O'(G) is well defined since the map i, in (2.5) is injective. We are able to
compute the element (10) by using the suspension of diagram (4). We know that
the composite

i2: )2 = m5(S?) —» 6(S%) = Z/12 — 16(S%) @ Z/4=17./4

coincides with the inclusion i»; see Toda [T]. Hence O(M, k, M") is determined
by

i20(M,k,M") = (20 (G))®1lez/4 (12)

Sincem(M') isevenweseethat Xh = 0 sothat thereexistsaretractionr: XCj, —
S%of i 1 S3 C XC),. Hence we get

EO'(G)®1=r210(G) 1
= r20(G)®1
= (—r(ZQ)(Zf) +r(Xd)(Zd)) ® L e Z/4. (12)
Here we have by (1.6)
r(EAXfel =r(EQ)ifo®1
= ribfo®1
= bfo®l=ka with a € a(M). (13)

On the other hand we have by (1.7)
(r¥d)(Xd') ® 1 = degree(d’) - B with 8 € B(M"). (14)
By (12), (13), (14) the proof of the formulain (1.12) is complete. O

It remains to prove Lemma (1.8).
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3. Proof of Lemma (1.8)

The proof of (1.8) relies on the following two propositions (3.1) and (3.2). Let CP;
be the complex projective space with CP, = S? U, €%, g € 1, € m3S2.

(3.1) PROPOSITION. Let h: S° — CP, bethe Hopf map which is the attaching

map of the 6-cell in CP3. Then the suspension of 4 admits up to homotopy a
factorization

S 3] -

b’ uli
53 —— 152

where b/ € ng(S%) = 7 /12isa generator.

As pointed out by the referee a short proof of (3.1) is obtained as follows. The
complex projective space CP? is the total space of the S? -bundle over S* with
characteristic element ¢ € w3(S03) = Z being a generator. The J-homomorphism
J: m3(S03) — 7eS® = z/12- 1! satisfies J(¢) = h'. Hence by a formula of
James-Whitehead we obtain oh = i o J(§) = i o h'; see [Jam]. We give below
a different proof of (3.1) which does not use the J-homomorphism. Our proof is
related with the proofs of (3.3) and (3.4) which as well are needed for the main
result in this paper.

Let J»52 bethe second reduced product of S2 with J,52 = 52U, e%, g € 2 =
[i2,12] € 7352, We define amap

p: ms(J25%) = 7./2 (3.2)

by p(f) = (r2f) ® 1 € ms(S%) ® Z /2. Here p does not depend on the choice of
theretraction r: £.J,52 — £.5% of i : £.52 C X.J»52.

(3.3) PROPOSITION. The function p coincides with the function which carries
f € m5(J258%) to qf € 158*% = Z/2,where q: J»S? — S* isthe quotient map.

In addition we get the following result:
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(3.4) ADDENDUM. For € = 1, 2thereexisth, € 7r5(J252) withhy € Ey([i3,42]+

v3n3) and ho € Ey([i3,12]),9 € 2n2, such that for an appropriate retraction r the
following diagram homotopy commutes.

g6 Zhe, 57,52

e-h’ r

S3 —— ng2

Here h' isa generator of 76S° = 7 /12.

Proof of (1.8). Let M = 52U, e* Uy €® asin Section 1. If m(M) is odd (and
hencew (M) = 0) thereisamap

G:S%U, et = CPy
of degreem (M) in H4 and degree1in H. By (2.6) and (2.9) thismap carries f to
G«f =m(M) - h,

where h isthe Hopf mapin (3.1). Hence (3.1) showsthat «(M) contain {m (M)} €
Z/4.Hencea(M) = {1,3} since (M) isacoset of i2Z /2 and m (M) odd.
Next let m (M) be even. In this case we obtain a map

G: 82U, e* — JpS?

of degreet = m(M)/2 in Hy and degree 1 in H». By (2.6) and (2.9) the map G
carries f to

Gof € Egy,(t - [iz,i2) + - w(M) - ign3).

On the other hand a retraction r : ©.J,5% — S° yields aretraction v’ = r(XG) :
52U, e* — S3 sothatin m6(S3) ® Z /2 we have by (3.3)

rFEfiel =rEG)(Ef)e1l
= p((ZG)(Zf))

= q(GJ)
= t-w(M)mod2.

This shows (M) € i2(Z/2) C Z/4if w(M) = 0 and it yields the formula for
B(M) in(1.8) if w(M) # 0. O
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For the proof of (3.1), (3.3) and (3.4) we need the infinite reduced product J X of
James[Ja] where X isapointed space. In fact J isafunctor which carries pointed
spaces to pointed spaces and one has a canonical natural transformation

JX —» Q%X (3.5)

which is a homotopy equivalence since we assume that X is a connected CW-
complex. Moreover J isamonad in the sense that there are natural mapsi = iy :
X = JX,p: JJX — JX satisfying

pt(ix)=1 and pijx =1 ()
By (3.5) the suspension X can be described by the composite

=0 Y, x] Y% v, gx] -2 [y, 2x], @)

)

where the isomorphism +J is abtained by (3.5).
Proof of (3.1). We consider V' = JCP» and the suspension

S 15CP; —» ms(V) 2 mg(ECP). )
Using g = X2 in (2.1) we see that the sequence
77654 @i ﬂ's(Ss) e, menCP> — 0 (2

isexact since (g, ) isanisomorphismfor n = 7,6; compare 3.4.7 [BO] or V.7.6
[BA]. Here we have (1)3),m6S* = X552 so that the following diagram commutes

71'6(53) b, menCP>

> 3)

552 oV L ws(V,52) —2 s 82 0.
The bottom row is exact. The space V' is a CW-complex in which al cells have
even dimension. Therefore we obtain the exact sequence

r6(VE, V%) —2e ms(V%,57)  ma(V, $2) - 0, @

Let S3, = 53 = S3andlet A = S5, Vv 53, bethe one point union with inclusions
iw,ig : S° C A accordingly. Then V4 is the mapping coneof g: A — 52 with
giw = [t2,t2] @nd gig = n. This showsthat

1s(V4,5%) 2w ma(AV 52,

o (9:1)« (5)
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commutes. Theisomorphismis = = (m,,4),0~1 asin (2.1). Moreover we have
7T4(A \Y 52)2 = Z/Z’iwﬁ:g D Z/Z’iHng + Z[iw, iz] + Z[iH, ’iz].
The space V' has exactly 3 cellsa, b, ¢ of dimension 6. Let
Pa: 82X CP =V,
pp: CP x S2 =V,
PeiS?x 82 x 82 JS2CV
be the canonical maps given by 5% C CP,. Thena = p,(e? x €%),b = py(e* x €?)

and ¢ = p.(e? x €2 x €?) where e? U * = §? and S? U e* = CP,. We claim that
00 defined by (4) and (5) satisfiesthe formulas:

{ 00(a) = 00(b) = [in,i2] + [iw,12] + iwna, ©)
00(c) = 3[iw, i2)-
Moreover we have for ji, defined by (1) and (3)
Jis(h) = [in, iz (7)
Now (6) and (7) yield by (4) the propositionin (3.1). In fact by (3) and (5) the
group
sV 2 (Z/20ZB L)) ~ (8)

is generated by iy s, [im, i2], [iw , i2] With the relation 80(a) ~ 0and #9(c) = 0
where .. h isrepresented by [if,, i2]. Hencei.h in (1) isagenerator of w5V = Z /6.
It remains to prove the formulas in (6). Since S¢? is non trivial in S2 x CP, and
CP, x S? we seethat iyy13 hasto be asummand of #9(a) and #0(b). On the other
hand we show below that

200(a) = 200(b) = 2lig, iz + 2iw, iz). 9)

Thisimpliesthefirst formulain (6).
Fori = 1,2,3let S; = S? be the 2-sphere with 2-cell ¢;, that is S; = * U e;.
Moreover let T = S; x S» x S3 and let

& :8;CS1V SV S3="T?

betheinclusions. Thenthecell e; x e; iINT withi < j hastheattaching map [&;, £;]
which is the Whitehead product of &;, ¢;. Hence 7% is the mapping cone of

g: A= S12V 813V S3 = S1V SV S3,

where S1» = S13 = Sp3 = S% and g|S;; = [&;,&;]. Moreover let w € 75(T*#) be
the attaching map of the 6-cell e; x ez x ez inT. Then we know

w € By([€12, &3] + [£13, §2] + [€23, £1)), (10)
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where &;; 1 S;j CAC AVT?and¢; : S2 C T? C AV T? arethe inclusions.
Formula (10) corresponds to the Nakaoka Toda formula [NT], see dso 3.6.10 in
[BO] or [BI]. Now (10) and the canonical map 7' — J.S? show that the second
formulain (6) holds. For thiswe use the naturality (2.3). On the other hand we have
the canonical map \: S? x S? — J»,52 — CP, which is of degree 2 in Hy. Then
(10) and themapsp, (1 x A): T — V, pp(A x 1): T — V show that (9) holds. For
this we again use (2.3). O

Proof of (3.3) and (3.4). The space J>5? is the 4-skeleton of J.S?; let j :
J»52 c JS? betheinclusion. Then j induces the exact sequences

0 Z 7T5J252 LI 7T5J52 0
) ¢ (1)
0 2% . 2072/2%% 2/302)2 0.

Here 0 isthemap in (2.5) for g = [i2,¢2]. Inthetop row 1 € Z is mapped to the
attaching map w of the 6-cell in .J.S2 for which §(w) = (3, 0) by (10) in the proof of
(3.1) above. Recall that the second coordinate of §(z), z € w5252, coincideswith
q(z) € m55* = 7./2. Thekernel of § isgiven by theinlcusioni, : 75S? C 75.J,52.
We now obtain by the mapsin (3.5) (1) the following commutative diagram

165°  egs? L 75(J S?)
i (Ji)» i
ro(SJS?) rs(J552) D ro(JIS?) %)
Tx Ul U2

; 9
16(S%)  75(J2S?) —Ls m5(J5?) = 7SS,

Here u1, resp. uy, isinduced by the inclusion iy : X C JX with X = J,52
and X = JS? respectively. We have duiz = X(x). Moreover we have ju,up = 1.
Now wegetfory = r,X(x) € mg(S®) theequation Yuiz = i,y + 2 withr,(z) = 0
and 2z = 0 sincekernel (r,) = Z/2. Now we obtain

urr =9 iy + 2) = (Ji) 9ty + 9712 (3)
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and hence by diagram (2)
Jx(x) = pa(Jg)suaz
= 9Ly + o (Jj)9 Lz 4
Therefore we get
0js(z) =y +2' =r.5(z) + 2, ()

where 2’ isan element of order at most 2. Sincethe kernel of 4’ in (1) isthe element
of order 2 wethusderivefrom (5) theresult in (3.3) and (3.4) respectively; compare
the definition of ¢ in (2.4). O
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