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SPECIAL TIGHT CLOSURE

CRAIG HUNEKE anpD ADELA VRACIU

Abstract. We study the notion of special tight closure of an ideal and show
that it can be used as a tool for tight closure computations.

§1. Introduction

Since the inception of tight closure theory, the problem of how to com-
pute and analyze the tight closure of an ideal has been of paramount im-
portance. The prevailing sense of how the tight closure of ideal I compares
to I is that the extra elements needed to obtain the tight closure of I are
much ‘deeper’ in the ring than the generators of I. The first result of this
type is due to K.E. Smith [Sm]: she proved that if R is a normal graded
finitely generated algebra over a perfect field of positive characteristic, I is
a homogeneous ideal generated by forms of degrees at least § then every
x in the tight closure of I but not in I must have degree at least ¢ + 1.
The second author of this paper was able to extend this result to non-
homogeneous ideals (still in a graded normal ring as above). This was done
via a canonical decomposition of the tight closure in terms of the ideal plus
another piece called the special tight closure. The purpose of this paper
is to prove that the tight closure of an arbitrary ideal in a normal ring of
positive characteristic with perfect residue field can be computed as the
sum between the ideal and its special tight closure. Thus, the special tight
closure can be envisioned as a technique for computing tight closure, or
rather for imposing strong restrictions on the set of elements that can be in
the tight closure. As an application, we prove that if (R, m) is an excellent
normal local ring with perfect residue field and gr,, R is reduced, then for
every ideal I C m*, I* C I +mF*1 a direct generalization of Smith’s result
to the local case. A consequence is that every ideal that lies between mF*
and mF*t1 is tightly closed.
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One would like even more precise results. For example a special case
of a theorem due independently to N. Hara [H| and Mehta and Srinivas
[MS] states that for large characteristic, if R is a Cohen-Macaulay graded
ring with an isolated singularity and xi,...,x, are a homogeneous system
of parameters of R of degrees dy, ..., d,, then

(1, .y xn)* = (21, ..., xn) + R>p

where D = dy + ... + d,, and where R>p is the ideal generated by all
forms of degree at least D. (See [HS] for some background information
concerning this theorem.) What the best possible theorem might be remains
a mystery. We begin by introducing the relevant definitions and giving some
background.

DEFINITION 1.1. Let (R,m) be a local Noetherian ring of character-
istic p, p prime, and let I be an ideal. We say that an element x € R is
in the special tight closure of I if there exists ¢ € R? and a fixed power of
D, qo, such that cz? € ml9/®I1ld for all ¢ > qo, or equivalently such that
20 ¢ (mllo))*.

In studying tight closure, it is natural to restrict our attention to a
certain class of ideals, namely those ideals that are minimal among ideals
having the same tight closure.

DEFINITION 1.2. Let (R, m) be local characteristic p ring. An ideal I
of R is *—independent if it can be generated by elements f1,..., f, (equiv-
alently, for every minimal system of generators f1,..., f,,) such that for all

izl,...,nwe have f1¢ (fl,...,fifl,fprl,...,fn)*.

We note the following properties of special tight closure:

PROPOSITION 1.3.  For a local ring (R, m) and an arbitrary ideal I, the
following hold:

(1) mI C I*P C I*.
(2) If I is x—independent, I**P N[ =ml.

Proof. The first inclusion in (1) follows by choosing gg = 1 in Definition
1.1, while the second inclusion follows from the definitions as well, since
cxd € mla/olfld = cp9 € 119 = g € I*. Part (2) is contained in Proposition
4.2 in [Vr]. U
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It is of considerable interest to identify situations in which I* can be re-
covered from I*P. In Theorem 4.4 in [Vr], it was proved that this can
be accomplished if R is the localization of a normal N-graded ring at the
maximal homogeneous ideal.

We now show that the assumption on the grading is unnecessary, thus
the special tight closure technique for computing tight closure is available
in a much larger class of rings.

The following result will be very useful. For a proof, see Proposition
2.4 in [AD].

PROPOSITION 1.4. Let (R,m) be a excellent, analytically irreducible
local Ting of characteristic p, let I be an ideal, and let f € R. Assume
that f ¢ I*; then there exists qo = p°° such that for all ¢ > qo we have
14 fa ¢ mla/aol,

§2. Main result

THEOREM 2.1. Let (R,m) be a characteristic p local excellent normal
ring, with perfect residue field. Then I* = I + I*™P for every ideal I. In
particular if I is x—independent, we have a direct sum decomposition

I* 1 I*spP
ml  wml wml’

Note that the second statement of the conclusion follows immediately
from the first statement and the second part of 1.3. Before beginning the
proof we need several lemmas.

LEMMA 2.2. Let I = (f1,...,fn), and f € I*. Assume that for all
i =1,...,n there exists an element o; € R such that

f'i ¢ (f+aifi7f17"' 7f’i—17fi+17"' 7f7’b)*
Then f € I+ I™P.

Proof. Let f'= f+a1f1+ -+ anfp; clearly f' € I*. We claim that
foralli =1,...,n, we have

f’i ¢ (flaflv"'7f’i—17f’i+17"'7fn)*'

Since

(fluflu"'7fi*17f’i+17"‘7fn) - (f+aifi7fl7"‘7fi717fi+17"‘7fn))
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this follows from the hypothesis.
Let ¢ € R? be such that ¢(f')9 € Il9 for all ¢, and write

o(f)T=arf{ +- - +anfi.
Then there exists fixed gg = p® such that for all i, we have

a; € (F)fls o F fns e 1) 1 S mle/ael,

where the last containment follows since we have shown that f; ¢ (f,
fis-os fie1s fit1s- -+, fn)* and can apply Proposition 1.4. 0

The next lemma is a crucial step needed in the proof of our main
theorem.

LEMMA 2.3. Let (R,m) be excellent normal local ring of positive char-
acteristic p, and let I = (f1,..., fn) be an arbitrary ideal. If f € I*, there
exists a test element ¢ and a power qg of the characteristic such that

cf? e Il 4 ma/a0gld]
for all ¢ > qq.

Proof. There is no loss of generality in assuming that fi,..., f, are
x—independent, because otherwise we can replace them by a x—independent
subset, generating the same ideal up to tight closure.

Since the ring is normal, the ideal defining its non-regular locus has
height at least two, and moreover one can choose two elements ¢, d in this
ideal, forming a regular sequence. Theorem 6.2 in [HH] shows that we
can replace ¢ and d by some powers c”, d™ and obtain a regular sequence
consisting of test elements.

Write

cff=a1fi+...+anfl, and dff=biff+...+buf2,

with a1,...,a,,b1,...,b, € R. Multiply the first equation by d and the
second one by ¢, then subtract the second equation from the first; we get:

n

Z(dai — Cbz)fzq = 0.

=1
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Since I is *—independent, this implies that there exists a ¢ (independent
of q) such that da; — cb; € m%% N (c,d). By the Artin-Rees lemma it
follows that there exists a g2 > ¢1, also independent of ¢, such that da; —
cb; € m/© (c,d), and therefore we can write da; — cb; = cu; + dv;, with
ui, v; € m?%. Because ¢, d is a regular sequence on R, this implies that we
can write a; = v;+cg;, b; = —u;+dg;. Recalling that ¢f? =" a; Z-q, we see
that c(f7— > u; f{) € m/® 114 which shows that cf9 € cIld +me/eorld, ]

We now begin the proof of the theorem.

Proof. Let I = (f1,...,fn)and f € I*. There is no loss of generality in
assuming that [ is *—independent. We show that one can find aq,...,a, €
R such that the condition in Lemma 2.2 is satisfied. There is no loss of
generality in working with ¢ = 1. Assume by contradiction that for every
choice of @« € R we have f1 € (f + afi, f2,...,fn)". Let Jo = (f +

afi, fo,..., fn) and let In = (fo, ..., fn).
Use Lemma 2.3 to write

(1) cf? = cug fi mod (I([)q],mQ/qoff)

for some u, € R.
We claim that u,q = (uq)” (mod m) for all ¢ > 0. To prove the claim,
raise Equation 1 to the pth power to obtain

(2) PP = P (ug)P 7 mod (IPY, mpa/w fray,

Using Equation 1 in which ¢ is replaced by pgq, and then multiplying by
1 we get

(3) P P9 = Puy, 14 mod (I(gpq],mp‘”qoffq )
Comparing Equations 2 and 3, we get
[ (upg — (uq)?) — M] f1* € 1§,
for all ¢ > 0, where M € mP?/%. We obtain that
P (upg — (ug)?) = M € I§": f{* C mPa/

for some fixed ¢; and all large ¢ since f1 ¢ I (using 1.4). Then there exists
a fixed constant k such that

& (upg — (uq)’) € w0/
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for all large ¢. Hence up, — (uy)? € mP/F . P and the latter ideal is
proper for large enough ¢ since ¢P has finite order (it cannot be 0). Hence
Upg — (ug)? € m for all ¢ > 0.

Since the residue field R/m is perfect, we can choose a € R such that
a? = —uy (modm) for all ¢ > 0.

Using the assumption that f; € J: and Lemma 2.3, we get

cfi € (I, e(f + a? ff), m/% f4, m/ f),
Multiply by ¢ and use Equation 1 to obtain
Cfi € (I, (ug + af) ff, m?/ 0 f),
and therefore we have
FI[ (1= Blug+a%) —C] e 19,

for some B € R and C' € m%/%,

Note that the element ¢ (1 — B(uy + 4)) —C (which multiplies f{ into
I([)q]) has bounded order (by the same reasoning as in the above paragraph)
as ¢ > 0 increases, because uy+a? € m by the choice of . This contradicts
the assumption that I is *—independent. U

83. Applications

As an application, we obtain a generalization of one of the main results
in [Sm], showing that there is an explicit lower bound (depending on the
ideal) on the order of any element in the tight closure of an ideal, provided
that (R, m) is complete normal and gr,, R is reduced.

We wish to thank the referee for suggesting the present form of the
results in this section.

THEOREM 3.1. Let (R, m) be an excellent normal domain, with perfect
residue field. Assume that there exists a filtration F = {F}y} consisting of
m-primary ideals, such that the graded ring gr F = @©F})/Fy+1 is reduced.
If I us any ideal such that I C Fy, then I* C I+ Fiqq.

In particular every ideal I with the property that Fyy1 C I C Fy for
some integer value of k is tightly closed.

Proof. Note that the assumption that gr F is reduced implies that
each of the ideals F is integrally closed. If u € Fj_1\ F}, it follows that
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u" ¢ Fyp—1)41 for all n > 1. This shows that an equation of the form
u" +au 4 an_ju+a, =0, with a; € F}, is impossible (because then
an—iu" € Fp_pypFik—1) C Fuk—i C Fyy—1y41 foralli =0,...,n — 1).

It is sufficient to show that I**P C Fj;. Assume by contradiction that
there is a u € I**P, u ¢ Fj11. The assumption that gr F is reduced implies
that u% ¢ Fiq 41 for every qo.

Choose a fixed ¢ such that there exists a go with cu?9 € m47l0d for
all ¢ > 0. Since the ideals F 1[(1} are cofinal with m9, one can re-adjust ¢g so
that, taking into account the fact that 71909 C (Fj,), we have

(4) U™ € (Fi ).

Since Fjg4,41 is integrally closed, we can choose v a valuation such that
v(u?) < v(Fiq, +1). Apply v to Equation 4:

v(e) +qu (™) = qu (Fiikg) -

Dividing by ¢ and taking limits, we get v (u%°) > v (Fi{pq,), Which is a
contradiction. 0

Note that Theorem 2.2 in [Sm] can be recovered as a particular case of
Proposition 3.1: Smith’s result assumes that R is a graded normal finitely
generated ring over a perfect field, and concludes that every homogeneous
element x in the tight closure of a homogeneous ideal I generated by forms
of degree at least &, but not in the ideal itself, must have degree at least
o+ 1.

COROLLARY 3.2. Let (R,m) be an excellent Cohen-Macaulay normal
local domain with minimal multiplicity, i.e. e(R) = edim(R) — dim(R) + 1,
and with perfect infinite residue field. If gr (R) is reduced, then R is F-
rational, i.e. all parameter ideals are tightly closed.

Proof.  According to Theorem 4.2 (d) in [HH], it is enough to show
that one parameter ideal is tightly closed. Let a be a parameter ideal which
is a minimal reduction of m. The minimal multiplicity assumption implies
that m? = ma, since

e(R):z(§> :z<%)—z(%) >14n—d,

where d = dim(R),n = edim(R) = p(m), with equality if and only if
m? = ma. Thus we have m? C a C m; according to Theorem 3.1, this

implies that a is tightly closed. b
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Continuing along the same lines yields the following Proposition, which
may be useful for the study of so-called big ideals (an ideal is big if every
ideal containing it is tightly closed).

ProrosITION 3.3. Let R, F be as in Theorem 3.1; assume in addition
that gr F is a domain. Let I be an ideal of R such that Fyo C I C F, for
some n. Let fi,..., fe,l1 +91,...,ls + gs be a set of generators for I, with
fisoo s ftsg1s-39s € Fpya, and l,...,ls € F, \ F41. Let Iy be the ideal
of gr F generated by the classes of lg,...,ls in Fy/Fny1.

If 1y is tightly closed in gr F, then I is also tightly closed.

Proof. It is enough to show that I*? C I. Let u € I**P. By The-
orem 3.1, we may assume that u € F, 41 \ F,42, and as in the proof of
Theorem 3.1, we can choose ¢ € F,, \ Fy41 and g such that cu? € Fq/qOIM
for all ¢ > qo.

In gr F, this yields an equation of the form

= B 4+ BT

where the overline represents taking the class in Fyn+1)/Fatqnt1)+1-
Since I is tightly closed, this implies that w € Iy, where uw represents

the class of w in F,11/F, 2. Thus, u = a1ly + - -+ + asls mod F, o2, where

ai,...,as € F1. Since a;l; = a;(l; + g;) mod F, 19, it follows that w € I. []

Note that this proposition allows us to reduce showing that the non-
homogeneous ideal [ is tightly closed to showing that a homogeneous ideal
Iy is tightly closed.

Theorem 3.1 and Proposition 3.3 can be applied in particular for the
case Fj, = mF
gr, .

, with the corresponding assumptions on the graded ring

If in Proposition 3.3 one assumes instead that R is graded normal do-
main, with m denoting the maximal homogeneous ideal, and the filtration is
Fj, = mF, the same proof shows that I* C I + ISSP (remove the assumption
that Iy is tightly closed).
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