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On Maximal k-Sections and Related
Common Transversals of Convex Bodies

Endre Makai, Jr. and Horst Martini

Abstract. Generalizing results from [MM1] referring to the intersection body IK and the cross-section
body CK of a convex body K C R4, d > 2, we prove theorems about maximal k-sections of convex
bodies, k € {1,...,d — 1}, and, simultaneously, statements about common maximal (d — 1)- and
1-transversals of families of convex bodies.

1 Introduction

Continuing [Hal, Ha2, PC, MM1, MM2, MM3, among others], the present pa-
per collects some theorems on maximal k-sections of d-dimensional convex bodies,
where k is an integer between 1 and d — 1 and d is the dimension of the space. A
convex body K C IR(d, d > 2, is a compact, convex set with interior points in R4,
and we write int (rel int) and bd (rel bd) for interior (relative interior) and boundary
(relative boundary) of K, respectively (relative means with respect to the affine hull
of K). A flat is an affine plane in RY, and subspaces in R? are always considered as
linear. A maximal k-section of K is the intersection of K and a k-dimensional flat L,
such that Vi (K N Li) is maximal among the k-volumes of all intersections of K with
translates L + x, x € RY, where Vi denotes k-dimensional Lebesgue measure. The
investigations of maximal (d — 1)- and 1-sections of convex bodies as well as basic
relations between certain star bodies (defined in the following and associated with
a given convex body K C R?) give a natural motivation for the results presented
here. For 0 € intK, the intersection body IK of K is the star body with (necessarily
continuous) radial function V4_; (K N uL) for u € %=1, where u~ is the orthocom-
plement of the unit vector u. This notion is due to Lutwak [Lu], see also [Ga, Defini-
tion 8.1.1], and intersection bodies have various applications in the field of convexity
(dual mixed volumes, Busemann-Petty problem, efc., cf. again [Ga, Chapter 8]).
The cross-section body CK of K is the star body with (necessarily continuous) radial
function maxyep V41 (K N (u + Au)), u € S, This notion was introduced in
[Ma2], ¢f. also [Ga, Definition 8.3.1 and Section 8.3] for various properties and ap-
plications. On the other hand, for 0 € intK the chordal symmetral AK of K is the
star body whose radial function is given by V(K N (uR))/2, u € $4=1 with uR the
linear 1-subspace of R? spanned by u, see [Ga, Definition 5.1.3]. It is obvious that
2AK is the analogue of the intersection body for 1-dimensional sections. Finally,
the difference body DK = K + (—K) (see e.g., [Ga, Section 3.2]) is the analogue of
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the cross-section body for 1-dimensional sections. Evidently we have the relations
IK C CK and 2AK C DK for 0 € intK.

It was shown in [MM1] that each x € R? belongs to a hyperplane generating a
maximal (d — 1)-section of a convex body K C R?. Thus for 0 € intK we have
[bd(IK)] N bd(CK) # @ (actually this last relation was a joint observation of R. J.
Gardner and the second author). On the base of [MMO] this was used in [MM1]
to characterize convex bodies centred at the origin or even centred balls. It was P. C.
Hammer (c¢f. [Hal, Theorem 1, Ha2, Theorem 3.1, PC, proof of Theorem 4]) who
proved that each x € R? belongs to a line generating a maximal 1-section of a convex
body K C R?. Thus for 0 € int K, in our terms also [bd(ZAK)]ﬁbd(DK) = @ holds.
Analogously, one can use this to characterize convex bodies centred at the origin and
centred balls, see [MM1, Proposition 1]. In the present paper we are going to extend
these results to maximal k-sections of convex bodies K C R4, 1 < k< d—1,d > 4.
Moreover, we obtain statements on common hyperplane transversals and common
line transversals of convex bodies that generate maximal (d — 1)-sections and max-
imal 1-sections of each body, respectively. Our results are obtained by elementary
methods from algebraic topology (not surpassing tools from the nice expository pa-
per [Wh]). However, extensions of our Theorems 4 and 5 (and statements close to
our Theorem 3) are contained in the very recent paper [MVZ], but they are derived
by advanced methods from algebraic topology. In addition, the theorems given here
were obtained in essence earlier, see also our final remark in [MM1], where a slightly
weaker form of our Theorem 3 was already announced as a proved statement.

The following notations and definitions will also be useful. We write K|Ly for the
orthogonal projection of a convex body K C R to a k-flat L. For a metric space X
and m > 0, the m-dimensional Hausdorff measure H" is an outer measure defined on
all subsets of X as follows: for A C X

m — : = 3 Am ., m/2 m ﬂ
H"(A) ?i[g(mf{ ;dlam(A,) 72 J("T(1 + 2))]
AcC DAi C X, Vi diam(A;) < 5}) :

i=1

where diam means diameter, cf. [Fe, 2.10.1.-2], or also [MM1, p. 449]. All closed
subsets of X are H™-measurable (see [Fe, pp. 54, 170]). If m is a positive integer, one
calls A C X, with H"(A) < oo, (H™, m)-rectifiable if

Ve >0 3JA. CX, H'(A\A.) < ¢
and A; is the image of a bounded subset of R™ by a Lipschitz map defined on this
subset, see [Fe, pp. 251-252]. If X is a Euclidean space and A is a compact C! m-

submanifold, then A is (H™, m)-rectifiable, and H™(A) coincides with the differential
geometric m-volume ([Fe, Theorems 3.2.26 and 3.2.39]).
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2 Results

As direct generalizations of Theorem 1 from [Hal] (see also [Ha2, Theorem 3.1, PC,
proof of Theorem 4]) and [MM1, Theorem 1], which concern the cases k = 1 and
k = d — 1, we ask the following. Does each x € R? belong to a k-flat generating a
maximal k-section of a convex body K C R Observe that the proof of Theorem 1
from [MM1] has shown actually that each (d — 2)-flat is a subset of a (d — 1)-flat
generating a maximal (d — 1)-section of K. This hints of the possibility that also for
1 < k < d—1each (k — 1)-flat is a subset of a k-flat generating a maximal k-section
of K. This will be confirmed in Theorems 1, 2 and 3 below (for d > 4 rather than
d > 2). Theorem 3 also contains the statement that the k-flats generating maximal
k-sections form a “large” set. This is a generalization of the corresponding statement
of Theorem 1 from [MM1] (except that in Theorem 3 the constant ¢, is not sharp,
while the constant was sharp in Theorem 1 of [MM1]). Moreover, Corollary 1 below
is a generalization of Theorems 2 and 3 from [MM1], which are based on [MMO]
and Proposition 1 from [MM1], which concern the casesk =d — 1 and k = 1.

Theorem 1 LetLi_; C R d > 4, bea fixed (k — 1)-subspace, 1 < k < d — 1, such
that for a given convex body K C R? the relation (int K) N Ly_, # @ holds. Then there
exists a k-subspace Ly O Ly_ such that

Vi(K N Ly) = max{Vi(K N (L +x)) : x € R},

This statement implies analogues of Theorems 2 and 3 and Proposition 1 from
[MM1] with the same proofs, i.e., we have

Corollary1 Letd > 4,1 < k < d— 1, and K C R? be a convex body. If, for each
k-subspace Ly, we have Vi(K N L) = ¢ - max{Vi(K N (Lx + x)) : x € IR(d}, where c is
a constant independent of Ly, then K is centred (i.e., K = —K). If both V(K N L) and
max{Vi (KN (Ly +x)) : x € ]R(d} are constant, then K is a centred ball.

An analogue of Theorem 1 above can be formulated, namely

Theorem 2 Let Ly, C IR("I, d > 4, be a fixed (k — 1)-subspace, 1 < k < d — 1,
supporting or disjoint to a given convex body K C RY. Then there exists a k-subspace
Ly D Lx_, satisfying

Vi(K N L) = max{Vi(K N (L +x)) : x € R},

It should be noticed that the separated formulation of these two theorems is also
motivated by the ways of proving them, see below.

Remark The statements of Theorems 1 and 2 are sharp in the sense that in general
there are no two such Lis. For example, let K be a ball with centre notin Li_. [ |

The Grassmannian Grg is the set of all k-subspaces L of R4, An O(d)-invariant
Riemannian metric on Gr, is given by

ds* = Tr(dT* - dT),
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where the linear operator dT: Ly — Li is identified with its graph, that is a k-
subspace of R? close to Ly. (Tr, *, and + denote trace, transposition and ortho-
complement, respectively.) About the existence and uniqueness of this Riemannian
metric see e.g., [MVZ].

Nevertheless, one can summarize Theorems 1 and 2 by

Theorem3 LetLi_; C RY, d > 4, be an arbitrary, fixed (k — 1)-subspace, 1 < k <
d — 1, and let K C RY be a convex body. Then there exists a k-subspace Ly D Ly_, such
that

Vi(K N Ly) = max{Vi(K N (L +x)) : x € R},

Moreover, the set of all k-subspaces Ly satisfying the last equality (but not the inclu-
sion Ly D Lg_1) cannot be included, in the sense of the above Riemannian metric ds?, in
a H*= V40 measurable, (H*VW=0  (k — 1)(d — k))-rectifiable subset of the Grass-
mannian Grgy, of (k—1)(d —k)-dimensional Hausdorff measure less than some positive
constant cq . This is sharp in the following sense: there exists some convex body K such
that the above set of k-subspaces Ly is a smooth, compact (k—1)(d—k)-dimensional sub-
manifold of Gray, of finite (k — 1)(d — k)-volume, in the sense of the above Riemannian
metric.

It was proved by P. C. Hammer (c¢f. [Hal, Theorem 1, Ha2, Theorem 3.1, PC,
proof of Theorem 4]) that each x € R belongs to an affine diameter (i.e., to a max-
imal 1-section) of a given convex body K C R?. The following theorem is a natural
generalization of Hammer’s theorem since, if K; is a ball, in fact it is Hammer’s state-
ment. As we have been recently informed, this theorem was obtained about 1980 by
V. L. Dol’nikov (unpublished).

Theorem 4 Let Ky, K, C RY, d > 2 be convex bodies. Then there exists a line | such
that Ky N lis an affine diameter of Ky and K, N 1 is an affine diameter of K.

Remark The statement of Theorem 4 is sharp in the sense that in general there are
no two such lines (each carrying a pair of affine diameters with respect to the pair
Ki,K;), e.g., one can see this for K, K, being non-concentric balls. |

On the other hand, replacing k by d — 1 in Theorem 3 (¢f. also [MM1, Theorem
1]) one gets the following: Let K; C R? be a convex body, and K3, . . ., K; be balls
with centres in general position (i.e., these centres span an arbitrarily given, non-
degenerate (d — 2)-flat L;_,). Then there exists a hyperplane L;—; D L;_, cutting

Ky, K, ..., K in maximal (d — 1)-sections. This observation gives a motivation for
(and is generalized by)

Theorem5 Let Ky,...,K; C RY be convex bodies. Then there exists a hyperplane
Ly such that foreachi € {1,...,d} the intersection K; N Ly_; is a maximal (d — 1)-

section of K;.

https://doi.org/10.4153/CMB-2004-024-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-024-3

250 E. Makai and H. Martini

Remark The statement of Theorem 5 is sharp in the sense that in general there are
no two such hyperplanes (e.g., let the convex bodies K7, . . ., K; be balls whose centres
are in general position). u

3 Proofs of the Theorems

Proof of Theorem 1 It is enough to prove Theorem 1 for smooth and strictly con-
vex bodies K C RY. (Namely, by the evident continuity property of k-dimensional
sections through fixed interior points of bodies, in the Hausdorff metric, one can
use a limit process for the general case.) When considering Ly + x, we will suppose
x € L,ﬂ-, the orthocomplement of L, and we seek Ly in the form Ly = Ly_; + uR,
where u € LkL_17 [lul] = 1.

For x € relbd (K|LkL) we have Vi (K N (Lx + x)) = 0 by strict convexity, so
max, Vi(KN(Lg+x)) is attained at some x € rel int(K |LkL ). By the Brunn-Minkowski
inequality (see, e.g., [BF]), for x € rel int(K|L{") the function f,(x) = V(K N (L +
x))l/ k is concave and, by smoothness of K, differentiable. So it suffices to find u €
L,ﬂ;l N8%=! such that the derivative at x = 0 equals 0, i.e., f/(0) = 0. However, f/(0)
depends continuously on the radial function of K and its first derivatives relative to
a point in (intK) N Ly_; (see, e.g., [MMO, Lemma 3.5], or (1) below). Therefore
£(0) is a continuous function of u, and f;/(0) € L implies (u, f;(0)) = 0, and
f,(0) = f!,(0). Thatis, f,/(0) can be considered as an even, continuous tangent
vector-field on the unit sphere of L,ﬂ;l. By Griinbaum’s theorem (see [Grii, p. 40, Sz,
Theorem 1]) this implies that there exists a u such that £,/(0) = 0. [ |

Proof of Theorem 2  For L; supporting K, say, at p, we can apply an approximation
argument. Choose K, — K, p € intK,, with k-subspaces (Li), D Lx—; having the
maximum property. We may assume that (L), tends to some linear k-subspace Ly D
L. By concavity of f,(x) it suffices to show the (local) maximum property only
among linear arrays of translates Ly +x, say {L + Axo } with xy € Li- and A > 0, thus
for k-dimensional sections of a (k + 1)-dimensional convex body. The derivative of
the k-volume of these sections with respect to A is a continuous function of the radial
function of this section and the first derivative of the radial function in the direction
of xp, the radial function taken with respect to a centre c in the relative interior of
the respective section (cf. e.g., [MMO, Lemma 3.5], or (1) below). It will suffice to
consider the case ¢ € intK only. In fact, if Ly satisfies V(K N L) > Vi(K N (Lg + x))
for each x such that (int K) N(Lx + x) # O, then it satisfies the same inequality for
all x. In particular it suffices to consider linear arrays {L; + Axo } such that for A > 0
small (int K) N(Lyx + Axg) # &. For almost all A these derivatives exist a.e., (cf. [Sch,
2.2.4, Fe, 2.10.27 and 3.2.35]). It is enough to prove that, for A > 0 small, if the
derivative of the section volume with respect to A exists (that happens a.e.), it is non-
positive a.e. However, for ¢ € intK convergence of K, to K implies convergence of
the derivatives as well, where these exist for K and each K,,. So the required inequality
for the derivative of the section volume follows from a limit procedure. Thus Ly has
the required maximum property for K.

For the case K N Ly_; = & we may assume by the above approximation argu-
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ment and by [We, p. 335], that bd K is analytic, with everywhere positive principal
curvatures. Let D = {u € L | : [[u]] = 1, KN (Lo + uRY) # o}, that is
a smooth, strictly convex domain on an open half (d — k)-sphere of the (d — k)-
sphere Li- | N $9~1 (where R = [0,00) and uR* = {Au|A € R*}). Then for
u € D we have (intK) N (Ly—; + uR") # @ if and only if u € rel int D, and hence
Ly_1 + uR* supports K if and only if u € rel bd D (rel int and rel bd meant with
respect to Lk{1 N $4=1). Thus, for u € rel int D the derivative £./(0), and hence also
(fH'(0) = d%(fu(x)zﬂxzo (x € Li"), exists and is a continuous function of u, by
smoothness of K. (Recall that pointwise convergence of differentiable convex func-
tions to a differentiable convex function implies pointwise convergence of the deriva-
tives.) Again it suffices to prove that there exists a u € rel int D such that f,/(0) = 0,
or, equivalently, (£2)’(0) = 0.

We assert that (£2)’(0) has an extension to a continuous function D — R?. That
is (by regularity of the involved topology, and using [Bo, Ch. I, § 8.5]), if some (L),
converge to an L, where (intK) N (Ly), # &, and Li supports K, then we have
convergence of the respective expressions (f2)’(0) = d%(Vk(K N ((Ly), + x))z/k)|x:0.
(In this proof we will not use (Lg), D Lx—;.) It suffices to prove convergence of d — k
directional derivatives for d — k orthogonal directions in (L k),f, these d — k directions
converging to some d — k directions as 1 — oo. Below we will choose # sufficiently
large.

We have

1
VK 0 (L) = ¢ / okdo,
Sd?lm(Lk)n
where do is the surface area element on $~! N (Ly),, and g, is the radial function of

K with respect to some relative interior point of K N (L),. Moreover, for (int K) N
(Ly), # 9, we have

d oo,
(1) V(KO (L + %)) [0 = / Qﬁizafb oo,

SA=IA(L)n
where 1) is the geographic latitude in $4=1' N ((Ly), + xR), with north pole ﬁ,

¢f. [MMO, Lemma 3.5]. We consider x varying in a one-dimensional subspace or-
thogonal to (Lx),, and differentiation is meant in this sense. Then

2 _ 0 » 1 1-2/k
(fD)'(0) = p oy ;L da/(g / Q’def)
@) SA=1A(Lp), SN (L)
2 00\ K200 1 / on \ 1-2/k
== —_— d - — ) d
k / (\/E) oy 7 (k (\/g) ")
SA=1(L)n SI=I(L)n

(e > 0 will be chosen later). If (L), is close to Ly, which is contained in a supporting
hyperplane of K, then by a small translation (L), can be moved to a position disjoint
to K. Thus a nearest translate (L;)® of (Ly),, supporting K, is close to (L),, and so
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to Ly, too. In a suitable new coordinate system K has a tangent hyperplane at the
point K N (L;)° = {(0,...,0)}, which is orthogonal to the d-th basic unit vector
es. Moreover, near K N (Lk)0 the boundary of K has a local representation x; =

F(x1,...,x3_1) = Zd ! xz + higher order terms, where a; > 0. By the choice of

i=1 a;
(Ly)® we have (L), = (Lk)2 +y, y € ((Ly)%)*, where y is orthogonal to the tangent
hyperplane of K at K N (L)%. Thus y = eey, where € > 0 is small, and (Ly)? lies in
the x; . .. x4_-hyperplane. Then (L)% > (0,...,0,0) implies (Lg), > (0,...,0,¢),
and so (L), lies in the hyperplane x; = . Choose as centre of polar coordinates the

point (0,...,0,¢) € relint(K N (Lk) ). Then we have that g, is asymptotically the
d—
1= l a

direction and any choice of L, (L), (Lk)g) In particular, (0,...,0,¢) € K.

same as for the surface x; = > ;_ = (their quotient tends uniformly to 1, for each

We recall that x varies in a one-dimensional subspace orthogonal to (Lg),, and it
suffices to consider only d — k such mutually orthogonal one-dimensional subspaces.

One choice is when x is a multiple of e; (the direction in which we differentiate will
be that of the positive e;-axis). Then 09” = 0" ;:g';} = 0, ar’ where E is the partial
derivative in radial direction, in a coordmate system in the x; - - - x4 l-hyperplane,
with origin (0, ...,0). We will consider r as the signed dlstance to (0,...,0), along
a line in the x; - - - x4_1-hyperplane, passing through (0,...,0). On such a line, F

is nearly a quadratic function, and for r > 0 the expression % is asymptotically

2 2 . . . . .
% = % -0 (their quotient tends uniformly to 1, for each such line, and any choice

of Lg, (L), (Ly)2). Thus \g/- is close to the radial function of the set Ed ! z <1,
9os

5. 1s close to 1 /2L W' These depend on the second derivatives of the function

and

representing bd K at the point K N (L,)?, which in turn are close to the corresponding
second derivatives at the point K N Li. Hence we have by (2) convergence of ( £2)’(0)
to a positive value, for x a multiple of e;.

We have still to consider d — 1 — k further choices for xR, orthogonal to (Lg),,
to each other and to e, and thus being parallel to the x; - - - x;_;-hyperplane. Let us
consider one of these. For g, we use the same asymptotics as above. Furthermore,
we have ‘?;; Qn/%—f, where x; = G(x{,...,x)_,) is a local representation of the
boundary of K in a new coordinate system, with the x}-axis being parallel to xR
(and oriented some way). More exactly, in general G has two branches with different
values on its domain of definition, and in the formula for 2 0 * we consider that branch
which passes through the respective point of rel bd (K N (Lk),). The other possibility
is that the values of the two branches coincide at the respective point, and both have
|a—G‘ = 00; then %ﬁ;’ =0.

By the above results on approximation of g, by the radial function of an ellipsoid
we have g, < const -\/¢, the constant only depending on K. Hence, letting H° =
{(x1,...,x3) € R? : x4 = €}, K N H? is contained in the ball about (0, ..., 0, ), of
radius const -1/c. Recall that (0, ...,0,¢) € (Lx), C HF, as noted after the introduc-
tion of (Lx)%. So

(A): Also K N (L), contains (0,...,0,e) and is contained in the ball about
(0,...,0,¢), of radius const - /.

By the same reason as above, K N H® contains a (d — 1)-ball in H* about
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(0,...,0,¢) of radius const -1/¢, the constant being positive and only depending
on K. Hence

(B):KNH">(0,...,0,e)t const /e~ x/ || x|
From (A) and (B), by convexity, for the considered finite value %—f we have |%—f| >
const > 0 for %—f taken in directions lying in Ly, the constant only depending on K.
Hence \%ﬁb < const -/g. Then (2) implies |(£2)"(0)| < const -\/E.

Recapitulating, we have investigated the d — k orthogonal components of ( £2)’(0)
€ (Ly);-. The component in the direction of e; converges to a non-zero vector having
the direction of the interior normal of K at the point K N L. The other d — k — 1
components converge to 0. Hence (f;?)’(0) converges to a non-zero vector having the
direction of the interior normal of K at the point K N L. This proves our claim that
the function (f?)’(0), defined and continuous for u € relintD (i.e., foru € L |,
|| #||= 1, (intK) N (Ly—; + uR*) # &), has a continuous extension to

D={uclLi,: |ul=1,Kn (L +uR") £ a}.

We denote this continuous extension by ¢g: D — RY, which also satisfies g(u) €
L,ﬂ- = (L, +uR)*+ = L,ﬂ;l N (uR)*. Thus g can be considered in a natural way as
a tangent vector-field on the strictly convex and smooth domain D C Li- | N 971,
which is actually contained in an open half (d — k)-sphere of this (d — k)-sphere. As
shown above, for u € rel bd D, g(u) is non-zero and has the direction of the interior
normal of K at the point K N L;. Hence g(u) has also the direction of the interior
normal ofK|L,f;l at the point (K N Lk)|L,ﬂ;l, and so that of the interior normal of D
at u.

If, for u € relintD, g(u) = (£2)’(0) vanished nowhere, then we could define a
retraction h: D — relbd D (i.e., a continuous map, identical on rel bd D) in the
usual way, see, e.g., [HW, Ch. 1V, § 1, C]. Namely, to u € D we associate the point
h(u) € relbd D which is the first intersection point of rel bd D with the geodesic,
on the above (d — k)-sphere, starting from u, in the direction opposite to that of
g(u). Since a retraction D — rel bd D does not exist (cf, e.g., [HW, Ch. 1V, § 1, B]),
therefore there exists a u € rel int D such that (f2)’(0) = 0. As stated above, this
suffices to prove our statement for the case K N Ly_; = &. [ |

Proof of Theorem 3 The first part of Theorem 3 simply summarizes Theorems 1
and 2.

The second part of this theorem follows from results of [MVZ]. We will use on
Grg . the O(d)-invariant Riemannian metric given before Theorem 3. Let

C={L: Ly C Risa k-subspace and Vi (KNLy) = max{V(KN(Ly+x)) : x € lR(d}}.

Further, let C < M, where M is an H*~DW@=K_measurable, (H*-DWE-0
(k — 1)(d — k))-rectifiable subset of the Grassmannian Grgx. Further, for Ly_; €
Grgg—1, let Sg(Lx—1) = {L € Grax: Ly D Lg—1}. Then for each Ly, € Grgr—1 we
have C N Sx(Lx—1) # @ by the first part of Theorem 3. This implies, by the proof
of Theorem 7 from [MVZ], that the (k — 1)(d — k)-dimensional Hausdorff measure
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of M is at least some positive constant depending on d and k (in the notations of
[MVZ], this constant is Cd—1k=1,0)-

It remains to show that there exists a convex body K such that the above set C
of k-subspaces Ly is a smooth compact (k — 1)(d — k)-dimensional submanifold of
Grgy; then it necessarily has a finite (k — 1)(d — k)-volume. Such a K is e.g. a ball
with centre different from 0, since then C is diffeomorphic to Gry_; x—;. [ |

Proof of Theorem 4 Asin the proof of Theorem 2, suitable approximation methods
allow the restriction to smooth and strictly convex bodies K, K,. We have to show
that there exists a u € S9! such that the affine diameter of K, in direction u belongs
to the affine hull of the affine diameter of K; in direction u. (For each u € $9~1, the
uniqueness of affine diameters of smooth, strictly convex bodies parallel to u is easily
verified, see also [Hal, Ha2].) Denoting by f;(u) the orthogonal projection on u= of
the affine diameter of K; in direction u € $%~!, we therefore have to show that there
exists a u € S9! such that

uR+ fi(u) = uR + fr(u),

where for each u € S*! we have fi(u), f,(1) € u™. It is obvious that fi, f, are well-
defined even functions which are also continuous. Thus we can consider f;(u)— f>(u)
as an even, continuous tangent vector-field on $9=1, Then, by Griinbaum’s theorem
(cf. [Grii, p. 40; Sz, Theorem 1]), there exists a uy € S9! such that f;(u) — f,(uo) =
0. So we have fi (1) = f(ug), which implies ugR + f;(19) = uoR + fo(u10). [ |

Proof of Theorem 5 Again, as in the proof of Theorem 2, by analogous approxi-
mation arguments we may assume that the considered convex bodies K1, . . . , K are
smooth and strictly convex. A hyperplane section of K;, having maximal (d — 1)-
volume among all hyperplane sections of normal u € $%~1, is of the form K; N
{x € R : (x,u) = fi(u)}. Here the function f; is well-defined. In fact, suppose
there were two distinct parallel hyperplanes Hy, H, of normal u, with the maximum
volume section property. Then, by the equality case in the Brunn-Minkowski in-
equality, the sections of K; with H; and H, would be translates of each other. Hence,
bYK, N [(H; +H2)/2] D [(K; " Hy) + (K; ﬂHz)]/z, also K; N [(H; +H2)/2] would
be a translate of K; N Hj, j = 1, 2. So bd K; would contain segments. Moreover, f; is
continuous and odd. Namely, (x, u) = f;(u) ifand onlyif (x, —u) = — f;(u), yielding

fi(—u) = — f;(u). We have to show that there exists a direction u € S9! such that
fi(u) = -+ = fa(u), i.e.,, such that the above d hyperplanes {x € R? : (x, u) = f;(u)}
coincide.

We suppose the contraryandlet f = (fi,..., fi): 971 — R4\(1,..., 1)R, which
is odd. Here R?\(1, ..., 1)R is isomorphic to R*\ (e;R), where the usual basis of R?
is denoted by {ey, ..., es}. Moreover, we have R?\ (¢;R) = (R*~'\{0}) x R. Denot-
ing the composition of f and the isomorphism above by g, we see that g: $9~! —
(R=1\{0}) xR is obviously odd and continuous. We can write g(u) = (g1 (), £(1)),
with g, (1) € R9=1\{0}, g&(#) € R (thus in complementary subspaces). So g;, g, are
components of an odd, continuous function; they are themselves odd and continu-
ous. First we only consider g; as a map from S9! to R*~! (by R*~!\ {0} ¢ R?~"). By
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continuity and the Borsuk-Ulam theorem (see, e.g., [Wh, Corollary 12]) one knows
that there exists a u € S9! such that g, (1) = g,(—u). Moreover, by oddness we have
g1(u) = —g1(—u). These together imply that g1 (1) = 0, a contradiction. ]

4 Final Remark

Unfortunately, the proof of the very last announced statement from [MM1] (on k-
dimensional sections and projections, where correctly V(K |L,ﬁ)_1 stands) could not
be reproduced by us; thus it remains a conjecture. Anyway, it is equivalent to the
statement that, for 1 < k < d — 1, most convex bodies, in the sense of Baire category,
have no generalized plane shadow-boundaries with respect to illumination from any
projective (d — k — 1)-subspace of the hyperplane at infinity, as can be shown by
considerations analogous to those in [Mal]. (The shadow boundary of a convex body
K with respect to illumination from a projective (d — k — 1)-subspace Py__, of the
hyperplane at infinity is | J{K N Ly : Ly— is a supporting (d — k)-flat of K, the pro-
jective extension of which contains P;_k_; }. The shadow boundary is a generalized
plane shadow boundary if the following holds: letting L} _, be the (d — k)-subspace
whose projective extension contains P;_j_, there exists a k-flat Ly intersecting Lg_ k
transversally, such that Ly N bd(K + Lgfk) is a subset of the shadow boundary.) We
yet remark that, for the case of 0-symmetric convex bodies, an analogous statement
was announced, without proof, in [Gr, Theorem 31].
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