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ABSTRACTS OF THESES 

David A. K l a r n e r , P h . D . , E n u m e r a t i o n involving Sums over 
Compos i t i ons , U n i v e r s i t y of A lbe r t a , Edmonton, Sep tember 1966. 
( S u p e r v i s o r : E . L . Whitney (deceased)) 

In this t h e s i s we have p r e s e n t e d a theo ry for s u m s having the 
f o r m 

(1) b(n) = S f ( a 1 , a 2 ) f ( a 2 ) a 3 ) . . . f ( a i _ 1 ) a . ) g ( a i ) ) 

w h e r e the sum extends over a l l compos i t ions (a , a , . . . , a.) of n 

in to an u n r e s t r i c t e d number of pos i t i ve p a r t s . The n u m b e r s {f(m, n)} 
and {g(n)} a r e given by gene ra t ing functions F(x, y) and G(x) 
r e s p e c t i v e l y , and we seek a r e l a t i onsh ip be tween these functions and the 

gene ra t ing function B(x, y) = S b(a, n) y x , whe re b(a, n) denotes 
n, a 

the p a r t i a l sum obtained f r o m (1) by summing over j u s t those compos i t ions 
of n with a = a. We show in Chapter I that 

(2) B(x ,y ) = G ( x y ) + - T 7 / F(xy, { ) B(x, s) — , 
ZTTI J

 C s s 

w h e r e c i s a contour in the s p lane which inc ludes the s i n g u l a r i t i e s of 
\ 

F(xy, ~ ) / s , but exc ludes those of B(x, s ) . The r e l a t i o n (2) i s a 

spec i a l c a s e of the F r e d h o l m i n t e g r a l equat ion which can be solved by 
s t anda rd m e t h o d s d e s c r i b e d in Chapter I . 

Chapter II begins with a conc i se defini t ion of an n - o m i n o and a 
d e s c r i p t i o n of the woak done on the ce l l growth p r o b l e m . Eden 
p roved that the following s p e c i a l c a s e of (1) gives a lower bound for 
the n u m b e r of n - o m i n o e s : 

(3) b(n) = S ( a +a - l ) ( a +a - l ) . . . ( a . , + a . - l ) . 
1 2 2 3 l - l l 

Using the m e t h o d s d e s c r i b e d in Chapter I, we find the genera t ing 
function of {b(n)} as defined by (3); a l so , we find this gene ra t ing 
function by an e l e m e n t a r y method in o r d e r to show, in one i n s t ance at 
l eas t , the advantage of t r ea t ing the F r e d h o l m equat ion. 

In Chapter III we p rove t h e r e a r e m o r e than (3 .6) n - o m i n o e s 
for a l l sufficiently l a r g e n. To do this we p rove that 

(4) f (a , a 2 , . . . , a . ) > f(a , a ) f ( a 2 , a ) . • • f ( a
i _ 1 > a ) , 
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w h e r e (a , a , . . . , a . ) d e n o t e s a n y c o m p o s i t i o n of n , ^and f (p , q, . . . ) 

d e n o t e s t h e n u m b e r of n - o m i n o e s w i t h p c e l l s i n t h e f i r s t r o w , q 
c e l l s i n t h e s e c o n d r o w , and so o n . N e x t w e f ind t h e g e n e r a t i n g 
f u n c t i o n of { f ( m , n)} , and u s e t h e F r e d h o l m e q u a t i o n to f ind a l o w e r 
b o u n d f o r 

(5) b (n ) = 2 f ( a . a J f ( a , a J . . . f ( a . a . ) , 
1 Z Z 3 l - 1 l 

w h i c h i s i n t u r n a l o w e r b o u n d f o r t h e n u m b e r of n - o m i n o e s . 

R e a d s t a t e d and p r o v e d a g e n e r a l c o m b i n a t o r i a l t h e o r e m 
w h i c h h e u s e d to f ind t h e n u m b e r of n - o m i n o e s w i t h 1, Z, 3 , 4 , o r 5 
r o w s of c e l l s . I n C h a p t e r IV w e s o l v e R e a d ' s p r o b l e m b y m e a n s of 
t h e F r e d h o l m e q u a t i o n . A l s o , w e i n d i c a t e a m e t h o d f o r f i n d i n g t h e 
n u m b e r of n - o m i n o e s w i t h k r o w s u s i n g l i n e a r d i f f e r e n c e e q u a t i o n s . 

H a r a r y , P r i n s , and T u t t e u s e d P o l y a ' s t h e o r e m to e n u m e r a t e 
p l a n t e d p l a n e t r e e s ; a l s o , t h e y g a v e a o n e - o n e c o r r e s p o n d e n c e b e t w e e n 
t h e p l a n t e d p l a n e t r e e s w i t h n+Z n o d e s and t h e ( t r i - v a l e n t ) p l a n t e d 
p l a n e t r e e s w i t h Zn+Z n o d e s i n w h i c h e a c h n o d e h a s v a l e n c e e i t h e r 
1 o r 3 . I n C h a p t e r V w e s h o w t h a t t h e m e t h o d s of C h a p t e r I a p p l y 
t o t h e s e e n u m e r a t i o n p r o b l e m s a s w e l l , and go o n to e n u m e r a t e s p e c i a l 
c l a s s e s of p l a n t e d p l a n e t r e e s , f o r e x a m p l e , p l a n t e d p l a n e s t r e e s h a v i n g 
n o d e s w i t h v a l a n c e e i t h e r 1 o r k . F u r t h e r m o r e , w e g i v e a v e r y 
s i m p l e c o r r e s p o n d e n c e b e t w e e n t h e p l a n t e d p l a n e t r e e s and t h e t r i - v a l e n t 
p l a n t e d p l a n e t r e e s by m a t c h i n g t h e s e t r e e s w i t h t h e e l e m e n t s of a 
c e r t a i n s e t of b i n a r y c o d e s . 

We d i s c u s s t h e c o n n e c t i o n b e t w e e n t h e F r e d h o l m e q u a t i o n and 
t h e g e n e r a t i n g f u n c t i o n s f o r c e r t a i n a r i t h m e t i c f u n c t i o n s i n C h a p t e r V I . 
S u m s e x t e n d e d o v e r the d i v i s o r s of n m a y b e t h o u g h t of a s s u m s 
e x t e n d e d o v e r j u s t t h o s e c o m p o s i t i o n s of n i n w h i c h a l l of t h e p a r t s 
a r e t h e s a m e . A l s o , b y d e f i n i n g 

/ /x ,/ v / f * ( m , n ) , if m < n 
(o) f ( m , n) ={ - . 

y 0 , o t h e r w i s e 

t h e i n d e x of s u m m a t i o n i n (1) i s a c t u a l l y r e s t r i c t e d to t h e p a r t i t i o n s 
( a J < a_ < . . . < a . ) of n , s i n c e a l l o t h e r c o m p o s i t i o n s of n o n l y 

1 ~~ Z — — l 
c o n t r i b u t e 0 to t h e s u m . U s i n g t h i s i d e a , w e a r e a b l e to e s t a b l i s h 
a l i n k b e t w e e n t h e F r e d h o l m e q u a t i o n and t h e t h e o r y of p a r t i t i o n s . 

C h a p t e r V I I c o n t a i n s s t i l l a n o t h e r a p p l i c a t i o n of P o l y a ' s 

f u n d a m e n t a l t h e o r e m , t h i s t i m e to f ind t h e n u m b e r of n o n - i s o m o r p h i c 
g e n e r a l i z e d g r a p h s w i t h n n o d e s . A g e n e r a l i z e d g r a p h i s a p a i r 
(N , N) , w h e r e N = { 1 , Z, . . . , n ) i s t h e s e t of n o d e s , and N i s 

n n 
s o m e s u b s e t of t h e k - t u p l e s N X N X . . . X N c a l l e d t h e e d g e s e t 

n n n — 
of t h e g r a p h . 
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