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WEIGHTED RESTRICTION FOR CURVES

JOSEPH D. LAKEY

ABSTRACT. We prove weighted norm inequalities for the Fourier transform of the
form

weswh, ([ Foopa)’ < c(f, opwd),

where v is a nonnegative weight function on R? and : [—1, 1] — R is a nondegenerate
curve. Our results generalize unweighted (i.e. v = 1) restriction theorems of M. Christ,
and two-dimensional weighted restriction theorems of C. Carton-Lebrun and H. Heinig.

1. Introduction. Restriction theorems for curves may be viewed as generalizations
of Zygmund’s two-dimensional spherical restriction theorem, which states that if 1 <
p<4/3and1<q<p'/3, then

1.1 Vf € LPRY), (/2 [f‘(a)r’da](a)f <c([, [f(x)f”dx)'%.

Here X; denotes the unit circle and o, is arclength measure.

Extensions of Zygmund’s result, where o) is replaced by (affine) arclength measure
on general plane curves, including degenerate curves, were proved by Sjolin [Sj]. More
recently, Carton-Lebrun and Heinig have cleverly adapted Sjolin’s techniques to obtain
weighted restriction theorems for plane curves, where the L7 norm on the right hand side
of (1.1) is replaced by a weighted L” norm.

In another direction restriction to curves in d-dimensions has been investigated by
Prestini [P1; P2] and Christ [Chr]. Prestini’s main contribution was the reduction of
the restriction problem (for nondegenerate curves) to estimating the (fractional) Van-
dermonde form f — 12, f(x;) [T <i<j<a |X: — xj|~". Sharp “L? estimates” for the Van-
dermonde form were obtained by Christ [Chr], who also proved restriction theorems for
certain degenerate curves with Euclidean arclength measure.

Our goal is to prove weighted restriction theorems of the form

(1.2) Vf € SR, ( /:5 6[f(w(t))[qdz)% < c( /R @) dx)'l’ ,

where 1 is a nondegenerate curve in R? and v is a nonnegative weight function. We
prove weighted extensions of Christ’s d-dimensional restriction theorem with weights
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satisfying conditions similar to those of Carton-Lebrun and Heinig. We also establish
weighted restriction theorems where weights lie in certain Wiener amalgam spaces, and
are especially adapted to restriction for compact curves. In particular we prove a new
weighted extension of Zygmund’s theorem. Our theorems are only proven for nondegen-
erate curves, although our techniques also work for curves of finite type as considered in
[Chr]. Our “reference measure” is Euclidean arclength measure, as opposed to affine ar-
clength measure. Our techniques are therefore not easily adaptable for proving weighted
extensions of the deep work of Drury and Marshall concerning restriction to degenerate
curves in higher dimensions.

The author wishes to acknowledge his indebtedness to his thesis advisor, Profes-
sor John Benedetto, for his boundless patience and encouragement.

2. Notation and background. R? denotes the Euclidean space of d-tuples
(x1,...,xq4) of real numbers. For a nonnegative measurable function v on R4, and 1 <
p < 0o, we consider the weighted L” spaces

1= {f Wl = [, Feolve dx < ool
Given f € L'(R?), the Fourier transform of f is
fo) = [, e f vy dx,

where (x,y) = 2}1:1 Xy

A (compact) curve in R is a continuous map 1: [—1, 1] — R?. For our purposes, ¥
will be assumed to be smooth (or at the very least C¢ where d is the dimension). We say
that 1 is nondegenerate at t € (—1, 1) if the vectors 1/'(¢), ¥"(¢), ..., v¥(¢) are linearly
independent. We need a few additional definitions and lemmas for what follows.

In Section 4 we shall study restriction with weights satisfying certain local and global
integrability conditions. Given exponents 1 < p, g < 0o, we define the Wiener amalgam

spaces,
N
WL, %) = {fi A llwaar o) = (Z (/ [f(x)|”dx) ) < oo}.
nezd O
Here 74 is the integer lattice (ny,...,ng) wheren; € Z,j = 1,...,d,and Q, = n+[0, 1)4.

Similarly, we define

W2, 1) = {f : fllwar= = sup lfxo i < oo}
nezd

and
WL, 1) = {f : Ifllwaesn = [{IFxo.lle~}

We shall use the following Hausdorff-Young theorem for Wiener amalgam spaces, see,
e.g., [FS]

1a <OO}'
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THEOREM 2.1.  Whenever 1 <p, q <2 one has

2.1 Vf € WL, %), HfHW(Lq’,lﬁ’) < vaq”f”W(l/’,l‘l),
with constant Cy, 4 independent of f.

The following lemma concerns rearrangement weighted norm inequalities for the
Fourier transform, e.g., [BH; JS; Mul].

LEMMA 2.2.  Given nonnegative functions u, w on R¢ and exponents 1 < 3 < a <
00 satisfying

2.2) sup( /0 ) dz)é ( /0 Sy ! dz) 7 < 0.

s>0

One has

@3 vFel'nL®y, ([IFolumdy)” <o [ IFolPwedr)’.
Here u* denotes the decreasing rearrangement of u (see, e.g., [StW, Chapter V]).

The following two lemmas are due to M. Christ.

LEMMA 2.3 ((CHR; LEMMA 2.1]).  Let ¢: [—1, 1] — R? be nondegenerate at t = 0.
Then there is aé > 0 and C > 0 such that in the region E = {x : 0 < x; <xg < -+ <
xg < 6}, we have the Jacobian estimate

dy
(2.4) HE ¢ 1w-x

where y = qu:[ Y(x;) is a nonsingular change of variables on E.

LEMMA 2.4 [CHR; PROPOSITION 2.2].  For0 < 1, one has

d
2.5) V20, [TIf0) I Ixi— x| dxi - dva < Cllfllfmy
j=1 i<j
if and only if
2.6) n< 2 anals =Dy
d p
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3. Restriction with weights. Our first result is

THEOREM 3.1.  Given a smooth curve 1: [—1, 1] — R? for which 1 is non-degen-
erate att = 0. For some 6 > 0 fixed, and f € C>*(—4,6), set

3.1 Af(Y) = /i exp(—Zwi(w(t),W))f(t) dr.
Suppose that

d+2 d(d+1)q
(3.2) dr1 4o I<rs o a—g+2

andv € Ll +(R?) satisfies

oc?

(3.3) sup[sw%ﬁ /0 WPy () dz] < o0

s>c

for some ¢ > 0. Then if § is sufficiently small and C > 0 is large enough one has

(3.4) Vf € C7(=6,0), ”VA’%Af“U’(Rd) < Cnf“u'(;(s,(s)-

PROOF . First we wish to obtain an expression involving Af which looks like a
Fourier transform. Since v is nondegenerate at t = 0, we may choose 6 > 0 such that
after a nonsingular change of coordinates (on R? and [—§,6]), ¢ has the form (1) =
(t.92(1), .., (1)) where (1) = #(1 + O(1)) as t — 0, ¢f., [Chr]. For simplicity (that
is, in order to apply Lemma 2.4) we shall prove the result for f o), since the estimate
for fx (s is essentially the same.

Now we decompose [0, 6). For o € S (the symmetric group on d letters), let E, =
{x € R : 0 < xp1) <+ < Xgay < 8}. Then [0,8)¢ = Uyes,E, almost everywhere.
Furthermore, the E,’s are pairwise disjoint, since for x € [0,8)? satisfying x; # x; for all
i # j, arranging the x;’s in increasing order determines a unique element 7 € S;.

Notice that for o € S, fixed,

d d d
(3.5) (arm)* = a! [E U exp(—27ri(7, > ¢(x,-)>) [/t d--ds.

If 6 is small enough (depending on 1)), then by Lemma 2.4 the change of variables y; =
Y4, ¥j(x;) is admissible on E,. Thus we may rewrite

(3.6) (arn)” = a [lfllf(xi)xD)g—;‘HAm

where D is the image of E = E;; under the change of variables x — y above (here
integration is with respect to the y variable). Since y = (Z (X, ..., 0 z/;d(x,-)) we have
ly| <M =d 2-sup,€[0 5 |¥(®)|. We now argue as in [C-L,H] in order to apply Lemma 2.2,

where F(7) = (Af(’Y))d Jd\u=v'"" o= p'/d and w(y) = w(]y|) = (X[o,m(lyl))~l'
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Let Q (M) be the volume of a ball of radius M in R?. Since w~!(y) = x[oa(|y|), one
has
0, t>Q;M)

W)@ = inf{s >0: ‘{ye RY: jw™!| >S}' <t} = {1 0<t<QuM) "

Thus if we take ¢ = (Q,,(M))AI condition (2.2) of Lemma 2.2 is equivalent to

G.7) sup(s 5 / o7y (t)dt) < 0o.

s>c
Suppose for now that (3.7) holds. By Lemma 2.2 one then gets the Fourier transform
norm inequality

’ , 4 1
(3.8) ([1E s ) < c([IFoPwordy)’,
provided 3 < p’/d. “Unchanging” variables y — x and applying Lemma 2.3 we get

tasle, < o[ [Treof |2 e -an)’

i=1

E,

(3.9)

Wi

< ([ s Tloy —x)'Pdn ---dx),

i<j

where [f(x)|? = g(x)).
Finally applying Lemma 2.4 gives

, d
(3.10) v Afllg, < Cligllz =
provided

CHf”Lq’ ’

2

B-1< 7 and
1 - -
1, @-hd-1
r 2
Here we have defined ¢’ = (r. It remains to show that (3.2) and (3.3) imply (3.11), (3.7),
and the condition 3 < p’/d used in obtaining (3.8).

To say that (3.2) implies (3.11), what we mean, precisely, is that if 3 and r are defined
in terms of each other as in (3.11), then § — 1 < %. The relationships between ¢, 3, and
ryieldq = pr=2B/(2— (B — 1)(d— 1)). This is equivalent to g = 23'/(d + 1), or

_ d+1\\'  qd+1)
A= (‘1( 2 )> Tgd+D)—2
Now the restriction on ¢ in (3.2) implies 8 < (d + 2) / d, which gives (3.11). Next we
show that 3 < p’/d, or p < (3d)". By (3.2),
< dd+1)q B dd+1)q
P=T{@+n@d=1nq+2)  dd+Dg—(d+g—2)
(d+l

q) ( d+1 ,)/ ,
:_.T,—: dl——q) | =@p).
d("z‘ Yy —1 < 2 )

(3.11) =1

1<
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Finally, since ¢ = 23'/(d + 1), the supremum in (3.3) is essentially the same as the one
in (3.7). This completes the proof. »

COROLLARY 3.2.  Under the hypotheses of Theorem 3.1,

G.12) vge SRy, ([ Je(vw)[ ar)" < Clgls.

PROOF. We use a simple duality argument. First take, say, g € S(R?) and f €
C(—¥6,0). Then by Fubini, Holder, and the theorem, one has

[ fagovw)di= [ snarmnar
< llellzlicaryv=elly < Cligl 1l o s
Dividing by ||f]| /s and taking the supremum over f gives the result. =

REMARK 3.3. Checking the exponents in the theorem shows that we are reduced to
the nondegenerate case of the theorem of Carton-Lebrun and Heinig when d = 2 and to
the nondegenerate case of Christ’s theorem when v = 1.

4. Weights in Wiener amalgam spaces. In this section we present a result sim-
ilar to Corollary 3.2. Our theorem involves a different class of weights, although the
techniques are more or less the same. The weight condition is membership in a Wiener
amalgam space, and in particular, the condition does not involve rearrangements. The
conditions on the exponents arise from applications of the Hausdorff- Young theorem for
Wiener amalgam spaces, along with Lemmas 2.3 and 2.4.

THEOREM 4.1.  Lety: [—1, 1] — R? be a C* curve which is nondegenerate att = 0.
Letv € Ll ,+(R% and letp, q, 1, s, o, 3 be exponents satisfying the following:

(4.1) VP e w ), 1<r s<oo,
P’ P
£\ > s >
(4.2) (d>r_2and(d)s_2,
PNy
. > (&
43) 82 ((%)s).
0<B-1<2,
44 {é" (541)2((171)’1: 1,
and
4.5) q' = Ba.

Then for C > 0 large enough and 6 > 0 small enough,

4.6) vge sy, ([ Je(wo)[") < Clslls
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PROOF.  The theorem will follow in the same manner that Corollary 3.2 follows from
Theorem 3.1 once we show that

Vf € C(=9,6), ”Vi’;Af”u/(Rd) < C”f”Lq’(_M),

where Af is as in (3.1). As in the proof of Theorem 3.1 we establish the formula (3.6),
then look for conditions which imply

d

@.7) ([R ; B 707 () dw)’7 < C( /R FOPxpG) dy)‘_l’.

Subsequent change of variables gives the result. To show how the Wiener amalgam space
conditions give (4.7) we proceed as follows.

Let V = v!'~7" and suppose that V € W(L", ). We’ll argue for the case where 1 <
r,s < 00, and the other cases will follow by similar arguments. We have

E T T dy) = p> [ IO ) ay
R

< 3 ([ ort) (], Vo)
(4.8) N
(EZJU |[E(m)| ) ) (gd(/nvf(w)dv):'):

—”VHW(LM:’)( (/ IF(W)I ))l

Now set 1 = p'r/d and u = p’s/d. Thatis, s/r = u/tand s = ud/p’. Then the right
hand side of (4.8) is

NN

1
. A 4
Wharar{ 5 (PO ) = 1V
n

Applying Theorem 2.1, it follows that the left hand side of (4.7) is bounded by
IVl wer s HF||W(LM vy Provided (4.2) holds. But

o

1Py, = (2, 17 77)—
<(2(f, 7))

<#{n:0,ND # O}sup( [ |7’
< Cp|Fl|s.

™~

The first inequality follows from Holder and (4.3), and the second follows from the fact
that F'is actually supported in D. Thus (4.7) holds as long as (4.1)-(4.3) hold.
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The remainder of the argument is the same as in the proof of Theorem 3.1. That is,
we unchange variables and apply Lemmas 2.4 and 2.5, which give (4.6) provided (4.4)
and (4.5) hold (in Lemma 2.4, we take @ = p, 3 — 1 = 7, and ¢’ = B«). This proves the
theorem. [

It appears to be a rather gruesome task to check all of the conditions of Theorem 4.1.
The following example gives a generalization of Zygmund’s restriction theorem when
d=2.

EXAMPLE 4.2. Let V = v!"?" € W(L', ) (the theorem still applies to such V). In
view of (4.1), we have ¥ = 1 and s’ = oco. Now (4.4) implies « = 2/(3 — 3) where
1 < 8 < 2.Butfor 8 < 2, condition (4.3) implies

2202 () =325,

so that 1 < p < 4/3. Notice then that (4.2) is automatically satisfied. In view of (4.5)
the corresponding condition on g is

: 28 2G%) 2p p
TENEI 53 e-p-p 3-2

That is, ¢ < (2p/(3 — 2p))’ = p’/3. Thus we have

COROLLARY 4.3. Let 1 < p <4/3andq < p'/3, and v > 0 such that vier e
W(L',I°) be given. Then for > 0 sufficiently small,

1

Vg € S(R?), (/i |8(cost, sint)[th>é < C(/R2 lg(x)|”v(x)dx);.

REMARK 4.4. This corollary shows that existence of restrictions of elements of
weighted L? to the unit circle depends only in a weak manner on the local behavior of
the weight. In fact, this result extends the known class of functions whose Fourier trans-
forms have well-defined restrictions to the unit circle. For example, consider the weight
v(x1,x2) = |(sinx;)|%, and the function f(x) = 5% [x; — n|= Xinnen-1(X1) * X[—1,1(x2).
For appropriate choices of « and 7, one can get f ¢ LP(R?) forany 1 < p < 4/3 but
v € W(L', 1) and f € LJ(R?) for some such p, so that the Fourier transform of f will
restrict to the unit circle.
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