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Abstract. In this paper we prove that the moduli spaces M Ijpz.+1(k) of mathematical instanton

bundles on PZ*** with quantum number k are singular for n > 2 and k > 3, giving a positive
answer to a conjecture made by Ancona and Ottaviani in 1993.

M athematics Subject Classification (1991): 14F05, 14D20.

Key words: Instanton bundles, moduli spaces.

I ntroduction

Throughout this paper k will be an algebraically closed field of characteristic zero
and P?*+1 the (2n+1)-dimensional projectivespaceover thefieldk. Let M I, .1 (k)
be the moduli space of all mathematical instanton bundles over P?**+1 with second
Chern class c; = k. Related to the smoothness of M I, 1(k) there are two
important conjectures:

CONJECTURE 1. The moduli spaces M I3(k) are smooth of dimension 8k — 3.

It is well known that the moduli space M I3(k) is nonsingular of dimension
8k-3forany k < 4 (See[B1] for k = 1, [H2] for k = 2, [ES] for k = 3, and [B2]
or [LP] for n = 4); and as far as we know Conjecture 1 remains open for k& > 4.
For n > 2 the situation is quite different and we have:

CONJECTURE 2. For all integersn > 2and k£ > 3themoduli spaces M I5,,11(k)
aresingular.

In [AO1], Ancona and Ottaviani have recently proved: (1) the moduli spaces
M I, 1(2) are smooth, irreducible of dimension 4n? 4 2n — 3; and (2) the moduli
spaces M I5(3) and M I5(4) are singular. The main goal of this paper is to show
that Conjecture 2 istrue.
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OUTLINE OF THE PROOF

First of all we observethat for any instanton bundle E on P>, H'€nd(E) = Ofor
i >3, H6nd(E) = k (E issimple) and h'&nd(E) — h2End(E) = —k2(*";Y) +
k(8n?) + 1 — 4n? (by Hirzebruch-Riemann-Roch). Let M° := MIS, (k) be
the irreducible component of M 15,1 (k) containing special instanton bundles. In
[AO; Theorem 3.7], Anconaand Ottaviani proved that special symplectic instanton
bundles are stable and the generic special instanton bundleis stable. Therefore the
Zariski tangent space of M I5,.1(k) at special symplectic instanton bundles can
be identified with Ext}(E, E).

Very recently Ottaviani and Trautmann have proved that for any special sym-
plectic instanton bundle E € MI9, ,(k), h2End(E) = (k — 2)?(*', ) [OT]. In
this paper, for all integersn > 2 and k& > 3, we will construct deformations E’ of
specia symplectic instanton bundlesin MI§n+1(k) satisfying (Cf. Theorem 3.1):

h%mﬂE©<h%nﬂEy=m—2FCm;1>

Putting altogether we get that for all integersn > 2 and k& > 3, the moduli
spaces M I, +1(k) aresingular at least in special symplectic bundles.

This paper was written in the context of the group ‘ Vector Bundles on higher
dimensional varieties' of Europro;.

Notation

Throughout this paper k will be an algebraically closed field of characteristic zero
and P?**+1 the (2n+1)-dimensional projective space over the field k. We denote
by O(d) the invertible sheaf of degree d on P>+, For any coherent sheaf F' on
P21 we use the abbreviations F(d) := F ® O(d), H'F = H'(P",F) and
h'F = dim, H'(P", F). The terms vector bundle and locally free sheaf are used
synonymously. We will use the definiton of stable and semistable dueto Mumford-
Takemoto ([OSS]).

1. Instanton bundles

We will begin this section recalling the notion of monad and the basic facts on
Instanton bundles needed in the sequel.

DEFINITION 1.1. A monad over P?*** isacomplex of vector bundles:

0-A%BYCc S0

with ab = 0,a: A — B an injective bundle-map and b: B — C surjective. The
vector bundle E := Ker(b)/Im(a) is called the cohomology bundle of the monad.
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Amonad0 — A% B-% C — 0hasaso-caled display: thisis a commutative
diagram with exact rows and columns:

0 0
0—A K E 0
0 A—" +B Q 0
b
C=———=°C
0 0

where K := Ker(b) and ) := Coker(a). From the display one easily deducesthat
rk(E) = rk(B) — rk(A) — rk(C) and ¢, (E) = ¢;(B)cy(A) "L, (C) 7L

DEFINITION 1.2. A mathematical instanton bundle on P2+ with quantum num-
ber k isarank 2n vector bundle E on P>+ satisfying:

(1) E has Chern polynomial ¢;(E) = (1 —t?) % =1+ kt? + - -,
(2) E hasnatural cohomology in therange —2n — 1 < d < 0, that isfor any d in

that range h' E(d) # 0 for at most one, and
(3) therestriction of E' to agenera lineistrivial.

Remark 1.3. In the origina definition in [OS] the additional condition E is
simple is imposed. However, it has been shown in [AQ] that this last condition is
already a consequence of (i) and (ii).

As an easy consequence of the above definition we get:

(1.4) Let E beaninstanton bundleon P?**1 with second Chern classk. Then,
E isthe cohomology bundle of a monad of the following type:

0= kO(—1) 3(2n + 26)0 B kO(1) — 0. (*)

Moreover, any vector bundle E on Py, 1 which appears as the conomology bundle
of a monad of the type (*) is a rank 2n vector bundle on P?**+1 verifying the
conditions (1) and (2) of definiton 1.2 [AO1].

https://doi.org/10.1023/A:1000185912933 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000185912933

112 R.M. MIRO-ROIG AND JA. ORUS-LACORT

With respect to a fixed system of homogeneous coordinates Xo, ..., Xo,11
of P2+ the morphism A (resp. B) of the monad (*) can be identified with a
(k)z(2n + 2k) (resp. (2n + 2k)z(k)) matrix whose entries are homogeneous
linear polynomials of k[Xo, ..., X2,+1]. Then the conditions that (*) is a monad
are equivalent to: A, B haverank k at every point z € P?**1 and AB = 0.

DEFINITION 1.4. An instanton bundle E is caled symplectic if there is an
isomorphism E % EV satisfying ¢¥ = —.

We recall from [AQ1] the following definitions:
DEFINITION 1.5. A bundle S appearing in an exact sequence:

055 50t E0o1)° -0 (**)

is called a Schwarzenberger type bundle (STB).

A particular classof STB that wearegoingtouseinthesequel arethegeneralized
Schwarzenberger bundles on P?*** introduced in [ST]. Set d = 2n + 2k,c = k
and

ro Tr1 ... Ip Yy Y1 ... Yn
Bt = o X1 ... Ip Yo Y1 --- Yn
o I1 ... Tn Yo Y1 --- UYn
where (zo, ..., Zn, Yo, - - - , Y ) are homogeneous coordinates on P?"*+1, B defines
(asin (**)) a(2n +k)-bundle S¥ on P>, We call ageneralized Schwarzenberger

bundle, and we denote it by S*, any bundle of the form S¥ = ¢*Sk for some
g € Aut(P?+1),

DEFINITION 1.6. Aninstanton bundle arising from amonad (*) wherethe kernel
KerB isageneralized Schwarzenberger bundleis called a special instanton bundle.

In [ST], Spindler and Trautmann proved that there exists a coarse moduli space
for special instanton bundles on P?**1 of quantum number k. Its dimension is
2n? 4+ 3n for k = Land 2nk + 4(n + 1)%> — 7fork > 2.

2. Determination of Ext?(E, E)

The aim of this section is to compute Ext?(E, E). The method is essentially the
one used in [AQ] and [AO1] but we includeit for helping the reader.

Remark 2.1. Let E be an instanton bundle arising from a monad (*). We can
easily check that Ext'(E, E) = 0 fori > 3, Hom(E, E) = k (E is simple) and
dim Ext'(E, E) — dim Ext?(E, E) = —k?(*"; ") + k(8n?) + 1 — 4n2.

Thefollowing Lemmais the key point of our computations:

https://doi.org/10.1023/A:1000185912933 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000185912933

MODULI SPACE OF INSTANTON BUNDLES 113

LEMMA 2.2. Let E be an instanton bundle on PZ**1 with second Chern class k
arising from the monad:

0 — kO(—1) 2(2n + 2k)0 B kO(1) — 0. *)
Then, H2(End(E)) = Coker(dg) where

do: Hom(O(—1)%, ©2"+2) 1 Hom(0?"*+2 0 (1)%) — Hom(O(-1)%, 0 (1))
is the morphismgiven by do(a, b) = Ab+ aB.

Proof. Using Kiinneth Theorem (Cf. [G]; p. 100) we get that FF = E ® E is
the cohomology bundle of the simple complex:

0 = K20(—2) — (4k2 + dnk)O(—1) 2 (6K + 8nk + 4n?)O
% (4k% 4 4nk)O(1) — K20(2) - 0
associated to the double complex:

0 0 0

0 0(-1)f © 0(-1)f — 0" 2 O(-1)f — 0 ® O(-1)) —— 0
0 O(_l)kz ® 02n+2k= 02n+2k= ® 02n+2k= O(l)k ® 02n+2k 0
0 0(-1)f @ 0(1)F —— 0™* x O(1)* ok 2 01k 0

0 0 0

The above complex is exact except in the midle term and therewe have E @ EV =
Ker(a)/Im(3). Therefore, we have the exact sequences:

0 — k20(—2) — (4k% + 4nk)O(-1) S 1m(B) — 0,
0— Im(8) — Ker(a) - E® E” — 0,

0 — Ker(a) — (6k% + 8nk + 4n?)O — Im(a) — O,
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0 — Im(a) — (4k2 + 4nk)O(1) — K>0O(2) — 0,

and we obtain H%(E ® E*) = H?(Kera) = H'(Ima) = Coker(dp).
Using the above notation, we have:

dim Ex(E, E) — dim Coker(do) = (2”; 3

= (2”; 3) k? — 2k(2n + 2k)(2n + 2) + dim Ker(dp).

>k2 — dim Im(do)

Assume that A (resp. BY) is the matrix which presents a module P (resp. Q).
We define M = M (A, B!) .= M(A ®id,id ® B") asthe matrix which presents
the tensor product of P and @; and we denote by syz1 M the dimension of the
k-vector space of the syzygiesof M of degree 1. We have dim Ker(do) = syz1 M
and we obtain the following useful formula:

dim Ext?(E, E) = k(2n%k — 3nk — 5k — 8n? — 8n) + syzaM (% %)

that will be used in the sequel.

3. Maintheorem

Now we are ready for proving that for all integers k£ > 3 and n > 2, the moduli
spaces M I, +1(k) aresingular at least in special symplectic instanton bundles.

THEOREM 3.1. For all integersk > 3and n > 2, the moduli spaces M I5,,+1(k)
aresingular.

Proof. Let Ey be a special symplectic instanton bundle on P?**+1 with second
Chern class k. By [AO; Theorem 3.7] any symplectic special instanton bundle
on P?"+1 js stable; hence using deformation theory the Zariski tangent space to
the moduli space M I,,.1(k) at the point corresponding to Ej is isomorphic to
the vector space Ext}( Ep, Eo) and the obstructions to extending an infinitesimal
deformation lie in Ext?( Eq, Eo).

From [OT; Theorem 4.1], we get:

dim Ext!(Eo, Eo) = 4k(3n — 1) + (2n — 5)(2n — 1)

and

dim Ext3(Eo, Eo) = (k — 2)2<2” , 1).

Let M° C M1y, 1(k) betheirreducible component containing special instan-
ton bunles on P?**1 with second Chern class k. By [AO; Corollary 3.10] ageneric
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vector bundle E € MO is stable. Hence for proving Theorem 3.1 it is enough to
construct avector bundie E € M°withdim Ext}(E, E) < dim Ext!(Eo, Eo). Let
us denote by E,, the special instanton bundle on P?**1 with second Chern class k
defined as the cohomology bundle of the following monad:

0 — kO(-1) B (2n + 2k)0 B kO(1) — 0,

where
ro I1 Tn Yo
Bt = ro X1 Tn
To T1 Tn
and
Yn - Y1 Yo
A, = Yn Y1 Yo
M, ... My Moy M N, ...

Y1 Yn
Yo Y1 Yn
Yo Y1 Yn
—In, —Tr1 —I0
—Zp —T1 —Zo ,
N1 Np N

*)

where M; = (1 —u)y; +uy;—1 fori =1,...,n, Mo = (1 — u)yo, M = uy,
Ni=(u—1z; —ux;1fori=1,...,n, No= (u—Lzoand N = —ux,,.

We have constructed a flat family {E,}, i of specia instanton bundles on
P2»+1 with second Chern class k& which is a deformation of Eg in M°. Using
lemma 3.2 and the above formula (x ) we get:

dim Ext*(E,—1, Ey—1) < dim Ext?(Eo, Eo)

or, equivalently,

dim ExtY(E,—1, Ey,—1) < dim Ext'(Eo, Eo).

This gives us that M1I5,.1(k) is singular at least in the special symplectic

instanton bundle Ej.

LEMMA 3.2. For all integersk > 3andn > 2, wetakethe (k)x(2n+2k) matrices:

To 21 Ty,
B(k)! = To 1
Zo
and
Yn
Ay (k) = Yn
M, ... M1 My

T

x1

- Y1 Yo
Y1 Yo

Yo

M N, ...
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where M; = (1 —u)y; +uy;—1fori =1,...,n, Mo = (1 — u)yo, M = uyy,

Ni=(u—1Vz; —uz;1fori=1,...,n, No= (u — L)zpand N = —uzx,,.
Assume that A, (k) (resp. B(k)?!) is the matrix which presents a module P, (k)

(resp. Q(k)). We define M, (k) := M (A, (k), B(k)*) asthe matrix which presents

the tensor product of P, (k) and Q(k). Then, we have:

(1) syz1(My—o(k)) = (k—2)?(2n—1)(n—1) — k(2n%k — 3nk — 5k — 8n? —8n);

(2) syza(My=1(k)) < syz1(My=o(k))

Proof. (1) It follows from [OT; Theorem 4.1] and the above formula (***).
(2) We denote by S; (M, (k)) the k-vector space of the syzygies of M, (k) of
degree 1. We consider the k-linear map

Wy: S]_(Muzl(k)) — Sl(MuZO(k - 1))

which sends v = (PL,...,PFtn pintt o pgkten,  pL.. PFT
prtrtt L pEte Pl PR PR L P L Py, PR
PRI P2 € 81 (My—1(k)) 10T (v) == (PL, ..., Py PFt2
Pt L PZ ... PR PR PR Pl,,...,PE,
PEt PR Py P P L PETY €
S1(Myu—o(k — 1)) (The indexing P/ has been chosen accordingly to the shape
of the matrix M,,).

CLAIM. dim Ker¥, < 12k + 20n — 10.

Proof of the claim. For dl integersi = 1,...,2kandj = 1,...,2k + 2n, we
consider thelinear forms P/ := X ;w0 + - -+ + X}, ;xn + Y0+ - + Y, yn €
Klzo, ..., Zn,Y0,--.,yn]. Noticethat Ker(Uy) isthe k-vector space generated by
the vectorsv = (PL,..., P20, Py ... P22, i PL ... Pty sais
fying the following conditions:

(1) P/ =0forl<i<k—1andje{1,...,2k+2n}\{Lk+n+1}
(2) P/ =0fork+1<i<2k—1andj e {1,...,2k+2n}\ {k+n,2k+2n}
Q) v € S1(My=1(k))

On the other hand condition (3) is equivalent to condition:

(3)v(My=1(k)) = (0,...,0)

Therefore, Ker(Uy) is the k-vector space generated by the vectors v :=
(PL,..., P2, pl . PEFT2n, Py PR verifying:

(1) P/ =0fori<i<k—1andj€{l,...,2k+2n}\{L k+n+1}
(2 P/ =0fork+1<i<2k—1andje{1,...,2k+2n} \ {k+n, 2k + 2n}
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and the following 2k — 1 equations:

(33) Pz'lyn—l + F)ik+n+l(_$n—l) + Pzikgfo +oeeet leljnwn + szk—i-n-i—iyo +oet
pEriteany, —0fori=1,...,k—1;
(3b) P]i€+lfzyn+_ . _+P]£€+n+171yo+Pk2k+n+lfz(_xn)_i_' . '+Pl€2n+2k+172(_x0)+

Plitw, + PRy, = 0fori =1,...,k — 1;

(30) Plyn—1 + Plyn—2 + -+ + Pfyo + Py, + PETH(—zp1)+
P]i€+n+2(_xn_2) 4o+ P]ic+2n(_$0) + P]€2n+2k(_xn) + szkxo 4ot
Py, + P22,f+"yo +--+ P22,f+2”yn =0.

The k — 1 equations (3a) give rise to the following relations among the coeffi-
cients of thelinear forms P/ := X} @0+ -+ + X} ;0 + Yo+ -+ + Y, jyn €
kl:xOJ"'JxTUy()?"'?yTl] (Z = 17"'7k_ 1)

X+ Xy =0forl<f<y<nBEn—1 ad y#n-1;
SXEI X X = 0forl < f<n — 1

XA X =0

_Xsijn+1 + Xﬁ':z?c—l + sz'iri,% —0

YO+ Xt =0for1<By<n, B#n—1 and y#n-—1
—Y Ryt X = 0fori<y<n and y#£n— 1
XL 4V + XS —ofor 1< f<n and BAn—1

> CRTED Saral i St prih at i AnEl:

Vit Py ittt = ofor i< f<y < B#An—1 ad y#n-—1;
Yii+ y:jlrf;:w LY S0 forl<f<n—1;

Y +Yoiht=0;

Y1, 4 yhgzricly ykt2ns

n,2k n—1,2k

The k — 1 equations (3b) giveriseto thefollowing relations (i = 1,..., k — 1):

Xhpem ity IRt — 0 forl< By <m;
k+n—i—p+1 k+n—i—y+1 .

Yo eyt =0 forl< <y <m;
ktn—i—y+1 2k+2n—i—f+1

X Ty =0 forl<psy<m

_ Xé’f;rn“_i _ Xslzrzﬂ—i—ﬂ“ + X’EJZTL =0 forl<pB<mn;
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2k+n—i+1 k+n _ Q.
_Xn,k + Xn,k—l—i =0

B,k+i

k—i+1 2k+2n _ A
Yn,k + Yn,k-i—i - 0’

Xlﬁc-ll;l—i B Y2]}cg+2n—i—ﬂ+1 4 x2k+2n _ g
n7

B,k+i

Xk+nfﬂ+l*i _ YﬂleJrnfi+l + Yk+n -0

nk B, k+i

R.M. MIRO-ROIG AND JA. ORUS-LACORT

forl<fp<nm;

forl< g <nm;

forl<fp<nm;

Xﬁj];l_l _ Yn271]€€+n—z+l + ykt+n + x2k+2n _ 0.

n,k+i

n,k+i

Finally, from the equation (3c) we obtain the following relations:

k+2n—8 k+2n— k+5
Xk U Xy T X+ X

k+2n—8 k42 k+ ktn _
X U XET X + Xy =

n,k

2k+2n k+n _ A
—Xok A+ Xow =0

B - 2k+n+p 2k+nty _
YV Y T+ YT X =0

-6 k+ 2k+n+p3 2k+2n _
Yo Y YT+ Y =0

k+n 2k+2n _ A
Yn,k + Yn,Zk; - O'

X5+ Xpom T -y vk =0

8,2k

+k 2k+2 k+2n—p k+8 _
X+ Xgo ™ =Y, Y, =0

n,

n—-y 2k+n—+y 2k+2n k4+n
Xpg T X YT HY

v,2k =

k+n 2k+2n 2k+2n k+n _
Xn,k + Xn,Zk; - Yn,k + Yn,Zk =0.

k+y _
26 =0

forl<pf<y<nmn;

0 forlg<pB<m;

forl<pf<y<nmn;

forl< g <n;

forl < 8,y <n;
forl<fpg<nm;

forl<y <m;

Putting altogether, we get, after an intricate computation, that dimKer ¥, <

12k + 20n — 10, which proves our claim.
Using the k-linear map ¥, we obtain:

syza(My_1(k)) = dim Sy(M,_1(k)) = dim(Ker®y) + dimIm(¥y)

< dim(Ker ) + syz1(My—o(k — 1)) < (Claim)

< 12k + 20n — 10 + syz1(My—o(k — 1)) = (Lemma3.2(1))

2
= syz1(My—o(k))

which gives what we want.
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Remark 3.2.1. For our purpose it is enough to see that syz1(M,—1(k)) <
syz1(My—o(k)) and we do not need to know the precise value of syz1(M,—1(k)).
After computing the first cases using the computer program ‘Macaulay’ [BS], we

guess:

syz1(My—1(k)) = syz1(My—o(k)) — (4n — 5)(k — 2).
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