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Let k be an algebraic number field of finite degree, A the maximal abelian

extension over k, and M a meta-abelian field over h of finite degree, that is,

M/k be a normal extension over k of finite degree with an abelian group as

commutator group of its Galois group. Then AM is a kummerian extension

over A. If its kummerian generators are obtained from a subfield K of A,

namely if there exist elements au . . . , at of ϋf such that A M= A(mV«i, . - ,
mV#/), then we shall call M a meta-abelian field over k attached to K. If

furthermore there exist bu . . . , bs of K such that AΛf= A(*S/fc, - - ΛV"&")

and M contains all m-th. roots of unity (ί = 1, . . . , 5), then we shall call M a

K-met a-abelian field over k and bu . . . , bs M-reduced elements of K. For k-

meta-abelian fields over k, we have in [2] the decomposition law of primes of

k in M υ The purpose of the present paper is to show that this decomposition

law is effective also for meta-abelian fields over k attached to k, or more exactly

these fields are already ^-meta-abelian fields over k. We shall have a little

more generally the following

THEOREM. If M is a meta-abelian field over k attached to K, then MK is

a K-meta-abelian field over k.

In order to prove the theorem it is sufficient to observe the case where K

is equal to k. Now let M be a meta-abelian field over k attached to kt Ao the

largest abelian subfield of Mf and Mi a cyclic subfield of M over Ao whose

degree is a power of a prime /. Then there exists an element aι of k such

Received May 31, 1961.
1 } The symbol [ a j is not defined in [2] for the case r=Q. Therefore to state the

L p J»

decomposion law it is necessry that r > l , namely k containes all /-th roots of unity.

But if we define \ a =1 or =0 according as a^^-i) = \ or # 1 (mod. p), then, remark-
L p J "i

ing that lemma 4 in [2] is also true for r=0, we have the decomposition law in M/k by

means of this symbol also for the case r = 0. Here I — I = •— does not hold
L p JnL p Jn L p J"

when \ a ] =0.
L p J'ί
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170 YOSHIOMI FURUTA

that AMi = A{ll>isjai ),2) and Mi is necessarily normal over k. Since M/Ao is

abelian, M is the composite of such Mi. Therefore in order to prove the

theorem we may assume that A M = A( /V« ) with a single element a of k.

Thus the essential point of the proof is the existence of a M-reduced element

of k.

First in §3, we shall show that a can be so chosen that Aoί'V a )/Ao is a

kummerian extension (weakly M-reduced element of k). To do this we study

in §1 extensions of the type F{l'\J~a)/F with o ε F , which are not necessarily

kummerian over any algebraic number field F of finite degree. Here the

treatment of the case where / = 2 and ^-l&F (radical case) is especially

complicated, because the extension obtained by adjoining a 2"-th root of unity

is in general not cyclic. Next in § 4, w e shall study the characters of AM/Ao,

substantially using the normality of M/k. Finally in §5, applying the above

results, we shall conclude the proof. The results in § 2 are not necessary for

the proof of the theorem, but we add them to complete the statement in § 1.

Throughout this paper the following notations will be used.

P the rational number field.

k the ground field which is an algebraic number field

of finite degree.

A the maximal abelian extension over k.

F any algebraic number field of finite degree.

/ a fixed positive rational prime

C/« = C(M) a fixed primitive Γ-th root of unity such that

C'ιn = ζ[n)t ζ[nh . . . indefinite primitive /M-th roots of unity.

C/£ = C(*), C***, . . . indefinite 7n-th roots of unity.

'V a an Γ-th root of a such that ^TψcΓ) = '"""'V~a .

the composite of all F/«, » = 1, 2,

2 ) Because, there exists an element b of k such that AMi = A("V&) Let m~luxt

(*, /) = 1. Then AΛf/ = A(w'V~fr )-A('V&~)^A, and (AM*; A(ιV T> )) = (A(ίW#ίVΊb") A(*V b ))
is prime to /. But since (AMr, A) is equal to a power of /, we have necessarily
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Fι" the multiplicative group consisting of all Γ-th

powers of non-zero elements of F.

®(K/F) the Galois group of a normal extension K/F.

(K; F) the relative degree of an extension K/F.

§ 1. Extensions F{ι'\l a )/F which are not necessarily kummerian

LEMMA 1.1. Suppose that CKΞF, ι\'~a~$F. Then F(ι>ty/~a) is a normal ex-

tension over F if and only if F(ι>\J a ) contains C/«.

proof. Every conjugate of ι'y/~a~ over F is of form C^ ι'\l a . Therefore,

if F{ι"yl a ) contains C(n)f then F(ι"yjά~) is obviously normal over F. Now suppose

conversely that F{ι>\/~a~) is normal over F, and that lm is the greatest common

divisor (ΛΓ, /"), Cx

{n)*
v^~a running through all conjugates of ιV~ά~ over F. If

m = 0 , there exists an integer x such that (x, ln) = l and consequently

Cf») 'Va/tyV = Cf») €= F{ιy~a~). Heαce F(ιy~a~) contains ζ(n,. But W2 = 0. In

fact, (7'V a Y = cfήV 7'V^ for any automorphism a of F(ιV~a~) over F, and hence

(/fV"α")° = ((lV~a )σ)v"m - /IMV"β". whence ι"\JT e F. Hence w - 0 by the assump-

tion of the lemma.

LEMMA 1.2. Let a be an automorphism of F(ζ(n))/F such that ζ°r) = ζ(r)

and CίV+D^Cίr+υ for r<n. Let further a be an integer such that CΓn) = C?W).

Then Γ | | J - 1 . 8 )

Proof. From (C?»,)/I4"r = (C ,̂, )/fl"Γ = Cfr) and (Cίn,)'""1' = C?π = C(r> follows

Π t f - 1. If Γ+ 1 | t f- 1, <? can be written j = 1 + xΓ1 so that C?r+D = (tfn^Ύ

= C?ή" ( r + 1 ; ==c{n)ίΓ*1)C(«) = C(r+i), contradicting the assumption of the lemma.

PROPOSITION 1.1. Suppose that C ( n e F, C(r+i) ̂  F awd F(I'\la)/F is an

abelian extension, a being an element of F. Then (F{n)(ι'\l~ά~) '» F ( n ) ) ̂ Γ .

Put ω = /V"β", ΛΓ=F««,U), ®=:®(ΛΓ/F), 9ί = ®(ίΓ/F(π)) and

Q = ®(F ( Λ)/F). Define Z by /(A) = ω"7ω for any A e= 91. Then Z generates the

character group of 9ί. For any (j£9 let Uσ be a prolongation of a to ®. Then,

since (<oι>i)L*/ωι" = ασ/« = 1, there exists an Γ-th root of unity feεF(n) such

that ωL'σ = ωZ?σ, and we have

3> V'\\b means /^*|6 and lt>+ι\b.
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ωΛV° = C/Λ A)ωf° = X(A)°ωbo,

ωυ°A = (ωbσ)Λ =X(A)ωbo.

Now suppose that K/F is abelian. Then for every <j£8 and every Ae91 the

above two equations should be equivalent. Hence X(A)° = X{A), which means

that 7(A) &k and X(A) is an Γ-th root of unity for every Ae2ί. Therefore

the order of X is at most equal to ΐ. This implies our assertion.

LEMMA 1.3. Suppose that feeF and c £ F , ι-yj~ά~ $ F. Then (F(ιy~a~);

F) = Γ.

Proof. Obviously {F(ι'y/a); F)^ln. Now if the inequality occurs, then

there is an integer v ^ 1 such that F(r~\J~a)^ F(ι^~a~) = F{ι"h\J~a~). So, putting
/υ-y^Γ = α:and K=F(a), we see V α £ # and K(ιy~a') = ΛΓ(/Wι\J~a~) = κWa)

= jfiΓ(V α ). But since b* e K, this equality contradicts a property of kummerian

extentions.

LEMMA 1.4. Let O G F , aΦ F*. Then it is neceasary and sufficient for

FlV Λ ) / ^ to ** normal that we have C/eF.

frroof. The sufficiency is clear. So we assume that F(V β )/F is normal.

Then we have (F(b) F ) ^ / ~ l , ίF(tya~); F) =/ and by lemma 1.1 F(V«~)

3F(C/) =>F. Hence F(C/) = F, namely F ^ C/.

Hereafter frequent special treatments about the case 1 = 2 are needed. So

we give the following definitions. Denote by P% the largest real subfied of

P2v. Then P2v is the composite of the quadratic field P& = P(yJ-l) and the

cyclic field P°2v of degree 2V~2 over P. Furthermore we denote by P'2* the in-

termediate field of /WPjv-i different from both P$v and A*-χ. -F is called, a

radical field if F does not contain V —1» and otherwise a non-radical field. The

radical case with respect to F is by definition the case where / = 2 and F is a

radical field, and the non-radical case with respect to F is the case either 7=^2

or F is a non-radical field (even if 1 = 2). If F is a radical field, then there is

an integer Γ^>2 such that F^P2*> = P[τ or = P\τ according as F^ P2*> is imagi-

nary or real. If F^P2* is imaginary, i.e., if F^Pzv^Pίr, then F is called a

radical field of the first kindy otherwise a radical field of the second kind. Putting

(1.1) Λv = (C2v + CΓv1) + 2 = (C2v+i + C2~Λi)2,

we call h-λ the radical number of F. Then
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(1.2) P2Vi = Pjv(V^Γ), K* = PSv(V^Γ) f

(1.3) C2v/lv=(l + C2v)2.

In the case of F being a radical field of the first kind

(1.4) F(C2*) Ξ F(C23) - =FίC2r+i), F(C2v)#F(C2v+i) for * ^ Γ + 1 ;

in the case of F being of the second kind

(1.5) F(C22) = F(C2 3)= ••• =F(ζ2τ), F(C2v)^F(C2vfi) f o r ^ g Γ ;

and in both cases

(1.6) F^P2τ = P°2τ.

Now let / be again an odd or even fixed rational prime, and F U ) the multi-

plicative group of all elements a of F such that ι^~a e F ( v ) . Then from Hasse

[3] we have

LEMMA 1.5. In either one of the following two cases F (VJ = F / v

i) the non-radical case,

ii) the radical case with v^T+1.

In other cases the facter group F{^ /F2 is of order 2 and its non-trivial coset

is represented by λ2τ~ι or - 4 " 1 according as

iii) v*^T+l in the radical case of the second kindy or

iv) 2 ̂  v ^ T in the radical case of the firet or second kind.

Let us proceed our consideration about F(ιnj~a~)/F.

PROPOSITION 1.2. In the non-radical case with respect to F, if a&F and

ΦF*, then (F{ιnyJ~a) F)=Γ.

Proof. First assume that V a $ F ( 2 ). Then (F(2)(
/V~a ) F(2)) = Γ by lemma

1.3. Since (F{2){
ιΊ~a) \ F(2)) ^ (F^T) F) ^ ln, we have (Fί^V a ) F) = /Λ.

Nexst assume that V"β"eF(2). Then F(lyΓά) aF{2) and hence F(l\/ΊΓ)/F is a

normal extension. Therefore F ^ Q D by lemma 1.4. This implies that (F(2)

F) = / and further F( ls/~a~) = F ( 2 ). Hence 7V~*Γ Φ F { 2 ;. For, if μ>j~a e F ί2, then

a^Fμ by lemma 1.5, contradicting the assumption. Now (F(ι"\/a); F(2))

= (F(2)(/V«"); (̂2)) = / n " 1 by lemma 1.3, and hence (F(ι'\/~a) F) = Λ owing

to (F(2) i F) = / as was seen above.

LEMMA 1.6. 7/ Λ ^ I , Λ G F β^J ί \ 2 V ϊ ) ^ F ( V - ί ) , ίλ̂ Λ {F\2V~a)
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Proof, Put tf=F(V-ϊ) and suppose that 2V«~e, ^ T $ K (0^

Then, since K is a non-radical field, (ϋΓ(2V^); # ) = 2 Λ " V and (K(in~xj~a) I

ΛΓ)=2Λ"V"1 by prop. 1.2. Therefore 2= (UT(2V^) K(^~a)) ^ (F(*M~a)

F(2"~V« ) ) ^ 2 , which implies our assertion.

The followung proposition holds in both cases, radical or non-radical.

PROPOSITION 1.3. //* F(ι"\J a )=>F(S) wtffc o e F , f/ϊ£w f/*£r£ e#*sfs *wi integer

u such that F(/ι\/ a ) - F ( s ). // moreover V « ^"^ £<n e i^ Cίr+u ̂  ^ Λ ^ s>r,

fΛβW Fily/~a) =-F(r+i).

P/ΌO/. First we prove the latter. Suppose that F(V« ) *F{ru). Then

V^ΦF ( r +i). Because, if r > l then crearly V"β"$F(f+i); and if r = 0, \la

G Fr+i, then C(1) e F by lemma 1.4, which is a contradiction. Now using F(r+D

instead of F in Prop. 1.2 we have (F{r+i)(vιyl~a) I F(r+1)) = Γ . Then from the

assumption of the proposition follows (Fί'Vtf); F) = (F(r+i)(zV« ) F(Γ+D)

(F(r+D F) > Γ. On the other hand (Fί'Vβ") ί F) ̂  Γ. This is a contradiation.

Hence F(V« ) =Fcr+υ, which is the latter assertion of the proposition. Next

we prove the former, i) The non-radical case with respect to F: Let *V a e F{S),
/ ί ί f V ^ ^ F ( s ) , thenF(/V^)=5F ( S)=>F(/V^)andby prop. 1.2 {F<ιV~a~) F(ιψa))

= (F(ι"\l~a) F(s)) = Γ"M, Hence F(ιu\l~a) = F,s), ii) The radical case with respect

to F (i.e., / = 2 and r = 1): If s - 1, i.e., C2* = — 1, then our assertion is trivially

true, and so assume that 5^2. Then by the latter assertion of the proposi-

tion, already proved above, we have F{\l~a) =F(V : ΓΓ). Therefore if we take

F(V-1 ) resp. V a instead of F resp. a, this case is reduced to the non-radical

case i).

Now in the non-radical case we have the following two propositions.

PROPOSITION 1.4. In the non-radical case with respect to F, suppose that

C(π e F, ζ{r+i) $ F; andβεF, ly/~ά~Φ F. Then F(ιYa~) = F(/lfVCι"rΓ) implies m^n.

Proof. If tf = 0 our assertion is trivial. If w > l then r > l by lemma 1.4,

and VC(r> Φ F by the assumption, from which our assertion follows immediately

by prop. 1.2.

PROPOSITION 1.5. In the non-radical case with respect to F, suppose that

ζ{r) e F, C(r+i) * F ; O G F ύwd 0 $ F*. Then in order that F(ιM~a) = F(zVCιn ) it
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is necessary and sufficient that a-Q{r)bl>i with some 6 e F .

Proof. The sufficiency is clear. In order to prove the necessity we may

assume that n^>l and further r ^ l by lemma 1.4. When n -1 the assertion

is clear, because r > 1 and Fil\l~a) = F(Vc^7) is a kummerian extension. Assume

that fl>2, the assertion is true for 1, 2, . . . , n - 1 , and further that F(ι"\l' a )

= F(ιu\lζ{n ). Then prop. 1. 3 and prop. 1.4 imply F(/"~V ~a) = F(z/ί"VC(rΓ), hence

a = C[; ) ^ / < 1 with some έ e F b y the assumtion of the induction. Now if V b e F,

then our assertion hase been already proved. So we may assume that V b $ F .

Then V Z> e= F^'Vc^Γ), since F('VcTΓ) = Π'V * ) = Fί 'Vc^ 7 ^ 1 " ) = Fi'Vc;,-)# C*»,

V δ ), and further F(>/T) = F(V<;<n)> bcause in the non-radical case F{p\Jζ\r\)/F

is a cyclic extension. Therefore by the case n — 1 we have b = C?r)Cl with

c e F , and so e = C?r)(C*nc
/)/;4"1 = C(r)^11 with some c e F . This proves the

proposition.

In the radical case the following proposition holds, corresponding to prop.

1.5 in the non-radical case.

PROPOSITION 1.6. In the radical case with respect to F, suppose that a ε f ,

\j a $ F, and denote by λ the radical number λr of F. Then a necessary and

sufficient c o n d i t i o n f o r F ( 2 ' V « ) = F ( 2 ' V - 1 ) i s α = — 6 2 ' o r α = - λ 2 " V " κ ? i ί / i

6, c e F , the latter occurring only when n>T.l)

Proof. Necessity. When n = l,a— — b2 with & e F, since F(V « ) = F(v' — 1 )

is a kummerian extension. Assume that w > 2 and the assertion is true by

1,2, . . . , tt-1, and further that F(2'V a ) = F(2M-I). First we shall show

that F(2""V'flΓ) = F( 2 / ί "V-l ). If F ( 2 V - T ) = F ( \ - l ), then F( 2 "V « ) = F(V * )

= F( V-T) = F( 2 f i~V-i ), owing to n>2. Next suppose that F ( 2 V - 1 ) # F ( V ~ 1 ),

and put i f = F ( V - l ). Then by the latter half of prop. 1.3 we have

α . 7 ) K=F(>l~a)=K(>i~a), and hence K(2'\l a ) = F(2'V α") = K( 2 'V-1 )•

Furthermore (K{2"\/'a~); K(2U~\l~ά)) = 2 and (/Γ(2V-Ϊ ) K(2U"\I-1 )) = 2 by

lemma 1.6. On the other hand, since K{2>ι~lyί-1)/K is cyclic, ^ ^ " V ^ Γ )

= ϋΓ(2"~V« )=F(2"~Va) and K(2^~-i ) = F( 2 ""V-1 ) by the construction of

# . This implies that F(2""V α ) = Fi 2 "~V-l) . Therefore by the assumption of

4 ) In the case where F is a radical field of the first kind, we have only α^—62",

since V - ί e F for w> T (>2).
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the induction we have α = - b2"'1 or a= - Λ2"~ V""1 with some b, C G F . But

the latter does not occur. For if F is a radical field of the first kind, we have

V ^ I G F by (1.2), and so α= - A2""1*?2""1 = - (j~=λ -c)2"""1 for n>3, where

V-Λ CGF. Hence we may write # = — Z*2""1 for w>:3. For Λ = 2 we have

a = — λc2 = (V'-λ *c)2, which contradicts the assumption of <?. Next if F is of

the second kind and a= - yT'V""1, then F(2V^T) = F(2V~5~) = F^V^Γ C(% •

Vϊ?). This implies that V ^ e F l ' V ^ D , hence F(\JΪS)/F is a normal ex-

tension. Since F(Vλ? ) = F(VT) * F, we have F(V^?) =>Fij^ϊ) by lemma 1.1.

Then prop. 1.3 implies that F(JT) = F(V--T). But this is a contradiction, for

F was a radical field of the second kind. Thus in both cases we have

a = — £2W"\ Now if V ̂  e F, then our proposition has been already proved. So

we assume ,J"b$F. Since Fl'V^l") = F{2">J~a) = F ί ' V ^ Ϊ C(*»,V*"), we have

V F G F( 2V-ΐ )• Hence F(vT) = F(V^Γ), = FlVT) or = F(V~T), where the

latter two equations may occur only when F is a radical field of the second

kind. If F(V^)=F(V-T), then b= -c\ hence * = -c 2 ' 4 with C G F . If

F(y/~b)=F(y/Ί) or ^ F ί V ^ ) then b = λc2 or =-Ac2, hence Λ = -/l2""1*;2"

with c e F . This concludes the proof of the necessity of the proposition.

Sufficiency. The sufficiency of a = - b2" is clear. Let a = - A2""1 c2" with

c e F and w>Γ. Then we may assume that F is a radical field of the second

kind.δ) Hence A2"'1 is by lemma 1.5 a 2n-th power in F(ζ(n)) and we have

F( 2 7^)=F( 2 V"^, Cin))^F{^~i, C(n)) = F(Cιw+i)). Finally if n^T then

a = - Γ'V" can not occur. For, if n = T then FCTy/~a) = F(C(r+i) VT) = FtC(r>)

^T) by (1.3) and (1.5); and if n<T then VT^F(C(«+i,), hence

C(«+1)VT ^F(C(«+D), which means that F(2"yl~a)*F(2nyl~-ϊ).

Thus the proposition is proved.

§ 2. Supplements to the radical case

In order to prove our theorem the following propositions of this § are

unnecessary, which are assertions in the radical case, corresponding to prop.

1.4 and prop. 1.5. We state them for the sake of completeness.

First we treat the case of the first kind.

PROPOSITION 2.1. Let F be a radical field of the first kind and assume

5> See footnote 4.
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flεF, Vfl $ F. Then Fcn\ - 1 ) -• F(2"v a ) if and only if the folloiving condi-

tions are satisfied:

i) When l^mύT, ive have l^nST and a= - b2" for n<T, a = -λ%τ~xb2T

for n = T,

ii) When m^T+l> ive have n = m and a~— b2'\

where λ is the radical number lτ of F and b is an element of F.

Proof, i) Suppose that F^V-1 ) = F{2Va ) for l^m^T. Then Fκ2Va)

o>F{CiH)) by lemma 1.1, and hence T+l^>n^>l by the assumption and (1.4).

If w = T + l , then F( 2 T + Vϊ) =Fv2'V-T)=F(C (r+i)), and hence 2 ^ ϊ e F ι m i .

This contradicts lemma 1.5 ii), since V a ΦF. Therefore T^n> 1. Let n = T\

then as above F12V#") = F(2 'V-1) = F(C (D), and hence 2^a ^F(T). Since

V"β'Φ F, lemma 1.5, iv) implies a = - /12Γ"1Z>2Ϊ> with έ e F . Next let 1 ^w<T,

then since F(2my/~=ϊ ) = F(2V~1 ) = F(2V"5"), prop. 1.6 implies a= -b2" with

έ ε F . Thus the necessity is proved. The sufficiency follows from lemma 1.5,

iv) immediately, ii) First suppose that F^y/^ϊ) = F(2t\J~a) for ra=T+l.

Similarly to the proof of case i), we have Fl 27 a ) ̂ F(C(Λ)), and hence T + 2 ^ ^ .

If T + 2 = w, then F{2T+2\l~a) = FlC(τ+2)), hence a ̂  b2T+2 with ^ e F by lemma 1.5

ii). This contradicts V <3 <£ F. Hence we have T-fl^rc, and furthermore

T + 1 ^ Λ ^ 2 , since ( ί \ 2 Γ + V - l ) ; F) = 4. Since F(2V"«") =F(2T+V"-Ϊ ί^FίV^f),

we have (F^y/'a); Fv2ίl~Vβ~)) = 2 by lemma 1.6, and hence F(2W"V"Λ")

= F(V-Γ) - F^ 'V^T), which is the subfield of F ί ^ V - T ) of index 2. Then

a = - ^ w i t h δ e F b y prop, l.βandhence F(2 T +V-ΐ ) = F{2Va) = F{ζ[n+i)Sb ),

which implies V^ ^ F(2T+V~1 ) owing to τi ̂  7'+ 1 as was seen above. However

F(2V"β") = F(C(»+i))=F(2T+V' : :ϊ), nence w = T + l , that is, m = w. Next we

consider the case of m > T + 1. It follows from Ft2V"Λ" ) = F( 2"V - 1 ) ̂  Fi2T+V ^ f )

and prop. 1.3 that there exists an intger u such that Fί2V« ) = F(2 +V-1 )•

Then from the result of the above case where m = Γ-fl we have w= T-f 1,

namely F(2T+Ycί) = F(a Γ +V-1 ^ Furthermore F(2Γ+V a ) # Fi?*^~a ) by lemma

1.6. Put a = 2T+1yl~a~ and /jf=F(α) which is equal to F(C(r+2)). Then X is a

non-radical field, and contains neither ζ(T+s) nor V oc, furthermore Ki2™ ( +Vc"(τ 4 2))

= ί ( 2 ί l " ( T + Vα), Then prop. 1.4 implies m - (T-f 1) = n - (Γ-fl), hence m = w.

After all w = n when ra>T+l. Thus our assertion, including the sufficiency,

follows from prop. 1.6.

Next we treat the case of the second kind, which is done by the same
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way as in the case of the first kind.

PROPOSITION 2.2. Let F be a radical field of the second kind and assume

a e F, V̂ Γ £ F. Then F(2"V - T ) = F(2'yl~a~) if and only if the follovjing conditions

are satisfied:

i) when l^m<T, we have l^n^T, and a = -b2" forl^n<T, a = -;2T~VT

for n=T,

ii) when m=T, we have 2£n^T, and a- -b2* for n=T, a= -λ2n~Lb2n for

iii) when m>T, we have n-m, and α= - b2" or a- —λ2Hίb2U,

where λ is the radical number λτ of F and b is an element of F.

Proof, i) Suppose that f\ 8V-F) = F(,2V~a~) for l^m<T. Then F(2Vα~)

=>F(C(rt)) by lemma 1.1, and hence T > « g l . Then our proof concludes by

repeating the same argument as in the proof i) of Prop. 2.1 under the asser-

tion T^n^l. ii) Suppose that F^ 'V-l) = F(2V~<O for m= T. By taking T

instead of Γ + l , and using lemma 1.5 iii) instead of lemma 1.5 ii) in the first

part of the proof ii) of prop. 2.1, we obtain T > w ^ 2 , a= — b2"'1 and ^ b

e F ί ^ y ^ ϊ ) for some 6 ε F . Then F(\lb) = F, =F(V-T), =F(V^) or

= F(\ / : :T) in the present case where F is of the second kind. If F(\!b) = F

or = F(v —1 ), we have n= T by fhe same way as in prop. 2.1, and hence by

prop. 1.6 «= -b2*. If F(VM = F(VT) or =F(y/~^T), then b= ± λc2 with

£SF, hence a- —λ2n~ιc2n owing to n>2. Conversely let a= —λ2n~ιc2n with

c e F. Then F(2V^~) = F(C(n+υVT). Now F(C<n+i)VT) = ί\C(r,) or = F(C ( T + D)

according as n = T or T>n^2. In fact, putting C(n+n = C(ί+i> and /c = C(wn>Vί>

we have FU2) = F(C(Λ)) = F(C(ί >) owing to T > w ^ 2 . Hence we can write

C(r) = /(/c2) for some rational function / in F, and so by (1.3)±tc= ±-C??+DVΛ

= C2

τ+υ(C(Γ+1) + CΓΛi,) = C?i7i,(C(T, +1) = C?Ϊ;1)(/(Λ:2) +1). This implies that

FU) = FιCiτ)) or F(ΛΓ) =F(C,Γ+D) according as ΛΓ = 0 or ΛΓ^I. iii) Suppose that

F( 2 T-T) = F(2V"^) for m> T. It follows from F( 2 V^) = F(2'V-T ) =)F(2V :ΓΓ)

and from prop. 1. 3 that there exists an integer u such that F(2"ΛJ~O~) = F( aV-ϊ')-

Let u be the largest integer with such a property. Then 2Su^T by ii).

Assume u<T, then α= -A2"~V with 6 e F by ii). This follows F(Cιw+i>)

= F(2VV)3F(2"+V^) =F(C(M+2) V ^ ) . Then F(C ( W I + 1 ,) 3 V^ 2 , because

m>T>u and hence m + 1 >w + 2. Therefore F{\j λb2 )/Fis an abelian extension
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of degree 4, hence FlV λb2 ) z)F(yl~^ϊ) by lemma 1.1. Furthermore

= F ( \ - 1 ) by prop. 1.3. But this is a contradiction, since we treat the case

of the second kind. Hence we have u = T, and so F(*τJ~a') = F( 2V-ΓΠ Then

by repeating the same argument as in the latter part of the proof ii) of prop.

2.1 by using T inatead of T-fl, we have m = n, which implies our assertion

by prop. 1. 6.

§ 3. First reduction of kummerian generators

LEMMA 3.1. Let M be a meta-abelian extension over k attached to k such

that AM= A(;V tf ) with a^ky

 l\l~a Φ k, Put '"V a = oc and n-m = v. Suppose

that C(/> G A O = A^M, C(f+D Φ Ao, a e Ao If a = C(* )j9
/ϋ"1 wΛft j9 e Ao, /

an elements b of k such that b$kι, AM=A(ι\/b) and ι*~\J~b e Ao

integer v.

Proof. It follows from 7"V a e Ao that k{ι"\J a )/k is an abelian extension,

and hence Ao^k^'Va )z)^(C(m)) by lemma 1.1. Therefore ί > w by the as-

sumption of t. Since βιv~* = ζ*tΐ a, we have j9?v = / " " ' G *. Then there is a

positive integer 2 such that β7*"1 <£ k and β'2 e ^. Putting βμ = b, we see AM

= A(ZV^) = A(/ιV^) = A{ζΐv*trι'ylΊ ) = AtVfl ) = A(/l+V"6 ) and 7V ̂> e Ao,

which proves the lemma.

For a meta-abelian extension M over k attached to k such that A ^ M = Ao

Ξ>C(/}, we shall call an element a of k weakly M-reduced, whenever a^k\

AM=A(ιy~a~) and AβS/n"V^".β)

First, in the non-radical case with respect to Ao, we prove the existence

of a weakly Λf-reduced element.

PROPOSITION 3.1. Let M be a meta-abelian extension over k attached to k

and put A^M= Ao. Then in the non-radical case with respect to Ao, there

exists a weakly M-reduced element of k.

Proof. Suppose that C{t} e , ζ,ί+ 1 )$Ao; AM=A(/V^") with o e i ; and

'"V'e'eAo, / m +VβίAo. Put pnyla=a and n-7n = v. If v^ ί , then α is

already weakly M-reduced. So we assume v>ί. Since M/Ao is abelian, AM/Ao

is abelian and hence Ao(z'V«~) = Ao('V"α ) is also abelian. Ao(ιV a") z>Ao(C(£;,)

by lemma 1.1. Therefore by prop. 1.3 there exists an integer u such that

6 ) Set ιr\/ a =aι~n for a negative tf.
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Ao(zV a ) = Ao(C{y)) = Ao(/l7"Vci7>). Then u = t; - t by prop. 1.4, for we treat the

non-radical case with respect to Ao. Furthermore oc = C[t)βιt with β e A o by

prop. 1.5. From this and lemma 3.1 our proposition follows at once.

Next we consider the radical case with respect to Ao.

LEMMA 3.2. Let M be a non-abelian meta-abelian extension over k attached

to k such that A M = A(2V~dΠ with a<Ξk, and put A ^ M = A o Suppose that

V - l Φ Ao He, Ao is Λ radical field) 2>V« e Ao, 2m+V a ^Ao/ tfwd w - r a > 2 .

putting 2myj~aΓ = α: <md n-m = υ, ive have A0l
2l?~V-i ) = Ac(2t~V α )

Proof, Since Ao( 27# ) = Ao(2V α ) is an abelian extension over Ao, we

have Ao(2Vα )^Ao(C2<0 by lemma 1.1. Furthermore by prop. 1.3 there exists

an integer w such that A0(C2' ) = Aoί^V^ ). Suppose that u is the largest integer

with such a property. If v^ut then Ao(2V a ) c Ao(C2«) and hence A M

= AAo( 2 Vα) c Ao(C 2 ")cA, contradicting the assumption that M is non-abelian.

/fence υ>u. Since v > 2 , A0(C2^) is a non-radical field Therefore, by the

assumption that u is largest, prop. 1.2 implies that Ao( 27# ) is an extension

of degree 2V~U over Ao(Cao) = Ao(*V~<* )• On the other hand by prop. 1.1 the

degree is at most equal to 2. Since v>ut we have v-u~l and Ao(2V«)

\l cc), which proves the lemma.

PROPOSITION 3.2. Let M be a meta-abelian extension over k attached to k

such that A M = A( 2 V^ ) with a&kf and put IKrM- Ao Furthermore suppose

that V~ΐ ΐ A o (the radical case with respect to Ao). TTzew there exists a weakly

M reduced element of k.

Proof. Let 2"V~« e Ao, 2 W +V^ Φ Ao and put « = 2l~a, n-m = v. If v = 0

or = 1, then a is already weakly M-rduced. So assume v > 2 . Then Aoί^'V- ϊ )

= Ao(2""V^) by lemma 3.2. Hence prop. 1.6 implies a = - i^""1 or = - λ*~%(Γ'1,

where β e A o and A is the radical number of Ao. However we need not cosider

the latter case. For, if Ao is a radical field of the first kind, then only the

case a= - β2"" occurs.7' If Ao is of the second kind and α:= -x 2 "" 2 ^" 1 , then

A M = A ( 2 V « ) = A ( V W 2 ) . Since AM/Ao is abelian, Ao(4yjψ)/Ao is also

abelian and AolS/Aβ2Γ) 3 AOΪAΓ-T) by lemma 1.1. Furthermore prop. 1.3 shows

7) See footnote 4.
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) = Ao(V Λ ) = Ao(V-l )• But this is a cotradiction. Therefore we have

= —,

lemma 3.1.

also a = — β2*' with β s Ao. Then our proposition follows at once from

§ 4. Characters of M/ Ao

Let M be as in § 3 a meta-abelian extension over k attached to k and put

A ^ M = Ao. Suppose that C(/, G AO, C(*+D Φ AO and a is a weakly M-reduced

element of k, whose existence has been proved in § 3. Puf ω = 7 V « ,

® = ®<AAf/ft)f « = <8(AAf/Aβ), fl = β(Aϋ/ft) and

(4.1) φo(Λ) = ωA/ω for any A e 2ί.

Then 0o generates the character group of ©(Aoί'V^VAo), for we see ψo(AB)

= ωAB/ω=(ωAB/ωB)(ωB/ω)=:ψo(A)Bψo(B) and ψQ(A)<=Ao. For σ<ΞQ let ί/σ be

a prolongation of <; to A M Then since (ωιa)u° = a° = a = ω1", we have

(4.2) fl>*β = fi)C(O), where c£> = 1.

If we choose another prolongation Vo of a and set ωVσ = α^ ( σ ), then

with some B^% and ωV(J = ωβC7σ = (ψo(B)ω)Uσ = ψo(Bfσωζ,σ). Hence

(4.3) ?(σ) =00(3)^(0,.

For i e ϋ ί a n d ί Gflwe write Λσ = U 'AUo. Then ωϋ σ i i β = (ωC(σ)V
4* =

= 0o(Aσ)ωCfα), ωAϋ°= (ψo(A)ω)Ua = ψo(A)u°ωζ{a). Hence

(4.4) 0o(

Define φ% and Cσ by

(4.5)

and

(4.6) -

Let further J be an integer determined by C?o = Cu>, the order of ψo being /f.

Then by (4.4) we have

(4.7) ψo^ψίCa.

Through different choice of the prolongation of σ to AM, C(σ) is multiplied by

an Λth root of unity. However the root of unity is contained in Ao, hence C

is determined only by σ, does not depend on the choice of the prolongation,
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and is a character of 91 by (4.7).

Now let Φ resp. ψ be character groups of @(A/AC) resp. ®(Aot'V"a' )/A0),

the latter being generated by ψQ which is defined by (4.1). For A e 9ί let Ax

and A2 be restrictions of A to A and to Ao(7V tf ) respectively, and set

(4.8) (fψ(A) =(F(A1)ψ(A2) for ψ <= Φ, ψtΞψ.

Then such products of ψ and ψ form the character group X of 51. Denote by

Xi»f the subgroup of X corresponding to Ml and for 7 e X, <;e 0 let 7σ be the

character of 91 defined by X°(A) = X(A°) for A e 9ί. Then we have

LEMMA 4.1. Lei ϋd #£ aw intermediate field of AM/Ao, fl#d Xi be the

subgroup of the character group X of 9ί corresponding to K\. Then in order

that Ki/k is a normal extension it is necessary and sufficient that f ^ e X j ,

ψe:Φ, ψ<=ψ imply ψ0"1 €= X : for all * e 0 = <S( Ao/*).

Proof. Put 9ίi = <8(AΛf//fi). Then, in order that /fi/^ is normal it is

necessary and sufficient that Aσ <= ?ίi for all A G 9ίi and all a e 0. Furthermore

we have A ° e ? ί if and only if Z°(A)=7AA°) = 1 for all Z G X J . Therefore

ϋίi//2 is normal if and only if 7°e X : for all Z e Xi and all (jεd. On the other

hand iί X = ψψ, <f <E Φ, ψ <^Ψ, then Z""1 = ψa~ι owing to ψ° - ψ. Hence the lemma

is proved.

LEMMA 4.2. Let M be as above and non-abelian over k. Then for every

(jGβ and every ψeψ we have (p°~ιe Xx.

Proof. M is a normal extension over h. So, if we can show that for any

ψ<=Ψ there exists f e Φ such that <fψ<^YM, then our assertion follows from

lemma 4.1. Now let ψ be any element of Ψ. Then there exists an integer x

and ψeφ such that ψψx& XΛ/ and ^ * ^ 1 , because AM= A Ao(/?V"^") and further

ilί/& is non-abelian. Let x = ΐ'x\ (x',l) = 1. Since the order of ψ1' is then at

most equal to /*~\ we have ^ ! / ; ε X i V , where x}y = \ mod./'"Λ Let m be a

smallest integer of *, such that cr^^eXji, <0 running through all elements of

Φ. Then the character group of AM/A is generated by ψ1"1, and hence

AM= A{ι"~m\l a ). Since Λf//ί is non-abelian, namely A M ^ A , we have w = 0

by prop. 1.2. This means that there exists <̂  <Ξ $ such that <fψ ^ XJK, which is

to be proved.

LEMMA 4.3. Let σu . . . , σs be elements of 0 = ©ί Ao/k), and Xu . . . , x$ be
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integers. Then Cί! Cί* e X.w is equivalent to Cft.) C ^ G A O , ivhere ζ(nί}

is obtained by (4.2) from any representatives Unι of OΊ in ($ — ($( AM/k) (z = l,

. . . , s).

Proof. Since C£ ί £ G X,H is equivalent to CΪJ C£(A)=1 for all

A e ® ( A M / M ) , our assertion follows at once from Cί(A) = (C!^)* = (C^)1""^

for any Ua.

LEMMA 4.4. // C°(t) = C<*> /or <; G g, f/te/i Cσ G XV.

Proo/. If C?/) - C(ί), then y^"1 = C* by (4. 7), and hence Cσ G X.U by lemma 4.2.

LEMMA 4.5. Let Un be a prolongation of ^ e g to @ «wJ C(0) ̂  βs in (4.2).

Suppose further {ω')L°'= α/' ^wJ (ω / '" 1)L σ^ω /" / \ T'/ẑ w C(σ) zs a primitive ΐ-th

root of unity.

Proof. Since (α>/v)^ = ωpcΓ,} and (ωιΎ° = ωι\ we have C - 1 by (4.2).

Analogously, cίσ> =̂  1 from {ωlJ~ι)LlJ^ωr'1. Therefore C(o) is a primitive Γ-th

root of unity.

§ 5. Completion of the proof

Let M be a meta-abelian extension over k attached to k and put A ^ M = Ao.

Furthermore suppose that ζ(r)^kt C,rM4'fe; and C^eAo, df+i.ΦAo. Then

we have

LEMMA 5.1. Let M be as above and A M = A ( / ' V ^ ), ivhere a is a weakly

M-reduced element of k. Then it follotvs from k(J>j~a ) A- k(ζ{r+i)) that Crw, <Ξ AO ί

namely n ^t, a is M-reduced and M is k-meta-abelian over k.

Proof, a is weakly M-reduced. Hence if V β ^ A o then n ^ t and our

assertion is already true. So assume l\! a G AO. Then prop. 1.4 implies r > l ,

and the proof is separated into two cases:

Case 1. V a £β(C ( ί } ) : First we remark that this case contains all the non-

radical cases and the radical cases of the first kind. Because, in these cases

k{ζ{t))/k is cyclic, and so k{ι>j~a ) cJfe(ζ(fί) yields k(lyj a) = &(VC(n ), contradicting

the assumption of the proposition. Now let a be a prolongation to Ao of a

non-trivial automorphism of the normal extension k(ι>j a , ζ{t))/k(ζζt)). Then

Cm is a primitive Γ-th root of unity by {>/a )α=^V a and lemma 4.5. On the

other hand C,eX.« by ζ?tj^ζ[t) and by lemma 4.4, hence lemma 4.3 implies
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ζ{o)^M. Thus our assertion is proved in the case where lyj a

Case 2. l\J a e £ ( C ( ^ : As remarked in case 1 this case occurs only in the

radical case of the second kind. Therefore suppose that / = 2, V —1 $ k, and

let Λ = Λr be the radical number of k. Then k(y/~a~)c:k(Cit)) and k(>la )

*kU~-ϊ). Hence (k(C(t)); k) > 4 , and f ^ Γ - f l by (1.5). Then a quadratic

subίΐeld of k(dt)) over k is k{yj-1 ), kijlΐ) or k(yj-λ ) and we see k(\la )

= £(V λ ) or ~k(yj-λ). Now let a resp. r be prolongstions to Ao of non-trivial

automorphisms of the quadratic extensions &(C(j +i,)/&(V-ϊ) resp.

k{Cίτ+i))/k(y/ a ) and ^ resp. ? integers such that ζΐt) = ζΐt) resp. Ctf) = Cu).

Then >j aσ*yj a , and lemma 4. 5 implies that C(σ) is a primitive 2n-th root of

unity. Furthermore since CJV) = Con and CίV+u^Cd +u, we may write by lemma

1.2 tf = l + 2 Γ ^ ( J ) , where (^(. ), 2) = 1. 00"1 = 022>><(o)Cσ e X* by lemma 4.1 and

(4.7). Now y'iσ) being an integer such that y'(σ)y(σ) = 1 mod.2/":r, we have

(5.1) ^ ' c Γ ^ e X j , , (y'(σ). 2) = 1.

As for <;r, proceed similarly as above. Namely, Vα σ τ = yΓ~a°*>]~a implies that

Cσx is a primitive 2w-th root of unity, and V~Tσ τ = v/--Tτ # V-T implies

5ϊ = l + 2^(<;r), where (^( t fr), 2) = 1. Hence f ^ ^ C ^ G X J , , and so

(5.2) 0 2 C T ) e X , , (

where y(στ)y'(στ) = 1 mod.2'"1. Therfore ζy

a'
{σ)C;?'(oτ)2?'""1 e X^ by (5.1) and

(5.2), and further C ĵσ)CΓσ ζ)(στ)2?"IfΞΛ/ by lemma 4.3. Since T ^ 2 , this is a

primitive 2w-th root of unity, which proves our assertion.

LEMMA 5.2. Let M be as above a metaabelian extension over k attached

to k and AM=A( /"v'β ), where a is a weakly M-reduced element of k. Then

Qin-tnr e Ao, provided that ZM~V"S~ eAo = A ^ M for n>u^>r.

Proof Let t, r be as in the beginning of this section, and a be an auto-

morphism of Ao/& such that ( V ^ Γ ^ V # and ζ^t)=ζ}i)

Fx

1 where ( # , / ) = 1.

Such a <j really exists. In fact, if t = r, then <; is obtained as a prolongation

to Ao of a non-trivial automorphism of k{l\j~a)lk. If £ > r and *(V"β") =

then an automorphism <; with C?/)=C(Γ/Γ also satisfies the condition

#Vβ"» for we have Cίr+DdrC^+D by lemma 1.2. Finally if t>r and

), then a prolongation <; to Ao of a non-trivial automorphism of

V Γ ^ ^ satisfies {^Ίΐy^ψa and CΓr+n^Cir+u, hence ζ?/, = C}Γ,Γγ
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where (x, I) = 1 by lemma 1.2 and 1.4. For such a a we have ψ^ = ψι~VxQa by

(4.7). Now from (V # )σ =̂ V a and from lemma 4.5 follows that ζ{n) is a pri-

mitive Γ-th root of unity for any prolongation Uo of a to @. On the other hand,

ψ"-1 = ψ-ιrχζo e XA/ by (5.3) and lemma 4.2, hence f ^ c Γ r e X i Ή . Since,

however, the order of 0 is at most equal to Γ, owing to the assumption /W"V #

eAo, we have cf r e XΛ. From this and from lemma 4.3 follows Cl"o]
r & M.

Since C(σ> was a primitive Γ-th root of unity as was seen above, we have

C(n-u+r)^M* and furthermore C(Λ-«+r)GAo, which is to be proved.

Conclusion of the proof of the theorem

Hereafter the same notations as above will be used CCΓ) e ky C(r+n $ k\ M

be a meta-abelian extension over & attached to k\ A ^ M = A 0 ; C^eAo,

C (ί+i)ΐAo; A M = A ( 7 V t f ) ι where # can be assumed a weakly M-reduced

element of ky namely /n~V ^ G Ao, by § 2.

Now if n^t, then M is already ^-meta-abelian over k. So suppose n> t.

Since of couse l\Ja eAo, we have r > l by lemma 1.4. Furthermore

(5.4) C(n-(+neAo

by putting u = ί in lemma 5.1.

Let

(5.5) a = C(*)Z/μ with £ e &, and a#C*n/+1 with any c<=k.

Then

(5.6) AM= A W ) = A(Cί,.r, /;<"Vί) = A('"~V ^ ).

Hence if n-μ^>t, then M is already ^-meta-abelian over h. So suppose n-μ

>ty and put n~ μ = v. Then AM = A(ΛV'"& ) by (5.6). On the other hand

from (5.5) and from the reducibility of a follows ι" \l a = ζ*n-.t¥r)
 /V V^ ^ Ao,

hence /V~V& G Ao by (5.4). Moreover £<ί &' because of (5.5). Hence b is

also a weakly M-reduced element of k. Furthermore &( V b ) *k{l\/ζ(r) ). Indeed,

otherwise b — ζ*r)Cl with CG k owing to r ^ l , and a = C(**e:/α+ι, contradicting (5.5).

Using b resp. v instead of a resp. n in lemma 5.1, we see from the above

results that M is a A-meta-abelian extension over k. This concludes the proof

of the theorem.
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§ 6. Remarks on P-meta-abelian fields of degree 8

We shall characterize P-meta-abelian fields of degree 8, P being the rational

number field, by using our theorem. The following lemma is easily proved.

LEMMA 6.1. Let F be any algebraic number field of finite degree and Ω

be a quadratic extension of F. Then Ω is embeddable in a biquadratic cyclic

extension over Ω if and only if there exists an element μ in Ω such that NQIFV

=* - 1 .

Now let M be a non-abelian P-meta-abelian field over P of degree 8 and

A be the maximal abelian field over P. Then AM = A(Va ) for some c e P

and our theorem implies V —ϊ eM. Conversely, let M be a non-abelian normal

field over Pof degree 8 and assume V—ΐ e M. Then, since M/P is a quarternion

or dihedral extension, there exists a positive element d of P such that quadratic

subfields of Mare P(V-1 ), HV^') and P(y/-d). Put J2 = P(V-Γ, Vd) and

k = P(V d ). Since Ω is imaginary and k is real, M/k is a non-cyclic biquadratic

extension by lemma 6.1. Hence M/P is necessarily a dihedral extension. Let

k (yj μ ) for μ^k be a subfield of M distinct to Ω, and ji be a conjugate of μ

over P. If &(V β ) = A(V7*), then k(^μ)/P is biquadratic normal, and so

abelian. Hence M=k(τJ~μ )Ω is also abelian over P, which contradict our

assumption. Therefore k(yjjt)*k(yjjjt), and hence M=k{y/μ , V^), moreover

k{jμjΓ) = A(V—ί )• Then /̂7 = - r2 for some e &. Put V<ί ̂  = ω and k( V ω )

= A. Since ω= -^άμ = ω( — ---y-J =ω(-^-j , A/P is normal, and moreover

abelian. Therefore M is a subfield of AΩ(4<Jd), that is, M is a P-meta-abelian.

Then we have proved.

PROPOSITION 6.1. A necessary and sufficient condition for a non-abelian

normal extension M over P of degree & to be a P-meta-abelian is that M

contains V —1. And then M is a dihedral extension over P.
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