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Abstract
This overview discusses the inverse scattering theory for the Kadomtsev–Petviashvili II equation, focusing on the
inverse problem for perturbed multi-line solitons. Despite the introduction of new techniques to handle singularities,
the theory remains consistent across various backgrounds, including the vacuum, 1-line and multi-line solitons.

1. Introduction

The Kadomtsev–Petviashvili II (KPII) equation [16],

(−4ux3 + ux1x1x1 + 6uux1)x1 + 3ux2x2 = 0 (1.1)

a (2 + 1)-dimensional extension of the Korteweg-de Vries equation, models small amplitude, long-
wavelength, weakly two-dimensional waves in weakly dispersive media. It has applications in mathe-
matics and physics and is integrable via the Lax pair [],{

(−mx2 + m2
x1 + u)Φ(x,_) = 0,

(−mx3 + m3
x1 +

3
2umx1 + 3

4ux1 + 3
4m
−1
x1 ux2 − _3)Φ(x,_) = 0.

(1.2)

The initial value problem for the KPII equation can be solved using inverse scattering theory (IST),
with early work on the IST involving the m-method for vacuum backgrounds [1, 14, 15, 20, 27]. Around
2000, Boiti et al., Villarroel and Ablowitz extended the IST to backgrounds with 1-line solitons [7,
26]. Boiti et al. then integrated the Sato theory and set the foundation of the IST of the KPII equation
for multi-line soliton backgrounds. Their achievements at least include: deriving an explicit formula
of the Green function, L∞ estimates for the discrete part of the Green function and the D-symmetry,
the relation between values of the eigenfunction at multi value points [4–6, 8–10, 21]. Building on
their work, we have completed a rigorous IST for smooth perturbations of multi-line solitons, obtaining
the first rigorous IST for a multi-dimensional integrable system where both continuous and discrete
scattering data coexist without degeneration into complex plane contours [31–33].

This paper provides an overview of the IST for the KPII equation, focusing on the inverse prob-
lem for perturbed multi-line solitons. The aim is to demonstrate that, despite the introduction of new
algebraic or analytic techniques to handle singular structures, the ISTs remain consistent across various
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background potentials, including the vacuum, 1-line solitons and multi-line solitons. Specifically, when
either discrete or continuous scattering data vanish, the forward and inverse scattering transforms for
perturbed line solitons reduce to those for rapidly decaying potentials or multi-line solitons.

The paper is organized as follows: In Section 2, we present the IST for the vacuum background,
integrating Fourier theory, outlining the approaches to the KPII equation for different backgrounds and
characterizing the scattering properties as _→∞ for multi-line soliton backgrounds.

Section 3 discusses the IST for perturbed 1-line solitons without using Sato theory. We define the
forward scattering transform, formulate the inverse problem as a Cauchy integral equation (CIE) with
a D-symmetry constraint and solve it using H¥older interior estimates and deformation methods. We
elucidate the connection between the forward and inverse problems and emphasize key analytical tools
in Sections 3.3.3 and 3.3.4.

In Section 4, we extend the IST for perturbed 1-solitons to perturbed multi-line solitons by applying
Sato theory [2, 3, 19, 22–24] and the IST framework developed for the KP equation by Boiti et al. [4–6,
8–10, 21]. We present the complete theory, highlighting distinct features, and demonstrate that the TP
condition is necessary. We also show that the differences between the IST for 1-solitons and multi-line
solitons are primarily algebraic.

2. The IST for rapidly decaying potentials

2.1. Statement of results

Given a rapidly decaying initial data u0(x1, x2), the Cauchy problem of the KPII equation can be solved
using IST [1, 14, 15, 20, 27]:

Theorem 2.1. (The Cauchy Problem) [27] For initial data
∑
|l | ≤d+7 |ml1

x1m
l2
x2u0(x1, x2) |L1∩L2 � 1 with

d ≥ 0, we can construct the forward scattering transform

S : u0 ↦→ sc (_) (2.1)

satisfying the algebraic and analytic constraints:

|
[
|_ − _ |l1 + |_2 − _2 |l2

]
sc (_) |L∞ ≤ C

∑l
|h |=0 |mh

x u0 |L1∩L2 , (2.2)

sc (_) = sc (_). (2.3)

Moreover, the solution to the Cauchy problem for the KPII equation is given by

u(x) = − 1
ci
mx1

∬
Tm dZ ∧ dZ , x = (x1, x2, x3), (2.4)

with

| (1 + |b |k + |[ |k)û(b, [) |L∞ ≤ C | (1 + |b |k+2 + |[ |k+2)sc |L∞∩L2 (d bd[) , |k | ≤ d + 5. (2.5)

Here m(x,_) = 1 + CTm(x,_), C is the Cauchy integral operator, and T is the continuous scattering
operator:

Cq(x,_) ≡ − 1
2ci

∬
C

q(x, Z)
Z − _ dZ ∧ dZ ,

Tq(x,_) ≡sc (_)e(_−_)x1+(_
2−_2 )x2+(_

3−_3 )x3q(x,_).
(2.6)
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Except in Sections 3.2.2 and 4.2.1, we define x = (x1, x2, x3) throughout the paper. We use the
notation ml

x ≡ m
l1
x1m

l2
x2m

l3
x3 , where lj are non-negative integers and |l | = l1+l2+l3. The constant C represents

a uniform constant that is independent of both x and _. Theorem 2.1 follows from the direct and inverse
scattering theories, as detailed in Theorems 2.2 and 2.4.

Theorem 2.2. (Direct Scattering Theory [27]) Given
∑
|l | ≤d+7 |ml1

x1m
l2
x2u0(x1, x2) |L1∩L2 � 1 for d ≥ 0,

the following holds:

(1) There exists a unique eigenfunction Φ(x1, x2,_) = e_x1+_2x2m0(x1, x2,_) of the Lax equation

(−mx2 + m2
x1 + 2_mx1 + u0(x1, x2))m0(x1, x2,_) = 0,

lim
|x |→∞

m0(x1, x2,_) = 1, |ml
x [m0 − 1] |L∞ ≤ C |ml

xu0 |L1∩L2 .
(2.7)

(2) The forward scattering transform can be constructed as

S : u0 ↦→sc (_) =
sgn(_I )

2ci
[u0(·)m0(·,_)]∧ (

_ − _
2ci

,
_

2 − _2

2ci
), (2.8)

satisfying

m
_
m0(x1, x2,_) = sc (_)e(_−_)x1+(_

2−_2 )x2m0(x1, x2,_), (2.9)

and the Cauchy integral equation

m0(x1, x2,_) =1 + CT0m0(x1, x2,_). (2.10)

The scattering data satisfy the following algebraic and analytic constraints:

|
[
|_ − _ |l1 + |_2 − _2 |l2

]
sc (_) |L∞ ≤ C

∑l
h=0 |mh

x u0 |L1∩L2 , (2.11)

sc (_) = sc (_). (2.12)

Here _ = _R + i_I , _ = _R − i_I , T0 is the continuous scattering operator at x3 = 0, and q̂, q̌ denote
the Fourier and the inverse Fourier transform, respectively:

q̂(b,_) ≡
∬
R2

e−2ci(x1 b1+x2 b2 )q(x1, x2,_)dx1dx2,

q̌(b,_) ≡
∬
R2

e+2ci(x1 b1+x2 b2 )q(x1, x2,_)dx1dx2.

(2.13)

Theorem 2.3. (Linearization Theorem) If Φ(x,_) = e_x1+_2x2m(x,_) satisfies the Lax pair (1.2) and

m
_
m(x,_) = sc (_, x3)e(_−_)x1+(_

2−_2 )x2m(x,_),

then

sc (_, x3) = e(_
3−_3 )x3sc (_). (2.14)
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Theorem 2.4. (Inverse Scattering Theory) [27] For small scattering data sc (_) decaying rapidly in
(_ − _,_2 − _2), the following holds:

(1) The CIE has a unique solution:

m(x,_) = 1 + CTm(x,_), (2.15)

|ml
x [m − 1] |L∞ ≤ C |

(
1 + |b |l1 + |[ |l2

)
sc (_) |L∞∩L2 (d bd[) , (2.16)

where 2cib = _ − _, 2ci[ = _
2 − _2.

(2) The Lax equation holds: (
−mx2 + m2

x1 + 2_mx1 + u(x)
)

m(x,_) = 0, (2.17)

u(x) = − 1
ci
mx1

∬
Tm dZ ∧ dZ , (2.18)

| (1 + |b |k + |[ |k)û(b, [) |L∞ ≤ C | (1 + |b |k+2 + |[ |k+2)sc (_) |L∞∩L2 (d bd[) , (2.19)

and the inverse scattering transform is defined as

S−1(sc (_)) ≡ −
1
ci
mx1

∬
Tm dZ ∧ dZ ; (2.20)

(3) The KPII equation is fulfilled

(−4ux3 + ux1x1x1 + 6uux1)x1 + 3ux2x2 = 0. (2.21)

2.2. The strategy

Detailed proof can be found in [27]. We highlight key features of the proof.

2.2.1. Proof of Theorem 2.2

(1) Using Fourier theory, we transform the Lax equation (2.7) into the integral equation:

m0(x1, x2,_) = 1 −
[ �u0m0

p_(b, [)

]∨
= 1 − G_ ∗ u0m0, (2.22)

where the Green function is defined by:

G_ =

[
1
p_

]∨
, p_(b, [) = (2cib + _)2 − (2ci[ + _2). (2.23)

Hence, the unique solvability of the Lax equation and eigenfunction estimates follows from:���� 1
p_

����
L1 (Ω_,d bd[)

≤ C
(1 + |_I |2)1/2

,
���� 1
p_

����
L2 (Ωc

_
,d bd[)

≤ C
(1 + |_I |2)1/4

, (2.24)

where Ω_ = {(b, [) ∈ R2 : |p_(b, [) | < 1}.
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(2) To define the scattering data, we compute the m_̄-data of the eigenfunction m0. This requires com-
puting the m_̄(1/p_) and establishing the commutative relation between p_ and the exponential
function:

m_̄

[
1
p_

]
= − sgn(_I )

2ci
X(b − _ − _

2ci
, [ − _

2 − _2

2ci
),

p_(D)f = e(_−_)x1+(_
2−_2 )x2p

_
(D)e−[ (_−_)x1+(_

2−_2 )x2 ] f .

From these two formulas, we obtain:

[m_̄G_] ∗ u0m0 = −sc (_)e(_−_)x1+(_
2−_2 )x2 ,

G_ e(_−_)x1+(_
2−_2 )x2 = e(_−_)x1+(_

2−_2 )x2 G
_
.

Consequently,

m_̄m0(x1, x2,_) == sc (_)e(_−_)x1+(_
2−_2 )x2m0(x1, x2, _̄). (2.25)

To prove the CIE for m0, applying Liouville’s theorem and the Lax equation, there exists q(x1, x2)
such that

m0(x1, x2,_) = q(x1, x2) + CT0m0(x1, x2,_), (2.26)

u0m0 = −2_mx1q − m2
x1q + mx2q +

(
mx2 − m2

x1 − 2_mx1

)
CT0m0. (2.27)

Via a change of variables

2cib = Z − Z , 2ci[ = Z
2 − Z2,

Z = −icb + [

2b
, dZ ∧ dZ =

ic
|b | dbd[,

(2.28)

and from (2.23), (2.24), we obtain,

|CT0q | ≤ C |
∬

sc (Z)e(Z −Z )x1+(Z
2−Z 2 )x2q

Z − _ dZ ∧ dZ | (2.29)

≤ C |q |L∞
∬ |sc (Z (b, [)) |
| (2cb)2 − 4cib_ + 2ci[ |

dbd[

≤ C |q |L∞ {|sc (Z) |L2 (d bd[)

���� 1
p_

����
L2 (Ωc

_
,d bd[)

+ |sc (Z) |L∞ (d bd[)

���� 1
p_

����
L1 (Ω_,d bd[)

}.

Similarly, if |
(
|_ − _ |l1 + |_2 − _2 |l2

)
sc (_) |L2∩L∞ (d bd[) < ∞, l1 ≤ 2, l2 ≤ 1, from (2.24), one

has
(
mx2 − m2

x1 − 2_mx1

)
CT0m0 → o( |_ |) as _I → ∞. Thus, from (2.27) and for _ � 1, we get

q = q(x2). By choosing x1 � 1 in (2.26), we find q ≡ 1, justifying the initial CIE (2.10).
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2.2.2. Proof of Theorem 2.3

Note that

m
_
Φ(x,_) = sc (_, x3)Φ(x,_).

Denote

M_ = −mx3 + m3
x1 +

3
2

umx1 +
3
4

ux1 +
3
4
m−1

x1 ux2 + d(_), d(_) = −_3,

we have

0 = m
_
[M_Φ(x,_)] = M_

[
m
_
Φ(x,_)

]
= M_

[
sc (_, x3)Φ(x,_)

]
(2.30)

=Φ(x,_)
[
−mx3 + d(_)

]
sc (_, x3) + sc (_, x3) [M_ − d(_)]Φ(x,_)

=Φ(x,_)
[
−mx3 + d(_)

]
sc (_, x3) + sc (_, x3)

[
M

_
− d(_)

]
Φ(x,_)

=Φ(x,_)
[
−mx3 + d(_) − d(_)

]
sc (_, x3).

2.2.3. Proof of Theorem 2.4

(1) Unique solvability of the CIE (2.15) and the estimate (2.16) follow from

|CTq | ≤ C |q |L∞ {|sc (x3, Z) |L2 (d bd[)

���� 1
p_

����
L2 (Ωc

_
,d bd[)

+|sc (x3, Z) |L∞ (d bd[)

���� 1
p_

����
L1 (Ω_,d bd[)

}
(2.31)

which is proved by the same argument as (2.29).
(2) To prove the Lax equation (2.17), we introduce the shorthand notation for the heat operator

−mx2 + m2
x1 + 2_mx1 = −∇2 + ∇2

1,

∇1 = mx1 + _, ∇2 = mx2 + _2,
[
∇j, T

]
= 0.

Applying the heat operator to both sides of the CIE (2.15), formally,

(−∇2 + ∇2
1)m =

[
−∇2 + ∇2

1, CT
]

m + CT (−∇2 + ∇2
1)m, (2.32)

and [
−∇2 + ∇2

1, CT
]

m =
[
−∇2 + ∇2

1, C
]

Tm = 2 [_, C] mx1 (Tm) (2.33)

=
1
ci
mx1

∬
Tm dZ ∧ dZ ≡ −u(x),

along with the unique solvability of the CIE, yields the Lax equation

(−∇2 + ∇2
1)m = −(1 − CT)−1u(x)1 = −u(x) (1 − CT)−11 = −u(x)m(x,_). (2.34)

To rigorously justify the argument, we focus on a priori estimates for:

û = −�m − 1 ∗ û − p_(b, [)�m − 1.
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We will derive these estimates:

|�m − 1|L1 (d bd[) ≤ C |sc |L2∩L∞ (d bd[) , (2.35)

| (1 + |b |k + |[ |k)p_(b, [)�m − 1|L2∩L∞ (d bd[) ≤ C | (1 + |b |k+2 + |[ |k+2)sc |L2∩L∞ (d bd[) , (2.36)

allowing us to apply Minkowski inequality to obtain:

| (1 + |b |k + |[ |k)û(x) |L2∩L∞ (d bd[) ≤ C | (1 + |b |k+2 + |[ |k+2)sc |L2∩L∞ (d bd[) , (2.37)

(−∇2 + ∇2
1)m ∈ L∞. (2.38)

Write the CIE (2.15) as

�m − 1 = [CT (m − 1)]∧ + [CT1]∧ = [CT (m − 1)]∧ + 2cisc (Z (b, [))
p_(b, [) . (2.39)

Using
��� 2cisc (Z ( b ,[) )

p_ ( b ,[)

���
L1
≤ C |sc |L2∩L∞ (d bd[) and

[CTf ]∧ = − 1
2ci

∬
C

sc (Z )̂f (b − Z̄ −Z
2ci , [ − Z̄ 2−Z 2

2ci , Z̄)
Z − _ dZ ∧ dZ ≡ Rsc f̂ ,

which is a contraction of f̂ ∈ L1(dbd[), we prove (2.35).
Next, we express (2.39) as:

p_ �m − 1 = p_Rsc
�m − 1 + 2cisc (Z (b, [)) ≡ Msc

(
pZ

�m − 1
)
+ 2cisc (Z (b, [)),

Msc f =
(
Rsc f

)
(b, [,_) −

(
Rsc f

)
(b, [,

[

2b
− icb),

and we prove

| (1 + |b |k + |[ |k)Msc f |L2∩L∞ ≤ C | (1 + |b |k+2 + |[ |k+2)sc |L2∩L∞ | (1 + |b |k + |[ |k)f |L2∩L∞ .

This proves (2.36).
(3) To justify the KP equation (2.21), we verify the Lax pairs. If | ( |_ − _ |l1 + |_2 −

_2 |l2)sc (_) |L2∩L∞ (d bd[) < ∞, l1 ≤ 5, l2 ≤ 2, using the representation formula (2.18), we define
Φ(x,_) = e_x1+_2x2m(x,_) and the evolution operator:

M = −mx3 + m3
x1 +

3
2

umx1 +
3
4

ux1 +
3
4
m−1

x1 ux2 − _3. (2.40)

Then

MΦ(x,_) =e_x1+_2x2

(
M + 3_m2

x1 + 3_2mx1 + _3 + 3
2

u_
)

m(x,_)

≡e_x1+_2x2Mm.
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Reversing the procedure to prove (2.30), we obtain:

m
_
(Mm) (x,_) = sc (_)e(_−_)x1+(_

2−_2 )x2+(_
3−_3 )x3 (Mm) (x,_). (2.41)

As |_ | → ∞, m(x,_) ∼ ∑∞
j=0

Mj (x)
_j . From the Lax equation (2.17), we obtain

2mx1Mj+1 = (mx2 − m2
x1 − u)Mj, (2.42)

M0 = 1, M1 = −1
2
m−1

x1 u, M2 = −1
4
mx2m

−2
x1 u + 1

4
u + 1

4
m−1

x1

(
um−1

x1 u
)

, · · ·

As a result, as _→∞,

Mm (2.43)

→3
4

ux1 +
3
4
m−1

x1 ux2 + 3_m2
x1 (1 +

M1

_
) + 3_2mx1 (1 +

M1

_
+ M2

_2 ) +
3
2

u_

=
3
4

ux1 +
3
4
m−1

x1 ux2 +
(
−3

2
ux1 + 3mx1 [−

1
4
mx2m

−2
x1 u + u

4
+ 1

4
m−1

x1 (um
−1
x1 u)]

)
+_

(
3mx1M1 +

3
2

u
)
+ 3

2
u(−1

2
m−1

x1 u)

=0.

Using the unique solvability of the CIE, we conclude that Mm(x,_) = 0, MΦ(x,_) = 0, thus
verifying the Lax pair and justifying the KPII equation.

3. The IST for perturbed 1-line solitons

3.1. 1-line solitons

The KPII equation (1.1) admits explicit solutions known as Gr(N , M)≥0 KP solitons, which are regular
across the x1x2-plane with non-decaying localized peaks along specific line segments and rays for fixed
time x3. These solitons can be constructed using Sato theory as [2, 3, 19, 22–24]:

us(x) = 2m2
x1 ln g(x), (3.1)

where the g-function is the Wronskian determinant

g(x) =

����������
©­­­«

a11 a12 · · · a1M
...

...
. . .

...

aN1 aN2 · · · aNM

ª®®®¬
©­­­­­«

E1 · · · ^N−1
1 E1

E2 · · · ^N−1
2 E2

...
. . .

...

EM · · · ^N−1
M EM

ª®®®®®¬

���������� (3.2)

=
∑

1≤j1<· · ·<jN≤M
Δj1,· · · ,jN (A)Ej1,· · · ,jN (x).

Here ^1 < · · · < ^M , ^j ≠ 0, Ej (x) = exp \j (x) = exp(^jx1 + ^2
j x2 + ^3

j x3), A = (aij) ∈ Gr(N , M)≥0
represents a full rank N × M real matrices with non-negative minors, Δj1,· · · ,jN (A) = ΔJ (A) the N × N
minor of the matrix A whose columns are labelled by the index set J = {j1 < · · · < jN } ⊂ {1, · · · , M},
and EJ = Ej1,· · · ,jN (x) = Πl<m (^jm − ^jl ) exp(∑N

n=1 \jn (x)). Moreover, Gr(N , M)>0 KP solitons means all
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minors Δj1,· · · ,jN are positive, namely, fulfilling the TP condition, form a dense subset of Gr(N , M)≥0 KP
solitons. For example, the Gr(1, 2)>0 KP solitons (or 1-line solitons) are given by:

us(x) =
(^1 − ^2)2

2
sech2 \1(x) − \2(x) − ln a

2
, (3.3)

where A = (1, a) and a> 0.
A brief overview of Sato theory is provided in Section 4.2.1, and a formal inverse scattering transform

(IST) applicable to multi-line solitons is shown in [28–30]. In this section, we present a rigorous IST
for perturbed 1-line solitons without using the Sato theory.

Lemma 3.1. (IST for 1-line solitons) Let us(x) be a Gr(1, 2)>0 KP soliton. The Sato eigenfunction i

and the Sato normalized eigenfunction j, defined by

i(x,_) = e_x1+_2x2
(1 − ^1

_
)e\1 (x) + (1 − ^2

_
)ae\2 (x)

e\1 (x) + ae\2 (x)
≡ e_x1+_2x2 j(x,_) (3.4)

satisfy the Lax equations for _ ∈ C\{0},(
−mx2 + m2

x1 + 2_mx1 + us(x)
)
j(x,_) = 0; (3.5)

and

j(x,_) = 1 + j0,res(x)
_

, _ ∈ C\{0},

(e^1x1+^2
1 x2+^3

1 x3 j(x, ^1), e^2x1+^2
2 x2+^3

1 x3 j(x, ^2))D♭ = 0,
(3.6)

with

D♭ = diag (^1, ^2) AT =

(
^1

^2a

)
. (3.7)

The forward scattering transform is defined by

S : us(x1, x2, 0) ↦→{0, ^1, ^2,D♭}, (3.8)

and the inverse scattering transform by

S−1 ({0, ^1, ^2,D♭}) = −2mx1 j0,res(x). (3.9)

Proof. The lemma is proved by using (3.3) and computing the _k-coefficients of (3.5). �

3.2. The direct problem for perturbed KP 1-solitons

3.2.1. Statement of results

Building upon Boiti et al.’s work [4–10], rigorous direct scattering theory for perturbed Gr(1, 2)>0 KP
solitons is carried out in [31, 32].
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Theorem 3.2. (Direct Scattering Theory) [31, 32] Given initial data

u0(x1, x2) = us(x1, x2, 0) + v0(x1, x2), (3.10)

where us(x) is a Gr(1, 2)>0 KP soliton and
∑
|l | ≤d+8 | (1 + |x1 | + |x2 |)ml

xv0 |L1∩L∞ � 1, d ≥ 0, we have:

(1) For _ ∈ C\{0, ^1, ^2}, there exists a unique solution to the Lax equation:

(−mx2 + m2
x1 + 2_mx1 + u0(x1, x2))m0(x1, x2,_) = 0, (3.11)

lim
|x |→∞

m0(x1, x2,_) = j(x1, x2, 0,_). (3.12)

(2) The forward scattering transform is defined by

S (u0) = (0, ^1, ^2,D, sc (_)) (3.13)

where the scattering data satisfy the CIE and the D-symmetry

m0 (x1, x2,_) = 1 + m0,res(x1, x2)
_

+ CT0m0(x1, x2,_), (3.14)

(e^1x1+^2
1 x2m0(x1, x2, ^+1 ), e

^2x1+^2
2 x2m0(x1, x2, ^+2 ))D = 0. (3.15)

Here, m0 ∈ W0, ^+j = ^j + 0+, C is the Cauchy integral operator, T0 is the continuous scattering
operator at x3 = 0 defined by (2.13), and sc is the continuous scattering data arising from the
m-characterization

m
_
m0(x1, x2,_) = sc (_)e(_−_)x1+(_

2−_2 )x2m0(x1, x2,_), _ ∉ R,

sc (_) =
sgn(_I )

2ci
[
b (·, 0, _̄)v0(·)m0(·,_)

]∧ (_ − _
2ci

,
_

2 − _2

2ci
),

(3.16)

and b (x,_) being the normalized Sato adjoint eigenfunction (see (3.34), (3.35) for definition).
Moreover, D can be computed by

D = D♯ ×
(
D♯

11

)−1
× ^1 =

(
^1

D21

)
, (3.17)

D♯ =

(
D♯

11
D♯

21

)
=

©­­­«
D♭

11 +
c11D♭

11
1 − c11

+
c12D♭

21
1 − c11

D♭
21 +

c22D♭
21

1 − c22

ª®®®¬, (3.18)

D♭ = diag (^1, ^2) AT =

(
^1

^2a

)
, (3.19)

with cjl = −
∫
Ψj (x1, x2, 0)v0(x1, x2)il (x1, x2, 0)dx1dx2, Ψj (x), il (x) residues of the adjoint eigen-

function Ψ(x,_) at ^j [32, (3.17))] and values of the Sato eigenfunction i(x,_) at ^l; W0 =

W(x1,x2,0) is the eigenfunction space defined in Definition 3.3.
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Finally, the scattering data S (u0) satisfies the algebraic and analytic constraints

sc (_) =


i
2 sgn(_I )
_−^j

Wj
1−Wj |U | + sgn(_I )hj (_), _ ∈ D×^j ,

sgn(_I )ℏ0(_), _ ∈ D×0 ,
(3.20)

D = (^1,D21)T ,

and

| (1 −∑2
j=1 E^j )

∑
|l | ≤d+8 |

(
|_ − _ |l1 + |_2 − _2 |l2

)
sc (_) |L∞

+∑2
j=1( |Wj | + |hj |L∞ (D^j ) ) + |ℏ0 |C1 (D0 ) + |D −D

♭ |L∞
≤ C

∑
|l | ≤d+8 | (1 + |x1 | + |x2 |)ml

xv0 |L1∩L∞ ,

(3.21)

sc (_) = sc (_), hj (_) = −hj (_), ℏ0(_) = −ℏ0(_). (3.22)

Here Dz,aX = {_ = z + reiU : 0 ≤ r ≤ aX, |U | ≤ c}, D×z,aX = Dz,aX\{z}, 1 ≥ X = 1
2 inf{|z − z′ | :

z, z′ ∈ {0, ^1, ^2}, z ≠ z′}, Ez,aX (_) ≡ 1 on Dz,aX , Ez,aX (_) ≡ 0 elsewhere. We suppress the
aX-dependence for simplicity if a= 1.

Definition 3.3. The eigenfunction space W0 = Wx1,x2,0 consists of functions q that satisfy the following
conditions:

(a) q(x1, x2,_) = q(x1, x2,_);
(b) (1 − E0)q(x1, x2,_) ∈ L∞;
(c) For _ ∈ D×0 , q(x1, x2,_) = q0,res (x1,x2 )

_
+ q0,r (x1, x2,_), q0,res, q0,r ∈ L∞(D0);

(d) For _ = ^j + reiU ∈ D×^j , q = q♭ + q♯, q♭ =
∑∞

l=0 ql (X1, X2) (− ln(1 − Wj |U |))l ∈ L∞(D^j ), q♯ ∈
C`

f̃
(D^j , 1

f̃
) ∩ L∞(D^j ), and q♯ (x1, x2, ^j) = 0.

Here, f̃ = max{1, |X1 |,
√
|X2 |} is the rescaling parameter, and Xk is defined by the phase function

coefficients:

℘(x1, x2,_) =i[(_ − _)x1 + (_
2 − _2)x2] = X1r sinU + X2r2 sin 2U ≡ ℘(r,U, X),

X1 =2(x1 + 2x2z), X2 = 2x2, _ = z + reiU ∈ Dz.
(3.23)

Finally, C`

f̃
(D^j , 1

f̃
) = C(D^j , 1

f̃
) ∩ H`

f̃
(D^j , 1

f̃
) and H`

f̃
(Dz, 1

f̃
) is the rescaled H¥older space for z ∈ R,

where the norm is given by:

|q |H`

f̃
(Dz, 1

f̃
) ≡ sup

r̃1, r̃2 ≤ 1, |U1 |, |U2 | ≤ c

|q( r̃1
f̃

,U1, X1, X2) − q( r̃2
f̃

,U2, X1, X2) |
|r̃1eiU1 − r̃2eiU2 |` < ∞ (3.24)

for _j = z + rjeiUj = z + r̃j
f̃

eiUj ∈ Dz, 1
f̃

and q(x,_) ≡ q(r,U, X1, X2).
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Theorem 3.4. (Linearization Theorem) [31, 32] If Φ = e_x1+_2x2m(x,_) satisfies the Lax pair (1.2)
and

m
_
m(x,_) = sc (_, x3)e(_−_)x1+(_

2−_2 )x2m(x,_), (3.25)

(e^1x1+^2
1 x2m(x, ^+1 ), e

^2x1+^2
2 x2m(x, ^+2 ))D(x3) = 0, (3.26)

with D(x3) = (^1,D21 (x3))T then

sc (_, x3) = e(_
3−_3 )x3sc (_), Dmn(x3) = e(^

3
m−^3

n )x3Dmn. (3.27)

We make several remarks to conclude this subsection.

• Comparing (3.16)–(3.19), (3.34), (2.8) and (3.7), we show that when the discrete or continuous
scattering data vanish, the forward scattering transform for perturbed 1-line solitons reduces to
transforms for rapidly decaying potentials or 1-line solitons.

• For a perturbed 1-soliton, away from 0, ^j, the continuous data sc and eigenfunction m0 are reg-
ular, similar to the rapidly decaying potential case. But at 0 and ^j, the Cauchy integral operator
CT0m0 is an oscillatory singular operator. Specifically, at ^j, sc has a ‘simple pole with a discontin-
uous residue’ and m0 is multi-valued. To address this, we introduce the rescaled H¥older structure
C`

f̃
(D^j , 1

f̃
) (see Section 3.3).

• For the KPII equation, small L1(R2) ∩ L∞ perturbations preserve the discrete scattering data ^j,
consistent with the fact that 1-line solitons form a discrete set in Lp(R2). In contrast, for the KdV
equation, small L1(R) ∩ L∞ perturbations generically alter ^j and even potentially increase the
number of bound states.

3.2.2. The strategy of the proof of Theorem 3.2

Throughout Section 3.2.2, x = (x1, x2, 0), x′ = (x′1, x′2, 0) for simplicity.

(1) The Lax equation is proved by transforming the Lax equation into an integral equation with the
Green function defined by:

m0(x,_) =j(x,_) − G ∗ v0m0, (3.28)

G(x, x′,_) =Gc (x, x′,_) + Gd (x, x′,_), (3.29)

Gc (x, x′,_) = −
sgn(x2 − x′2)

2c
e_(x

′
1−x1 )+_2 (x′2−x2 )

∫
R
\ ((s2 − _2

I ) (x2 − x′2)) (3.30)

×i(x,_R + is)k(x′,_R + is) ds,

Gd (x, x′,_) = − \ (x′2 − x2)e_(x
′
1−x1 )+_2 (x′2−x2 ) (3.31)

×(\ (_R − ^1)i1(x)k1(x′) + \ (_R − ^2)i2(x)k2(x′)),
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and establishing the following estimates:

G ∗ f (x,_) ≡
∬

G(x, x′,_)f (x′)dx′,

|Gc (x, x′,_) | ≤C(1 + 1√
|x2 − x′2 |

), (3.32)

|Gd (x, x′,_) | ≤C, (3.33)
lim
|x |→∞

G(x, x′,_) ∗ f (x′) = 0.

Here \ (s) is the Heaviside function,k, b are the Sato adjoint eigenfunction, normalized Sato adjoint
eigenfunction [6, (2.12)], [12, Theorem 6.3.8. (6.3.13)]

k(x1, x2, x3,_) =e−(_x1+_2x2 )
e\1 (x1,x2,x3 )

(1− ^1
_
) +

ae\2 (x1,x2,x3 )

(1− ^2
_
)

e\1 (x1,x2,x3 ) + ae\2 (x1,x2,x3 )
(3.34)

≡e−[_x1+_2x2 ]b (x1, x2, x3,_),

satisfying (
mx2 + m2

x1 + us(x1, x2, x3)
)
k(x1, x2, x3,_) = 0,(

mx2 + m2
x1−2_mx1 + us(x1, x2, x3)

)
b (x1, x2, x3,_) = 0.

(3.35)

Finally,

ij (x) ≡i(x, ^j) = e^jx1+^2
j x2 jj (x), kj (x) ≡ res_=^jk(x,_) = e−[^jx1+^2

j x2 ]bj (x).

In the following, we will explain the construction of the Green function and provide estimates.
• I Construction of the Green function (3.29)–(3.31): [6, 10] Using Fourier inversion

theorem, the residue theorem and the orthogonality

2∑
j=1

ij (x)kj (x′) = 0, (3.36)

we first derive the orthogonality relation

X(x − x′) = X(x2 − x′2){
1

2c

∫
R
i(x,_R + is)k(x′,_R + is)ds

−
2∑

j=1
ij (x)kj (x′)\ (_R − ^j)}.

(3.37)

Therefore, G defined by (3.29)–(3.31) satisfies(
−mx2 + m2

x1 + 2_mx1 + us(x)
)

G(x, x′,_) = X(x − x′)

by applying (3.37) and

sgn(x2 − x′2)\ ((s
2 − _2

I ) (x2 − x′2)) = \ (x2 − x′2)j− (s) − \ (x
′
2 − x2)j+(s),
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where j±(s) the characteristic function for {s| Re( [_ + is]2 − _2) ≷ 0}.
• I Estimates of the Green function (3.32), (3.33): The proof for Gc only requires the totally

non-negative (TNN) condition. For _ ∈ Dc
^1 ∩Dc

^2 , direct computation or properties of special
functions give the estimate

|Gc (x, x′,_) | ≤C(1 + 1√
|x2 − x′2 |

).

For _ ∈ D×^j , we define

Gc (x, x′,_) = −ei[_I (x′1−x1 )+2_I_R (x′2−x2 ) ]

2c

(
I [1]j + I [2]j + I [3]j + I [4]j

)
, (3.38)

where

I [1]j =:
∫ X

−X
sgn(x2 − x′2)\ ((s

2 − _2
I ) (x2 − x′2))j(x,_R + is)b (x′,_R + is) (3.39)

× [eis[x1−x′1+2_R (x2−x′2 ) ]+(_
2
I −s2 ) (x2−x′2 ) − 1]ds,

I [2]j =:
∫ X

−X
sgn(x2 − x′2)\ ((s

2 − _2
I ) (x2 − x′2))

× [j(x,_R + is)b (x′,_R + is) −
jj (x)bj (x′)
_R + is − ^j

]ds,

I [3]j =:
∫ X

−X
sgn(x2 − x′2)\ ((s

2 − _2
I ) (x2 − x′2))

jj (x)bj (x′)
_R + is − ^j

ds,

I [4]j =:
(∫ −X

−∞
+
∫ ∞

X

)
sgn(x2 − x′2)\ ((s

2 − _2
I ) (x2 − x′2))j(x,_R + is)

× b (x′,_R + is)e(s2−_2
I ) (x

′
2−x2 )−is[ (x′1−x1 )+2_R (x′2−x2 ) ]ds.

We prove that

|I [1]j |, |I
[2]
j |, |I

[3]
j | < C, |I [4]j | ≤ C(1 + 1√

|x2 − x′2 |
),

The uniform estimates for |I [1]j | are derived using appropriate changes of variables and the
residue theorem, while |I [3]j | involves logarithmic functions, causing a discontinuity at ^j.

For Gd, note that ij (x) and kj (x′) have 2-cells and 0-cells in their nominators, respectively:

i1(x) =
1 − a ^2

^1
e\1 (x)+\2 (x)

e\1 (x) + ae\2 (x)
, i2(x) =

1 − ^1
^2

e\1 (x)+\2 (x)

e\1 (x) + ae\2 (x)
,

k1(x′) =
^1

e\1 (x′ ) + ae\2 (x′ )
, k2(x′) =

a^2

e\1 (x′ ) + ae\2 (x′ )
.

Following the argument in [5], [4] to permute and exchange cells, we obtain the decomposition

Gd (x, x′,_) = G1
d (x, x′,_) + G2

d (x, x′,_), (3.40)
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where

G1
d (x, x′,_)

= (^2 − ^1)a ei_I [x′1−x1+2_R (x′2−x2 ) ] \ (k12(x′2 − x2)) \ ((_R − ^1) (z12 − z′12))

× sgn(z12 − z′12)
e−k12 (x′2−x2 )+(_R−^1 ) (z′12−z12 ) e\1 (x′ )+\2 (x)

g(x)g(x′) , (3.41)

and

G2
d (x, x′,_)

=(^1 − ^2)a ei_I [x′1−x1+2_R (x′2−x2 ) ]\ (k12(x′2 − x2)) \ ((_R − ^2) (z12 − z′12))

× sgn(z12 − z′12)
e−k12 (x′2−x2 )+(_R−^2 ) (z′12−z12 ) e\1 (x)+\2 (x′ )

g(x)g(x′) . (3.42)

Here zmn = x1 + (^m + ^n)x2, z′mn = x′1 + (^m + ^n)x′2, and kmn = _2
I − (_R − ^m) (_R − ^n) for

m, n ∈ {1, 2}. Now all exponentials in the numerators are bounded or dominated by the tau
functions in the denominators due to the TP condition, thus proving the result.

(2) • IThe continuous scattering data sc is derived in a similar way to that for rapidly decaying
potentials. Specifically, we first compute m_̄G(x, x′,_) and verify the commutative relation
between the Green function and the exponential functions:

m_̄G(x, x′,_) = − sgn(_I )
2ci

e(_−_) (x1−x′1 )+(_
2−_2 ) (x2−x′2 ) j(x,_)b (x′,_),

G_ e(_−_)x1+(_
2−_2 )x2 = e(_−_)x1+(_

2−_2 )x2 G
_
.

(3.43)

As a result,

m
_
m0(x,_) = sc (_)e(_−_)x1+(_

2−_2 )x2m0(x,_), (3.44)

with sc (_) = sgn(_I )
2ci

[
b (·, _̄)v0(·)m0(·,_)

]∧ ( _−_2ci , _
2−_2

2ci ).
We analyse the analytic properties of the continuous scattering data sc at∞, ^j and 0:

∗ Away from +j, the Fourier theory gives

| (1 −
2∑

j=1
E^j (_)) ( |_ − _ |l1 + |_

2 − _2 |l2)sc (_) |L∞ ≤ C
l∑

h=0
|mh

x v0 |L1∩L∞ . (3.45)

∗ Near +j, we derive the following asymptotics for the Green’s function:

G(x, x′,_) = Gj (x, x′) + 1
c
jj (x)bj (x′) |U | + lj (x, x′,_), (3.46)

|Gj |C (D^j ) ≤ C(1 + 1√
|x2 − x′2 |

), lj (x, x′, ^j) = 0, (3.47)

|lj |L∞ (D^j )∩C`

f̃
(D^j ,

1
f̃
) ≤ C(1 + 1 + |x′ |√

|x2 − x′2 |
). (3.48)
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Here to derive (3.48), we have used, for _j = z + rjeiUj = z + r̃j
f̃

eiUj ∈ Dz, 1
f̃

, z ∈ {0, ^1, ^2},

|e(_−_) (x1−x′1 )+(_
2−_2 ) (x2−x′2 ) − 1|H`

f̃
(Dz, 1

f̃
)

= sup
r̃1, r̃2 ≤ 1, |U1 |, |U2 | ≤ c

|e(_1−_1 ) (x1−x′1 )+(_
2
1−_2

1 ) (x2−x′2 ) − e(_2−_2 ) (x1−x′1 )+(_
2
2−_2

2 ) (x2−x′2 ) |
|r̃1eiU1 − r̃2eiU2 |`

≤ sup
r̃1, r̃2 ≤ 1, |U1 |, |U2 | ≤ c

|ei( [X1−X′1 ]
r̃1
f̃

sin U1+[X2−X′2 ] (
r̃1
f̃
)2 sin 2U1 ) − ei( [X1−X′1 ]

r̃2
f̃

sin U2+[X2−X′2 ] (
r̃2
f̃
)2 sin 2U2 ) |

|r̃1eiU1 − r̃2eiU2 |
≤C(1 + |x′ |).

Plugging (3.46) and (3.47) into (3.28), we obtain

m0(x, ^j + 0+eiU) =
Θj (x)

1 − Wj |U |
, (3.49)

with

Θj (x) =[1 +Gj (x, x′) ∗ v0(x′)]−1jj (x′),

Wj = −
1
c

∬
bj (x)v0(x)Θj (x)dx,

(3.50)

and

|m0(x,_) − m0(x, ^j + 0+eiU) |C`

f̃
(D

^j ,
1
f̃
)∩L∞ (D^j )

< C | (1 + |x |)v0 |L1∩L∞ , (3.51)

|
m0 (x,_) − m0(x, ^j + 0+eiU))

_ − ^j
|L∞ (D^j ) < C(1 + |x |) | (1 + |x |)v0 |L1∩L∞ . (3.52)

Combining (3.34) and (3.49)–(3.52), we obtain:

sc (_) =
sgn(_I )

2ci

∬
e(_−_)x1+(_

2−_2 )x2

(
bj (x)
_̄ − ^j

+ h.o.t.
)

×v0(x)
(

Θj (x)
1 − Wj |U |

+ h.o.t.
)

dx =

i
2 sgn(_I )
_ − ^j

Wj

1 − Wj |U |
+ sgn(_I )hj (_)

with |hj |L∞ (D^j ) < | (1 + |x |)v0 |L1∩L∞ .
∗ For _ ∈ D×0 , similarly, using |m0,r |C1 (D0 ) < C(1 + |x |)∑1

|k |=0 |mk
x (1 + |x |)v0 |L1∩L∞ , we find:

sc (_) =
sgn(_I )

2ci

∬
e(_−_)x1+(_

2−_2 )x2 (0 · _ + h.o.t.)

×v0(x)
(
m0,res(x)

_
+ h.o.t.

)
dx = sgn(_I )ℏ0(_)

with |ℏ0 |C1 (D0 ) < | (1 + |x |)v0 |L1∩L∞ .

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

https://doi.org/10.1017/jnw.2025.10006


Journal of Nonlinear Waves 17

• I Building on the integral equation of m0 and the estimates regarding the Green function G,
we can identify the following properties of m0:
(a) m0 (x,_) = m0(x,_).
(b) (1 − E0)m0(x,_) ∈ L∞.
(c) For _ ∈ D×0 , m0(x1, x2,_) = m0,res (x1,x2 )

_
+ m0,r (x1, x2,_), with m0,res, m0,r ∈ L∞(D0).

(d) For _ = ^j + reiU ∈ D×^j ,

m0 = m♭
0 + m♯

0, m♭
0 =

Θj (x)
1 − Wj |U |

. (3.53)

Therefore, m♯

0 ∈ C`

f̃
(D^j , 1

f̃
) ∩ L∞(D^j ), m♯

0(x1, x2, ^j) = 0, and

m♭
0 =

∞∑
l=0

m0,l (X1, X2) (− ln(1 − Wj |U |))l ∈ L∞(D^j ).

These observations confirm that m0 is in the eigenfunction space W0.
• I To prove the CIE for m0, we follow the same method as used for rapidly decaying potentials.

Using T0m0 ∈ L1, we can apply Liouville’s theorem to show that there exists g(x) such that

m0(x,_) = g(x) + m0,res(x)
_

+ CT0m0(x,_). (3.54)

To prove g ≡ 1, we apply the Lax operator to both sides of (3.54) and utilize the Lax equation,
yielding

u(x)m0(x,_) =
(
mx2 − m2

x1 − 2_mx1

)
[g(x) + m0,res(x)

_
]

+
(
mx2 − m2

x1 − 2_mx1

)
CT0m0.

(3.55)

Then it reduces to demonstrate that these CI’s are uniformly o( |_ |).
To this aim, we decompose

CT0m0 =

∬
D0∪D^1∪D^2

sc (Z)e(Z −Z )x1+(Z
2−Z 2 )x2m0

Z − _ dZ ∧ dZ (3.56)

+
∬
C\(D0∪D^1∪D^2 )

sc (Z)e(Z −Z )x1+(Z
2−Z 2 )x2m0

Z − _ dZ ∧ dZ

≡P1 + P2.

The estimate for P1 is standard. The estimate for P2 corresponds to the CI near infinity, and
this follows from the arguments presented by Wickerhauser.

• I [6] To prove the D-symmetry (3.15), we introduce the total Green function K, which is the
fundamental solution of the full Lax operator:

−−→
Lv0K = K

←−−
Lv0 = X(x − x′),

Lv0 = L + v0, L = −mx2 + m2
x1 + us(x)

(3.57)
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with
−→
L the operator L applying to the x variable of K and

←−
L the operator applying to the xʹ

variable of K. The total Green function K can be solved using these integral equations.

K(x, x′,_) = G − G ∗ v0 K,
K(x, x′,_) = G −K ∗ v0 G, (3.58)

G (x, x′,_) = e_(x1−x′1 )+_
2 (x2−x′2 )G(x, x′,_).

Therefore, the eigenfunction Φ and adjoint eigenfunction Ψ can be written as

Φ(x,_) =K(x, x′,_) ∗x′
←−
Li(x′,_) ≡ K ∗←−Li,

Ψ(x′,_) =k(x,_) ∗x
−→
LK(x, x′,_) ≡ k ∗ −→LK,

(3.59)

with i andk the Sato eigenfunction and the Sato adjoint eigenfunction (see (3.4), (3.5), (3.34),
(3.35)). Furthermore, letting Gj = lim_→^+j

G, Kj = lim_→^+j
K, and successively using (3.59)

and (3.58) [6, 32], we can prove:

(i1(x), i2(x))D♭ = 0, (3.60)

Gj−1 = Gj + ij (x)kj (x′), (3.61)

Kj−1 = Kj +
Φj (x)Ψj (x′)

1 − cjj
. (3.62)

Using these formulas, we establish:

2∑
j=1

Φj (x)Ψj (x′)
1 − cj

= 0, (3.63)

Kl = Ki +
i+2∑

j=l+1

Φj (x)Ψj (x′)
1 − cj

. (3.64)

Here cj = cjj and the mod 2-condition is adopted.
Applying

←−
Lii to (3.64) from the right and using (3.59), we obtain

Kl ∗
←−
Lii = Φi +

i+2∑
j=l+1

Φj (x)cji

1 − cj
. (3.65)

Multiplying (3.65) by D♭
im, summing up and using the symmetry (3.60), we derive

2∑
i=1

ΦiD♭
im +

2∑
i=1

i+2∑
j=l+1

Φj (x)cjiD♭
im

1 − cj
= 0. (3.66)

Taking l = 2 in (3.66) and using (3.63), we prove

(e^1x1+^2
1 x2m0 (x1, x2, ^+1 ), e

^2x1+^2
2 x2m0(x1, x2, ^+2 ))D

♯ = 0. (3.67)

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

https://doi.org/10.1017/jnw.2025.10006


Journal of Nonlinear Waves 19

Multiplying
(
D♯

11

)−1
^1 from the right to both sides, we justify

(e^1x1+^2
1 x2m0 (x1, x2, ^+1 ), e

^2x1+^2
2 x2m0(x1, x2, ^+2 ))D = 0.

3.2.3. The strategy of the proof of Theorem 3.4

Note that [6, 32]

m
_
Φ(x,_) = sc (_, x3)Φ(x,_),
− ^1Φ(x, ^1) = D21(x3)Φ(x, ^2).

Denote

M_ = −mx3 + m3
x1 +

3
2

umx1 +
3
4

ux1 +
3
4
m−1

x1 ux2 + d(_), d(_) = −_3.

The linearity of the continuous scattering data sc can be proved in the same way as that for rapidly
decaying potentials. Similarly,

0 = −M^1 [^1Φ(x, ^1)] = M^1 [D21(x3)Φ(x, ^2)] (3.68)
=Φ(x, ^2)

[
−mx3 + d(^1)

]
D21(x3) +D21 (x3)

[
M^2 − d(^1)

]
Φ(x, ^2)

=Φ(x, ^2)
[
−mx3 + d(^1)

]
D21(x3) +D21 (x3)

[
M^2 − d(^2)

]
Φ(x, ^2)

=Φ(x, ^2)
[
−mx3 + d(^1) − d(^2)

]
D21 (x3).

3.3. The inverse problem for perturbed KP 1-solitons

In this subsection, we will explore the inverse problem for perturbed 1-line solitons, without relying on
the Sato theory.

3.3.1. Statement of results

We begin with the definition of admissible scattering data:

Definition 3.5. Let 0 < n0 � 1, d ≥ 0 and us be a Gr(1, 2)>0 KP soliton defined by {^j}, A = (1, a). A
scattering data S = ({0}, {^1, ^2},D, sc (_)) is called d-admissible if

sc (_) =


i
2 sgn(_I )
_−^j

Wj
1−Wj |U | + sgn(_I )hj (_), _ ∈ D×^j ,

sgn(_I )ℏ0(_), _ ∈ D×0 ,
(3.69)

D = (^1,D21)T , (3.70)

and

n0 ≥ (1 −
∑2

j=1 E^j )
∑
|l | ≤d+8 |

(
|_ − _ |l1 + |_2 − _2 |l2

)
sc (_) |L∞

+∑2
j=1( |Wj | + |hj |L∞ (D^j ) ) + |ℏ0 |C1 (D0 ) + |D −D

♭ |L∞ ,

sc (_) = sc (_), hj (_) = −hj (_), ℏ0(_) = −ℏ0(_),
D♭ = diag (^1, ^2) AT = (^1, ^2a)T , ^j ≠ 0.
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Define T as the continuous scattering operator

Tq(x,_) ≡ sc (_)e(_−_)x1+(_
2−_2 )x2+(_

3−_3 )x3q(x,_). (3.71)

Definition 3.6. The eigenfunction space W = Wx consists of q satisfying

(a) q(x,_) = q(x,_);
(b) (1 − E0)q(x,_) ∈ L∞;
(c) for _ ∈ D×0 , q(x,_) = q0,res (x)

_
+ q0,r (x,_), q0,res, q0,r ∈ L∞(D0);

(d) for _ = ^j + reiU ∈ D×^j , q = q♭ + q♯, q♭ =
∑∞

l=0 ql (X) (− ln(1 − Wj |U |))l ∈ L∞(D^j ), q♯ ∈
C`

f̃
(D^j , 1

f̃
) ∩ L∞(D^j ), q♯ (x, ^j) = 0.

Here

f̃ = max{1, |X1 |,
√
|X2 |, 3

√
|X3 |}, (3.72)

is the rescaling parameter with Xk the phase function coefficients:

℘(x,_) =i[(_ − _)x1 + (_
2 − _2)x2 + (_

3 − _3)x3] _ = z + reiU ∈ Dz

=X1r sinU + X2r2 sin 2U + X3r3 sin 3U ≡ ℘(r,U, X),
X1(x, z) =2(x1 + 2x2z + 3x3z2), X2(x, z) = 2(x2 + 3x3z), X3(x, z) = 2x3.

(3.73)

Finally, for q ∈ W, define

|q |W ≡|(1 − E0)q |L∞ + (|q0,res |L∞ + |q0,r |L∞ (D0 ) )

+
2∑

j=1
( |q♭ |L∞ (D^j ) + |q

♯ |C`

f̃
(D

^j ,
1
f̃
)∩L∞ (D^j )

).
(3.74)

The theorem of the inverse problem is stated as follows:

Theorem 3.7. (The Inverse scattering Theory) [33] There exists a positive constant n0 � 1, such
that for any d-admissible scattering data S = ({0}, ^1, ^2,D, sc (_)) defined by a Gr(1, 2)>0 KP soliton
us corresponding to data {^j}, A = (1, a),

(1) the system of the CIE and the D-symmetry,

m(x,_) = 1 + m0,res(x)
_

+ CTm, _ ≠ 0, (3.75)

(e^1x1+^2
1 x2+^3

1 x3m(x, ^+1 ), e
^2x1+^2

2 x2+^3
2 x3m(x, ^+2 ))D = 0, (3.76)

is uniquely solved in W satisfying∑
0≤l1+2l2+3l3≤d+5

|ml
x [m(x,_) − j(x,_)] |W ≤ Cn0. (3.77)
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(2) Moreover,

(
−mx2 + m2

x1 + 2_mx1 + u(x)
)

m(x,_) = 0, (3.78)

u(x) ≡ −2mx1m0,res(x) −
1
ci
mx1

∬
Tm dZ ∧ dZ , (3.79)

∑
0≤l1+2l2+3l3≤d+4

|ml
x [u(x) − us(x)] |L∞ ≤ Cn0. (3.80)

We define the inverse scattering transform by

S−1({zn, ^j,D, sc (_)}) = −
1
ci
mx1

∬
Tm dZ ∧ dZ − 2mx1m0,res(x); (3.81)

(3) u : R × R × R+ → R solves the KPII equation

(−4ux3 + ux1x1x1 + 6uux1)x1 + 3ux2x2 = 0. (3.82)

Using the direct and inverse scattering theories (Theorems 3.2 and 3.7), we can solve the Cauchy
problem for the KPII on 1-line soliton backgrounds (see Corollary 4.6).

3.3.2. The strategy of the proof of Theorem 3.7

(1) We will demonstrate the existence, uniqueness and estimates of this system by taking the limit of
the iteration sequence

q (k) (x,_) = 1 +
q
(k)
0,res(x)
_

+ CTq (k−1) (x,_), k > 0, (3.83)

(e^1x1+^2
1 x2+^3

1 x3q (k) (x, ^+1 ), e
^2x1+^2

2 x2+^3
2 x3q (k) (x, ^+2 ))D = 0, (3.84)

q (0) (x,_) = j(x,_) (3.85)

in the eigenfunction space W.
Evaluating the CIE (3.83) at ^+1 , ^+2 and using theD-symmetry (3.84), one obtains a linear system

of 2 + 1 variables q (k) (x, ^+1 ), q
(k) (x, ^+2 ), and q

(k)
0,res(x). Hence the iteration turns into
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q (k) (x,_) =1 +
q
(k)
0,res(x)
_

+ CTq (k−1) (x,_), k > 0,

q
(k)
0,res(x) = −

D11e^1x1+^2
1 x2+^3

1 x3 +D21e^2x1+^2
2 x2+^3

2 x3

D11
^1

e^1x1+^2
1 x2+^3

1 x3 + D21
^2

e^2x1+^2
2 x2+^3

2 x3

− D11e^1x1+^2
1 x2+^3

1 x3

D11
^1

e^1x1+^2
1 x2+^3

1 x3 + D21
^2

e^2x1+^2
2 x2+^3

2 x3
CTq (k−1) (x, ^+1 )

− D21e^2x1+^2
2 x2+^3

2 x3

D11
^1

e^1x1+^2
1 x2+^3

1 x3 + D21
^2

e^2x1+^2
2 x2+^3

2 x3
CTq (k−1) (x, ^+2 ),

q (0) (x,_) =j(x,_).

By the TP condition, the convergence of the iteration sequence reduces to deriving uniform estimates
of CIO near∞, ^j and 0.

• I Estimates on D∞: Away from 0, ^j, the continuous data sc and the eigenfunction m0 are
regular, similar to the case of rapidly decaying potentials. Thus, we can derive estimates using
Wickerhauser’s arguments.

• I Estimates on D^j : To derive estimates on D^j , we take advantage of several factors:

(1) The boundedness of hj and estimates of the Cauchy integral operator:

|hj |L∞ (D^j ) < | (1 + |x |)v0 |L1∩L∞ ,

|CEzq |L∞ ≤ C |q |Lp (Dz ) , |CEzq |Ha (Dz ) ≤ C |q |Lp (Dz ) ,
(3.86)

allow us to replace CIO estimates with kernel sc by those with kernel W̃j =
i
2 sgn(_I )
_−^j

Wj
1−Wj |U | , the

leading singular term.
(2) The special form of W̃j allows us to apply Stokes’ theorem to integrate the leading singularity:

W̃j (_) =
i
2 sgn(_I )
_ − ^j

Wj

1 − Wj |U |
= −m_̄ ln(1 − Wj |U |) (3.87)

CW̃jE^j [−ln(1 − Wj |V |)]l =
[−ln(1 − Wj |U |)]l+1

l + 1

− 1
2ci

∮
|Z −^j |=X

1
l+1 [− ln(1 − Wj |V |)]l+1

Z − _ dZ .

(3) The scaling invariant properties:

|C_W̃je−i℘(x,Z )E^j f (^j + seiV) |C`

f̃
(D

^j ,
1
f̃
)∩L∞ (D^j )

(3.88)

= |C_̃W̃je−i℘( s̃
f̃

,V,X )E^j ,f̃ X f (^j +
s̃
f̃

eiV) |C` (D^j ,1 )∩L∞ (D^j ,f̃ X ) ,

where the dilating polar coordinates near z = ^j is defined by

_ = z + reiU = z + r̃
f̃

eiU, Z = z + seiV = z + s̃
f̃

eiV ,

_̃ = z + r̃eiU, Z̃ = z + s̃eiV ,
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and r, s ≤ X, r̃, s̃ ≤ f̃X, |U |, |V | ≤ c.

To achieve this, we decompose

C_W̃je−i℘(x,Z )E^j f ≡ I1 + I2 + I3 + I4 + I5, (3.89)

with

I1 = − \ (1 − r̃)
2ci

∬
s̃<2

W̃j (s̃, V)f ♭ ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃ , (3.90)

I2 = − \ (1 − r̃)
2ci

∬
s̃<2

W̃j (s̃, V) [e−i℘( s̃
f̃

,V,X ) − 1]f ♭ ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃ , (3.91)

I3 = − \ (1 − r̃)
2ci

∬
s̃<2

W̃j (s̃, V)e−i℘( s̃
f̃

,V,X ) f ♯ ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃ , (3.92)

I4 = − \ (1 − r̃)
2ci

∬
2<s̃<f̃X

W̃j (s̃, V)e−i℘( s̃
f̃

,V,X ) f ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃ , (3.93)

I5 = − \ (r̃ − 1)
2ci

∬
s̃<f̃X

W̃j (s̃, V)e−i℘( s̃
f̃

,V,X ) f ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃ . (3.94)

For I1, I2 and I3, integrals over uniformly compact domains, we will apply Stokes’ theorem (3.87)
and Hölder interior estimates [13] to derive:

|I♭1 |L∞ , |I♯1 |C`

f̃
(D

^j ,
1
f̃
) , |I2 |C`

f̃
(D

^j ,
1
f̃
) , |I3 |C`

f̃
(D

^j ,
1
f̃
) .

For the estimates of

|I4 |C`

f̃
(D

^j ,
1
f̃
) , |I5 |L∞ (D^j ) ,

slowly decaying integrals over non-uniformly compact domains, we first express them as iterated
integrals in polar coordinates

I4 = − \ (1 − r̃)
2ci

∫ c

−c
dV[mV ln(1 − Wj |V |)]

∫
2<s̃<f̃X

e−i℘( s̃
f̃

,V,X ) f ( s̃
f̃

,−V, X)
s̃ − r̃ei(U−V) ds̃,

I5 = − \ (r̃ − 1)
2ci

∫ c

−c
dV[mV ln(1 − Wj |V |)]

∫ f̃ X

0

e−i℘( s̃
f̃

,V,X ) f ( s̃
f̃

,−V, X)
s̃ − r̃ei(U−V) ds̃.

Then, estimates will be derived by applying holomorphic extension properties in s̃, the deformation
method and stationary point analysis of ℘. The main ideas for the deformation are as follows: near
stationary points s̃∗, we deform

s̃ ∈ R −→ s̃eig ∈ C (3.95)
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such that the integral domain of s̃ deforms into a union of line segments Γ’s and arcs S’s, satisfying the
following conditions:

(a) on Γ′s, ℜe(−i℘( s̃e
ig

f̃
, V, X)) ≤ − 1

C
| sin(kV) (s̃ − s̃∗)k |

(b) on Γ′s, | Z̃ − _̃ | ≥ 1
C

max{|s̃ − s̃∗ |, |r̃eiU − s̃∗eiV |}, (3.96)

(c) on S′s, ℜe(−i℘( s̃e
ig

f̃
, V, X)) ≤ 0.

Therefore,

• ∗ using improper integrals, if f̃ = k
√
|Xk |, k = 3, 2, estimates can be established when s̃ is away

from the stationary point;
• ∗When both s̃ and r̃ are close to the stationary point, we will show that I5 near the stationary point

is no longer a singular integral, allowing us to obtain estimates (see Proposition 3.14 for f̃ = k
√
|Xk |,

k = 3, 2).

The estimate for f̃ = |X1 | is more complicated because eℜe(−i℘( s̃eig
f̃

,V,X ) ) either decays non-uniformly
in X or leads to a 1

| sin V | singularity which is not suitable for an improper integral. To address these
difficulties, we will either utilize the scaling invariant properties of the Hilbert transform or look for a
finer decomposition (see Proposition 3.17 and remarks before Definition 3.15).

More details regarding the key estimates for I3, I4 and I5 will be provided in Sections 3.3.3 and 3.3.4,
as they represent significant additional analytic features of the inverse problem for perturbed multi-line
solitons.

• I Estimates on D0 : To leverage the methods for estimates on D^j , we adopt a similar decom-
position of the CI near 0, that is, a combination of uniformly compact domain integrals and
non-uniformly compact domain integrals:

CTE0q

= − 1
2ci

∬
D0,f̃ X

sgn(V)ℏ0 ( s̃
f̃

, V)e−i℘( s̃
f̃

,V,X )q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ + C_TE0q0,r

≡ II1 + II2 + II3 + II4 + II5,

where

II1 = − \ (1 − r̃)
2ci

∬
s̃<2

sgn(V)ℏ0( s̃
f̃

, V)q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ ,

II2 = − \ (1 − r̃)
2ci

∬
s̃<2

sgn(V)ℏ0( s̃
f̃

, V) [e−i℘( s̃
f̃

,V,X ) − 1]q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ ,

II3 = C_E0Tq0,r ,

II4 = − \ (1 − r̃)
2ci

∬
2<s̃<f̃X

sgn(V)ℏ0( s̃
f̃

, V)e−i℘( s̃
f̃

,V,X )q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ ,

II5 = − \ (r̃ − 1)
2ci

∬
s̃<f̃X

sgn(V)ℏ0( s̃
f̃

, V)e−i℘( s̃
f̃

,V,X )q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ .

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

https://doi.org/10.1017/jnw.2025.10006


Journal of Nonlinear Waves 25

The estimate for II1, the leading singular term, can be derived using |ℏ0 |C1 (D0 ) < |v0 |L1∩L∞ , the
mean value theorem, Cauchy integral estimates and the Hilbert transform theory [13].

II2 and II3 are estimated using (3.86).
Writing ℏ0(Z) = ℏ0(0) + [ℏ0(Z) − ℏ0(0)] and decompose II4 = II41 + II42, II5 = II51 + II52 with

II41 = − \ (1 − r̃)
2ci

∬
2<s̃<f̃X

sgn(V)ℏ0(0)e−i℘( s̃
f̃

,V,X )q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ ,

II51 = − \ (r̃ − 1)
2ci

∬
s̃<f̃X

sgn(V)ℏ0(0)e−i℘( s̃
f̃

,V,X )q0,res(x)

( Z̃ − _̃) Z̃
d Z̃ ∧ d Z̃ .

Thanks to s̃-meromorphic properties and adapting argument for estimating I4, I5 (see Section
3.3.3) for II41, II51, we obtain

|II41 |L∞ (D0 ) , |II51 |L∞ (D0 ) ≤Cn0 |q0,res |L∞ .

For the remaining terms, by (3.86) and |ℏ0 |C1 (D0 ) < |v0 |L1∩L∞ ,

|II42 |L∞ (D0 ) , |II52 |L∞ (D0 ) ≤ Cn0 |q0,res |L∞ .

(2) To derive the Lax equation, we introduce the shorthand notation:

−mx2 + m2
x1 + 2_mx1 = −∇2 + ∇2

1,

∇1 = mx1 + _, ∇2 = mx2 + _2, J q =
q0,res(x)

_
.

By applying the heat operator to the system of the Cauchy Integral Equation (CIE) and the D-
symmetry, formally,

(−∇2 + ∇2
1)m =

[
−∇2 + ∇2

1, J + CT
]

m + (J + CT) (−∇2 + ∇2
1)m, (3.97)

(e^1x1+^2
1 x2+^3

1 x3
[
(−∇2 + ∇2

1)m
]
(x, ^+1 ), e

^2x1+^2
2 x2+^3

2 x3
[
(−∇2 + ∇2

1)m
]
(x, ^+2 ))D = 0, (3.98)

and

[
−∇2 + ∇2

1, J + CT
]

m = + 1
ci
mx1

∬
Tm dZ ∧ dZ + 2mx1m0,res(x) ≡ −u(x).

Hence, formally, the unique of the CIE and the D symmetry constraint implies

(−∇2 + ∇2
1)m = −(1 − J − CT)−1u(x)1 = − u(x) (1 − J − CT)−11 = −u(x)m(x,_). (3.99)

Therefore, (3.78)–(3.80) are verified.
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A rigorous argument is carried out by introducing

q (k) = 1 + Jq (k) + CTq (k−1) ,

(e^1x1+^2
1 x2+^3

1 x3
[
(−∇2 + ∇2

1)q
(k)

]
(x, ^+1 ), e

^2x1+^2
2 x2+^3

2 x3
[
(−∇2 + ∇2

1)q
(k)

]
(x, ^+2 ))D = 0,

(3.100)
and using the estimates of the CIO’s and the iteration method to establish:

[
−∇2 + ∇2

1, J
]
q (k) isindependentof _,[

−∇2 + ∇2
1, CT

]
q (k−1) isindependentof _,[

−∇2 + ∇2
1, J

]
q (k) →

[
−∇2 + ∇2

1, J
]

m = 2mx1m0,res(x),[
−∇2 + ∇2

1, CT
]
q (k−1) →

[
−∇2 + ∇2

1, CT
]

m =
1
ci
mx1

∬
Tm dZ ∧ dZ ,

J (−∇2 + ∇2
1)q
(k) →J (−∇2 + ∇2

1)m in W ,

CT (−∇2 + ∇2
1)q
(k) →CT (−∇2 + ∇2

1)m in W ,∑
0≤l1+2l2+3l3≤d+4

|ml
x ( [−∇2 + ∇2

1, J]m + us) |L∞ ≤ Cn0,

|
[
−∇2 + ∇2

1, CT
]
q (k−1) −

[
−∇2 + ∇2

1, CT
]
j |L∞ ≤ (Cn0)k .

(3) The KP equation: The KP equation will be derived by justifying the Lax pair. By the representation
formula (3.80) and Φ(x,_) = e_x1+_2x2m(x,_), we define the evolution operators

M = − mx3 + m3
x1 +

3
2

umx1 +
3
4

ux1 +
3
4
m−1

x1 ux2 − _3,

MΦ(x,_) =e_x1+_2x2

(
M + 3_m2

x1 + 3_2mx1 + _3 + 3
2

u_
)

m(x,_)

≡e_x1+_2x2 (Mm) (x,_),

We reverse the procedure in the linearization theorem Theorem 3.4 to prove

m
_
(Mm) (x,_) = sc (_)e(_−_)x1+(_

2−_2 )x2+(_
3−_3 )x3 (Mm) (x,_), (3.101)

(e^1x1+^2
1 x2+^3

1 x3Mm(x, ^+1 ), e
^2x1+^2

2 x2+^3
2 x3Mm(x, ^+2 ))D = 0. (3.102)

As |_ | → ∞, letting m ∼ ∑∞
j=0

Mj (x)
_j , from the Lax equation (3.78),

2mx1Mj+1 = (mx2 − m2
x1 − u)Mj,

M0 = 1, M1 = −1
2
m−1

x1 u, M2 = −1
4
mx2m

−1
x1 u + 1

4
u + 1

4
m−1

x1

(
um−1

x1 u
)

, · · · (3.103)
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As a result, as _→∞,

Mm (3.104)

→3
4

ux1 +
3
4
m−1

x1 ux2 + 3_m2
x1 (1 +

M1

_
) + 3_2mx1 (1 +

M1

_
+ M2

_2 ) +
3
2

u_

=
3
4

ux1 +
3
4
m−1

x1 ux2 +
(
−3

2
ux1 + 3mx1 (−

1
4
mx2m

−2
x1 u + u

4
+ 1

4
m−1

x1 [um
−1
x1 u])

)
+_

(
3mx1M1 +

3
2

u
)
+ 3

2
u(−1

2
m−1

x1 u) = 0.

Therefore, Mm ∈ W . Together with (3.101), (3.102), and unique solvability of the system of the
CIE and D symmetry, yields Mm(x,_) = 0 and the Lax pair.

3.3.3. Highlight: estimates for I3

The scaled H¥older estimate for

I3 = − \ (1 − r̃)
2ci

∬
s̃<2

W̃j (s̃, V)e−i℘( s̃
f̃

,V,X ) f ♯ ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃

is reminiscent of the H¥older estimate of the Beltrami’s equation [25, Theorem 1.32], which involves
mainly estimates of

I′3g =

∬
D

g(Z)
(Z − _)2

dZ ∧ dZ , |g|C` < ∞.

Both leading singular terms of I3 and I′3 can be integrated by Stokes’ theorem.
We only give the proof for the case ^j = ^1 since the proof for j = 2 is the same.

Proposition 3.8.

|I3 |C`

f̃
(D

^1, 1
f̃
) ≤ Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) . (3.105)

Proof. From f ♯ ∈ C`

f̃
(D^1, 1

f̃
) and f ♯ (x, ^1) = 0,

|W̃1(s̃, V)f ♯ (
s̃
f̃

, V, X) |L∞ (D^1 ) ≤ Cn0 |f ♯ |H`

f̃
(D

^1, 1
f̃
) s̃

`−1.

Therefore, an improper integral yields

|I3 |L∞ (D^1 ) ≤ Cn0 |f ♯ |H`

f̃
(D

^1, 1
f̃
) . (3.106)

To derive the H`

f̃
-estimate of I3, let _̃j = ^1 + r̃jeiUj , r̃j ≤ 1, j = 1, 2, define

if ♯ (x, Z) = e−i℘( s̃
f̃

,V,X ) f ♯ (x, Z), (3.107)
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and decompose

I3(x,_1) − I3(x,_2) (3.108)

= − _̃1 − _̃2

4ci

∬
s̃<2

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃

− _̃1 − _̃2

4ci

∬
s̃<2

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃2
f̃

,U2, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃

+
if ♯ (

r̃1
f̃

,U1, X)
4ci

∬
s̃<2

W̃1( Z̃) [
1

Z̃ − _̃2
− 1

Z̃ − _̃1
]d ¯̃Z ∧ d Z̃

+
if ♯ (

r̃2
f̃

,U2, X)
4ci

∬
s̃<2

W̃1( Z̃) [
1

Z̃ − _̃2
− 1

Z̃ − _̃1
]d ¯̃Z ∧ d Z̃ .

In view of f ♯ ∈ C`

f̃
(D^1, 1

f̃
) and f ♯ (x, ^1) = 0, we have

|if ♯ (
r̃
f̃

,U, X) |L∞ (D^1 ) ≤ C |f ♯ |H`

f̃
(D

^1, 1
f̃
) r̃

` . (3.109)

Therefore, estimates for the last two terms can be derived using Stokes’ theorem to integrate the
integrals.

We focus on the proof of the first term on the RHS of (3.108), as the proof of the second right-hand
term is identical. Applying (3.86), it suffices to derive the estimate for all _1, _2 with D̃ ⊂ {s̃ ≤ 2} being
a disk centred at _̃1 with radius l and l = 2|_̃2 − _̃1 |. Write

− _̃1 − _̃2

4ci

∬
s̃≤2

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ (3.110)

= − _̃1 − _̃2

4ci

∬
D̃
W̃1( Z̃)

if ♯ ( s̃
f̃

, V, X) − if ♯ (
r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃

− _̃1 − _̃2

4ci

∬
{ s̃≤2}/D̃

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ .

Let D̃0 = {Z : |Z − _̃1 | < 3l
2 }.

• I If Z̃ ∈ {s̃ ≤ 2}/D̃ and ^1 ∈ D̃0, then

1
C
≤ | Z̃ − _̃1

Z̃ − _̃2
|, | Z̃ − ^1

Z̃ − _̃1
|, | Z̃ − ^1

Z̃ − _̃2
| ≤ C.

In this case, using f ♯ ∈ C`

f̃
(D^1, 1

f̃
) and [25, Chapter 1,§ 6.1],

| − _̃1 − _̃2

4ci

∬
{ s̃≤2}/D̃

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ | (3.111)

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |

∬
{ s̃≤2}/D̃

1
| Z̃ − _2 | | Z̃ − _̃1 |2−`

d ¯̃Z ∧ d Z̃

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |` .
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• I If Z̃ ∈ {s̃ ≤ 2}/D̃ and ^1 ∉ D̃0 then

1
C
≤ | Z̃ − _̃1

Z̃ − _̃2
| ≤ C, |_̃1 − _̃2 | ≤

1
C

min{|_̃1 − ^1 |, |_̃2 − ^1 |}.

In this case, using f ♯ ∈ C`

f̃
(D^1, 1

f̃
) and [25, Chapter 1,§ 6.1],

| − _̃1 − _̃2

4ci

∬
{ s̃≤2}/D̃

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ | (3.112)

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |

∬
{ s̃≤2}/D̃

1
| Z̃ − ^1 | | Z̃ − _̃1 |2−`

d ¯̃Z ∧ d Z̃

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |` .

Therefore, the second term on the RHS of (3.110) is done.
Let L̃(Z) = 0 be the line perpendicular to _1_2 passing through 1

2 (_1 + _2). Set

D̃_̃1,± = D̃ ∩ {Z : L̃(Z)L̃(_1) ≷ 0}.

Therefore, thanks to f ♯ ∈ C`

f̃
(D^1, 1

f̃
), setting [ =

Z̃ −_̃1
|_̃1−_̃2 |

, Z̃ −^1
|_̃1−_̃2 |

= [ − r0eiU0 , and using [25, Chapter
1,§ 6.1],

| _̃1 − _̃2

4ci

∬
D̃_̃1,+

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ | (3.113)

≤Cn0 |_̃1 − _̃2 | |f ♯ |C`

f̃
(D

^1, 1
f̃
) |

∬
D̃_̃1,+

1
| Z̃ − ^1 | | Z̃ − _̃1 |1−` | Z̃ − _̃2 |

d ¯̃Z ∧ d Z̃ |

≤Cn0 |_̃1 − _̃2 |` |f ♯ |C`

f̃
(D

^1, 1
f̃
) |

∬
{ |[ | ≤2}∩D̃_̃1,+

1
|[ − r0eiU0 | |[ |1−` |[ − eiU′ |

d[Rd[I |

≤Cn0 |_̃1 − _̃2 |` |f ♯ |C`

f̃
(D

^1, 1
f̃
) |

∬
{ |[ | ≤2}∩D̃_̃1,+

1
|[ − r0eiU0 | |[ |1−`

d[Rd[I |

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |` .

By analogy,

| _̃1 − _̃2

4ci

∬
D̃_̃1,−

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ |

≤| _̃1 − _̃2

4ci

∬
D̃_̃1,−

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃2
f̃

,U2, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ |

+| _̃1 − _̃2

4ci

∬
D̃_̃1,−

W̃1( Z̃)
if ♯ (

r̃2
f̃

,U2, X) − if ♯ (
r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ |

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |`

+| _̃1 − _̃2

4ci

∬
D̃_̃1,−

W̃1( Z̃)
if ♯ (

r̃2
f̃

,U2, X) − if ♯ (
r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ |.
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Applying f ♯ ∈ C`

f̃
(D^1, 1

f̃
), Stokes’ theorem and | Z̃ − _̃1 |, | Z̃ − _̃2 | ∼ |_̃1− _̃2 | on the boundary of D̃_̃1,−

(assured by |_̃ | ≤ 1, D̃ ⊂ {s̃ < 2}),

| _̃1 − _̃2

4ci

∬
D̃_̃1,−

W̃1 ( Z̃)
if ♯ (

r̃2
f̃

,U2, X) − if ♯ (
r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ |

≤C |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |1+`

∬
D̃_̃1,−

W̃1( Z̃)
1

( Z̃ − _̃1) ( Z̃ − _̃2)
d ¯̃Z ∧ d Z̃ |

=C |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |1+`

∬
D̃_̃1,−

m
Z

[
ln(1 − W |V |) 1

Z̃ −_̃1

]
Z̃ − _̃2

d ¯̃Z ∧ d Z̃ |

≤Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |` .

Therefore the first term on the RHS of (3.110) is done. Thus

| _̃1 − _̃2

4ci

∬
s̃≤2

W̃1( Z̃)
if ♯ ( s̃

f̃
, V, X) − if ♯ (

r̃1
f̃

,U1, X)
( Z̃ − _̃1) ( Z̃ − _̃2)

d ¯̃Z ∧ d Z̃ |

≤ Cn0 |f ♯ |C`

f̃
(D

^1, 1
f̃
) |_̃1 − _̃2 |`,

(3.114)

for |_̃j − ^1 | ≤ 1, j = 1, 2. Hence (3.105) can be justified. �

3.3.4. Highlight: estimates for I4, I5

Without loss of generality and for simplicity, we assume

^j = ^1, |_ − ^1 | ≤
X

2
, X3 > 0, X1, X2 ≥ 0, (3.115)

in this section. For f̂ ∈ {X1,
√

X2, 3√X3}, consider the f̂-scaled coordinates

Z = ^1 + seiV = ^1 +
ŝ
f̂

eiV ∈ D^1 ,

and the deformation

ŝ ∈ R −→ ŝeig ∈ C.

Observe that

ℜe(−i℘( ŝe
ig

f̂
, V, X)) =X3

f̂3 sin 3g sin 3V̂s3 + X2

f̂2 sin 2g sin 2V̂s2 + X1

f̂
sin g sin V̂s

≡X3

f̂3 sin 3g sin 3V̂s (̂s − d+) (̂s − d−),

m̂s℘(
ŝ
f̂

, V, X) =3
X3

f̂3 sin 3V̂s2 + 2
X2

f̂2 sin 2V̂s + X1

f̂
sin V

≡3
X3

f̂3 sin 3V (̂s − ŝ+) (̂s − ŝ−).

Hence as |g | � 1, d± ∼ ŝ±. This is the primary motivation behind our definition of stationary points.

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

https://doi.org/10.1017/jnw.2025.10006


Journal of Nonlinear Waves 31

Figure 1. Signatures of (sin V, sin 2V, sin 3V) for X1, X2, X3 > 0.

Definition 3.9. The stationary points are defined to be

ŝ± =
−1 ±

√
1 − Δ

3 X3
f̂X2

sin 3V
sin 2V

, Δ = 3
X1X3

X2
2

sin V sin 3V
sin2 2V

, (3.116)

which satisfy

m̂s℘(
ŝ±
f̂

, V, X) = 3
X3

f̂2 sin 3V̂s2
± + 2

X2

f̂2 sin 2V̂s± +
X1

f̂
sin V = 0.

Denote

Ω1 = {0 ≤ |V | ≤ c
3 }, Ω2 = { c3 ≤ |V | ≤

c
2 }, Ω3 = { c2 ≤ |V | ≤

2c
3 },

Ω4 = { 2c
3 ≤ |V | ≤ c},

(3.117)

one has Figure 1 for signatures of sin(kV) on Ωj. Moreover, according to the determinant Δ, we
have Table 1 to classify points in (V, X) into 5 Types and their subtypes. We outline the properties
of stationary points for each type or subtype. Note that

|̂s+ − ŝ− | = |
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

|. (3.118)

In the following, we will define essential stationary points ŝj,∗ and decompose [0, f̂] into intervals
fj around ŝj,∗. The deformation will be defined on fj.

Definition 3.10. We define the essential stationary points ŝj,∗ = ŝj,∗(f̂, V, X) by

ŝ0,∗ =0,

ŝ1,∗ =


ŝ++̂s−

2 ≷ 0, Type A′ ∧ (f̂ ∈ {
√

X2, 3√X3}), A′′,
inf ŝ± > 0, TypeB′′,ℭ′′,
sup ŝ± > 0, TypeD,E,
−, Type A′ ∧ (f̂ = X1), B′,ℭ′,

ŝ2,∗ =

{
sup ŝ±, TypeB′′,ℭ′′,
−, others,

(3.119)

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

https://doi.org/10.1017/jnw.2025.10006


32 Derchyi Wu

Table 1. Properties of ŝ± and Δ for Type A, · · · ,E when X1 > 0, X2, X3 ≥ 0
Type Subtype Range of � Properties of ŝ± #-domain

(order of ŝ±)

A(V, X) A′ (2,∞) * ŝ± complex roots Ω1 ( ŝ++̂s−2 ≤ 0)
A′′ (1, 2) Ω4 ( ŝ++̂s−2 ≥ 0)

B(V, X) B′ * ( 12 , 1) adjacent real roots w. Ω1 (̂s− ≤ ŝ+ ≤ 0)
B′′ Ω4 (̂s− ≥ ŝ+ ≥ 0)

ℭ(V, X) ℭ′ * (0, 1
2 ) ŝ+ = −Δ

6 X3
f̂X2

sin 3V
sin 2V
+ l.o.t., Ω1 (̂s− ≤ ŝ+ ≤ 0)

ℭ′′ ŝ− = −2
3 X3
f̂X2

sin 3V
sin 2V
+ l.o.t. Ω4 (̂s− ≥ ŝ+ ≥ 0)

D(V, X) * (− 1
2 , 0) ŝ+ = −Δ

6 X3
f̂X2

sin 3V
sin 2V
+ l.o.t., Ω2 (̂s− ≥ 0 ≥ ŝ+)

ŝ− = −2
3 X3
f̂X2

sin 3V
sin 2V
+ l.o.t. Ω3 (̂s+ ≥ 0 ≥ ŝ−)

E(V, X) * (−∞,− 1
2 ) * ŝ± real roots Ω2 (̂s− ≥ 0 ≥ ŝ+)

Ω3 (̂s+ ≥ 0 ≥ ŝ−)

where − means no definition. Given 0 < n1 < c
2k � 1, define neighborhood fj (f̂, V, X) of essential

critical points ŝj,∗ by

f0 =


[0, 1

2 ], Type A′ ∧ (f̂ ∈ {
√

X2, 3√X3}), A′′,
[0, 1

2 cos n1
ŝ1,∗], TypeB′′,ℭ′′,D,E,

[0, f̂X] = [0, 1
2 ] ∪ [

1
2 , f̂X] = f0,< ∪f0,>, Type A′ ∧ (f̂ = X1), B′,ℭ′,

f1 =



[ 12 , ŝ1,∗] ∪ [̂s1,∗, f̂X] ≡ f1,< ∪f1,>, Type {[A′ ∧ (f̂ ∈ {
√

X2, 3√X3})] ∨ A′′} ∧ (̂s1,∗ > 0),
[ 12 , f̂X] ≡ f1,>, Type {[A′ ∧ (f̂ ∈ {

√
X2, 3√X3})] ∨ A′′} ∧ (̂s1,∗ < 0),

[(1 − 1
2 cos n1

)̂s1,∗, ŝ1,∗] ∪ [̂s1,∗, ŝ1,∗ + ŝ2,∗ −̂s1,∗
2 cos n1

] ≡ f1,< ∪f1,>, TypeB′′,ℭ′′,
[(1 − 1

2 cos n1
)̂s1,∗, ŝ1,∗] ∪ [̂s1,∗, f̂X] ≡ f1,< ∪f1,>, Type D, E,

q, Type A′ ∧ (f̂ = X1), B′,ℭ′,

f2 =

{
[̂s2,∗ − ŝ2,∗ −̂s2,∗

2 cos n1
, ŝ2,∗] ∪ [̂s2,∗, f̂X] ≡ f2,< ∪f2,>, TypeB′′,ℭ′′,

q otherwise,
(3.120)

Write

_ = ^1 +
r̂eiU

f̂
= ^1 +

ŝj,∗eiV + r̂jeiUj

f̂
,

r̂j = r̂j (f̂, V, X,_), Uj = Uj (f̂, V, X,_), j = 0, 1, 2.
(3.121)

We define the deformation defined by
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Z = ^1 + seiV = ^1 +
ŝeiV

f̂

ŝ ↦→ bj ≡ ŝj,∗ + ŝjeigj , ŝ ≡ ŝj,∗ ± ŝj ∈ fj, |gj | ≶
c

2
, ŝj ≥ 0, j = 0, 1, 2,

(3.122)

with



∓c ≶ g1 ≶ ∓c ± n1, for sin 3V ≷ 0, | |U1 − V | − c | ≤ n1
2 , ŝ ∈ f1< ≠ q, Type A,

∓n1 ≶ g1 ≶ 0, for sin 3V ≷ 0, |U1 − V | ≤ n1
2 , ŝ ∈ f1> ≠ q, Type A,

∓c ≶ g1 ≶ ∓c ± n1, for sin 3V ≷ 0, | |U1 − V | − c | ≤ n1
2 , ŝ ∈ f1<, TypeB′′,ℭ′′,

±n1 ≷ g1 ≷ 0, for sin 3V ≷ 0, |U1 − V | ≤ n1
2 , ŝ ∈ f1>, TypeB′′,ℭ′′,

±c ≷ g1 ≷ ±c ∓ n1, for sin 3V ≷ 0, | |U1 − V | − c | ≤ n1
2 , ŝ ∈ f1<, TypeD,E,

∓n1 ≶ g1 ≶ 0, for sin 3V ≷ 0, |U1 − V | ≤ n1
2 , ŝ ∈ f1>, TypeD,E,B′,ℭ′,

∓c ≶ g1 ≶ ∓c ± n1
4 , for sin 3V ≷ 0, | |U1 − V | − c | ≥ n1

2 , ŝ ∈ f1< ≠ q, Type A,
∓ n1

4 ≶ g1 ≶ 0, for sin 3V ≷ 0, |U1 − V | ≥ n1
2 , ŝ ∈ f1> ≠ q, Type A,

∓c ≶ g1 ≶ ∓c ± n1
4 , for sin 3V ≷ 0, | |U1 − V | − c | ≥ n1

2 , ŝ ∈ f1<, TypeB′′,ℭ′′,
± n1

4 ≷ g1 ≷ 0, for sin 3V ≷ 0, |U1 − V | ≥ n1
2 , ŝ ∈ f1>, TypeB′′,ℭ′′,

±c ≷ g1 ≷ ±c ∓ n1
4 , for sin 3V ≷ 0, | |U1 − V | − c | ≥ n1

2 , ŝ ∈ f1<, TypeD,E,
∓ n1

4 ≶ g1 ≶ 0, for sin 3V ≷ 0, |U1 − V | ≥ n1
2 , ŝ ∈ f1>, TypeD,E,B′,ℭ′,

±c ≷ g2 ≷ ±c ∓ n1, for sin 3V ≷ 0, | |U2 − V | − c | ≤ n1
2 , ŝ ∈ f2<, TypeB′′,ℭ′′,

∓n1 ≶ g2 ≶ 0, for sin 3V ≷ 0, |U2 − V | ≤ n1
2 , ŝ ∈ f2>, TypeB′′,ℭ′′,

±c ≷ g2 ≷ ±c ∓ n1
4 , for sin 3V ≷ 0, | |U2 − V | − c | ≥ n1

2 , ŝ ∈ f2<, TypeB′′,ℭ′′,
∓ n1

4 ≶ g2 ≶ 0, for sin 3V ≷ 0, |U2 − V | ≥ n1
2 , ŝ ∈ f2>, TypeB′′,ℭ′′,

g0 ≡ 0, for sin 3V ≷ 0, |U0 − V | ≤ n1
2 , ŝ ∈ [0, 1

2 ] ⊂ f0, Type A,B′,ℭ′,
g0 ≡ 0, for sin 3V ≷ 0, |U0 − V | ≥ n1

2 , ŝ ∈ [0, 1
2 ] ⊂ f0, Type A,B′,ℭ′,

±n1 ≷ g0 ≷ 0, for sin 3V ≷ 0, |U0 − V | ≤ n1
2 , ŝ ∈ f0, Type D,E,

± n1
4 ≷ g0 ≷ 0, for sin 3V ≷ 0, |U0 − V | ≥ n1

2 , ŝ ∈ f0, Type D,E,
∓n1 ≶ g0 ≶ 0, for sin 3V ≷ 0, |U0 − V | ≤ n1

2 , ŝ ∈ f0,>, Type A′,B′,ℭ′,
∓ n1

4 ≶ g0 ≶ 0, for sin 3V ≷ 0, |U0 − V | ≥ n1
2 , ŝ ∈ f0,>, Type A′,B′,ℭ′,

∓n1 ≶ g0 ≶ 0, for sin 3V ≷ 0, |U0 − V | ≤ n1
2 , ŝ ∈ f0, TypeB′′,ℭ′′,

∓ n1
4 ≶ g0 ≶ 0, for sin 3V ≷ 0, |U0 − V | ≥ n1

2 , ŝ ∈ f0, TypeB′′,ℭ′′,

and

g0,† =



0, for sin 3V ≷ 0, |U0 − V | ≤ n1
2 , ŝ ∈ [0, 1

2 ] ⊂ f0, Type A,B′,ℭ′,
0, for sin 3V ≷ 0, |U0 − V | ≥ n1

2 , ŝ ∈ [0, 1
2 ] ⊂ f0, Type A,B′,ℭ′,

±n1, for sin 3V ≷ 0, |U0 − V | ≤ n1
2 , ŝ ∈ f0, TypeD,E,

± n1
4 , for sin 3V ≷ 0, |U0 − V | ≥ n1

2 , ŝ ∈ f0, TypeD,E,
∓n1, for sin 3V ≷ 0, |U0 − V | ≤ n1

2 , ŝ ∈ f0,>, Type A′,B′,ℭ′,
∓ n1

4 , for sin 3V ≷ 0, |U0 − V | ≥ n1
2 , ŝ ∈ f0,>, Type A′,B′,ℭ′,

∓n1, for sin 3V ≷ 0, |U0 − V | ≤ n1
2 , ŝ ∈ f0, TypeB′′,ℭ′′,

∓ n1
4 , for sin 3V ≷ 0, |U0 − V | ≥ n1

2 , ŝ ∈ f0, TypeB′′,ℭ′′,
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g1,† =



∓c ± n1, for sin 3V ≷ 0, | |U1 − V | − c | ≤ n1
2 , ŝ ∈ f1< ≠ q, Type A,

∓n1, for sin 3V ≷ 0, |U1 − V | ≤ n1
2 , ŝ ∈ f1> ≠ q, Type A,

∓c ± n1, for sin 3V ≷ 0, | |U1 − V | − c | ≤ n1
2 , ŝ ∈ f1<, TypeB′′,ℭ′′,

±n1, for sin 3V ≷ 0, |U1 − V | ≤ n1
2 , ŝ ∈ f1>, TypeB′′,ℭ′′,

±c ∓ n1, for sin 3V ≷ 0, | |U1 − V | − c | ≤ n1
2 , ŝ ∈ f1<, TypeD,E,

∓n1, for sin 3V ≷ 0, |U1 − V | ≤ n1
2 , ŝ ∈ f1>, TypeD,E,

∓c ± n1
4 , for sin 3V ≷ 0, | |U1 − V | − c | ≥ n1

2 , ŝ ∈ f1<, Type A,
∓ n1

4 , for sin 3V ≷ 0, |U1 − V | ≥ n1
2 , ŝ ∈ f1>, Type A,

∓c ± n1
4 , for sin 3V ≷ 0, | |U1 − V | − c | ≥ n1

2 , ŝ ∈ f1<, TypeB′′,ℭ′′,
± n1

4 , for sin 3V ≷ 0, |U1 − V | ≥ n1
2 , ŝ ∈ f1>, TypeB′′,ℭ′′,

±c ∓ n1
4 , for sin 3V ≷ 0, | |U1 − V | − c | ≥ n1

2 , ŝ ∈ f1<, TypeD,E,
∓ n1

4 , for sin 3V ≷ 0, |U1 − V | ≥ n1
2 , ŝ ∈ f1>, TypeD,E,

g2,† =


±c ∓ n1, for sin 3V ≷ 0, | |U2 − V | − c | ≤ n1

2 , ŝ ∈ f2<, TypeB′′,ℭ′′,
∓n1, for sin 3V ≷ 0, |U2 − V | ≤ n1

2 , ŝ ∈ f2>, TypeB′′,ℭ′′,
±c ∓ n1

4 , for sin 3V ≷ 0, | |U2 − V | − c | ≥ n1
2 , ŝ ∈ f2<, TypeB′′,ℭ′′,

∓ n1
4 , for sin 3V ≷ 0, |U2 − V | ≥ n1

2 , ŝ ∈ f2>, TypeB′′,ℭ′′,

We confirm Goals (b) and (c) in the following lemma:

Lemma 3.11. Define the deformation ŝ ↦→ bj = ŝjeigj + ŝj,∗ on fj by Definition 3.10. We have, for
j = 0, 1, 2,

|̂sjeigj,† − r̂jei(Uj−V) | ≥ 1
C

max{̂rj, ŝj}, if gj,† ≠ 0, (3.125)

and

ℜe(−i℘(
bj

f̂
, V, X)) ≤ 0. (3.126)

Proof.

• I Proof of (3.125): According to the definition of gj,† in Definition 3.10, if gj,† ≠ 0 then

|Uj − V − gj,† | ≥
n1

4
, j = 0, 1, 2. (3.127)

As a result, (3.125) is justified.
• I Proof of (3.126): In view of Definition 3.10, Table 2 and Figure 1,

- for Type A:
* On f0, given our assumption, we focus on Type A′ when f̂ = X1. We observe that both

terms of ℜe(−i℘( ŝeig

f̂
, V, X)) share the same signature by the conditions Δ ≥ 2, n1 � 1,

and g ∈ Ω1, V ∈ Ω1 ∪Ω4.
* On f1, both terms of ℜe(−i℘( bj

f̂
, V, X)) share the same signatures by the conditions

Δ ≥ 1, and g1, V ∈ Ω1 ∪Ω4.
- For Type B′′,ℭ′′:
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Table 2. ℜe(−i℘( ŝ
f̂

, V, X)) for deformation defined by Definition 3.10

Case Type A

ŝ ∈ f0 I ℜe(−i℘( ŝeig

f̂
, V, X))

=
X3
f̂3 sin 3g sin 3V̂s (̂s − 3 sin 2g

2 sin 3g ŝ1,∗)2 + X1
f̂

sin g sin V̂s(1 − 3 sin2 2g
4 sin g sin 3g

1
Δ
)

ŝ ∈ f1 I ℜe(−i℘( ŝ1eig1 +̂s1,∗
f̂

, V, X))

=
X3
f̂3 sin 3g1 sin 3V̂s3

1 +
X1
f̂

sin g1 sin V̂s1 (1 − 1
Δ
)

Case Type B, ℭ

ŝ ∈ f0 I ℜe(−i℘( ŝeig

f̂
, V, X))

=
X3
f̂3 sin 3g sin 3V̂s (̂s −

−1+
√

1− 4
3

sin g sin 3g
sin2 2g

Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

) (̂s −
−1−

√
1− 4

3
sin g sin 3g

sin2 2g
Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

)

ŝ ∈ f1 I ℜe(−i℘( ŝ1eig1 +̂s1,∗
f̂

, V, X))

=
X3
f̂3 sin 3g1 sin 3V̂s2

1 (̂s1 +
√

1−Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

)

ŝ ∈ f2 I ℜe(−i℘( ŝ2eig2 +̂s2,∗
f̂

, V, X))

=
X3
f̂3 sin 3g2 sin 3V̂s2

2 (̂s2 −
√

1−Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g2
3 sin 2g2

)

Case Type D, E

ŝ ∈ f0 I ℜe(−i℘( ŝeig

f̂
, V, X))

=
X3
f̂3 sin 3g sin 3V̂s (̂s −

−1+
√

1− 4
3

sin g sin 3g
sin2 2g

Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

) (̂s −
−1−

√
1− 4

3
sin g sin 3g

sin2 2g
Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

)

ŝ ∈ f1 I ℜe(−i℘( ŝ1eig1 +̂s1,∗
f̂

, V, X))

ŝ1,∗ = ŝ± =
X3
f̂3 sin 3g1 sin 3V̂s2

1 (̂s1 ±
√

1−Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

)

* on f0, from ŝ ≤ 1
2 cos n1

ŝ1,∗ and n1 � 1, we prove (3.126) by means of

(̂s −
−1 +

√
1 − 4

3
sin g sin 3g

sin2 2g
Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

) (̂s −
−1 −

√
1 − 4

3
sin g sin 3g

sin2 2g
Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

) ≥ 1
8

ŝ2
1,∗.

(3.128)
* On f1, from Figure 1, sin 3V

sin 2V
sin 3g1
sin 2g1

≷ 0 on f1,≶. It reduces to proving (3.126) on f1,>.
From the definition of f1,> and (3.118), we have

ŝ1 ≤
ŝ2,∗ − ŝ1,∗
2 cos n1

=
1

cos n1
|
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

|. (3.129)

Therefore,

ŝ1 +
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

≤ 1
2

√
1 − Δ

3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

≤ 0,

ŝ1 ∈ f1,> . (3.130)
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As a result, (3.126) follows.
* On f2, from Figure 1, − sin 3V

sin 2V
sin 3g2
sin 2g2

≶ 0 on f2,≶. It reduces to proving (3.126) on f2,<.
From the definition of f2,<, we have

ŝ2 ≤
ŝ2,∗ − ŝ1,∗
2 cos n1

=
1

cos n1
|
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

|. (3.131)

Therefore,

ŝ2 −
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g2
3 sin 2g2

≤ −1
2

√
1 − Δ

3 X3
f̂X2

sin 3V
sin 2V

sin 3g2
3 sin 2g2

≤ 0,

ŝ2 ∈ f2,< . (3.132)

Hence (3.126) is proved.
- For Type B′,ℭ′: it is sufficient to consider (3.126) for ŝ ∈ f0,>. Hence (3.126) is proved by

ŝ± ≤ 0 and ŝ > 1
2 .

- For Type D,E:
* on f0, we prove (3.126) by means of ŝ ≤ 1

2 cos n1
ŝ1,∗, n1 � 1, and

(̂s −
−1 +

√
1 − 4

3
sin g sin 3g

sin2 2g
Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

) (̂s −
−1 −

√
1 − 4

3
sin g sin 3g

sin2 2g
Δ

3 X3
f̂X2

sin 3V
sin 2V

2 sin 3g
3 sin 2g

)

≤ − 1
4

ŝ̂s1,∗ ≤ −
1
2

ŝ2.

(3.133)
* onf1, if ŝ1,∗ = ŝ+, by means of Table 1 and Figure 1, sin 3V

sin 2V
sin 3g1
sin 2g1

≶ 0 onf1,≶. It reduces to
proving (3.126) on f1,<. From the definition of f1,<, (3.118) and two roots are opposite
signs, we have

ŝ1 +
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

≤ +1
2

√
1 − Δ

3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

≤ −1
4

ŝ1, (3.134)

and (3.126) is proved.
On f1, if ŝ1,∗ = ŝ− , by means of Table 1 and Figure 1, − sin 3V

sin 2V
sin 3g1
sin 2g1

≶ 0 on f1,≶. It
reduces to proving (3.126) on f1,<. From the definition of f1,<, (3.118), and two roots
are opposite signs, we have

ŝ1 −
√

1 − Δ
3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

≤ −1
2

√
1 − Δ

3 X3
f̂X2

sin 3V
sin 2V

sin 3g1
3 sin 2g1

≤ −1
4

ŝ1, (3.135)

and (3.126) is proved.

�
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Lemma 3.12. Let f̃ = max{1, X1,
√

X2, 3√X3} and Xj ≥ 0 defined by (3.73).

(i) For TypeB′′, ℭ′′, D, E on fj, j = 0, 1, 2, and TypeB′, ℭ′ on f0,>,

ℜe(−i℘(
ŝjeigj,† + ŝj,∗

f̂
, V, X)) ≤ − | sin 3V |

C
ŝ3
j , f̂ =

3
√

X3; (3.136)

ℜe(−i℘(
ŝjeigj,† + ŝj,∗

f̂
, V, X)) ≤ − | sin 2V |

C
ŝ2
j , f̂ =

√
X2. (3.137)

(ii) For Type A on f1,

ℜe(−i℘(
ŝjeigj,† + ŝj,∗

f̂
, V, X)) ≤ − | sin 3V |

C
ŝ3
j , f̂ =

3
√

X3; (3.138)

ℜe(−i℘(
ŝjeigj,† + ŝj,∗

f̂
, V, X)) ≤ − | sin 2V |

C
ŝ3
j , f̂ =

√
X2 = f̃. (3.139)

(iii) For
• TypeB′′, ℭ′′, D, E on f0;
• Type A′, B′, ℭ′ on f0,>,

ℜe(−i℘( ŝ0eig0,†

f̂
, V, X)) ≤ − 1

C
| sin V |̂s, f̂ = X1. (3.140)

Proof.

• I Proof of (3.136) and (3.138): In view of f̂ = 3√X3, Definition 3.10, Table 2 and Figure 1, by
refining arguments in proving Goal (c), we can derive satisfactory estimates.

• I Proof of (3.137): In view of f̂ =
√

X2, Definition 3.10, Table 2 and Figure 1, for Type
B′′,ℭ′′,D,E on fj, j = 0, 1, 2; and for Type B′,ℭ′ on f0,>, by refining arguments in proving
Goal (c), we can derive satisfactory estimates.

• I Proof of (3.139): Note (3.116) implies

3
X3

X3/2
2

sin 3V =
X1/2

2
X1

sin 2V
sin V

Δ sin 2V. (3.141)

In this case, f̂ =
√

X2 = max{X1,
√

X2, 3√X3} for Type A on f1. Together with (3.141), Table 1,
Δ > 1

2 , yields

ℜe(−i℘(
ŝjeigj,† + ŝj,∗

f̂
, V, X)) ≤ − 1

C
| sin 2V |̂s3

j .
(3.142)

Hence (3.139) is justified.
• I Proof of (3.140): In this case, f̂ = X1,

- For Type A′ on f0, use Δ ≥ 2, f̂ = X1, n1 � 1.
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- For TypeB′′, ℭ′′, D, E on f0, and for TypeB′, ℭ′, on f0,>, we use

3
X3

X3
1

sin 3V =

(
X2

X2
1

sin 2V
sin V

)2

sin VΔ, 3
X3

X1X2

sin 3V
sin 2V

=
X2

X2
1

sin 2V
sin V

Δ. (3.143)

Hence (3.140) follows from


(3.122), (3.141), 1

2 ≤ Δ ≤ 1, (3.116), Table3.2 TypeB,
(3.116), Table3.2, (3.114), | (̂s − ŝ+) (̂s − ŝ−) | ≥ 1

C
1

( X2
X2

1

sin 2V
sin V
)2 |Δ |

, Typeℭ,D,

(3.116), Table3.2, (3.141), | (̂s − ŝ+) (̂s − ŝ−) | ≥ 1
C

1
( X2

X2
1

sin 2V
sin V
)2 |Δ |

, TypeE.

(3.144)
�

Definition 3.13. Let f̃ = max{1, X1,
√

X2, 3√X3} with Xj defined by (3.73) and scaled coordinates

Z = ^1 +
s̃
f̃

eiV ∈ D^1

by replacing f̂, ŝ, ŝj, ŝj,∗, _̂, _̂j,∗ by f̃, s̃, s̃j, s̃j,∗, _̃, _̃j,∗ in Definition 3.10. We decompose X1, X2 ≥ 0, X3 >

0 into following three cases

(F1) f̃ = X1, (F2) f̃ =
√

X2, (F3) f̃ =
3
√

X3. (3.145)

Thus, we have achieved Goals (a), (b) and (c) for Cases (F3) and (F2). We will now demonstrate
the estimates for I4 and I5.

Proposition 3.14. For Case (F3), (F2) and f ∈ L∞(D^j ) is s̃-holomorphic,

|I4 |C`

f̃
(D

^j ,
1
f̃
) ≤Cn0 |f |L∞ (D^j ) , (3.146)

|I5 |L∞ (D^j )
≤Cn0 |f |L∞ (D^j ) . (3.147)

Proof.

• Estimates for |I4 |C`

f̃
(D

^1, 1
f̃
) : Using the s̃-holomorphic property of f, and a residue theorem,

I4 = − \ (1 − r̃)
2ci

∫ c

−c
dV[mV ln(1 − W |V |)]{

(∫
S<
+
∫
Γ40

) e−i℘( b0
f̃

,V,X ) f ( b0
f̃

,−V, X)
s̃0eig0 − r̃0ei(U0−V)

db0 (3.148)

+
∫
Γ41

e−i℘( b1
f̃

,V,X ) f ( b1
f̃

,−V, X)
s̃1eig1 − r̃1ei(U1−V)

db1 +
∫
Γ42

e−i℘( b2
f̃

,V,X ) f ( b2
f̃

,−V, X)
s̃1eig2 − r̃1ei(U2−V)

db2

+
∫

S>

e−i℘( bh
f̃

,V,X ) f ( bh
f̃

,−V, X)
s̃heigh − r̃hei(Uh−V)

dbh} ,
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with

S< (f̃, V, X,_) ={b0 : s̃ = 2}, (3.149)
Γ40(f̃, V, X,_) ={b0 : s̃ ∈ (2, f̃X) ∩f0, g0 = g0,†},
Γ41(f̃, V, X,_) ={b1 : s̃ ∈ (2, f̃X) ∩f1, g1 = g1,†},
Γ42(f̃, V, X,_) ={b2 : s̃ ∈ (2, f̃X) ∩f2, g2 = g2,†},
S> (f̃, V, X,_) ={bh : h = sup

fj≠q
j, s̃ = f̃X},

and b j, gj, gj,†, fj = fj (f̃, V, X) defined by Definition 3.10.
In view of (3.115), r̃ < 1, (3.125), (3.126) and (3.149),

| \ (1 − r̃)
2ci

∫ c

−c
dV[mV ln(1 − W |V |)]

×(
∫

S<
+
∫

S>
)
e−i℘( s̃

f̃
eig ,V,X ) f ( s̃

f̃
eig ,−V, X)

s̃eig − r̃ei(U−V) ds̃eig |C`

f̃
(D

^1, 1
f̃
) ≤ Cn0 |f |L∞ (D^1 ) .

(3.150)

Applying (3.136) and (3.138) for Case (F3), or (3.137) and (3.139) for (F2), (3.125), r̃ < 1,
(3.126), (3.149), and improper integrals,

2∑
j=0
| \ (1 − r̃)

2ci

∫ c

−c
dV[mV ln(1 − W |V |)] (3.151)

×
∫
Γ4j

e−i℘(
s̃j
f̃

eigj ,V,X ) f ( s̃j
f̃

eigj ,−V, X)
s̃jeigj − r̃jei(Uj−V)

ds̃eigj |C`

f̃
(D

^1, 1
f̃
)

≤C
2∑

n=1

2∑
j=0
| \ (1 − r̃)

2ci

∫ c

−c
dV[mV ln(1 − W |V |)]e−i(n−1)V

×
∫
Γ4j

e−i℘(
s̃j
f̃

eigj ,V,X ) f ( s̃j
f̃

eigj ,−V, X)
(s̃jeigj − r̃jei(Uj−V) )n

ds̃jeigj |L∞ (D^1 )

≤
{

Cn0 |f |L∞ (D^1 )
∫ c

−c dV
∫

e−
1
C s̃3

j | sin 3g† sin 3V |ds̃j iff̃ = 3√X3,
Cn0 |f |L∞ (D^1 )

∫ c

−c dV
∫

e−
1
C s̃2

j | sin 2g† sin 2V |ds̃j iff̃ =
√

X2,

≤


Cn0 |f |L∞ (D^1 )
∫ c

−c dV 1
3√ | sin 3V |

∫ ∞
0 e−t3 | sin 3g† |dt iff̃ = 3√X3,

Cn0 |f |L∞ (D^1 )
∫ c

−c dV 1√
| sin 2V |

∫ ∞
0 e−t2 | sin 2g† |dt iff̃ =

√
X2,

≤Cn0 |f |L∞ (D^1 ) .

Combining (3.148), (3.150) and (3.151), we derive (3.146).
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• Estimates for |I5 |L∞ (D^1 ) : Using the s̃-holomorphic property of f, and the residue theorem,

I5 = − \ (r̃ − 1)
2ci

∫ c

−c
dV[mV ln(1 − W |V |)]{

∫
Γ50

e−i℘( b0
f̃

,V,X ) f ( b0
f̃

,−V, X)
s̃0eig0 − r̃0ei(U0−V)

db0 (3.152)

+
∫
Γ51

e−i℘( b1
f̃

,V,X ) f ( b1
f̃

,−V, X)
s̃1eig1 − r̃1ei(U1−V)

db1 +
∫
Γ52

e−i℘( b2
f̃

,V,X ) f ( b2
f̃

,−V, X)
s̃2eig2 − r̃2ei(U2−V)

db2

+
∫

S>

e−i℘( bh
f̃

,V,X ) f ( bh
f̃

,−V, X)
s̃heigh − r̃hei(Uh−V)

dbh}

−\ (r̃ − 1)\ (r̃1 −
1
4
)\ (r̃2 −

1
4
)
∫
V∈Δ(_)

dV[mV ln(1 − W |V |)] sgn(V)

×e−i℘( r̃ei(U−V)
f̃

,V,X ) f ( r̃ei(U−V)

f̃
,−V, X),

where

Δ(_) ≡ {V :



|U0 − V | < n1
2 , (U0 − V)V < 0, r̃ ∈ f0,

| |U1 − V | − c | < n1
2 , (U1 − V)V < 0, r̃ ∈ f1<,

|U1 − V | < n1
2 , (U1 − V)V < 0, r̃ ∈ f1>,

| |U2 − V | − c | < n1
2 , (U2 − V)V < 0, r̃ ∈ f2<,

|U2 − V | < n1
2 , (U2 − V)V < 0, r̃ ∈ f2>

}, (3.153)

and S> defined by (3.149), Γ5j = Γ5j (V, X,_), j = 0, 1, 2 defined by

Γ50 ={b0 : s̃ ∈ f0, g0 = g0,†} ∪ S50,
Γ51 =Γ51,out ∪ S51 ∪ Γ51,in,
Γ52 =Γ52,out ∪ S52 ∪ Γ52,in,

(3.154)

with

S50 =

{
{b1 : s̃0 = 1

2
+} Type A′ ∧ (f̂ = X1), B′,ℭ′,

q, otherwise,

Γ51,in =


q, r̃1 > 1

4 ,
{b1 : s̃ ∈ f1, g1 = 0onf1>, r̃1 < 1

4 ,
g1 = c onf1<, s̃1 < 1/2} ,

Γ51,out =

{
{b1 : s̃ ∈ f1, g1 = g1,†}, r̃1 > 1

4 ,
{b1 : s̃ ∈ f1, g1 = g1,†, s̃1 > 1/2}, r̃1 < 1

4 ,

S51 =

{
q, r̃1 > 1

4 ,
{b1 : s̃1 = 1/2} r̃1 < 1

4 ,

Γ52,in =


q, r̃2 > 1

4 ,
{b2 : s̃ ∈ f2, g2 = 0onf2>, r̃2 < 1

4 ,
g2 = conf2<, s̃2 < 1/2} ,

Γ52,out =

{
{b2 : s̃ ∈ f2, g2 = g2,†}, r̃2 > 1

4 ,
{b2 : s̃ ∈ f2, g2 = g2,†, s̃2 > 1/2}, r̃2 < 1

4 ,

S52 =

{
q, r̃2 > 1

4 ,
{b2 : s̃2 = 1/2} r̃2 < 1

4 ,
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and Uj, b j, gj,†, fj = fj (f̃, V, X) defined by Definition 3.15.
Using (3.86), r̃ > 1, and the same argument as that for I4,

|I5 |L∞ (D^1 ) ≤ Cn0 |f |L∞ (D^1 ) +
2∑

j=1
| \ (r̃ − 1)

2ci

∫ c

−c
dV[mV ln(1 − W |V |)] (3.156)

×
∫
Γ5j,in

e−i℘(
bj
f̃

,V,X ) f ( bj
f̃

,−V, X)
s̃jeigj − r̃jei(Uj−V)

dbj |L∞ (D^1 ) .

Namely, we have to pay extra attention when both Z̃ and _̃ are close to one of the essential stationary
points s̃j,∗(f̃, V, X), say s̃1,∗(f̃, V, X), without loss of generality, because the other case can be done
by analogy. In this situation, Γ52,in = q. For the estimates on Γ51,in, in view of (3.154), we have
|^1 − Z̃ | ≥ 1/4 for s̃ ∈ Γ51,in. Hence I5 for s̃ ∈ Γ51,in is no longer a singular integral and we can
apply (3.86). Namely,

|\ (r̃ − 1)
∫ c

−c
dV[mV ln(1 − W |V |)]

∫
Γ51,in

e−i℘( b1
f̃

,V,X ) f ( b1
f̃

,−V, X)
s̃1eig1 − r̃1ei(U1−V)

db1 |L∞ (D^1 ) (3.157)

≤C |
∬

s̃∈Γ51,in

W̃1(s̃, V)e−i℘( s̃
f̃

,V,X ) f ( s̃
f̃

,−V, X)
Z̃ − _̃

d Z̃ ∧ d Z̃ |L∞ (D^1 )

≤Cn0 |f |L∞ (D^1 ) .

Consequently, (3.147) is established.
�

Estimates for Case (F1) are complex. Below, we outline difficulties and our approach:

• For fj (j ≥ 1): Lemma 3.12 shows no uniform estimates exist for ℜe(−i℘( s̃je
igj,†+s̃j,∗

X1
, V, X)). We

utilize the scaling invariance of the Hilbert transform and estimates (3.137) and (3.138), where√
X2 and 3√X3 are not equal to f̃ = X1, to derive estimates for Γ4j or Γ5j, j ≥ 1. Additionally,

the Cauchy integral near renormalized critical points, as outlined in Lemma 3.16, needs to avoid
singularities for the proper application of (3.86).

• For f0: The scaling argument does not work here since 0 is a singular point. We have to take
advantage of estimate (3.140)! If we directly apply the arguments from Case (F3) or (F2) in
Proposition 3.14, the difficulty lies in the Jacobian 1

| sin V | dV. Since it is not suitable for improper
integrals. To address this for small |V |, we use a finer decomposition with the J1–J5 approach in
(3.169)–(3.173) to extract extra | sin V | decay on Γ40 or Γ50.

Definition 3.15. For Case (F1), introduce new scaled fj-parameters on fj (V, X), j = 0, 1, 2,

{
f0 = f̃, f1 = f2 = 3

√
|X3 |, for Type A,B,E,

f0 = f̃, f1 = f2 = 2
√
|X2 |, for Type ℭ,D,

(3.158)

and scaled fj-coordinates on fj (f̃, V, X)
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_ = ^1 +
r̃
f̃

eiU = ^1 +
sj,∗eiV + rjeiUj

fj
, (3.159)

sj,∗ ≡ s̃j,∗
fj

f̃
, rj = r̃j

fj

f̃
≥ 0, Uj = Uj (V, X,_),

s̃
f̃
↦→

oj

fj
≡

sj,∗ + sjeigj

fj
, s̃ ≡ (sj,∗ ± sj)

f̃

fj
∈ fj (f̃, V, X)

where fj (f̃, V, X), s̃j,∗, and r̃j are defined by Definition 3.13.

Lemma 3.16. For Case (F1), introduce the new scaled fj-coordinates defined by Definition 3.15,

inf
V

s1,∗ = c0, 0 < c0 < 1. (3.160)

Proof.

• I Proof for Type A′′,B′′,E: from Table 1, (3.158), and

|s+s− | = |
X1

X1/3
3

sin V

sin 3V
| ≥ 1

3
, s± =

−1 ±
√

1 − Δ

3X2/3
3
X2

sin 3V
sin 2V

,

we derive |s+ | ∼ |s− | and then (3.160) for Type A′′,B′′,E.
• I Proof for Type ℭ′′,D: from (3.116), Table 1 and (3.158),

|s+ | =|
−Δ

6 X3
f̃X2

sin 3V
sin 2V

+ l.o.t.| = |
−3X1X3

X2
2

sin V sin 3V
sin2 2V

6 X3

X3/2
2

sin 3V
sin 2V

+ l.o.t.| ≥ 1
C

,

|s− | =|
−2

3 X3
f̃X2

sin 3V
sin 2V

+ l.o.t.| ≥ 1
C
|s+ | ≥

1
C
.

Hence (3.160) is proved for Type ℭ′′ and D.
�

Proposition 3.17. For Case (F1), and f ∈ L∞(D^j ) is s̃-holomorphic,

|I4 |C`

f̃
(D

^j ,
1
f̃
) ≤Cn0 |f |L∞ (D^j ) , (3.161)

|I5 |L∞ (D^j )
≤Cn0 |f |L∞ (D^j ) . (3.162)

Proof. Thanks to Lemma 3.16, by following the same argument (3.148)–(3.150), (3.152)–(3.154), we
obtain

|I4 |C`

f̃
(D

^1, 1
f̃
) ≤Cn0 |f |L∞ (D^1 ) +

2∑
j=0
|I4j |L∞ (D^1 ) , (3.163)

|I5 |L∞ (D^1 ) ≤Cn0 |f |L∞ (D^1 ) +
2∑

j=0
|I5j |L∞ (D^1 ) , (3.164)
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with

I4j =
∑
h=1,2

\ (1 − r̃)
2ci

∫ c

−c
dV[mV ln(1 − W |V |)]e−i(n−1)V

∫
Γ4j

e−i℘(
s̃j
f̃

eigj ,V,X ) f ( s̃j
f̃

eigj ,−V, X)
(s̃jeigj − r̃jei(Uj−V) )h

ds̃jeigj ,

I5j =
\ (r̃ − 1)

2ci

∫ c

−c
dV[mV ln(1 − W |V |)]

∫
Γ5j,out

e−i℘(
s̃j
f̃

eigj ,V,X ) f ( s̃j
f̃

eigj ,−V, X)
s̃jeigj − r̃jei(Uj−V)

ds̃jeigj .

• I Proof for I41, I42, I51, I52: For j ≥ 1, using the scaling invariant of the Hilbert transform and

- for Γ4j ∩ {sj < 1}: applying Lemma 3.16, (3.86);
- for Γ4j∩{sj > 1}: thanks to the scaling invariant of the Hilbert transform, applying (3.138) onf1, f2

for Type A′′, B′′ E, and (3.139) on f1, f2 for Typeℭ′′, D,

we have

|I4j |C1 (D
^1, 1

f̃
) (3.165)

≤
1∑

h=0
{| \ (1 − r̃)

2ci

∫ c

−c
dV[mV ln(1 − W |V |)]

×
∫
Γ4j∩{sj<1}

e−i℘(
sj
f

eigj ,V,X ) j̃( sj
f

eigj ,−V, X)
(s̃jeigj − r̃jei(Uj−V) )h(sjeigj − rjei(Uj−V) )

dsjeigj |L∞ (D^1 )

+
1∑

h=0
{| \ (1 − r̃)

2ci

∫ c

−c
dV[mV ln(1 − W |V |)]

×
∫
Γ4j∩{sj>1}

e−i℘(
sj
f

eigj ,V,X ) j̃( sj
f

eigj ,−V, X)
(s̃jeigj − r̃jei(Uj−V) )h(sjeigj − rjei(Uj−V) )

dsjeigj |L∞ (D^1 ) }

≤Cn0 | j̃ |L∞ (D^1 ) .

In an entirely similar way, namely, for j ≥ 1,

• for Γ5j ∩ {sj < 1}: applying Lemma 3.16, (3.86);
• for Γ5j ∩ {sj > 1}: thanks to the scaling invariant of the Hilbert transform, applying (3.138) on
f1, f2 for Type A′′, B′′ E, and (3.139) on f1, f2 for Typeℭ′′, D,

we have

|I5j |L∞ (D^1 ) ≤ Cn0 |f |L∞ (D^1 ) . (3.166)

As a result, the proof for I4j, I5j for j ≥ 1 is done.

• I Proof for I40, I50: Decompose

I40 = − \ (1 − r̃)
2ci

∫ c

0
dV[mV ln(1 − W |V |)]

∫
Γ40

J<, (3.167)
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J< =


J1 + J2 + J3 + J4 + J5, if0 < V < n1/8,
0, if − n1/8 < V < 0,
e−i℘( o0

f0
,V,X) f ( o0

f0
,−V,X )

s0eig0−r0ei(U0−V)
do0, if|V | > n1/8;

(3.168)

and J1, · · · ,J5 defined by

J1 =\ ( 1
| sin V | − |s̃ − r̃ |)

[e−i℘( s̃eig
X1

,V,X ) − 1]f ( s̃eig

X1
,−V, X)

s̃eig − r̃ei(U−V) ds̃eig , (3.169)

J2 =\ ( 1
| sin V | − |s̃ − r̃ |)

[1 − e−i℘( s̃e−ig
X1

,−V,X ) ]f ( s̃e−ig

X1
,−V, X)

s̃e−ig − r̃ei(U−V) ds̃e−ig , (3.170)

J3 =\ ( 1
| sin V | − |s̃ − r̃ |)e−i℘( s̃e−ig

X1
,−V,X ) f ( s̃e

−ig

X1
,−V, X) (3.171)

×[ 1
s̃e−ig − r̃ei(U−V) −

1
s̃e−ig − r̃ei(U+V) ]ds̃e−ig ,

J4 =\ ( 1
| sin V | − |s̃ − r̃ |)e−i℘( s̃e−ig

X1
,−V,X ) f (

s̃e−ig

X1
,−V, X) − f ( s̃e−ig

X1
,+V, X)

s̃e−ig − r̃ei(U+V) ds̃e−ig , (3.172)

J5 =\ ( |s̃ − r̃ | − 1
| sin V | ) (e

−i℘( s̃eig
X1

,V,X ) f ( s̃eig

X1
,−V, X)

s̃eig − r̃ei(U−V) ds̃eig (3.173)

−e−i℘( s̃e−ig
X1

,−V,X ) f ( s̃e−ig

X1
,+V, X)

s̃e−ig − r̃ei(U+V) ds̃e−ig),

with g defined by Definition 3.10 for V ∈ [0, c].
Let’s explain our strategy before providing detailed estimates for J1, · · · ,J5.

- For J1-J4, where |s̃− r̃ | < 1
| sin V | , we can extract additional | sin V |-decay from the numerators of the

integrands by utilizing the difference terms. Moreover, through a change of variables,

s̃ ↦→ t = s̃| sin V |, (3.174)

the t-domain is compact. This allows us to derive effective estimates.
- For J5, where |s̃− r̃ | > 1

| sin V | . We work on the same change of variables, leverage the scaling invari-
ance of the Hilbert transform to cancel the Jacobian. The cut-off function ensures that the kernel
of the t-Hilbert transform remains bounded, while the numerator exhibits an exponential decay in t.
Consequently, we can derive estimates.

Precisely,

- J1,J2: From the mean value theorem and (3.140),

|e−i℘( s̃e±ig
X1

,±V,X ) − 1| ≤ C | sin V |, for s̃ ∈ f0(V, X), |V | < n1

8
. (3.175)
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- J3: From |V | < n1/8,

| 1
s̃e−ig† − r̃ei(U−V) −

1
s̃e−ig† − r̃ei(U+V) | (3.176)

=| r̃eiU2 sin V

(s̃e−ig† − r̃ei(U−V) ) (s̃e−ig† − r̃ei(U+V) )
| ≤ C | sin V |.

- J4: From s̃-holomorphic properties of f,

|
f ( s̃

f̃
e−ig† ,−V, X) − f ( s̃

f̃
e−ig† ,+V, X)

s̃e−ig† − r̃ei(U+V) | (3.177)

≤C |f |L∞ (D^1 )
s̃| sin V |

|s̃e−ig† − r̃ei(U+V) |
≤ C |f |L∞ (D^1 ) | sin V |.

Applying (3.169)–(3.172), (3.175)–(3.177) and the change of variables (3.174), for j = 1, . . . , 4,

| − \ (1 − r̃)
2ci

∫ c

0
dV[mV ln(1 − W |V |)] +

∫
Γ40

Jj |L∞ (D^1 ) (3.178)

≤C |f |L∞ (D^1 ) |
∫ c

0
dV[mV ln(1 − W |V |)]

∫ X1 X | sin V |

2 |sinV |
\ (1 − |t − (r̃ | sin V |) |)dt |L∞ (D^1 )

≤Cn0 |f |L∞ (D^1 ) .

On the other hand, using (3.173), n1 > 0, the rescaling (3.174), the scaling invariant property of the
Hilbert transform, one obtains

| − \ (1 − r̃)
2ci

∫ c

0
dV[mV ln(1 − W |V |)]

∫
Γ40

J5 |L∞ (D^1 ) (3.179)

≤Cn0 |f |L∞ (D^1 )

∫ X1 X | sin V |

2 |sinV |
\ ( |t − r̃ | sin V | | − 1) e−t sin n1

4

|t − r̃ | sin V | | dt |L∞ (D^1 )

≤Cn0 |f |L∞ (D^1 ) .

From (3.178) and (3.179), |I40 |L∞ (D^1 ) ≤ Cn0 |f |L∞ (D^1 ) . In an entirely similar way, |I50 |L∞ (D^1 ) ≤
Cn0 |f |L∞ (D^1 ) . Combining with (3.163)–(3.166), the proof for (3.161), (3.162) is completed. �

4. The IST for perturbed multi-line solitons

Using Sato’s theory [2, 3, 19, 22–24] and Boiti et al.’s direct scattering theory of the KP equation [4–6,
8–10, 21], we extend the IST method for perturbed 1-solitons to perturbed Gr(N , M)>0 KP solitons. We
present the complete theory for these solitons, focusing on the distinct features which simultaneously
demonstrate the necessity of the TP condition and clarify that the differences between IST for perturbed
1-solitons and multi-line solitons are primarily algebraic.

4.1. Statement of results

Definition 4.1. Given 0 < n0 � 1, d ≥ 0, and a Gr(N , M)>0 KP soliton us(x) defined by {^j}, A, a
scattering data S = ({zn}, {^j},D, sc (_)) is called d-admissible if

sc (_) =


i
2 sgn(_I )
_−^j

Wj
1−Wj |U | + sgn(_I )hj (_), _ ∈ D×^j ,

sgn(_I )ℏn(_), _ ∈ D×zn ,
, (4.1)
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D =

©­­­­­­«

^N
1 · · · 0

.

.

.

.
.
.

.

.

.

0 · · · ^N
N

DN+11 · · · DN+1N
.
.
.

.
.
.

.

.

.

DM1 · · · DMN

ª®®®®®®¬
, (4.2)

and

det( 1
^k − zh

)1≤k,h≤N ≠ 0, z1 = 0, {zn, ^j}distinct real, (4.3)

n0 ≥ (1 −
M∑
j=1

E^j )
∑
|l | ≤d+8

|
(
|_ − _ |l1 + |_2 − _2 |l2

)
sc (_) |L∞ (4.4)

+
M∑
j=1
( |Wj | + |hj |L∞ (D^j ) ) +

N∑
n=1
|ℏn |C1 (Dzn )

+ |diag (q1, · · · , qM)−1 ×D × diag (q1, · · · , qN )AT
N −D♭ |L∞ ,

sc (_) = sc (_), hj (_) = −hj (_), ℏn(_) = −ℏn(_), (4.5)

D♭ = diag (^N
1 , · · · , ^N

M) A
T , AN = (akl)1≤k,l≤N , qj =

Π2≤n≤N (^j − zn)
(^j − z1)N−1 . (4.6)

Define T as the continuous scattering operator

Tq(x,_) ≡ sc (_)e(_−_)x1+(_
2−_2 )x2+(_

3−_3 )x3q(x,_). (4.7)

Definition 4.2. Given {zn, ^j}, 1 ≤ n ≤ N, 1 ≤ j ≤ M, the eigenfunction space W = Wx consists of q

satisfying

(a) q(x,_) = q(x,_);
(b) (1 −∑N

n=1 Ezn)q(x,_) ∈ L∞;
(c) for _ ∈ D×zn , q(x,_) = qzn ,res (x)

_−zn
+ qzn,r (x,_), qzn,res, qzn,r ∈ L∞(Dzn);

(d) for _ = ^j + reiU ∈ D×^j , q = q♭ + q♯, q♭ =
∑∞

l=0 ql (X) (− ln(1 − Wj |U |))l ∈ L∞(D^j ), q♯ ∈
C`

f̃
(D^j , 1

f̃
) ∩ L∞(D^j ), q♯ (x, ^j) = 0.

Here the rescaling parameter f̃ and rescaled H¥older spaces C`

f̃
(D^j , 1

f̃
) are defined as in Definition

3.6. Finally, for q ∈ W,

|q |W ≡|(1 −
N∑

n=1
Ezn)q |L∞ +

N∑
n=1
( |qzn,res |L∞ + |qzn,r |L∞ (Dzn ) ) (4.8)

+
M∑
j=1
( |q♭ |L∞ (D^j ) + |q

♯ |C`

f̃
(D

^j ,
1
f̃
)∩L∞ (D^j )

).

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

https://doi.org/10.1017/jnw.2025.10006


Journal of Nonlinear Waves 47

We now introduce the Sato eigenfunction i and the Sato adjoint eigenfunction k for a Gr(N , M)≥0
KP soliton:

i(x,_) =e_x1+_2x2

∑
1≤j1<· · ·<jN≤M Δj1,· · · ,jN (A) (1 −

^j1
_
) · · · (1 − ^jN

_
)Ej1,· · · ,jN (x)

g(x)
≡e_x1+_2x2 j(x,_), (4.9)

k(x,_) =e−(_x1+_2x2 )

∑
1≤j1<· · ·<jN≤M Δj1,· · · ,jN (A)

Ej1,· · · ,jN (x)
(1−

^j1
_
) ·· · (1−

^jN
_
)

g(x)
≡e−(_x1+_2x2 )b (x,_) (4.10)

[6, (2.12)], [12, Theorem 6.3.8., (6.3.13) ], [17, Proposition 2.2, (2.21)]. Here, j and b are referred to
as the normalized Sato eigenfunction and the normalized Sato adjoint eigenfunction, respectively. They
satisfy the Lax equation and the adjoint Lax equation:

Lj(x,_) ≡
(
−mx2 + m2

x1 + 2_mx1 + us(x)
)
j(x,_) = 0,

L†b (x,_) ≡
(
mx2 + m2

x1 − 2_mx1 + us(x)
)
b (x,_) = 0.

(4.11)

Proofs for (3.1), (3.2) and (4.9)–(4.11) will be provided in Section 4.2.1 for convenience.

Theorem 4.3. (Direct Scattering Theory [31, 32]) Given a perturbed Gr(N , M)>0 KP soliton
u0(x1, x2) satisfying

u0(x1, x2) = us(x1, x2, 0) + v0(x1, x2),
us(x) a Gr(N , M)>0 KP soliton defined by ^1, · · · , ^M and A ∈ Gr(N , M)>0,∑
|l | ≤d+8 | (1 + |x1 | + |x2 |)ml

xv0 |L1∩L∞ � 1, d ≥ 0,
z1 = 0, {zn, ^j}1≤n≤N ,1≤j≤M distinct reals, det( 1

^k−zh
)1≤k,h≤N ≠ 0,

(4.12)

we have

(1) the unique solvability of

(−mx2 + m2
x1 + 2_mx1 + u0(x1, x2))m0 (x1, x2,_) = 0, (4.13)

lim
|x |→∞

m0 (x1, x2,_) = j̃(x1, x2, 0,_) = (_ − z1)N−1

Π2≤n≤N (_ − zn)
j(x1, x2, 0,_) (4.14)

for ∀_ ∈ C\{zn, ^j}.
(2) The forward scattering transform is defined as

S (u0, {zn}) = ({zn}, {^j},D, sc (_)) (4.15)

satisfying

m0(x1, x2,_) = 1 +
N∑

n=1

m0;zn,res(x1, x2)
_ − zn

+ CT0m0 ∈ W0 = W(x1,x2,0) , (4.16)
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(e^1x1+^2
1 x2m0(x1, x2, ^+1 ), · · · , e

^Mx1+^2
Mx2m0(x1, x2, ^+M))D = 0, (4.17)

where {zn} and {^j} are blow-up and multi-valued points of m0, respectively; D are norming
constants between values of m0 at _ = ^+j = ^j + 0+ and can be computed by

D = D̃ ×
©­­­«

D̃11 · · · D̃1N
... · · ·

...

D̃N1 · · · D̃NN

ª®®®¬
−1

diag (^N
1 , · · · , ^N

N ), (4.18)

D̃ = diag (Π2≤n≤N (^1 − zn)
(^1 − z1)N−1 , · · · , Π2≤n≤N (^M − zn)

(^M − z1)N−1 ) ×D♯,

D♯ =

(
D♯

ji

)
=

©­«D♭
ji +

M∑
l=j

cjlD♭
li

1 − cjj

ª®¬ ,

D♭ = diag (^N
1 , · · · , ^N

M) A
T ,

with cjl = −
∫
Ψj (x1, x2, 0)v0(x1, x2)il (x1, x2, 0)dx1dx2, Ψj (x), il (x) are residues of the adjoint

eigenfunction at ^j [32, (3.17))] and values of the Sato eigenfunction at ^l (4.55). Moreover,
T0 = T |x3=0 and T is the continuous scattering operator defined by (4.7), sc (_) is the continuous
scattering data, arising from the m-characterization

m
_
m0(x1, x2,_) = sc (_)e(_−_)x1+(_

2−_2 )x2m0(x1, x2,_), _ ∉ R,

sc (_) =
Π2≤n≤N (_ − zn)
(_ − z1)N−1

sgn(_I )
2ci

∬
e−[ (_−_)x1+(_

2−_2 )x2 ]

×b (x1, x2, 0,_)v0 (x1, x2)m0(x1, x2,_)dx1dx2.

(4.19)

The scattering data is a d-admissible scattering data. Namely, it satisfies the algebraic and
analytic constraints:

sc (_) =


i
2 sgn(_I )
_ − ^j

Wj
1−Wj |U | + sgn(_I )hj (_), _ ∈ D×^j ,

sgn(_I )ℏn(_), _ ∈ D×zn ,
, (4.20)

D =

©­­­­­­­­­­«

^N
1 · · · 0
...

. . .
...

0 · · · ^N
N

DN+11 · · · DN+1N
...

. . .
...

DM1 · · · DMN

ª®®®®®®®®®®¬
, (4.21)

and
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j=1

E^j )
∑
|l | ≤d+8

(
|_ − _ |l1 + |_2 − _2 |l2

)
sc (_)

������
L∞

+
M∑
j=1

(
|Wj | + |hj |L∞ (D^j )

)
+

N∑
n=1
|ℏn |C1 (Dzn )

+
���diag(q1, · · · , qM)−1 ×D × diag(q1, · · · , qN )AT

N −D♭
���
L∞

≤ C
∑
|l | ≤d+8

��(1 + |x1 | + |x2 |)ml
xv0

��
L1∩L∞ ,

(4.22)

sc (_) = sc (_), hj (_) = −hj (_), ℏn(_) = −ℏn (_), (4.23)

AN = (akl)1≤k,l≤N , qj =
Π2≤n≤N (^j − zn)
(^j − z1)N−1 for 1 ≤ j ≤ M .

Theorem 4.4. (Linearization Theory) [32, Theorem 5] If Φ = e_x1+_2x2m(x,_) satisfies the Lax pair
(1.2) and

m
_
m(x,_) = sc (_, x3)e(_−_)x1+(_

2−_2 )x2m(x,_), (4.24)

(e^1x1+^2
1 x2m(x, ^+1 ), · · · , e

^Mx1+^2
Mx2m(x, ^+M))D(x3) = 0, (4.25)

with D(x3) being in the form of (4.2), then

sc (_, x3) = e(_
3−_3 )x3sc (_), Dmn(x3) = e(^

3
m−^3

n )x3Dmn. (4.26)

Theorem 4.5. (Inverse Scattering Theory) [33] Given a d-admissible scattering data S =

({zn}, {^j},D, sc (_)), n0 � 1,

(1) there exists uniquely an eigenfunction m ∈ W for the system of the CIE and the D-symmetry,

m(x,_) = 1 +
N∑

n=1

mzn,res(x)
_ − zn

+ CTm, _ ≠ zn, (4.27)

(e^1x1+^2
1 x2+^3

1 x3m(x, ^+1 ), · · · , e
^Mx1+^2

Mx2+^3
Mx3m(x, ^+M))D = 0, (4.28)

satisfying ∑
0≤l1+2l2+3l3≤d+5

|ml
x [m(x,_) − j̃(x,_)] |W ≤ Cn0. (4.29)

(2) Moreover, (
−mx2 + m2

x1 + 2_mx1 + u(x)
)

m(x,_) = 0, (4.30)

u(x) ≡ −2mx1

N∑
n=1

mzn,res(x) −
1
ci
mx1

∬
Tm dZ ∧ dZ , (4.31)
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∑
0≤l1+2l2+3l3≤d+4

|ml
x [u(x) − us(x)] |L∞ ≤ Cn0, (4.32)

The inverse scattering transform is defined by

S−1({zn, ^j,D, sc (_)}) = −
1
ci
mx1

∬
Tm dZ ∧ dZ − 2mx1

N∑
n=1

mzn,res(x); (4.33)

(3) u : R × R × R+ → R solves the KPII equation.

It can be seen that when discrete scattering data or continuous scattering data vanish, the forward and
inverse scattering transform constructed for perturbed line solitons degenerate into those transforms for
rapidly decaying potentials or for N-line solitons.

Using the direct and inverse scattering theories (Theorems 4.3 and 4.5), we solve the Cauchy problem
for the KPII:

Corollary 4.6. (The Cauchy Problem) Given the initial data:

u0(x1, x2) = us(x1, x2, 0) + v0(x1, x2), (4.34)

where us(x) is a Gr(N , M)>0 KP soliton, and∑
|l | ≤d+8 | (1 + |x1 | + |x2 |)ml

xv0 |L1∩L∞ � 1, d ≥ 0, (4.35)

the following results hold:

(1) Forward Scattering Transform
We can construct the forward scattering transform as:

S (u0, {zn}) = ({zn}, {^j},D, sc (_)) (4.36)

where zn ∈ R, D is an M × N matrix, and sc is a function. The scattering data S is d-admissible
corresponding to A ∈ Gr(N , M)>0. Specifically:

sc (_) =


i
2 sgn(_I )
_−^j

Wj
1−Wj |U | + sgn(_I )hj (_), _ ∈ D×^j ,

sgn(_I )ℏn(_), _ ∈ D×zn ,

and the following conditions hold:

n0 ≡ |(1 −∑M
j=1 E^j )

∑
|l | ≤d+8 |

(
|_ − _ |l1 + |_2 − _2 |l2

)
sc (_) |L∞

+∑M
j=1( |Wj | + |hj |L∞ (D^j ) ) +

∑N
n=1 |ℏn |C1 (Dzn )

+|diag (q1, . . . , qM)−1 ×D × diag (q1, . . . , qN )AT
N −D♭ |L∞

≤ C
∑
|l | ≤d+8 | (1 + |x1 | + |x2 |)ml

xv0 |L1∩L∞ ,

(4.37)

with D♭ = diag (^N
1 , . . . , ^N

M) A
T , AN = (akl)1≤k,l≤N , qj =

Π2≤n≤N (^j−zn )
(^j−z1 )N−1 .
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(2) Solution of the Cauchy Problem for the KPII Equation
The solution to the Cauchy problem for the KPII equation is given by:

u(x) = −2mx1

N∑
n=1

mzn,res(x) −
1
ci
mx1

∬
Tm dZ ∧ dZ , (4.38)

and ∑
0≤l1+2l2+3l3≤d+4

|ml
x [u(x) − us(x)] |L∞ ≤ Cn0. (4.39)

Here, m(x,_) satisfies the system of the Cauchy integral equation and the D-symmetry:

m(x,_) = 1 +
N∑

n=1

mzn,res(x)
_ − zn

+ CTm,

(e^1x1+^2
1 x2+^3

1 x3m(x, ^+1 ), · · · , e
^Mx1+^2

Mx2+^3
Mx3m(x, ^+M))D = 0

(4.40)

where ^+j = ^j + 0+, C is the Cauchy integral operator, and T is the continuous scattering operator
defined by (4.7).

4.2. Comments on distinct features

4.2.1. The Lax–Sato formulation of the KP equation

Our approach to establish an IST of perturbed Gr(N , M)>0 KP solitons is based on (3.1), (3.2),
(4.9)–(4.11). To verify these formulas, we summarize the Lax–Sato formulation of the KP equation
[17, § 2.1–2.4] in this subsection.

• I(The KP hierarchy, the KP equation, and the Lax pair): Suppose the operator L can be gauge
transformed into the trivial operator m = mx1 , i.e.

m = W−1LW , (4.41)

where

W =1 − w1m
−1 − w2m

−2 − w3m
−3 + · · · ,

wj =wj (x1, x2, x3, . . .), x = (x1, x2, x3, . . .).
(4.42)

If the Sato equation

mxnW = BnW −Wmn for n = 1, 2, . . . , (4.43)

holds where Bn =
(
WmnW−1)

≥0, the polynomial part of Ln in m, then

mxnL = [Bn,L], (4.44)

mxmBn − mxnBm + [Bn, Bm] = 0, (4.45)
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and the gauge transform (4.41) transforms the linear system of the vacuum wave function{
mq0 = _q0,
mxnq0 = mnq0 = knq0, n = 1, 2, · · · ,

q0(x,_) = exp(
∞∑

n=1
_nxn), (4.46)

to the KP linear system{
Lq = _q,
mxnq = Bnq, n = 1, 2, · · · ,

q(x,_) = Wq0. (4.47)

Note that given a pair (n, m) with n>m, from (4.45) (called the Zakharov–Shabat equations),
we obtain a system of n − 1 equations for u2, u3, . . . , un,

L = m + u2m
−1 + u3m

−2 + · · · ,
u2 = w1,x1 , u3 = w2,x1 + w1w1,x1 , . . . ,

(4.48)

in the variables x1, xm, xn. For (n, m) = (3, 2), the Zakharov–Shabat equations yield the
Kadomtsev–Petviashvili equation (1.1) for u = 2u2 = 2w1,x1 , and, from the second equation of
(4.47), we derive the Lax pair (1.2).

• I(The tau function and wave eigenfunctions): To derive the g-function rep of solutions and wave
eigenfunctions, let

W =1 − w1m
−1 − w2m

−2 − · · · − wNm
−N ,

WN ≡WmN = mN − w1m
N−1 − w2m

N−2 − · · · − wN .

Hence the Sato equation (4.43) turns into

mxnWN = BnWN −WNm
n for n = 1, 2, . . . (4.49)

which yield

mxn (WN f ) = Bn(WN f ) +WN (mxn f − mn
x1 f ).

We conclude that if the Sato equation holds for WN , then any solution of the N-th-order ODE
WN f = 0 also satisfies the linear heat hierarchy, i.e., mxn f = mn

x1 f for n = 1, 2, . . ..
Conversely, if fj for j = 1 up to N satisfy the N-th order ODE and the heat hierarchy, then the

Sato equation (4.49) holds. Hence, an explicit KP solution can be found via the g-function

u(x) = 2w1,x1 = 2m2
x1 ln g(x) ≡ 2m2

x1 ln Wr(f1, · · · , fN ) (4.50)

by writing WN fj = 0 as


f1 f (1)1 · · · f (N−1)

1
...

...
. . .

...

fN f (1)N · · · f (N−1)
N




wN
...

w1

 =


f (N )1
...

f (N )N

 .
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For the wave function q = WNq0 of the KP linear system (4.47), we begin by expressing it in
the determinant form [17, Proposition 2.2]:

q =WNq0 = (1 − w1

_
− w2

_2 − · · · −
wN

_N )q0 =
1
g

����������
f1 f (1)1 · · · f (N )1
...

...
. . .

...

fN f (1)N · · · f (N )N
_−N _−N+1 · · · 1

���������� q0.

Using elementary column operations, the determinant of the above expression can be rewritten
as

(−1)N
_N

����(f (j)i − _f (j−1)
i

)
1≤i,j≤N

���� . (4.51)

Besides, express fi (x) in the integral form fi (x) =
∫
C e

∑
Z nxndi (Z)dZ , which is satisfied by the

Gr(N , M)>0 KP solitons. Consequently, the numerator takes on this specific form:

f (j)i (x) − _f (j−1)
i (x)

= − _
∫

C
Z j−1(1 − Z

_
)e

∑
Z nxndi (Z)dZ

= − _
∫

C
Z j−1e−

∑ Z n
n_n e

∑
Z nxndi (Z)dZ

= − _f (j−1)
i (x1 −

1
_

, x2 −
1

2_2 , x3 −
1

3_3 , . . .).

As a result,

q(x,_) =
g(x1 − 1

_
, x2 − 1

2_2 , x3 − 1
3_3 , . . .)

g(x) q0(x). (4.52)

Moreover, a corresponding formula for the adjoint wave function q† can also be derived [17, §
2.4]:

q†(x,_) =
g(x1 + 1

_
, x2 + 1

2_2 , x3 + 1
3_3 , . . .)

g(x) q−1
0 (x). (4.53)

• I (The multi-line solitons and Sato eigenfunctions): The multi-line solitons (3.1) is defined by
setting 1 ≤ n ≤ 3, letting

©­­­«
f1(x)
...

fN (x)

ª®®®¬ =

©­­­«
a11 a12 · · · a1M
...

...
. . .

...

aN1 aN2 · · · aNM

ª®®®¬
©­­­­­«

E1

E2
...

EM

ª®®®®®¬
,

A = (aij) ∈ Gr(N , M)≥0, ^1 < · · · < ^M ,

Ej (x) = exp \j (x) = exp(^jx1 + ^2
j x2 + ^3

j x3)

=

∫
C

eZ x1+Z 2x2+Z 3x3dj (Z)dZ , dj (Z)isthepointmeasureat^j,

(4.54)
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in (4.50); and formula (4.9) of i(x,_) and (4.10) of k(x,_)) are derived by (4.50), (4.52)–(4.54),
and

e\i (x1− 1
_

,x2− 1
2_2 ,x3− 1

3_3 ,· · · )
= e

(∑∞
n=1 ^

n
i xn

)
−ln(1− ^i

_
)
=
_ − ^i

_
e\i (x) .

4.2.2. The Lax equation

The Lax equation can be proved by replacing the Sato eigenfunction and Sato adjoint eigenfunction by
(4.9) and adapting the procedure (3.28)–(3.42) for the proof of perturbed 1-solitons. Major difficulties
and differences occur in proving the orthogonality relation (for the construction of Green’s function G)
and boundedness of Gd. More precisely,

• I (The orthogonality relation) : [5, 9, 10] Let

ij (x) = i(x, ^j), kj (x) = res_=^jk(x,_),
i(x, ^) = (i1(x), . . . , iM (x)), k(x, ^) = (k1(x), . . . ,kM (x)).

(4.55)

Define

D♭ = diag (^N
1 , . . . , ^N

M) A
T ,

D♭,† =
(
−dT , IM−N

)
c diag (^−N

1 , . . . , ^−N
M ),

(4.56)

where c is an M × M permutation matrix and d is an N × (M − N) matrix satisfying

A =

(
IN , d

)
c. (4.57)

We can implement various Pl¥ucker relations of i(x, ^) and k(x, ^) to prove

D♭,†D♭ = 0, i(x, ^)D♭ = 0, D♭,†k(x, ^)T = 0

(see [32, Lemma 2.1, 2.2] for detailed proofs). Together with setting

P = D(DTD)−1DT , P′ = (D′)T (D′D′T )−1D′, P ⊕ P′ = IM×M ,

we justify the orthogonality relation

M∑
j=1

ij (x)kj (x′) = 0. (4.58)

• I (Boundedness of Gd) :

- following argument to permute and exchange cells, one obtains the decomposition [5,
(3.16),(3.17)], [4],

Gd (x, x′,_) = G1
d (x, x′,_) + G2

d (x, x′,_), (4.59)
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with

G1
d (x, x′,_) (4.60)

= −
\ (x2 − x′2)

[(N − 1)!]2(N + 1)
∑

{mi },{ni }
sgn(zmN nN − z′mN nN )

×e−kmN nN (x2−x′2 )V ({mi}, nN )V (n1, . . . , nN−1)
×\ ((_R − ^mN ) (zmN nN − z′mN nN ))e

−(_R−^mN ) (zmN nN −z′mN nN )

×
D♭ ({mi}) exp(∑N−1

l=1 Eml (x) + EnN (x))
g(x)

×
D♭ ({ni}) exp(∑N−1

l=1 Enl (x′) + EmN (x′))
g(x′) ,

and

G2
d (x, x′,_) (4.61)

= +
\ (x2 − x′2)

[(N − 1)!]2(N + 1)
∑

{mi },{ni }
sgn(zmN nN − z′mN nN )

×e−kmN nN (x2−x′2 )V ({mi}, nN )V (n1, . . . , nN−1)
×\ ((_R − ^nN ) (zmN nN − z′mN nN ))e

−(_R−^nN ) (zmN nN −z′mN nN )

×
D♭ ({mi}) exp(∑N

l=1 Eml (x))
g(x)

D♭ ({ni}) exp(∑N
l=1 Enl (x′))

g(x′) ,

where zmn = x1 + (^m + ^n)x2, z′mn = x′1 + (^m + ^n)x′2, kmn = _2
I − (_R − ^m) (_R − ^n), and

V ({ni}) = det

©­­­­­«
1 1 · · · 1
^n1 ^n2 · · · ^nN
...

...
. . .

...

^N−1
n1 ^N−1

n2 · · · ^N−1
nN

ª®®®®®¬
,

D♭ ({ni}) = det
©­­­«

D♭
n1,1 · · · D♭

n1,N
...

. . .
...

D♭
nN ,1 · · · D♭

nN ,N

ª®®®¬ ,

for m, n ∈ {1, . . . , M} and {mi} = {m1, . . . , mN }, {n1, . . . , nN } denote unordered set of N
indices from {1, . . . , M}.

Therefore, G2
d is uniformly bounded because, after permutation, the cells EJ that appear in

the numerators are also present in the denominator of the tau function. Conversely, G1
d is uni-

formly bounded in x due to the Vandermonde matrix V ({mi}, nN ) and the TP condition, though
it is not necessarily uniformly bounded in xʹ. Since mN may not be distinct from n1, . . . , nN−1.
Consequently,

|Gd (x, x′,_) | <C(Cx′ + 1), (4.62)

and, combining estimates for the continuous Green function Gc,
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|G(x, x′,_) | < C(Cx′ +
1√
|x2 − x′2 |

). (4.63)

To enhance the above estimate, we will utilize the duality between Gr(N , M)>0 and Gr(M−
N , M)>0 [18, Section 4.4]:

If us(x) is a Gr(N , M)>0 KP soliton,
then us(−x) is a Gr(M − N , M)>0 KP soliton.

(4.64)

Consider the Lax operators

L± = − mx2 + m2
x1 + us(±x1,±x2, 0), (4.65)

L1 = + mx2 + m2
x1 + us(+x1,+x2, 0), (4.66)

and the associated Green functions by G±(x, x′,_), G1(x, x′,_) respectively, namely,
L±G±(x, x′,_) = L1G1(x, x′,_) = X(x − x′), and define

G±(x, x′,_) =e_(x1−x′1 )+_
2 (x2−x′2 )G±(x, x′,_), (4.67)

G1(x, x′,_) =e_(x
′
1−x1 )+_2 (x′2−x2 )G1(x, x′,_). (4.68)

Applying the duality theorem (4.64), (4.64), and (4.63), one has

|G±(x, x′,_) | <C(Cx′ +
1√
|x2 − x′2 |

). (4.69)

Thanks to L1 = Ld
+,

G1(x, x′,_) = G+(x′, x,_) (4.70)

[4, (1.6)]. From L1(x1, x2) = L− (−x1,−x2),

G1(x, x′,_) = G− (−x,−x′,_). (4.71)

Combining (4.69)–(4.71), we conclude

|G±(x, x′,_) | <C(1 + 1√
|x2 − x′2 |

). (4.72)

4.2.3. The inverse problem

To address the inverse problem, we will examine the limit of the iteration sequence within the
eigenfunction space W :

q (k) (x,_) = 1 +
N∑

n=1

q
(k)
zn,res(x)
_ − zn

+ CTq (k−1) (x,_), k > 0, (4.73)

(e^1x1+^2
1 x2+^3

1 x3q (k) (x, ^+1 ), . . . , e
^Mx1+^2

Mx2+^3
Mx3q (k) (x, ^+M))D = 0, (4.74)
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q (0) (x,_) = j̃(x,_). (4.75)

The previous arguments can be adapted with some modifications. However, we must clarify how to
implement the D-symmetry to reduce estimates of the residues to those of the Cauchy integral operator
at ^+j throughout the iteration process. The lemma is stated as follows.

Proposition 4.7. Suppose S = ({zn}, {^j},D, sc) is d-admissible and q (k) , q (k)zn,res satisfy (4.73), (4.74).
Then for k> 0,

©­­­«
q
(k)
z1,res
...

q
(k)
zN ,res

ª®®®¬ = −B−1Ã

©­­­­­­­­­­­­«

1 + C^+1 Tq (k−1)

...

...

...

...

1 + C^+M Tq (k−1)

ª®®®®®®®®®®®®¬
, (4.76)

where

Ã =

©­­­«
^N

1 e\1 · · · 0 DN+1,1e\N+1 · · · DM,1e\M

...
. . .

...
...

. . .
...

0 · · · ^N
N e\N DN+1,Ne\N+1 · · · DM,Ne\M

ª®®®¬ , B = Ã

©­­­­­­­­­­­­«

1
^1−z1

· · · 1
^1−zN

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

1
^M−z1

· · · 1
^M−zN

ª®®®®®®®®®®®®¬
,

(4.77)

and e\j = e^jx1+^2
j x2+^3

j x3 . Moreover, for k> 0,∑
0≤l1+2l2+3l3≤d+5

���ml
xq
(k)
zn,res

���
L∞
≤ C(1 + n0

∑
0≤l1+2l2+3l3≤d+5

���ml
xq
(k−1)

���
W
), (4.78)

∑
0≤l1+2l2+3l3≤d+5

���ml
x

[
q
(k)
zn,res − q

(k−1)
zn,res

] ���
L∞
≤(Cn0)k , (4.79)

∑
0≤l1+2l2+3l3≤d+5

���ml
x

[
q
(k)
zn,res − j̃zn,res

] ���
L∞
≤Cn0. (4.80)

Proof. Write the D-symmetry and the evaluation at ^+j of q (k) as a linear system for M +N variables
{q (k) (x, ^+j ), q

(k)
zn,res(x)},
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©­­­­­­­­­­­­­­­­­­­­«

^N
1 e\1 · · · 0 DN+1,1e\N+1 · · · DM,1e\M 0 · · · 0
...

. . .
...

...
. . .

... 0
. . . 0

0 · · · ^N
N e\N DN+1,Ne\N+1 · · · DM,Ne\M 0 · · · 0

−1 · · · 0 0 · · · 0 1
^1−z1

· · · 1
^1−zN

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

0 · · · 0 0 · · · −1 1
^M−z1

· · · 1
^M−zN

ª®®®®®®®®®®®®®®®®®®®®¬

©­­­­­­­­­­­­­­­­­­­­«

q (k) (x, ^+1 )
...
...
...
...

q (k) (x, ^+M)
q
(k)
z1,res(x)

...

q
(k)
zN ,res(x)

ª®®®®®®®®®®®®®®®®®®®®¬

=

©­­­­­­­­­­­­­­­­­­­­«

0
...

0
−1 − C^+1 Tq (k−1)

...

...

...

...

−1 − C^+M Tq (k−1)

ª®®®®®®®®®®®®®®®®®®®®¬

. (4.81)

Solving q (k) (x, ^+j ) in terms of q (k)zn,res(x) and plugging the outcomes into (4.81) yields

B
©­­­«

q
(k)
z1,res(x)

...

q
(k)
zN ,res(x)

ª®®®¬ = −Ã

©­­­­­­­­­­­­«

1 + C^+1 Tq (k−1)

...

...

...

...

1 + C^+M Tq (k−1)

ª®®®®®®®®®®®®¬
, (4.82)

with B and Ã defined by (4.77). By the d-admissible condition, the system (4.81) is just determined and
is equivalent to (4.76).

Next, the d-admissible condition implies that defining A through:

AT = diag (^N
1 , . . . , ^N

M)
−1 ×D♯,

then A ∈ Gr(N , M)>0. Let j̃′ (x,_) be the normalized Sato eigenfunction with data ({zn}, {^j}, A,0),
we have:

j̃′ (x,_) = 1 +
N∑

n=1

j̃′zn,res(x)
_ − zn

, (4.83)
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(e^1x1+^2
1 x2+^3

1 x3 j̃′ (x, ^1), . . . , e^Mx1+^2
Mx2+^3

Mx3 j̃′ (x, ^M))D = 0, (4.84)

and, from the d-admissible condition, ∀k,

| j̃′zn,res(x) − j̃zn,res(x) |Ck ≤ Ckn0. (4.85)

Moreover, using previous argument,

©­­­«
j̃′z1,res(x)

...

j̃′zN ,res(x)

ª®®®¬ = −B−1Ã

©­­­­­­­­­­­­«

1
...
...
...
...

1

ª®®®®®®®®®®®®¬
, (4.86)

with B and Ã defined by (4.77). Let Ej = e\j = e^jx1+^2
j x2+^3

j x3 and write

Ã =DTdiag (E1, . . . , EM), (4.87)

B =DTdiag (E1, . . . , EM)

©­­­­­­«

1
^1−z1

· · · 1
^1−zN

...
. . .

...
...

. . .
...

1
^M−z1

· · · 1
^M−zN

ª®®®®®®¬
.

From Sato’s theory, (4.9), (4.3), (4.86), (4.87), elementary row and column operations and matching
the coefficients of E1 × · · · × EN ,

B−1 =
1

g′ (x)

©­­­«
b11 · · · b1N
...

. . .
...

bN1 · · · bNN

ª®®®¬ ,

bkl =
∑

J (kl)=(j(kl) ,1,· · · ,j(kl) ,N−1 )
ΛJ (kl)EJ (kl) (x), 1 ≤ j(kl) ,1 < · · · < j(kl) ,N−1 ≤ M, (4.88)

g′ (x) is the tau function with data ^j, A,
|ΛJ (kl) | = |ΛJ (kl) ({zn}, {^j}, A) | < C.

As a consequence,
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g′ (x) j̃′zh,res(x) (4.89)

=the hth-row of
©­­­«

b11 · · · b1N
...

. . .
...

bN1 · · · bNN

ª®®®¬

©­­­­­­­­­­­­«

^N
1 E1 + · · · +DN+1,1EN+1 + · · · +DM,1EM

...

...

...

...

^N
N E1 + · · · +DN+1,NEN+1 + · · · +DM,NEM

ª®®®®®®®®®®®®¬
=(^N

1 E1 + · · · +DN+1,1EN+1 + · · · +DM,1EM)
∑

|J (h1) |=N−1
ΛJ (h1)EJ (h1) (x)

+ · · · + (^N
N E1 + · · · +DN+1,NEN+1 + · · · +DM,NEM)

∑
|J (hN ) |=N−1

ΛJ (hN )EJ (hN ) (x)

≡(ã11E1 + · · · + ã1MEM)
∑

|J (h1) |=N−1
ΛJ (h1)EJ (h1) (x)

+ · · · + (ãN1E1 + · · · + ãNMEM)
∑

|J (hN ) |=N−1
ΛJ (hN )EJ (hN ) (x).

Since EJ (hl) are N − 1 cells. According to the formula of the Sato eigenfunction,

0 =ã1kEk
∑

k∈J (h1) , |J (h1) |=N−1
ΛJ (h1)EJ (h1) (x) + · · ·

+ãNkEk
∑

k∈J (hN ) , |J (hN ) |=N−1
ΛJ (hN )EJ (hN ) (x).

(4.90)

Using (4.76), (4.87)–(4.90), multi-linearity, and estimates of the CIO’s,

g′ (x)q (k)zh,res(x) = g′ (x) j̃′zh,res(x)

+the h-row of
©­­­«

b11 · · · b1N
...

. . .
...

bN1 · · · bNN

ª®®®¬

©­­­­­­­­­­­­«

ã11E1C^+1 Tq (k−1) + · · · + ã1MEMC^+M Tq (k−1)

...

...

...

...

ãN1E1C^+1 Tq (k−1) + · · · + ãNMEMC^+M Tq (k−1)

ª®®®®®®®®®®®®¬
=g′ (x) j̃′zh,res(x)

+(ã11E1C^+1 Tq (k−1) + · · · + ã1MEMC^+M Tq (k−1) )
∑

|J (h1) |=N−1
ΛJ (h1)EJ (h1) (x)

+· · · + (ãN1E1C^+1 Tq (k−1) + · · · + ãNMEMC^+M Tq (k−1) )
∑

|J (hN ) |=N−1
ΛJ (hN )EJ (hN ) (x)

=
∑
|J (h) |=N

Λ̃J (h)EJ (h) (x),
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with ∑
0≤l1+2l2+3l3≤d+5

|ml
xΛ̃J (h) | < C(1 +

M∑
j=1

∑
0≤l1+2l2+3l3≤d+5

|ml
xC^+j Tq (k−1) |).

Along with the TP condition of A, yield

∑
0≤l1+2l2+3l3≤d+5

|ml
xq
(k)
zn,res(x) | ≤ C(1 +

M∑
j=1

∑
0≤l1+2l2+3l3≤d+5

|ml
xC^+j Tq (k−1) |).

Combining with (4.85), we prove (4.78)–(4.80). �
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