Journal of Nonlinear Waves (2025), 1, e4, 1-62
doi:10.1017/jnw.2025.10006

"1 CAMBRIDGE

&Y UNIVERSITY PRESS

RESEARCH ARTICLE

The inverse scattering theory of Kadomtsev—Petviashvili I1
equations

Derchyi Wu

Institute of Mathematics, Academia Sinica, Taipei, Taiwan
Email: mawudc @gate.sinica.edu.tw

Keywords: Cauchy problem; Inverse scattering theory; Kadomtsev—Petviashvili II equations; Line-solitons; Sato’s theory

MSC Codes: 35B35; 35C08; 35C15; 35G25; 35P25; 35Q51; 37K15
(Received 31 December 2024; revised 28 May 2025; accepted 9 June 2025)

Abstract

This overview discusses the inverse scattering theory for the Kadomtsev—Petviashvili II equation, focusing on the
inverse problem for perturbed multi-line solitons. Despite the introduction of new techniques to handle singularities,
the theory remains consistent across various backgrounds, including the vacuum, 1-line and multi-line solitons.

1. Introduction

The Kadomtsev—Petviashvili I (KPII) equation [16],
(—4uy, + Uy, x, + OULLy, ), + BUyr, =0 (1.1)

a (2 + 1)-dimensional extension of the Korteweg-de Vries equation, models small amplitude, long-
wavelength, weakly two-dimensional waves in weakly dispersive media. It has applications in mathe-
matics and physics and is integrable via the Lax pair [],

(=0, + (931 +u)®(x,1) =0,

(=0, + 631 + %uﬁxl + %uxl + 43—1(9;1114)(2 - /13)d>(x, A1) =0.

(1.2)

The initial value problem for the KPII equation can be solved using inverse scattering theory (IST),
with early work on the IST involving the d-method for vacuum backgrounds [1, 14, 15, 20, 27]. Around
2000, Boiti et al., Villarroel and Ablowitz extended the IST to backgrounds with 1-line solitons [7,
26]. Boiti et al. then integrated the Sato theory and set the foundation of the IST of the KPII equation
for multi-line soliton backgrounds. Their achievements at least include: deriving an explicit formula
of the Green function, L™ estimates for the discrete part of the Green function and the D-symmetry,
the relation between values of the eigenfunction at multi value points [4—6, 810, 21]. Building on
their work, we have completed a rigorous IST for smooth perturbations of multi-line solitons, obtaining
the first rigorous IST for a multi-dimensional integrable system where both continuous and discrete
scattering data coexist without degeneration into complex plane contours [31-33].

This paper provides an overview of the IST for the KPII equation, focusing on the inverse prob-
lem for perturbed multi-line solitons. The aim is to demonstrate that, despite the introduction of new
algebraic or analytic techniques to handle singular structures, the ISTs remain consistent across various
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background potentials, including the vacuum, 1-line solitons and multi-line solitons. Specifically, when
either discrete or continuous scattering data vanish, the forward and inverse scattering transforms for
perturbed line solitons reduce to those for rapidly decaying potentials or multi-line solitons.

The paper is organized as follows: In Section 2, we present the IST for the vacuum background,
integrating Fourier theory, outlining the approaches to the KPII equation for different backgrounds and
characterizing the scattering properties as 4 — oo for multi-line soliton backgrounds.

Section 3 discusses the IST for perturbed 1-line solitons without using Sato theory. We define the
forward scattering transform, formulate the inverse problem as a Cauchy integral equation (CIE) with
a D-symmetry constraint and solve it using Holder interior estimates and deformation methods. We
elucidate the connection between the forward and inverse problems and emphasize key analytical tools
in Sections 3.3.3 and 3.3.4.

In Section 4, we extend the IST for perturbed 1-solitons to perturbed multi-line solitons by applying
Sato theory [2, 3, 19, 22-24] and the IST framework developed for the KP equation by Boiti et al. [4-6,
8-10, 21]. We present the complete theory, highlighting distinct features, and demonstrate that the TP
condition is necessary. We also show that the differences between the IST for 1-solitons and multi-line
solitons are primarily algebraic.

2. The IST for rapidly decaying potentials
2.1. Statement of results

Given a rapidly decaying initial data u(x, x2), the Cauchy problem of the KPII equation can be solved
using IST [1, 14, 15, 20, 27]:

Theorem 2.1. (The Cauchy Problem) [27] For initial data ;<447 |(9)i]1 Bg up(x1,22) |1a2 << 1 with
d > 0, we can construct the forward scattering transform

S tup - s5c() 2.1

satisfying the algebraic and analytic constraints:

- =2
1A= A"+ [0 = 222 | se (D)1= < C Xy 1080l 12, (22)

se(A) = 5e(Q). 2.3)
Moreover, the solution to the Cauchy problem for the KPII equation is given by
u(x) = —%Bxl // Tmdl Ade,  x = (x1,x2,x3), 2.4)
with
L+ 1€ + I Yu(€,mes < CIL+IE + 1 )selpsnrz@eany Kl <d+5.  (2.5)

Here m(x,1) = 1+ CTm(x,A), C is the Cauchy integral operator, and T is the continuous scattering
operator:

Co(x, ) = — // P, g)dg/\d{

T¢(x, ) Esc(/l)e“’”“*“ TPy (4 ).

(2.6)
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Except in Sections 3.2.2 and 4.2.1, we define x = (x1,x7,x3) throughout the paper. We use the
notation 6}6 = 6)2 0)2 o”[g, where /; are non-negative integers and |/| = [ +/>+/3. The constant C represents
a uniform constant that is independent of both x and A. Theorem 2.1 follows from the direct and inverse
scattering theories, as detailed in Theorems 2.2 and 2.4.

Theorem 2.2. (Direct Scattering Theory [27]) Given Xj;j<a.7 |6)€'1 Qg up(x1,x2) |p1qp2 < 1ford = 0,
the following holds:

. . . . 2 .
(1) There exists a unique eigenfunction ®(x1,xz, 1) = e+ 2mg(x1, x2, 1) of the Lax equation

(—6x2 + (931 + 2/16x1 + uo(xl,XQ))MQ(xl,XQ,/l) = 0,

Jim oo, ) = 1 10f mo = 1]l < Clofuoluiers @27
(2) The forward scattering transform can be constructed as
sen(A) 1-1 1 -2
, - -
S tug 50() = == [ug(Imo (DI (5=, =), 2:8)
2mi 2mi 2mi
satisfying
— ) _
Symo (1,32, 4) = se(D)e DAy () ), 2.9)
and the Cauchy integral equation
mo(x1,x2,4) =1 + CTomo(x1,x2, A). (2.10)
The scattering data satisfy the following algebraic and analytic constraints:
- =2
|2 =17 + 7 = 2212 | 5e(Dlee < C Xy |9fuol a2 2.11)
$¢(A) = 50(Q). (2.12)

Here A = Ag +id;, A = Ag — iy, T is the continuous scattering operator at x3 = 0, and (Z ¢ denote
the Fourier and the inverse Fourier transform, respectively:

o(£,2) E// e 2MNER2E) (1), x5, A)dxy dx,
e 2.13)

é(fa ) E/] ot2milx §'+x2§2>¢(X1,XQ,/l)dxldXQ.
RZ

Theorem 2.3. (Linearization Theorem) If ®(x, 1) = e¥1* 2 (x, 1) satisfies the Lax pair (1.2) and
oym(x, ) = sc(/l,x3)ea_’l)x‘+(jz_’lz)xzm(x, ),
then
se(dxs) = €@ =g, (). (2.14)
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Theorem 2.4. (Inverse Scattering Theory) [27] For small scattering data s.(A) decaying rapidly in

(A-2, - A%), the following holds:
(1) The CIE has a unique solution:

m(x, ) =1+ CTm(x, 1),

04 1m =111 < CI(1+1€1" + 111" se(Dlorzwean

where 2mi¢é = A — A, 2xin = 12 -2
(2) The Lax equation holds:

(—sz + 02 +20, + u(x)) m(x, 1) =0,

u() = -, // T dZ A dc,

[(1+ 115+ InlOa(g. m)ee < CIA+E + 101 se (Do a2 @ean)
and the inverse scattering transform is defined as
1 1 —
ST (s:(A) = —=0y, Tmdl NdC,
i
(3) The KPII equation is fulfilled

(—Autyy + Uy, x, + OUUy, )y, + 3ltyyy, = 0.

2.2. The strategy
Detailed proof can be found in [27]. We highlight key features of the proof.

2.2.1.  Proof of Theorem 2.2

(1) Using Fourier theory, we transform the Lax equation (2.7) into the integral equation:

Upmo

pa (f? 77)

mo(x1,x2,1) =1— [ =1- Gy * ugmy,

where the Green function is defined by:

2

Ga = [pi . P& ) = (i + ) = Qin + 22).
pl

Hence, the unique solvability of the Lax equation and eigenfunction estimates follows from:

1
Pa

C

S PPN IR
Li@udedn) 1+ 4212

1
Pa

C

S T . A~1/A4°
2@ deany  (L+1uP)VH

where Q1 = {(£,7) € R? : |pa(&,m)| < 1}.
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(2) To define the scattering data, we compute the d3-data of the eigenfunction my. This requires com-
puting the d7(1/p,) and establishing the commutative relation between p, and the exponential
function:

on || = - e - i, T-2

Pa 27i 2mi i
-0 7
pa(D)f = V3= ()l (= n (U =Pl

From these two formulas, we obtain:

= -2
[07Ga] * ugmo = —s,(A)e A Va+ (T =200

G/l e(j—/l)x1+(jz—/lz)x2 — e(i—/l)xw(ﬁz—/lz)xz G/l
Consequently,

_ B .
B3mo(x1,x2,4) == s.()e AV =102 (), 7). (2.25)

To prove the CIE for my, applying Liouville’s theorem and the Lax equation, there exists g(x1, x2)
such that

mo(x1,x2,4) = q(x1,x2) + CTomg(x1,x2, 2), (2.26)

womo = 20,9 - 024+ Dq + (9, = 9, = 240,, ) CTomo. (2.27)
Via a change of variables

omig = —¢, 2rmin=0 -

f=—ing+ L a7 ndr='Tazd 229
=—iné + —, =— ,
2w i
and from (2.23), (2.24), we obtain,
T-Om+ @ -my _
CTod| < C| // seld)e — ¢ 47 ndc] (2.29)
S(,' >
<t [[ ARLED g,
|(27€)? — AmiéA + 2min|
1
< Clolre{lse(Dlr2aean) | — +5e (Dl aean) | — }.
Pali2 s agdn) AL Qudgdn)

Similarly, if | (|/_l—/1|ll +|12—AZVZ)sC(A)|LGLw(d§d,7) < oo, l] <2, 1 < 1, from (2.24), one

has (5x2 - 6x2] - 2/16xl) CTymy — o(|1]) as 4; — oo. Thus, from (2.27) and for 2 > 1, we get
q = q(x2). By choosing x; > 1 in (2.26), we find ¢ = 1, justifying the initial CIE (2.10).
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2.2.2.  Proof of Theorem 2.3

Note that
07P(x, 1) = 5c(4, x3)D(x, Q).
Denote
My=—-0y+ (931 + guaxl + %uxl + f—‘ﬁ;llun +p(2), p(2) = -2,
we have

0 =07 [Ma®(x, )] = M, [8:D(x, )] = M, [sc(/l,)g)d)(xj)] (2.30)
=®(x, ) =0y, + p(D)] 56(A,x3) + 50(, x3) [My = p(2)] ©(x,2)
= @05 D) [0+ p()] 5e(Ax) + 5e(A x3) [ Mz = p(D)]| (5. D)
=0 D) [0 +p() = p(D) | 5e(Ax3).

2.2.3.  Proof of Theorem 2.4
(1) Unique solvability of the CIE (2.15) and the estimate (2.16) follow from

pa

ICT$| < Clolr={lsc(x3, Oz agan)
L2(Q6,dgdn)

}

LY (Qa.d&dn)

2.31
{ (2.31)

+|SC(X37 £)|L°°(d§d7]) P

which is proved by the same argument as (2.29).
(2) To prove the Lax equation (2.17), we introduce the shorthand notation for the heat operator

—Ox, + 05 +240,, = -V, + V7,
Vi=0y +4, Va=0,+4% [V, T| =0.

Applying the heat operator to both sides of the CIE (2.15), formally,
(=Va+ VDm = [-Vo + V§,CT| m+CT(-V, + V])m, (2.32)
and
[-V2+ V5.CT|m=[-V,+V}.C| Tm=2[,C] 8, (Tm) (2.33)
=%axl // Tmd Ad¢ = —u(x),
along with the unique solvability of the CIE, yields the Lax equation
(=V2+Vhm=~(1-CT) 'u(x)1 = —u(x)(1 = CT) "1 = —u(x)m(x, ). (2.34)
To rigorously justify the argument, we focus on a priori estimates for:
= —m =1~ py(&mm~1.
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We will derive these estimates:

lm =i azan) < Clselizars@gan) (2.35)

[(L+ (€1 + InYpaEmm = aars @ean) < CLA+IEM + *)seli2nrs @ean).  (2:36)

allowing us to apply Minkowski inequality to obtain:

|1+ 11+ In1u) 2ars (@eay) < CIE+IE2 + 10 sel 2ars @edn) - (2.37)

(=Va+VHme L™, (2.38)
Write the CIE (2.15) as

2risc(£(€,1m)) ‘

m—1=[CT(m-1]"+[CT1]" = [CT(m - D] + (2.39)
pa(é.m)
. 2mis,. 5
Usmg # I < CISC|L2ﬂL°°(d$d7]) and

—~ _é’:;{ _ 52_4.«2 5 R
[CTf]A:_ZLm‘[/‘SC(g)f(f 2(7“ ’/Tl] 2mi ’g)dé'/\dé’ERsc ’
c ;-

which is a contraction of £ € L!(dédn), we prove (2.35).
Next, we express (2.39) as:

p,lr;——\l = p,lRX(.nT——\l +2misc(L(€,m)) = M, (pévn?——\l) +2mis. (L (€,m)),

Mo f = (Rof) (&m0 — (Rof) (.7, % — iné),

and we prove
|1+ 11+ OM flznrs < CIA+[E2 + 1)l g (U4 1+ 1) 200
This proves (2.36).

— -2
To justify the KP equation (2.21), we verify the Lax pairs. If [(]1 — A" + |4 -
/12|12)sc(/l)|Lszm(d§d,7) < o0o,l] £ 5,1 < 2, using the representation formula (2.18), we define

®(x, 1) = eW1+ 2 (x, 1) and the evolution operator:
3 3 3.
M =3, +0] + Uk, + it + Zaxllum -2, (2.40)

Then

3
MD(x, ) =P+ (M 43202 +32%0,, + 20 + Sud| m(x.2)

2
Ee/lxl+/l xZiUtm.
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Reversing the procedure to prove (2.30), we obtain:

& (M) (6, 1) = 50 (D) T RHT =20t @ =03 () (x, D). 2.41)

As || = oo, m(x,A) ~ Z]?’zo 1‘4/;1(]_)0. From the Lax equation (2.17), we obtain

20, Mj,1 = (0, — 07 — w)M;, (2.42)

1 1, o, 1 1 .
MO - 17 M = _Eﬁxllu, M, = _16&6"1214 * Zu * Zaxll (uaxllu) >

As aresult, as 4 — oo,

Mm (2.43)
3 3 M, M, 3

-7 +Za);1ux2+3wz(1+ l)+3/126xl(1+—1+—22)+§u/1
3 3 3

L 6 sz (_Eux‘ + 30, [ 8xZ8 u+ - 2 + 1 oy, uod; u)]

3 1 —1
+A4 (3(9le1 + EM) + Eu(—zé)xl I/t)
=0.

Using the unique solvability of the CIE, we conclude that Mm(x, 1) = 0, MD(x,1) = 0, thus
verifying the Lax pair and justifying the KPII equation.

3. The IST for perturbed 1-line solitons
3.1. 1I-line solitons

The KPII equation (1.1) admits explicit solutions known as Gr(N, M)»o KP solitons, which are regular
across the xx,-plane with non-decaying localized peaks along specific line segments and rays for fixed
time x3. These solitons can be constructed using Sato theory as [2, 3, 19, 22-24]:

ug(x) =207 Int(x), 3.1)

where the T-function is the Wronskian determinant

E - KJIV_IEI
aini an aim -
E2 K12V 1E2
)= T o ) (3.2)
ani  an2 anm Ey - N,IEM
M

= Z Ajl’mJN(A)E]'I,A..JN()C).

I1<ji<<jNEM

Here k1 < -+ < kum, kj # 0, Ej(x) = exp0;(x) = exp(kjx1 + sz)Q + KJ?)Q),A = (a;) € Gr(N,M)xo
represents a full rank N x M real matrices with non-negative minors, A;, ... ;,(A) = A;(A) the N xN
minor of the matrix A whose columns are labelled by the index setJ = {j; < --- <jy} Cc {1, -, M},
and Ej = Ej, ... j, (x) = i< (k;,, — k) exp(ZnN=1 0;,(x)). Moreover, Gr(N, M)~ KP solitons means all
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minors A;, ... ;, are positive, namely, fulfilling the TP condition, form a dense subset of Gr(N, M) KP
solitons. For example, the Gr(1,2)~¢ KP solitons (or 1-line solitons) are given by:

(k1 — k2)? sech? 01(x) —62(x) —Ina
2 b

ug(x) = (3.3)

where A = (1,a) and a > 0.

A brief overview of Sato theory is provided in Section 4.2.1, and a formal inverse scattering transform
(IST) applicable to multi-line solitons is shown in [28-30]. In this section, we present a rigorous IST
for perturbed 1-line solitons without using the Sato theory.

Lemma 3.1. (IST for 1-line solitons) Let u;(x) be a Gr(1,2)s¢ KP soliton. The Sato eigenfunction ¢
and the Sato normalized eigenfunction y, defined by

2 (1= )%™ 4 (1 - 2)ge®™ 2
P ) = et et () 4 getr(x) = et a6 ) 4

satisfy the Lax equations for A € C\{0},

(<0 + 02 +240,, +1,(0) x () =0 (3.5)

and
=142 ey,
A 3.6)
(eK1X1+K12X2+K]3X3X(x’ Kl)’ eK2x1+K22xz+KISJC3X(x’ Kz))Db — O,

with

D® = diag (i, k) AT = ( “ ) . (3.7)

Kaa

The forward scattering transform is defined by
St ug(x1,x2,0) {0, k1, k2, D'}, (3.8)
and the inverse scattering transform by

S7H{0, k1, k2, DY) = =20, X005 (X). (3.9)

Proof. The lemma is proved by using (3.3) and computing the A*-coefficients of (3.5). O

3.2. The direct problem for perturbed KP 1-solitons
3.2.1. Statement of results

Building upon Boiti et al.’s work [4—10], rigorous direct scattering theory for perturbed Gr(1,2).9 KP
solitons is carried out in [31, 32].
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Theorem 3.2. (Direct Scattering Theory) [31, 32] Given initial data
uo(x1,x2) = us(x1,x2,0) +vo(x1,x2), (3.10)
where ug(x) is a Gr(1,2)so KP soliton and 3. <448 | (1 + |x1| + [x2) 0ol 1 < 1, d = 0, we have:

(1) For A € C\{0, k1, k2}, there exists a unique solution to the Lax equation:

(=0x, + szl + 240y, + up(x1,x2))mo(x1,x2, 1) =0, 3.11)
| 1|im mo(x1,x2, ) = x(x1,%2,0, 2). (3.12)
X[—00

(2) The forward scattering transform is defined by
S(uo) = (0,1, k2, D, sc(2)) (3.13)
where the scattering data satisfy the CIE and the D-symmetry

mo,res (-xl s x2)

mo(xl,x2,/l) =1+ +CTOH10(X1,)62,/1), (314)

2 2
(eK]X]+K] xsz(X],XZ’ KT), €K2x1+K2x2m0(xl , X2, K;))D =0. (3.15)

Here, my € Wy, k' = Kj + 0%, C is the Cauchy integral operator, Ty is the continuous scattering
operator at x3 = 0 defined by (2.13), and s. is the continuous scattering data arising from the
0-characterization

— —2 _
dmo(x1,%2, ) = s (A)el D0+ g (x1,x2,2), A ¢ R,
I (3.16)
(A1) - A-1 1 =22
== [£C.0. v (ma (L )] (

2

sgn
se(A) =

)

5

2mi 2mi

and &(x, ) being the normalized Sato adjoint eigenfunction (see (3.34), (3.35) for definition).
Moreover, D can be computed by

-1
D:D#X(D‘fl) xklz(g ) (3.17)
21

b b

o D?] N cuDy, . 12D,
Df=| | = I-ci 1-cn (3.18)

D C22D21 ’
2 D3, +
1- Cc22
D" = diag (k1, ko) AT = | X! ) (3.19)
Kad

with ¢j = — f W, (x1, x2, 0)vo (x1, X2) @1 (X1, X2, 0)dx1dx2, W (x), @i1(x) residues of the adjoint eigen-
function ¥Y(x,2) at «; [32, (3.17))] and values of the Sato eigenfunction ¢(x,A) at k;; Wy =
W(xi .x,,0) IS the eigenfunction space defined in Definition 3.3.

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press


https://doi.org/10.1017/jnw.2025.10006

Journal of Nonlinear Waves 11

Finally, the scattering data S(ug) satisfies the algebraic and analytic constraints

%sgn(ﬂl) Yi + Sgn(/ll)h](/l), /l € Dl><<j’

se(A) = -k 1=vilel (3.20)
sgn(A1)fo(4), 1€ Dy,
D = (x1, D)7,

and

- -2
(1= T2 Eg) Dizans | (1= A1+ 12 = 212) s ()]
+ }=1(|)’j| +|hile= ) + Folc1 () + D = Db (3.21)

< C Xjpjcass [(1+ Ixi] + [x2D) 0ol pimpss

5c(A) = 5¢(2), hi(A) = =hj(2),Tig(A) = —Tp(). (3.22)

Here D, 45 = {1 = z+7re'® : 0 < r < ad, |a| < n}, DZM =D, s\{z}, 1 26 = %inf{|z 7|
2,7 € {0, k1, k2}, 2 # '}, E.a6(A) = 1 on D, ys, E,06(1) = 0 elsewhere. We suppress the
ad-dependence for simplicity if a=1.

Definition 3.3. The eigenfunction space Wo = Wy, +, o consists of functions ¢ that satisfy the following
conditions:

(a) ¢(x1,x2,2) = Pp(x1,x2,4);
(b) (1-E)d(x1,x2,4) € L™

() For A € DY, ¢(x1.x,2) = L0 4 g (1.3, 2), Gosess b0, € L= (Do)
(d) For A = kj+re'™ € D, ¢ = ¢" + ¢F, ¢° = T2 :1(X1, X2) (= In(1 = yjla])) € L™(Dy), ¢* €
Ch(D, 1) NL™(Dy), and ¢* (x1,x2, k) = 0.

Here, ¢ = max{l, |X|,V|Xz2|} is the rescaling parameter, and Xy is defined by the phase function
coefficients:

- -2
(x1,x2, ) =i[(A = Dx; + (A = 1)x2] = Xyrsina + Xor? sin2a = o(r, @, X),

) (3.23)
X1 22()61 + 2)622), X> = 2)C2, A=z+ re'® € DZ'

Finally, C’(fT(DKJ_%) = C(ij,g) N Hg(DKj,(ITr) and HZ(DZ’%) is the rescaled Holder space for z € R,
where the norm is given by:

|¢(%‘,a1,X1,X2) - ¢(%2,a2,X1,X2)|
< o

[Fren — Fpeiea ]k

|¢|H§(Dzé) = sup (3.24)

F1.7p < Llagllapl <

e Llap _ iiw
Jor Ay =z+rie'% =z+ £e'% €D, 1

1
T

and ¢(x,2) = ¢(r, a, X1, X3).
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Theorem 3.4. (Linearization Theorem) [31, 32] If ® = ™1+ (x, 1) satisfies the Lax pair (1.2)
and

— —2 _
B7m(x, ) = 5¢(,x3)e VU= (o Ty (3.25)

(K2 (x, &), €252 (x, 1)) D(x3) = 0, (3.26)
with D(x3) = (k1, D21 (x3))T then
=3
sc(d,x3) = et _13)X3SC(/l)a Dyn(x3) = e(KS’_K’%)xmew (3:27)
We make several remarks to conclude this subsection.

* Comparing (3.16)—(3.19), (3.34), (2.8) and (3.7), we show that when the discrete or continuous
scattering data vanish, the forward scattering transform for perturbed 1-line solitons reduces to
transforms for rapidly decaying potentials or 1-line solitons.

* For a perturbed 1-soliton, away from 0, k;, the continuous data s. and eigenfunction my are reg-
ular, similar to the rapidly decaying potential case. But at O and «;, the Cauchy integral operator
CTymy is an oscillatory singular operator. Specifically, at «;, s. has a ‘simple pole with a discontin-
uous residue’ and my is multi-valued. To address this, we introduce the rescaled Holder structure
C’(;(DK,_%) (see Section 3.3).

* For the KPII equation, small L' (R*) N L™ perturbations preserve the discrete scattering data K,
consistent with the fact that 1-line solitons form a discrete set in LP (Rz). In contrast, for the KdV
equation, small L' (R) N L™ perturbations generically alter k; and even potentially increase the
number of bound states.

3.2.2.  The strategy of the proof of Theorem 3.2

Throughout Section 3.2.2, x = (x1,x2,0), x" = (x],x},0) for simplicity.

(1) The Lax equation is proved by transforming the Lax equation into an integral equation with the
Green function defined by:

mo(x, ) =x(x, ) — G * vomy, (3.28)
G(x,x', 1) =G.(x,x',2) + G(x,x', 1), (3.29)
sgn(x; — x/ , ,
Ge(x,x', ) =— ¥eﬂ<xl-ﬂ>ﬂz<x2—xﬁ / 0((s* = A7) (x2 — x3)) (3.30)
I}

X (x, Ag + is)y (x, Ag + is) ds,
Ga(x, X', ) = — (x) — xp)e i3+ (5 -02) (3.31)
X(O(Ar = k1) 1(X)P1(x) +0(Ar — k2) P2 (X)P2(x")),
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and establishing the following estimates:

Gﬁm@sﬂb@xﬁwmwc

1
|GC(x»x,a/l)| SC(I + —)7 (332)
X7 —x£|
|Ga(x,x",2)| <C, (3.33)
|llim G(x,x', ) =f(x') =0.
X|—00

Here 6(s) is the Heaviside function, i, £ are the Sato adjoint eigenfunction, normalized Sato adjoint
eigenfunction [6, (2.12)], [12, Theorem 6.3.8. (6.3.13)]

e(ﬁ| (x ,.\’2,X3) aeGZ(Xl’XZ""S)

ety (2D O-F (3.34)
e (x1.x12,03) 4 b (x1.x2.x3) '

2
se” W0l ey 3y, x3, ),

W(x1,x2,x3,4) =e

satisfying

(é’xz + (93, + us(X1,X2,x3)) Y (x1,x2,x3,4) =0,
(3.35)
(3x2 + (9)31 —210,, + us(xl,xz,)q)) &E(x1,x2,x3,4) =0.

Finally,

KiX K.ZJC — | KjX K.z.x
@i (x) =¢(x, kj) = € 14K 2xi(x), ¥i(x) = resA:Kjlﬁ(x,,l) = o~ lKitK 2]§j(x).

In the following, we will explain the construction of the Green function and provide estimates.
* » Construction of the Green function (3.29)-(3.31): [6, 10] Using Fourier inversion
theorem, the residue theorem and the orthogonality

2
> e 0wi(x) =0, (3.36)
j=1
we first derive the orthogonality relation

S(x—x")=6(x —xé){%/Rgo(x, AR +is)y (X', Ag + is)ds

2 3.37)
= @ (g (x)0(Ak - k).
j=1

Therefore, G defined by (3.29)—(3.31) satisfies
(—&Q + (9X21 +210,, + us(x)) G(x,x', 1) =6(x—x')
by applying (3.37) and

sgn(x —x)0((s> = A7) (02 = 7)) = 0(x2 = x9) ¥ (5) = 6(x) = x2) x4 (s),
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where y. (s) the characteristic function for {s| Re([A + is]* — A%) = 0}.

* » Estimates of the Green function (3.32), (3.33): The proof for G, only requires the totally
non-negative (TNN) condition. For 4 € Dy N D, , direct computation or properties of special
functions give the estimate

1
|Ge(x,x", )] <C(1 + ——).
2 — x|

For A € D,fj, we define

, LU (X =x1) 2 AR (x5 —x2) | (1 21 . 3] . (4]
Go(x, ¥, ) = — o (1}. #1214 ) (3.38)
where
m_ [°
L= [ . sgn(x2 — x5)0((s* — A7) (x2 — 1)) x (x, Ag + is)E(x, AR + is) (3.39)
x [eis[xl—xi+2/lR(x2—xé)]+(/llz—s2)(xz—x;) _ l]ds,
o
2 ’ ’
1 = [ sentea = )05 - ) 2= 55)
. x . x,
X Ly (oo dg + £ g +is) - OTED g0
Ap +is — Kj
5 ’
(3] _. p 2 2 L XG(0E (X))
Ij =: [6 sgn(xz — x5)0((s™ — A7) (x2 —xz))mds,
[4] ore
1 = (/ +/5 )sgn(x2 —x5)0((s* = A7) (x2 — x5)) x (x, AR + is)
% §(x',/lR + is)e(szfxlﬁ)(xéfxz)fis[(xi 7x1)+2/lR(xéfx2)]ds.
We prove that

1
P B < e, 1M <oy ——),
J J J J |X2—.Xé|

The uniform estimates for |Ijm| are derived using appropriate changes of variables and the

residue theorem, while |/ 3] | involves logarithmic functions, causing a discontinuity at «;.
For G, note that ¢; (x) and ;(x") have 2-cells and 0-cells in their nominators, respectively:

1 = qX2 01 (x)+62(x) 1 = K61 (x)+62(x)
(x) = —~ ()= ——————
#1 0 ) 1 getr0 P2 20 () 1 geta(
’ K1 ; akKkn
Yi(x') = Ya(x') =

691 (x") + aeHZ(X') ’ ggl (") + aegz(x,) ’

Following the argument in [5], [4] to permute and exchange cells, we obtain the decomposition

Ga(x,x',2) = Gh(x,x', 1) + G3(x,x', 2), (3.40)
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where
G[]l(x,x',/l)
= (K — kp)a @32 g (ks () — x2)) O((Ag — K1) (212 = Z)))
e hin (x5 —x2)+(Ar—x1) (2, =212) pO1 (X')+6,(x)
X -7 s 3.41
sgn(zi2 Z12) () ( )
and
G[zl(x,x',/l)
=(k1 — ko)a eV TR (s () — x2)) O((AR = K2) (212 = 2}5))
e hin (X —x2)+(Ar—2) (2, =212) LO1(X)+62(x")
x sgn(zi2 — z},) (3.42)

T(0)7(x")

Here zyy = X1 + (K + Kn)X25 Zppy = X + (K + )X}, and kypy = /l% — (AR — k) (Ag — k) for
m, n € {1, 2}. Now all exponentials in the numerators are bounded or dominated by the tau
functions in the denominators due to the TP condition, thus proving the result.

(2)  » »The continuous scattering data s. is derived in a similar way to that for rapidly decaying
potentials. Specifically, we first compute ;G (x,x’, 1) and verify the commutative relation
between the Green function and the exponential functions:

A1) 3 N (T , - -
a/jG(.x,X,,/l) — —%E(l_l)(xl_xlh{ﬂ —Az)(Xz—Xz)X(x’ ﬁ)f(x',ﬂ), (3 43)
G, A=D1+ (X =)xy _ A=D1+ (T =2)x2 G

As a result,

- -2 —
B7mo(x, A) = 5. (1) e AN =00 (0 7). (3.44)

. Y A - 72_ 2
with s¢(2) = B5UD [£(, Do (Ymo (- )] (42, 474,
We analyse the analytic properties of the continuous scattering data s, at co, «; and O:

* Away from «;, the Fourier theory gives

2 l
— -2
(1= 3 E )T = A" + [T = B2)se(@) e < C 3 10voluio- (345
j=1 h=0

* Near «j, we derive the following asymptotics for the Green’s function:

7’ /7 1 ’ 7’
G(x,x',2) = 6;(x,x") + ;Xj(x)fj(x el +wj(x,x", ), (3.46)
1®jlc,,) < C(1+ —), w;(x,x’, 1) =0, (3.47)
! |2 — x|
1+ x|
|wj|Lm(DKj)mcg(ij,g) SC(l+ ——— (3.48)

lx2 — x|
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Here to derive (3.48), we have used, for A; = z + rje el = z+ €% e D, 1,2€ {0, k1, K2},

A=) =2+ (T =2 () |

le ACEE
o

= sup

1.7 < Llagl,|lag| <

e =20 (1 =5+ (D=2 (12=55) _ (=) (11 = )+( =) (ra=3) |

[Fref®r — Frel 2 |H
< sup

1.7 < Llagl,|lag| <

|gi([X1 -X{1%L sin @ +[X2-X}1(2)2sin2a1) _ CXi X’]f sin ax+[X2—X51(2)? sin2as) |

[Freie — e
<C(1+x)).

Plugging (3.46) and (3.47) into (3.28), we obtain

. O;
mo(x, kj +0%e'”) = ﬂ, (3.49)
' 1 —y;lal
with
0;(x) =[1+ 6;(x,x) * vo(x)] " x; ("),
1 (3.50)
vi=-7 [[ g@mwewa.
and
lmo(x, A) — mo(x, ; +0+€m)lcﬂ&(D )L (D) < Cl(1+ [x[)volpinres (3.51)
mo(x, ) — mo(x, ki + 07 ')
| T—x. . =) < COL+ XDI(1+ [x)volpinge. (3.52)
j

Combining (3.34) and (3.49)—(3.52), we obtain:

() = sgn(/lz)// A-)x1+(X-)xy (jf() h.o.t.)
s

i(x 5sgn(Ad ;
—j( ) +h.0.t.) dx = 2_g )
1 —yjlal -k 1=vjlel

XV (x) ( +sgn(A7)h;(2)

with |hj|L=(p,;) < |(1+ xDvolpings-
* For A € D{, similarly, using |mo |c1(p,) < C(1 + |x|) Z\lk\:o |0 (1 + |x])vol 1 e, we find:

A
se(A) = sgn( 1) // A=+ -D)x (0-A+h.o.t)
O,res(x)
A

Xvo(x) + h.o.t.) dx = sgn(A;)hig(Q)

with |1 (py) < [(1+ x[)volzinzs
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* » Building on the integral equation of m( and the estimates regarding the Green function G,
we can identify the following properties of my:
(@) mo(x,A) = mp(x, ).
(b) (1 - 5())”10()6, /l) eL™.
(c) Forae DS, mo(x1,x2,4) = w + mo,r(xl,xz, A), with mo res, Mo, € LOO(DQ).
(d) Ford=«j+re'® e D,fj,

0;(x)
1 —yjlel

mo=m+mh,  mb= (3.53)

Therefore, mg € Cg (DK,-%) NL®(Dy;), mg(xl,xz, kj) = 0, and

mp =D moi(Xi, Xo) (= In(1 = yjla])) € LV(Dy).
=0

These observations confirm that my is in the eigenfunction space Wj.
* » To prove the CIE for mg, we follow the same method as used for rapidly decaying potentials.
Using Tomg € L', we can apply Liouville’s theorem to show that there exists g(x) such that

mo(x, ) = g(x) + ”“’T(x) + CTomo(x, ). (3.54)
To prove g = 1, we apply the Lax operator to both sides of (3.54) and utilize the Lax equation,
yielding
Mo res ()
u(ymo(x, ) = (8, = 6 =240, ) [g(x) + ===
4 (3.55)

+ (axZ ~ 92 - 2wxl) CTomo.

Then it reduces to demonstrate that these CI’s are uniformly o(|1]).
To this aim, we decompose

(e T-Om+ T =Py
CTomo = // sc(f)e ™ 47 A d¢ (3.56)
DyUD,, UD,,

-2

- —2
(C-0Ox+C -¢x _
+// sc(Qe modg/\dg
C\(DUD,, UD,,) {-41

=P + P,.

The estimate for P, is standard. The estimate for P, corresponds to the CI near infinity, and
this follows from the arguments presented by Wickerhauser.

* » [6] To prove the D-symmetry (3.15), we introduce the total Green function /C, which is the
fundamental solution of the full Lax operator:

— —
L, =KLy, =6(x—x"),

(3.57)
Ly =L+vy, L=-0y+0] +uyx)

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press


https://doi.org/10.1017/jnw.2025.10006

18

Derchyi Wu

with _ﬁ) the operator £ applying to the x variable of K and (Z the operator applying to the x’
variable of K. The total Green function K can be solved using these integral equations.

K(x,x',2) =G -Gxwk,
Kx,x',A)=G-K %G, (3.58)
g(x,x',/l) — e/l(XI_X;)+/12(X2_xé)G(x,xl,/l).

Therefore, the eigenfunction ® and adjoint eigenfunction ¥ can be written as
D (x,4) =K (x, %', 4) v Lo(x',4) = K+ L
X, ) =K, x", ) % Lo(x',A) =K = Lo,
— N (3.59)
P(x',A) = (x, ) %, LE(x,x",2) =¢ x LK,

with ¢ and ¢ the Sato eigenfunction and the Sato adjoint eigenfunction (see (3.4), (3.5), (3.34),
(3.35)). Furthermore, letting G; = lim Aokt G, K; =lim Akt IC, and successively using (3.59)
and (3.58) [6, 32], we can prove: '

(¢1(x), p2(x))D" =0, (3.60)

Gi-1 = G+ @i ()¢ (X)), (3.61)

Koy = K + OEED) (3.62)
1 -g

Using these formulas, we establish:

i @;(x) ¥, (x')

=0, (3.63)
1- Cj

Jj=1

Ko icb(x)‘l‘(x)

K= 7 (3.64)
=i+ G
Here ¢; = ¢;; and the mod 2-condition is adopted.
Applying Zapi to (3.64) from the right and using (3.59), we obtain
i+2
D;(x)c
/Cl*ﬁga,—q)+z i ()i (3.65)
Jj=l+1 =G
Multiplying (3.65) by Dlm, summing up and using the symmetry (3.60), we derive
2 i+2
D;(x)c
Zd)ﬂ) +ZZ ()” ™ _ . (3.66)
i=1 i=1 j=l+1
Taking /=2 in (3.66) and using (3.63), we prove
(X182 g (xy, 2, kT), €295 g (x1, 2, k3)) DF = 0. (3.67)
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-1
Multiplying (Dili 1) k1 from the right to both sides, we justify

2 2
(T2 mg (x1, x2, K1), €22 mg (x1, x2, &3 ))D = 0.

3.2.3.  The strategy of the proof of Theorem 3.4
Note that [6, 32]

07®P(x, 1) = 5:(4,x3)D(x, 1),
— K1 P(x, k1) = D21 (x3)P(x, k2).

Denote
;3 3003, 3
My = =0y + 05, + zuaxl o Zﬁxl Uy, + p(), p(A) =-2".

The linearity of the continuous scattering data s. can be proved in the same way as that for rapidly
decaying potentials. Similarly,
0=— M, [k1D(x,k1)] = My, [D21(x3)®@(x, «2)] (3.68)
=®(x, k2) [0k, + p(k1)]| D21 (x3) + D2y (x3) [My, — p(k1)| D(x, k2)
=®(x, k2) [0y + p(k1)| D21 (x3) + D21 (x3) [My, — p(k2) | D(x, k2)
=®(x, k2) [0k, + p(k1) — p(k2)| D21 (x3).

3.3. The inverse problem for perturbed KP 1-solitons

In this subsection, we will explore the inverse problem for perturbed 1-line solitons, without relying on
the Sato theory.

3.3.1. Statement of results

We begin with the definition of admissible scattering data:

Definition 3.5. Let 0 < e9 < 1, d > 0 and u, be a Gr(1,2)>¢ KP soliton defined by {k;},A = (1,a). A
scattering data S = ({0}, {«1, x2}, D, 5¢(Q)) is called d-admissible if

5sgn(dr) vy + Sgn(/ll)hj(/l), e D,><<j,

se(A) = -1 1=vlal (3.69)
sgn(47)ho(4), A€ Dy,
D = (k1,Da)’, (3.70)

and

- -
€02 (1= 32 &) Tpyzans | (= A + 1T = 212 5o ()1
+ZJ2:1 (1yjl + lhjl=(D,)) + fol 1) + D = DP| e,
5¢() = 5:(), hj(A) = —hj(2), ho(A) = —ho(A),
D® = diag (k1, k2) AT = (k1, k2a)T, k; # 0.
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Define T as the continuous scattering operator
To(x,0) = 5o (1) T Du+T D004 =10 g (1 7y (3.71)

Definition 3.6. The eigenfunction space W = W, consists of ¢ satisfying

(a) ¢(x,2) = p(x,2);
(b) (1-&)p(x,2) € L™;

(c) for A € D, ¢(x.A) = 255 4 6, (x, ), Gosess b0, € LV(Dy);
(d) for A = K +re' € DX, ¢ = ¢ + ¢% 6" = T2 41(X)(~In(1 = yjlal))! € L™(Dy), ¢* €
Cg—(DKj,é) N LOO(DKJ-)! ¢ﬁ(x’ Kj) =0.

Here

o = max{1, |[Xi], VX[, VIX3]}, (3.72)

is the rescaling parameter with X the phase function coefficients:

P D) =i[(A=Dx1 + (X =P+ (X =Pzl A=z4rd" €D,
=X rsina + )(2r2 sin2a + X3r3 sin3a = p(r, @, X), (3.73)

X1(x,2) =2(x1 + 212+ 3x32%), X2(x,2) = 2(x2 +3x32), X3(x,2) = 2x3.
Finally, for ¢ € W, define

[#lw =I(1 = E0)Blre + (Iores|= + |bo.rlL=(Dy))
(3.74)

2
b
+ 2180, + ¥ len o,

J=1

)AL= (D))

Q=

The theorem of the inverse problem is stated as follows:

Theorem 3.7. (The Inverse scattering Theory) [33] There exists a positive constant €y < 1, such
that for any d-admissible scattering data S = ({0}, k1, k2, D, 5:(A)) defined by a Gr(1,2)~o KP soliton
us corresponding to data {k;},A = (1,a),

(1) the system of the CIE and the D-symmetry,

me ) =1+ ™M@ L om s, (3.75)
(€K1x1+K12x2+K|3x3m(x, K-li-), eK2X|+K22)C2+K23X3m(x’ K;))’D — 0’ (376)

is uniquely solved in W satisfying
10} [m(x, 2) = x (x, )] lw < Ceo. (3.77)

0<l1+2D+313<d+5
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(2) Moreover,

(<00 + 82 +240,, +u(0)) m(x.2) =0, 378)
u(x) = _Zaxlm(),res(x) - %axl // Tm dz A d{, (3.79)
0L [u(x) — ug(x)] |z < Ceo. (3.80)

0<l1+21+33<d+4

We define the inverse scattering transform by

1 _
S {zn k. D, 5c(D)}) = —E&q // Tmd{ Ad{ — 28y, mores (%); (3.81)
(3) u:RXRXRY — R solves the KPII equation
(—Auty, + Uy x, + OUUy, )y, + 3ltyyy, = 0. (3.82)

Using the direct and inverse scattering theories (Theorems 3.2 and 3.7), we can solve the Cauchy
problem for the KPII on 1-line soliton backgrounds (see Corollary 4.6).

3.3.2.  The strategy of the proof of Theorem 3.7

(1) We will demonstrate the existence, uniqueness and estimates of this system by taking the limit of
the iteration sequence

Fynes )
dP(x, 1) =1+ — +CT¢* D (x, 1), k>0, (3.83)
(eK1X1+K12xz+Kl3X3 ¢(k) ()C, K-ll-)’ €K2X1+K22X2+K;X3 ¢(k) (x’ K;))D — 0’ (384)
¢V (x, ) = x(x, 1) (3.85)

in the eigenfunction space W.
Evaluating the CIE (3.83) at k7, k3 and using the D-symmetry (3.84), one obtains a linear system

of 2 + 1 variables ¢ (x, K7, oW (x, K3), and qﬁ(()kr)es (x). Hence the iteration turns into
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¢(k) (x
o® (x, 1) =1 + OT +CT¢* D (x, ), k>0,
D116K1x1+K12x2+K13x3 + D216K2x1+K22x2+K23x3

EIE

O,res Dii KX +K2X2+Kx Dai KkoX| +K2X2+KIX
2U prixiKpxo kX Dol ko X1 HKy Xo Ky X3

K1 K2

2 3
Dl 1 eK])C1+K1 )62+K1 X3

CT* ™ (x, &)

Du

K1

2 3 2 3
eK1X|+K1X2+K1X3 + Dsy eK2X1+K2x2+K2X3
K2

2 3
KyX1+K5X2+K5 X
D, ef2N 1t XKy X3

CTe* D (x, &%),

Dii kix1+Kk200+63x3 | Dot kox|+k2xp+K3x3
T € e S
1 2

¢ (x,2) =x(x, ).

By the TP condition, the convergence of the iteration sequence reduces to deriving uniform estimates
of CIO near oo, k; and 0.

* » Estimates on D.: Away from 0, x;, the continuous data s. and the eigenfunction mq are
regular, similar to the case of rapidly decaying potentials. Thus, we can derive estimates using

Wickerhauser’s arguments.
« » Estimates on Dy;: To derive estimates on Dy, we take advantage of several factors:

(1) The boundedness of /; and estimates of the Cauchy integral operator:

|hilr=(p,.) < [(1+[xDvolpinze,
T D) et (3.86)
ICE P~ < Clolrp,), |CE Pl ) < Clolr b,

. . . ~ _ isgn(a ;
allow us to replace CIO estimates with kernel s. by those with kernel y; = 2 S§n( ! 173’_ Tl the
“x; ;

leading singular term.
(2) The special form of y; allows us to apply Stokes’ theorem to integrate the leading singularity:

fsgn(l)

S = 2 = —9;1n(1 - yi|a (3.87)
) = 2o = o - )
- [-In(1 = y;la]™!
& 1-In(1 — v:18)] = J
CFjEq[-In(1 ;18] L
1 sl In =yl
211 Jyg-gl=0 (-4 '

(3) The scaling invariant properties:

)AL= (D) (3.88)

|C/l:}7je_i§0(x,§)5kjf(l<j + Seiﬁ)|cg(D
K

9

~ _io(X s
= |Cyye " fr’ﬁ’x)fkj,&éf(Kj + 5elﬁ)|Cﬂ(DK,.1)ﬂL“’(DK,-.:ns)’

where the dilating polar coordinates near z = «; is defined by

, ro. . s .
A=z+ré¥ =7+ —€'%, (¢ =z+s5eP =7+ =P,
o s

A=z+7e?, §=z+§eiﬁ,
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andr, s < 6,7, 5 <76, |al,|B] < .
To achieve this, we decompose
Cavie ip(x ()gkjf =h+h+h+1+]1s, (3.89)
with
_ "(£,-B,X
I=— (1 r)// ¥ (5, ﬁ)f B, )dg/\dg (3.90)
_ 33, B) e FAX) 1] (L, - =
b=_m1.ﬂZ7 %G, B)le M U ] %MAd( (3.91)
21l 5<2 g -
_60-7) [ HER P EPORG BX) =
=20 .ﬁiz 7 dZ ndé, (3.92)
B ip ﬁX) _
L= (1 -7) // Yi(5,B)e™™” f( B, )dg“ Adl, (3.93)
2mi 2<5<6 8
(3.94)

_0(r-1)
Is =
2mi
For I, I, and I3, integrals over uniformly compact domains, we will apply Stokes’ theorem (3.87)

ip(Z£.B.X) _
[/ Y (8, B)e” Kg f( »—PBs )d{/\d(

and Holder interior estimates [13] to derive
1= T lesp ) |12|cf(;(pkj%)a \lcr (p L)
For the estimates of
alcn (D, 1) |15|Lw(DKj),

slowly decaying integrals over non-uniformly compact domains, we first express them as iterated
WEENR(E X
< ds,

integrals in polar coordinates
5 —reila=B)

1 -
Ut / dBl3s In(1 - %1B)]
2<5<06
70 e WEPNF(E B X)
= ds.

L=
5 - ?ei(a_ﬁ)

9(r 1)

/ dplogIn(1 - y;|B)] /

B 2ni
Then, estimates will be derived by applying holomorphic extension properties in s, the deformation

method and stationary point analysis of @. The main ideas for the deformation are as follows: near
(3.95)

stationary points 5., we deform
§eR — 37 eC
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such that the integral domain of s deforms into a union of line segments I"’s and arcs S’s, satisfying the
following conditions:

(a) onT’s, Re(- l@( ,3 X)) < ——I sin(kB) (5 - 5.)"]

-~ - 1 . .
(b) onT's, | —A4| = E max{[3 — 5.|, [Fe'® — 5.5}, (3.96)
iT

(c) onS's, Re(— lp( ,B,X)) <0.
Therefore,

e x using improper integrals, if & = +/|Xx|, k = 3,2, estimates can be established when § is away
from the stationary point;
* « When both § and 7 are close to the stationary point, we will show that /5 near the stationary point

is no longer a singular integral, allowing us to obtain estimates (see Proposition 3.14 for & = /| Xx|,
k=3,2).

The estimate for & = |X;| is more complicated because ¢*¢(~ (5 8.X) either decays non-uniformly
in X or leads to a |m11 | singularity which is not suitable for an improper integral. To address these
difficulties, we will e1ther utilize the scaling invariant properties of the Hilbert transform or look for a
finer decomposition (see Proposition 3.17 and remarks before Definition 3.15).

More details regarding the key estimates for /3, 4 and /5 will be provided in Sections 3.3.3 and 3.3.4,
as they represent significant additional analytic features of the inverse problem for perturbed multi-line
solitons.

* » Estimates on Dy : To leverage the methods for estimates on D,;, we adopt a similar decom-
position of the CI near 0, that is, a combination of uniformly compact domain integrals and
non-uniformly compact domain integrals:

CT&Eyg
N sgn(Bho(E. HeFE0 gy 0 (x) =
- 2 o (-2

di Nd{ +CaTEogo,
= 111 +Hz +II3 +H4 +115,

where

11 =

9(1 —I") [/ Sgn(ﬁ)h()(‘ ﬁ)¢0res( )d
{AdL,

-0
0(1 — }) /‘/’ sgn(ﬂ)ho( s ﬁ)[ —iv(s FBX) _ 1]¢0 res( )
2 (-D¢

I = -

dé Ndé,

II; = CaEoT ¢o,,
At // sen(B)ho( 5. )¢ 7 goes () =
2<5<0 6

> d§ A d(
e -1
- 5 ip(£.8.X)
15 = _9(2 1) ﬂ Sgn(ﬁ)hO( ﬁ)e ¢0 res(-x)d{ A d{
T e (-D¢
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The estimate for /1, the leading singular term, can be derived using |ig|c1 (p,) < [Volpinz« the
mean value theorem, Cauchy integral estimates and the Hilbert transform theory [13].

11, and 115 are estimated using (3.86).

Writing 7ig () = hy(0) + [fig(¢) — Fip(0)] and decompose 11y = Iy + Iy, 15 = 51 + Il with

—F ~ip(ZBX)
Iy = — 0(1 .V) ‘//H gn(ﬁ)hO(O)e v ¢0reb(x)dé,/\d{
2 2<§<006 (g /1)4
- —ip(L.8.X)
iy = 220 // (B0 A o) 7o
(- ¢

Thanks to s-meromorphic properties and adapting argument for estimating 14, Is (see Section
3.3.3) for 114, II51, we obtain

[1a111> (Do) 51| (Dy) <C€0lPores|re-
For the remaining terms, by (3.86) and |7io[c1(py) < [Volpiare>
[1l42] 1 (Dy)» U522 (Dy) < Cé€0lPores|ie-
(2) To derive the Lax equation, we introduce the shorthand notation:
=0y, + 07, +240,, = -V, + V7,

¢O,res (.X)

Vi=8,+4, Vo=0d,+A% J¢= ;

By applying the heat operator to the system of the Cauchy Integral Equation (CIE) and the D-
symmetry, formally,

(=Va+VDm = [-Vo+ V1, J +CT| m+ (J +CT)(-V, + V])m, (3.97)

(KIS [V, 4+ Vm] (x, &7), @2 HERHE0 (V) + Vi)mi] (x,63))D =0, (3.98)

and
[—V2 + V%,J + CT] m= +%6x1 // Tmdl Adl + 20y, Mg yes (x) = —u(x).
Hence, formally, the unique of the CIE and the D symmetry constraint implies
(=Vo+VHm=—(1-J-CT)'u(x)l == u(x)(1 =J -=CT) "1 = —u(x)m(x,1).  (3.99)

Therefore, (3.78)—(3.80) are verified.
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A rigorous argument is carried out by introducing

o™ =1+7p® +CcT* D,

(e:qx1+:<12x2+:<fx3 [(—Vz + V%)gb(k)] (x, KT)’ ek2x1+/<22xz+l<§xs [(—Vz + V%)(}S(k) (x, K;))D =0,
(3.100)
and using the estimates of the CIO’s and the iteration method to establish:

[—V2 + V%,J] ¢(k) isindependentof A,
[—V2 + V%,CT] ¢~V isindependentof A,
[-V2+ V3T 6" — [-Va+ V2, J] m = 20, moves (%),

[V +Vi,CT] ¢* Y — [-Vo+ Vi,CT|m = %axl // Tmd{ Ad¢,

J(=V2+VH®) —J(-Vo+Vm in W,
CT(~Va+VH)¢p®) =CT(~-Va+Vm in W,

|0L([-V2 + V2, J]m + ug)| 1~ < Ceo,
0<h+2L+3l3<d+4

| [-V2+V3,CT] %V — [=V2 + V2,CT] ¥l < (Cep)*.

(3) The KP equation: The KP equation will be derived by justifying the Lax pair. By the representation
formula (3.80) and ®(x, 1) = e+ n(x, 1), we define the evolution operators

3 303
M==08,+3; + Ul + it + Za);luxz -2,
3
M®D(x, ) =2 (M 43002 +34%0,, + 2 + Sud| m(x. 2)

=+ (m) (x, ),

We reverse the procedure in the linearization theorem Theorem 3.4 to prove

8 (M) (x,2) = s, () TAHT -2+ T =225 (9m) (x, ), (3.101)
(eK‘x‘+K12x2+K13x3i)Jim(x, K1), RGN G (. k3))D =0. (3.102)
As [A] — oo, letting m ~ ]?’20 M;jx) , from the Lax equation (3.78),
20, Mj,1 = (0, — 07 — w)M;
1,_ 1 _ 1 1,_ _
Mo=1, My = =205 u, My = =2 0,05 u+ Ju+ 207! (uﬁxllu) e (3.103)
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As aresult, as 4 — oo,

Mm (3.104)
3 3 M, M 3
—>Zuxl+—6;11u&+3/162(1+ 1)+3/12<9x1(1+—1+—2)+§u/1
3 3 1
=gl t (9 |l | =5l +30y, (- 8 6 u+ - i 40;;1 [ud; ' u))

3 1.
+A (3(9le1 + Eu) + EM(—EGXI M) =0

Therefore, Mm € W. Together with (3.101), (3.102), and unique solvability of the system of the
CIE and D symmetry, yields Mim(x, 1) = 0 and the Lax pair.

3.3.3.  Highlight: estimates for 13

The scaled Holder estimate for

- = (% -ip(LBX) (5 _ _
I3=_0(1 'r)// (5, B)e - jf =B )d{/\dg

is reminiscent of the Holder estimate of the Beltrami’s equation [25, Theorem 1.32], which involves
mainly estimates of

_ g(§) ~ -
—'/'/D (g_/l)zdg/\dg, |g|c;1 < .

Both leading singular terms of /3 and 7} can be integrated by Stokes’ theorem.
We only give the proof for the case «; = ki since the proof for j =2 is the same.

Proposition 3.8.

\Blerp ) < CEOVHCE D 1) (3.105)
o K o K]

1
Proof. From f* € Cg(DKI%) and f#(x, k) = 0
= (% # i X < CeolfH sl
|71(s9ﬁ)f (&’ﬁ’ )IL“’(DK]) = folf |HS(DK1,L)S
Therefore, an improper integral yields
IBli=m,) < Ceolfflyp |- (3.106)
1 ( 1)
e Kl 5
To derive the Hg—estimate of I3, let /~lj =K+ ?jei(’»f, rp < 1,j=1,2, define

op (1, 0) = WGP (T, (3.107)
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and decompose

I(x, A1) = I3(x, A2)
= ‘pfﬁ(% ﬁ )_‘pfﬁ(ona,hx)
Y Y7

~wfn< BX)—gp(2.00.X) -

— d d

47” //s<z (g—m)(g—az) ende
svfu( al,X)// i 1dE A dé
Sofﬁ(o-’ 29 ﬂ /l ]dé‘/\dé"

In view of f# € Ch(D,, 1) and f#(x, 1) = 0, we have

di ndé

r -
|90fn(5,a,X)|L°°(DKI) < leﬂ|Hg(DK1YL)V”-

(3.108)

(3.109)

Therefore, estimates for the last two terms can be derived using Stokes’ theorem to integrate the

integrals.

We focus on the proof of the first term on the RHS of (3.108), as the proof of the second right-hand
term is identical. Applying (3.86), it suffices to derive the estimate for all 1, 1> with D c {5 < 2} being

a disk centred at A; with radius [ and [ = 2|1, — A;|. Write

/12 P ‘Pfﬁ( .B.X) —‘/)fn(%,(ll,X) =
LS LY dZnd
/R G inG-1) N

__/l]—/lz -~ Q}"ﬁ(%’ﬂ7x)_¢fﬁ(%val7x)
) / /[mo C-WE-h)

X) —epm(LanX) -
=y o0~ pp (o) e
47rl {3<2}/D (=) - 1y)

Let Do ={Z:|{ - 4| < 3}

dé ndé

e » If f € {§ <2}/D and k; € Dy, then

In this case, usingf11 € C’(fr (Dkl,é) and [25, Chapter 1,§ 6.1],

5 X) - (2 aX) -
_ // po BN G o
47rl {s<2}/D (£ -AD( - 1)

1 = ~
#
<Calfleym, , M1 - /M/D T R A

SCGOIfﬁICg_(DKl i)I/h - l~.

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press

(3.110)

(3.111)


https://doi.org/10.1017/jnw.2025.10006

Journal of Nonlinear Waves 29

e » If € {§ <2}/D and k; ¢ Dy then

V\cr

1 - - 1 - -
E | <C, |41 -2 £ Emin{l/ll —«1l, |2 = k1]}.

"\z

In this case, usingfﬁ € C'g (Dkl,é) and [25, Chapter 1,§ 6.1],

~90a( B X) =g (La,X) -
- // ! LR e TR 7 A dd) (3.112)
47” {s<2}/D (=) - )
- - 1 = -
<Ce¢ A1 -4 / - — di Nd
olf? |C‘;(DK1%)| 1 — A2 ensb Eo il A pr {ANdC

SCeolfﬂ|cf;(1)Kl é)I/i1 - l*.

Therefore, the second term on the RHS of (3.110) is done.
Let L(<) = 0 be the line perpendicular to 4;1; passing through %(/11 + A3). Set

Dy .=Dn{{:L({)L(A) 2 0}.

Therefore, thanks to f# € C% (D, . L)- setting 7 = 5 /}112| \fn_—f{zl =1 - rpe'®, and using [25, Chapter
1§ 6.1],
-1 5 90::( BX) - (LanX) -
2 // ! S A dZ A dE| (3.113)
(£ =) - 1)
~ ~ 1 = ~
SC€0|/11—/12||fﬂ|c’f D |[/ = —— ———d{ ANd{|
e Pt Wiy, 1E =l = 111 - Ao
- - 1
<Ceoldy = Dol |f*] o |// . ——dngrdn)|
€ Py L) (Inl<2y0by, , |1 = roe’® | =#|n — e'’|
- - 1
<Ceoldy — Aol |f*] o |// T—————————dngdn|
Pt Wmeann,, . In=roeie]lp1-+
SCfolfmcff D >|11 - Al*.
NSNS
By analogy,
/l ~ Qaﬁ( ﬁ’X)_QOﬁ(;TI’a(I’X) = ~
2 // / c e dZ A dé|
i (£ =) - )
// . SOfu( B, X) _Qofﬁ(%z’a'Z,X)dZ/\dg|
47” Dy, (=) - 1)

AQ Sofﬁ(()-’aZ’X) Sofﬁ(o_’al, ) = ~
d d
// N G g end

SCEOIfg(|cf;(DK1 L)Ml — |

11_22”// Sofﬁ(o-’OQ’X) Safﬁ(o-’ I )d:/\d~
o s, MO G - Endel
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Applying /¥ € Ch(D,, 1), Stokes’ theorem and | = 411, 1£ = 22| ~ |41 = A2| on the boundary Of[)il,—
(assured by 1] < 1, D c {5 < 2}),

} X)) — Oa,X) - -
/12[/ ‘pf“( 92X ele X)) g
(- - )
~ ~ P 1 7 4
<C u A1 —A4 l+"// Y —————d{ Ad
If |C(.T(DK],%)| 1 2| Djl’ Vl(év) (g—/ll)({—/lz) § {|
ln(l YIB) 7
=Clfflesm, )M - m“"// [ ~7 2 ]d“da
R 2

SCEolfn|c{;(DK] Ql/ll - L.

Therefore the first term on the RHS of (3.110) is done. Thus

12 ~‘pfﬁ( B’X)_‘pfﬁ(%’a],x) = ~
SRS A di Nd
// (=) - 22) endd (3.114)

< CEOlfﬁ|Cg‘(DK1 l)I/i1 - LA,

for |/ij — k1| £ 1, j = 1,2. Hence (3.105) can be justified. )

3.3.4. Highlight: estimates for Iy, Is

Without loss of generality and for simplicity, we assume

NI%

Kj = K1, [ —ki] < X3>0, X,X; >0, (3.115)

in this section. For o € {X|, VX», VX3}, consider the o-scaled coordinates

=K + e = K1+ ;eiﬁ €Dy,
o
and the deformation
SeR—7FT eC.
Observe that

Se'T

X3 X
Re(- zg)( — ,ﬁ X))— s1n3rs1n3[f3+—s1n27s1n2ﬁ"2+—s1nrs1n,8"
o2 o
X — —~
EA—Ssin3‘rsin3,8§(s—p+)(s—p_),
o
s X X X
B (= . B.X) =323 sin365% + 222 sin 265+ = sin B
o o o o
X — o~ —~
53733 sin3B(s —54) (s —5-).
o

Hence as |7| < 1, p+ ~5:. This is the primary motivation behind our definition of stationary points.
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Q3 Q
(+’ ) _) (+’ +, _)
2z z
Q : ’ Q
(+.=+) (.4, +)
94 Ql
(_’ + _) (_7 ) _)
_2zn _g
3
Q3 Q)
(_’+’ +) (_’_’+)

Figure 1. Signatures of (sin 3, sin 23, sin 38) for X1, X», X3 > 0.

Definition 3.9. The stationary points are defined to be

-1+V1-A X X5 si in3
St =% w0 AT 31—fsmﬁzﬂ (3.116)

5X, sin2p Xy sin"2

which satisfy
A+ X3 . Xo . X .
%@(i;,ﬂ,X) = 3A—32 sin 385> + 272 sin 235, + il sin8 =0.
g ag - o o
Denote

Q={0<IBl<%}, Qw={F<IBl<3} Q={F<IBl<F} A

Q= {¥ <|Bl <},

one has Figure 1 for signatures of sin(kf) on ;. Moreover, according to the determinant A, we
have Table 1 to classify points in (B, X) into 5 Types and their subtypes. We outline the properties
of stationary points for each type or subtype. Note that

V1i-A
X3 sin3B |
TX, sin2f3

(3.118)

[ss =5 = |

In the following, we will define essential stationary points ;. and decompose [0, o] into intervals
U; around ;.. The deformation will be defined on U;.

Definition 3.10. We define the essential stationary points’s; . =5;.(0, 8, X) by

S0+ =0,

E*%E’ 20, TypeW A (o e {VX2,VX3}), A",
- infs. >0, Type®B’,C",

S1x = =
b supsy >0, TypeD,C,
-, Type W A (o =X;), B/, ¢,
Sy, =4 WP Type 3,87, (3.119)
-, others,
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Table 1. Properties of s+ and A for Type W, - -+ ,€ when X| > 0,X5,X3 >0
Type Subtype Range of A Properties of 5. S-domain
(order of 5-.)
A(B, X) A (2,00) * 5. complex roots Q (1% <0)
A’ (1,2) Q4 (35= > 0)
B(B, X) B’ * (%, 1) adjacent real roots w. QG- <5:<0)
B’ Qu(s- 254 2 0)
C(B3,X) ¢’ *(0,4) S = —x A +1lod, QG- <5 <0)
TX, sin2B
c” So= —x 2y +lodt. QG- 275+ 2 0)
FX, sin2p
D(B.X) *(-1,0) Sy = — Ay +lod, QG- 20275,
GX, sin2p
5. = 2 +lot QG 202750)
FX, sin2p
C(B,X) * (—o0, —%) * 5. real roots QG- >202>7y)

QG >202>7%0)

where — means no definition. Given 0 < €| < 3 < 1, define neighborhood U;(c, 8, X) of essential
critical points s . by

Oy =
0 =
Write

[0, 3], Type W A (T € {VX2, VX3}), A",
[0’ TISGIEI,*L Type %”’ GN’ D’ G’
[0,56] = [0, 3] U [5,56] = Up < UTgs, Type ' A (0 =X;), B',C,
[5.51] U [51.,06] =U1< U5, Type {[W A (T € {VX2, VX3})] V A"} A (510 > 0),
[3.56] = 015, _ Twpe{[W A (T € (VK VKD V A7} A i < 0),
[(1- ZC;—SEI)EL*,EL*] U [S1,6 510 + Foger] = V1< U s, Type B”,E€",
[(1 = 5oz )51, 81] U [51.0, 6] = U1 U T -, Type D, €,
¢, Type W A (0 =X1), B, €,
~ B = 5. 56] = ”,e”
[52« = Tose 5241 U [52,4,06] = Up < UUns, Type B”, ", (3.120)
) otherwise,
1= ’r\ i B ’Ejy*eiﬁ +’7\'jeiaj
R B~ A (3.121)

’Fj :’fj(b\—’ﬁ7xyl)’ aj :aj(’a—?BaX,/l)Mj:O’ 1’2

We define the deformation defined by

https://doi.org/10.1017/jnw.2025.10006 Published online by Cambridge University Press


https://doi.org/10.1017/jnw.2025.10006

Journal of Nonlinear Waves 33

. S
§=K1+se’ﬁ=/<1+g
o (3.122)

: T
~ e i o~~~ - .
S & =TS+, =S, 5 €U, 1] s E,sj20,1—0,1,2,

with
FrsT sSFrre, forsin3z0, |lay-Bl-nl<3, SeUic#¢, TypeX,
Fes1s0, for sin3 20, |a;—-p| < %, € Uis £ ¢, Type X,
FTsT SFnte, forsin3z0, ||lag-8|-n|< %, Se U, TypeB",C",
+e1 21 20, for sin3 20, |a;—-p| < % SeUys, Type 8", 6",
12T 2+nF €, forsin3Bz0, |lag-pl-nl<F, 5€ Ui, TypeD,E,
Fes11s0, for sin3820, |a;-pB| < 4, 5€Us, TypeD,E,¥B,¢,
st sTrx, forsin38z20, [lay-Bl-nl> %, T€Uic#¢ Tpe,
FL st s0, for sin3820, |a;-p|> %, €U # 6, Type,
FrstsFrx g, forsin3z0, |lay-pl-nl>3, 5€Ui,TypeB”, €,
+$ 2120, for sin3820, |a;—p| > %, Se Uy, Type B, 6",
tnzT 2 ¥, forsin3Bz0, |la-pl-n1>35, 5€U,TypeD,C,
FLstuso, forsin3820, |a;-pBl = 4, 5€Us,TypeD,E,¥B,¢,
M2 2xnFe, forsin3Bz0, |laa-pl-nl<3, 5€Uy,TypeB” €,
Fer s s 0, for sin3820, |a;-pBl < 4, s € Uy, Type B”, €,
tn2n 2z ¥, forsin3pz0, |lox-pl-n1> 35, 5€ U, TypeB” €,
FLsnso, for sin3820, |ay-p| > %, 5 € Up, Type B, 6",
70 =0, for sin38 2z 0, |ay—pB| < % Selo, %] C Uy, Type A, B, €,
70 =0, for sin3820, |a—-Bl = %, 5€[0,1] c Uy, Type A, B, €,
e 27 20, for sin3820, |ag - Bl < 5, 5 €Uy, Type D, C,
320320, Jor sin3 20, |ao-p| > %, 5 € Ug, Type D, €,
Fer s 1950, for sin3820, |a-pl< %, 5 e Ugs, Type W, B, 6,
FLs1ws0, for sin3820, |ag—pl> <, T e U, Type W, B, C,
Fers1s0, for sin3820, |a—-pl< 5, S e Uy, Type B, 6",
FFs1s0, for sin3820, |ag—pl > <, 5 € Uy, Type B, 6",
and
0 for sin3f 2 0, |ao - Bl < 5. 5 € [0,3] € Vo, Type A B, €,
0, for sin3B 20, |ag-Bl = 5, S€[0,%] € Vo, Type A, B, €,
+€q, for sin3820, |ag-pBl < 4, 5 € Ug, Type D, €,
Tos = =9, for s?n3,8 20, |lao-pBl2 %, se Uy, Type D, €,
: Fey, for sin3820, |ay-pBl < 4, 5s€Ups, Type W, B, ¢,
T3 forsin320, lao-pl= ¢, e Vg, Type W, B, €,
Fey, for sin3820, |ag—pBl < 4, 5 e Uy, Type B", 6",
T for sin38 20, lag-fl 2 5, 5 € Uy, Type B, ",
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Frte, forsin3z20, |lag-pl-n1<F, T€U#¢, Type¥,
Fe, forsin3820, |a -l <%, S$€Us # ¢, Type X,
Frte, forsin3z20, |lag-pl-n|<F, $€U.,TypeB”, €,
+eq, for sin3820, |a -l < %, S € Uls, Type B, 8",
¥ e, forsin3Bz20, |lay-pl-n|<F, T€U.,Typed,E,
. Fey, forsin3820, |a;-p|l< %, € Us, TypeD, €,
Lt = ~
i ¢7ri%, for sin3 20, |la;—B|-n| = %, s € Uy, Type U,
¥4, forsin3820, |a-p| > %, 5 € Ujs, Type X,
¥+, forsin3z0, |lay-pl-n1>%, €U, TypeB”,C",
=g, for sin3820, |a;—p| > 4, 5 €Uy, Type B”, €,
¥, forsin3z20, |lay-pl-n|> %, T€U.,TypeD,E,
74, forsin3820, |a -l > %, 5 €U, Type D, €,
+1 ¥ €, forsin3z20, |lax-pl-7n| <, §€ U, TypeB”, €,
. Fey, for sin38z0, |an—-pB| < <, § €Uy, Type B, €,
2.4 = . -
f ¥, forsin3z20, |lax-pl-n|> %, §e€ U, TypeB”, €,
%, for sin3820, |ay-p| 2%, 5 € Ups, Type B”, €,

We confirm Goals (b) and (c) in the following lemma:

Lemma 3.11. Define the deformation’s — & = 5;e' +7j, on U; by Definition 3.10. We have, for

Jj=0,12
~ ire —~ ila 1 -
sje' Ut — rje’<‘”-’_ﬁ)| ZE max{7;,5s;}, if 1+ #0, (3.125)
and
&
%e(—zgo(§,ﬁ,X)) <0. (3.126)
Proof.

* » Proof of (3.125): According to the definition of 7;+ in Definition 3.10, if 7j; # O then
€1 .
loj = B=T5l = . j=0,1,2 (3.127)

As aresult, (3.125) is justified.
* » Proof of (3.126): In view of Definition 3.10, Table 2 and Figure 1,

- for Type U:
* On U, given our assumption, we focus on Type A’ when o = X;. We observe that both
terms of ‘Re(—ig{)(%, B,X)) share the same signature by the conditions A > 2, €] < 1,
and 7 EQ],IBE QU Qy.
* On U}, both terms of ‘Re(—ig{)(%, B,X)) share the same signatures by the conditions
A>1,and 71,8 € Qi U Qy.
- For Type 8”,C"":
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Table 2. %e(—ig)(%,ﬁ, X)) for deformation defined by Definition 3.10

35

Case Type A
- . SHIT
5€ Uy > Re(—ip(*%-, 5. X))
_ X : ~_ 3sin275 V2, X1 : _ _3sin*27 1
= =5 sin37sin365(s - 553781,.) " + F sinTsin Bs(1 - 0 1)
—~ . < i‘rl+" N
5e U > Re(—ip(1—=", B,X))
- X ; 3, X1 ; 1
= =5 sin37y sin 3657 + Z sin7y sin 51 (1 - 3)
Case Type B, €
—~ S
s € Uy > Re(—ip(*%, 5,X))
1+ liésin‘rsinf#‘rA —1- liésin‘rsinSTA
=X §in37sin 3656 - e G sin?2r
- 53 X3 sin3B 2sin37 X3 sin3B 2sin37
6—X2 sin2f3 3sin27 E-XZ sin2f3 3sin27t
- A iy i‘rl+" .
s €Uy > iRe(—w(%,ﬁ,X))
_ X3 ; 2 S 1-A
= =5 sin37; sin 365151 + g i)
(?7)(2 sin2f 3sin27
— . i i1'2+" N
5€U, > Re(—ip(Z="2, B, X))
_ X3 : 2 1-A
= =5 sin37y sin 365, (s2 — T )
= 0Xy sin2fB 3sin27y
Case Type D, €
—~ . ol T
s € Uy > Re(—ip(*%-, 5. X))
—1+ l_ﬁsin‘rzsinS‘r —1- 1_§sin‘rzsin3TA
_ & : s o _ sin“ 27 o _ sin“ 27
= 2% sin 37sin365(s Xy T 2amae )(s Ry T 2 )
&Xz sin2f3 3sin27 6—X2 sin2f3 3sin2t
—~ . S1€TIA
5€ U > Re(—ip(1—=", B,X))
~ _= _ X3 : 2 S 1-A
Sl =58+ = =% sin 37 sin 3657 (51 + — o35 smse)
TX, sn2B 3sin27

« -
on Uy, froms < ToosE

4 sinTsin3t
1+ 1-3

sin? 27

;'El‘* and €; < 1, we prove (3.126) by means of

1- 4 sin 7sin37
3 sin’2r

1=

(s-

X3 sin3fB 2sin37

X, sin2B 3sin27t

sin 3/ sin 31y
’ sin2f sin27)

* On U}y, from Figure 1

From the definition of U ». and (3.118), we have

)(s -

X3 sin3B 2sin37
X, sin2B 3sin27

<E2,* _El,* 1 V1l - A I
S1 = ~ .
2¢cos €] cose; 3 Xs sin3p

Therefore,

Vi-A

aX, sin2B

<1 VI-A

S+ X

X, sin2f3 3sin 27
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sin3f8 sin37

- E X3 sin3B sin37
X, sin2f3 3sin27

’571 € Ul’>.

) >

1o

2 81

(3.128)

z 0 on Uj <. It reduces to proving (3.126) on Uj .

(3.129)

(3.130)
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As aresult, (3.126) follows.
* On Uy, from Figure 1, - gﬁ o 32 s 0 on U;,<. It reduces to proving (3.126) on U, <.
From the definition of U, <, we have

o S2s = S1a 1 V1-A
sy < =

= - . 3.131
2cos € Cos €] 3%{22;@' ( )
x
Therefore,
—~ VI - A < 1 Vi-A
527 7% sindf sndn, D2 X sin3B sindn

X, sin2fB 3sin21 X, sin2B 3sin21;

Ez [S Uz,<. (3.132)

Hence (3.126) is proved.

- For Type B’,¢’: it is sufficient to consider (3.126) fors € Uy . Hence (3.126) is proved by

5. <0ands> 1.

2
- For Type D, €:
— l —
* on Uy, we prove (3.126) by means of s < Teosg Sl €1 K 1, and
_ _ 4sintsin3t 1 _ _ 4sintsin3r
(A I+ 1 3 sin?27 A)(A ! 1 3 sin’2r )
S = . S — n
X3 sin3f 2sin37 X3 sin3B 2sin37
X, sin2f3 3sin2t X, sin2f3 3sin27t
~ 2
< — =851 < —=5".
47 2
(3.133)

* on Uy, if 5. =5, by means of Table 1 and Figure 1, & ;g = 3:1 s 0on U <. Itreduces to

proving (3.126) on U} <. From the definition of U «, (3.118) and two roots are opposite
signs, we have

- Vi-A 1 V1i-A 1.
s+ < < =51 (3.134)

- +—= -
X3 sin3B sin3ty T 2 4 X3 sin3f sin37 4
X, sin2f3 3sin 27| X, sin2B 3sin27;

and (3.126) is proved.

On Uy, if 51, = 5_, by means of Table 1 and Figure 1, —Zig;ﬁ Ziﬁ;:: s 0Oon Uypc. It
reduces to proving (3.126) on Uj <. From the definition of U , (3.118), and two roots
are opposite signs, we have

- VI-A < 1 VI-A < 1.
s1- X; sin3pB sin3t; T _5 X3 sin3B sin37; T _Zsl’ (3.135)
X, sin2f 3sin27 X, sin2B3 3sin27)

and (3.126) is proved.
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Lemma 3.12. Let & = max{1, X1, VX2, VX3} and X; > 0 defined by (3.73).

(i) For Type®B",C", D, €onUj, j=0,1,2, and TypeB’, € on Uy,

Re(- zgo( +sj* X)) < - |sn;3,3|f~j3, 5= %5 (3.136)
T8, 1 - -
Re(- 150( 5 B.X)) < - %Sf, o = VXo. (3.137)

(ii) For Type W on Uy,

T 48 36| - —~
Re(- tgo( 5 ,B,X)) < - lsmc Al 5 o = vXs; (3.138)
T 48« ~ —~
Re(- lg{)( 5, BX)) < — |SmCz'3| 3 c=VX,=7 (3.139)
(iii) For
o TypeB”, €, D, € on Uy,
o Type W, B, € on Uy,
Re(— lgo( ﬁ X)) < - —| singBfs, T =X. (3.140)

Proof.

 » Proof of (3.136) and (3.138): In view of & = VX3, Definition 3.10, Table 2 and Figure 1, by
refining arguments in proving Goal (c), we can derive satisfactory estimates.

e » Proof of (3.137): In view of & = +/X,, Definition 3.10, Table 2 and Figure 1, for Type
B”,€”,D,€ on Uj,j = 0,1,2; and for Type B’,E" on Uy >, by refining arguments in proving
Goal (c¢), we can derive satisfactory estimates.

* » Proof of (3.139): Note (3.116) implies

1
X3 sin23

3 n3 ———Asin2 3.141
X3/2s1 B= % sing ASin2. (3.141)

In this case, & = VX; = max{X;, VX2, VX3} for Type A on U;. Together with (3.141), Table 1,
A > L yields
2’

+Sj*

Re(- lgo( .B.X)) < —%| sin 2[5’ (3.142)

Hence (3.139) is justified.
e » Proof of (3.140): In this case, o = X,

- For Type W on Ug,use A > 2,0 =X;, ¢ < 1.
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- For Type B”, €, D, € on Uy, and for Type B’, €', on Uy, we use

2
X3 X, sin2B)| . X3 sin38  Xpsin2f
3= sin3f=|—=—= A, 3 : ==_""A 3.143
X13 sin 35 Xl2 sin,B) sinf5 XX, sin2p X12 sin 8 ( )
Hence (3.140) follows from
(3.122), (3.141), 1 < A < 1,(3.116), Table3.2 Type B,
(3.116), Table3.2, (3.114), |G -5,) 5 —5-)| > %m Type €, D,
g sin 3
(3.116), Table3.2, (3.141), |5 - 5,) 5 —5)| > %m Type €.
1 (3.144)
O

Definition 3.13. Let & = max{1, X, VXz, VX3 } with X defined by (3.73) and scaled coordinates

S .
=k + gelﬁ € Dy,

by replacing 7,s, s}, Sj « 2, //1\/* by &, 5, §j, 5j4 A, Aj« in Definition 3.10. We decompose X1,X» > 0,X3 >
0 into following three cases

(F1) & =X, (F2) & = JXa, (F3) & = JX3. (3.145)

Thus, we have achieved Goals (a), (b) and (c) for Cases (F3) and (F2). We will now demonstrate
the estimates for /4 and /5.

Proposition 3.14. For Case (F3), (F2) and f € L*(Dy;) is 5-holomorphic,

alcr p |y <Céolfl=n) (3.146)

Q=

Kjs

sl n,,, <Céolf|r=(n,)- (3.147)
Proof.

* Estimates for |/4|c# (, )t Using the s-holomorphic property of f, and a residue theorem,
S

o pn —ip(2pX) b0 _
== .r)/ dﬁ[aﬁln(l—ywn]{(/ +/ )e SCr 2B X) e (314s)
2mi - S< T4

SpeiTo — Fei(@—h)

S )
e~ 95 BX) ‘f_j,_ X e~ i9(F LX) f_}’_ X
+/ f(Z.-B )d§1+/ f(Z.-B )dg2
Ty %3

51eim — Feila=B) 51ei™ — Fei(a=p)

; $n
e~ i9(FB.X) @’ -8,X
+/S (.8 )dfh},

§hei7'h — ;‘hei(a’h_ﬁ)
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with

S_(7, 8. X, A) ={&o : 5= 2}, (3.149)
Lao(0, B, X, ) ={&0 : 5 € (2,076) N Vo, 10 = 10,4},
[y1(0, B8, X, ) ={&1:5 € (2,50) N Uy, 11 =714}
T4(0,8,X,2) ={£&2,:5€(2,00) NV, o =121},
So(0,B,X, ) ={&, : h = sup j, s =056},
Uj#¢
and &, 7, 77+, U; = U;(7, B8, X) defined by Definition 3.10.
In view of (3.115), 7 < 1, (3.125), (3.126) and (3.149),
D [ aptagma - yig)
o (3.150)

zbo((re”ﬂx)f( err -5, X) )
x(/ /s dS@lT|C‘;(DKl 1) S Cealfl=,)-

SeiT — rez(a—ﬁ)

Applying (3.136) and (3.138) for Case (F3), or (3.137) and (3.139) for (F2), (3.125), 7 < 1,
(3.126), (3.149), and improper integrals,

5 60(1-7) "
S [ astasmti =g G151

—zgo( LT /BX)f( 5 zrj -B, X)
.

dse’™ | u
LT _ 7. i(aj—B) Cs (D i)
5el7 — Fiel(%=P F

b

2 2 13 . |
SCZ Z |9(2ﬂi 7) /_,, dﬁ[aﬁ In(1 - 7|ﬁ|)]e—z(n—1)ﬁ

n=1 j=l

_ 1 iT; KT
/ e WETEN (Ze', B, X)
Ty

_l"l'j .
(5;€'7 — Frei(a=B)yn dsje” L= n,,)
13 o .
B CEOIﬂLm(DKl)/jrdﬁ/e’ES;Ism3T+sm3ﬁ|d§j ifo = X,
= 122y .o
C50|f|Lw(DK1)/:Tdﬁ/‘e—@\j|s1n2‘r751n2ﬁ|d§j ifo = ,_X27
0 _ A3
Ceolfl=n,) [ dBymss Jy €19 T ldrifor = /X,
K1) J—m |sin38] J0
n 1 © _?|sin ZT‘le \/_
C60V|Lw(DK1)Lndﬁ—mf() e tifo =VXa,
<Celflr=,,)-

Combining (3.148), (3.150) and (3.151), we derive (3.146).
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» Estimates for |/s| L=(D,,)*+ Using the s-holomorphic property of f, and the residue theorem,

—ip(R BX) ¢ £
6 - 1)/ / e T POf(Z, -B.X)
Is = dB[dzIn(1 — - - d 3.152
: Blagin(1 Y | " e G
eilp(?lYﬁ’X)f(é3 _B’X) eii@(%’ﬁ’){)f(és _ﬂaX)
+/ — -7 dé +/ — —_ 7 dé
Is, 51t — eilai-p) Is, Sreim — rzez(az—ﬁ)
&
e—lW(Traﬁ’X) i’_ , X
+/ — f( a' ﬁ )dfh}
Se She”'h — rhel(ah_ﬁ)
0= 10 = D02 =) [ dplogin(1 - yIg] sgu(p)
eA(/l)
ni((]f B) ( ﬁ)
xem G T g ).
where
lao - Bl < & (¢g—p)B <0, 7€y,
lloy =Bl =n| <&, (a1 =-B)B<0, 7€U,
A ={B:{ |l -Bl <%, (a1 -B)B <0, FeUis, } (3.153)
llaz =Bl =7l <5, (@2-p)B <0, 7eUs,
laz - Bl < & (2 -p)B <0, 7€V
and S defined by (3.149), I's; = I's;(8, X, 1), j = 0, 1, 2 defined by
I'so ={&0 : § € Uy, 10 = 10,4} U Ss0,
Is1 =I's1 0w U S51 U T'sp i, (3.154)
I'sy =I'sp,0ur U S50 U T'sp i,
with
5o = Eriso=1"} Type W A (G =X)), B, €,
b, otherwise,
®, f> 1
1—‘SI,m = { 1 S € U], T = OOI’ZU]>, fl < 4—11,
71 = on0 <, 51 < 1/2},
r ) {é1:5€U, =11t} fo> 1
51,0ut = ~ ~ ~ 1
{61:5€ 0y, 11 =714, 51 > 1/2}, <y,
5 1
Ss51 = ¢, . ! g i
{f] IS1=1/2} r <z,
é, P> 1
Tspin =9 {£&:5 €Uy, 72 =00nUss, P <1,
17 = 1onUs, $» < 1/2},
r _J {&2:5€ U0, 1 =14}, P> 1
52,0out = ~ ~ ~ 1
{62:5€ U2, =123, 52 > 1/2}, 72 < g,
P2 1
Ssp = ¢ ~ fz g T
{522S2=1/2} rn <z,
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and a;, &, 7j.+, U = U;(7, B8, X) defined by Definition 3.15.
Using (3.86), 7 > 1, and the same argument as that for /4,

0(r—-1)
2mi

2 n
slioo,,) < Ceolfli=ny) + | [ aptogma - i) (3.156)
= -

déjl=(p,,)-

j»in

il &
y / e WG FOf(Z, B X)
s

. olTj _ 7.0(aj—)
s]e J r]e J

Namely, we have to pay extra attention when both £ and 1 are close to one of the essential stationary
points 5. (7, 8,X), say 51« (7, B, X), without loss of generality, because the other case can be done
by analogy. In this situation, I'sp;;, = ¢. For the estimates on I'sy j,, in view of (3.154), we have
|ki — | = 1/4 for § € [sy;,. Hence I5 for 5 € I'sy;, is no longer a singular integral and we can
apply (3.86). Namely,

- &
e WEBOF (S -B.X)

glgiT] — ;'lei(al_ﬁ)

oG -1) [ " aptagn(i - y1g0)] délie,)  G5T)

Is1n

VG R EFOF(L -BX) =
§C|‘[/ = s dg/\d(chc(DKl)
5€ls1n -1

<CelflL=(p,,)-

Consequently, (3.147) is established.

Estimates for Case (F1) are complex. Below, we outline difficulties and our approach:

* For U; (j > 1): Lemma 3.12 shows no uniform estimates exist for ‘Re(—ip(w, B,X)). We
utilize the scaling invariance of the Hilbert transform and estimates (3.137) and (3.138), where
VX, and VX3 are not equal to & = X|, to derive estimates for I 4 or I's;, j > 1. Additionally,
the Cauchy integral near renormalized critical points, as outlined in Lemma 3.16, needs to avoid
singularities for the proper application of (3.86).

» For Up: The scaling argument does not work here since 0 is a singular point. We have to take
advantage of estimate (3.140)! If we directly apply the arguments from Case (F3) or (F2) in
Proposition 3.14, the difficulty lies in the Jacobian mdﬂ. Since it is not suitable for improper
integrals. To address this for small |3|, we use a finer decomposition with the J;—J5 approach in
(3.169)—(3.173) to extract extra | sin 8| decay on I'49 or I's.

Definition 3.15. For Case (F1), introduce new scaled oj-parameters on U;(8,X), j=0,1,2,

00=0, o =0 =+|X3|, for Type A, B,E, (3.158)
o0=0, oy =0y =+|Xa|, for Type €, D, )

and scaled o-coordinates on U;(7, 3, X)
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iB i
7 sjeP +rie'
A=k +—e =g + L— (3.159)
gj
~ 9 - 9j

Sjx = SJ*E’ r=15—=—20, o =0ao(B,X,2),
K 19]' Sj +Sj€in B o _
— b == "—"— §=(5.x5)— €U;(7,8,X)
o gj gj oj

where U;(7, B8, X), S+ and 7; are defined by Definition 3.13

Lemma 3.16. For Case (F1), introduce the new scaled oj-coordinates defined by Definition 3.15,

igfsl,* =cyp, O<cp<l. (3.160)
Proof.
* » Proof for Type A, B, €: from Table 1, (3.158), and
X; sing 1 -1+VI-A

- Si = —’
3 X32/3 sin 33

55| = |X1,3 g 2
X, sin2fB
we derive |s;| ~ |s_| and then (3.160) for Type A", B”’,
e » Proof for Type €, D: from (3.116), Table 1 and (3.158)
—SM sin 3sin 38
_ - | _ X2 sin? 2B | 1
|S+| = w + .O.t.| = | Py Xs sin3p + .O.t.l > E,
X, sin2B 3/2 sin2f
- 1 1
|S_| =|m +1.0.t.| > E|S+| > E
X, sin23
Hence (3.160) is proved for Type €” and D
O
Proposition 3.17. For Case (F1), and f € L*(D,;) is s-holomorphic
lalcr o) <Ceéolflr=y) (3.161)
e
(3.162)

|15 |L°°(DKJ.) SCEolf|L°°(DK].)~

Proof. Thanks to Lemma 3.16, by following the same argument (3.148)—(3.150), (3.152)—(3.154), we

obtain
2
aler o, 1) <Ceolfli=p,) + Z L4l (Dy, ) (3.163)
(3.164)

IIs|=(p,,) <Céolflr=(p,,) + Z ;|2 D, )
70
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with
5w —ip( LT BX) £( 5 ity
0(1—r)/ Cinet e w(ze f(Le™,-B,X) .
Iy = . dpldgIn(1 - y|B[)]e """ VP — dsje',
/ = 2mi - B Iy (sje”f_rjel(dj—ﬁ))h J
oG- [ oo hTBNy (L _px)
15]': (r - )/ dﬁ[aﬁln(l_'ylﬁl)] — Jj(o- i )dgjé’”.j.
2mi -r TS ous SjelTj - rjgl(aj_ﬁ)

* » Proof for 1,145,151, I5p: For j > 1, using the scaling invariant of the Hilbert transform and

- for I'y; N {s; < 1}: applying Lemma 3.16, (3.86);
- forI'y;N{s; > 1}: thanks to the scaling invariant of the Hilbert transform, applying (3.138) on Uy, U
for Type W, B"" €, and (3.139) on U, U; for Type €, D,

we have

|I4j|C1(DKlvl) (3.165)

Loe(1—-7) [T
s;u - /  dplag n(1 = 1))

a8 it — S i
eI (G, B X) o
X ~ iT: = _i(@,—B)\h it (@ —B) dsje flLoo(DKl)
Tyn{sj<1} (Sje S — et ) (sje S —rie'\ % )

1 ~ 7
YU [ aptagm - vig))
h=0 -

2mi

a0 s e
X/ e Wlxe ],B’X)X(i:je”-/’_ﬁix)
ryn{s>1) (3;e'7 — eGP (s;elT — riel(4=P))

dsje' 1= (p, )}
<Ceolxlr~(p,,)-

In an entirely similar way, namely, forj > 1,

» for I's; N {s; < 1}: applying Lemma 3.16, (3.86);

s for I's; N {s; > 1}: thanks to the scaling invariant of the Hilbert transform, applying (3.138) on

Uy, U, for Type W', B €, and (3.139) on Uy, O, for Type €, D,
we have
\sjli>p,,) < Ceolfl=(p,,)- (3.166)
As a result, the proof for ly;, Is; for j > 1 is done.

* » Proof for 14, Iso: Decompose

(1 -
2mi

Ly =—

r)/o dﬂ[ff‘ﬁln(l—Vlﬁl)]/F RPN (3.167)
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S1+3n+IJz+Ja+3Js, f0<p<eals,
3.2 if-e/8<p <0, (3.168)
eV —px) ,
S0e ™0 —rpe!(@0—F) diy, lﬂlg| > 61/8;
and J1, - - - , 35 defined by
—ip(%B.X) el
e i - 11f o )
=0 —-5-F . — T 3.169
(| si nﬁl Is=71) SeiT — Fella=h) ( )
[1- e—lﬁ’( Xl ﬁx)]f(se " -B X)
— 5 -F : dse'T, 3.170
(| 5157 e (3.170)
~ 1 . X
33 =00 g B -he P p. )f( ~—B.X) (3.171)
1 1 ~ —IT
[ge—ir _ jeila—pB) - Se—iT — jeila+p) ldse™™,
~ _ 1 - . 7,@(7 ,ﬁx)f(se - B’X) _f(ielel‘r7+ﬂ’X) ~ it
R (Isinﬁ| —|s=7|)e T gi(ath) dse (3.172)
o o FOE -BX)
~ ~ ~ —ig B.X X ~
s =0(]5 — 7| - |sinﬁ|)(e ety )mdse” (3.173)
- it E
st SO0
Se~iT — jei(a+p) >
with 7 defined by Definition 3.10 for 8 € [0, 7].
Let’s explain our strategy before providing detailed estimates for Ji, - - - , Js.

- For J1-34, where |5 — 7| <

|s1nB|

integrands by utilizing the difference terms. Moreover, through a change of variables,

§>t=3|sinfl,

we can extract additional | sin 8|-decay from the numerators of the

(3.174)

the #-domain is compact. This allows us to derive effective estimates.

- For 35, where |5 — 7| > Ism - We work on the same change of variables, leverage the scaling invari-
ance of the Hilbert transform to cancel the Jacobian. The cut-off function ensures that the kernel
of the t-Hilbert transform remains bounded, while the numerator exhibits an exponential decay in ¢.
Consequently, we can derive estimates.

Precisely,

- 31, 32: From the mean value theorem and (3.140),

. kxi‘r .
le i 2hX) _ 1| < Clsinp|,

fors € Uy(B,X), 18] < % (3.175)
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- J3: From |B] < €1/8,

! 1

|§e*"TT —Fei(@=B)  Fe-iti _ eilath) | (3.176)

7e'?2 sin B .
= <
| (Se~iti — Fel(a=B)) (Fe~itr — Feila+P)) | < C|sinpg].
- J4: From s-holomorphic properties of f,
;efiTT,_ ,X) — ;fe’iﬂ’+ X
lf( - PO £ )l (3.177)

Se—itt — jeilatp)

5| sin B

<le|Lm(DK1 | Se —iTs _;ei((t+ﬁ)|

< Clfle= )| sin Bl

Applying (3.169)—(3.172), (3.175)—(3.177) and the change of variables (3.174), forj = 1,...,4,

(1 -7
- 220 / aploatn(1 =181+ [ Jluwco,) (3.178)
i Ts0
X, 6| sin B o
<l [ dBloain(1 = v1g)] /2|'ﬁ| 01 =1t - (71 sin B1) Dtz p,,

<Celflr=(p,,)-

On the other hand, using (3.173), €; > 0, the rescaling (3.174), the scaling invariant property of the
Hilbert transform, one obtains

(1l -r
- 2022 [ dptapnci - i) / Nslie(o4) (3.179)
X,61sinf| tsin &
<Ceolflio, / o) —Fsin Bl | — 1) ———dt| (o,
P Ly = sl P

<CelflL~(p,,)-

From (3.178) and (3.179), |I40|Loo(DK]) < CGonLw(DK]). In an entirely similar way, |[50|L°°(DK]) <
Cep lflL‘X’(DKl y. Combining with (3.163)—(3.166), the proof for (3.161), (3.162) is completed. O

4. The IST for perturbed multi-line solitons

Using Sato’s theory [2, 3, 19, 22-24] and Boiti ef al.’s direct scattering theory of the KP equation [4-6,
8-10, 21], we extend the IST method for perturbed 1-solitons to perturbed Gr(N, M)~o KP solitons. We
present the complete theory for these solitons, focusing on the distinct features which simultaneously
demonstrate the necessity of the TP condition and clarify that the differences between IST for perturbed
1-solitons and multi-line solitons are primarily algebraic.

4.1. Statement of results

Definition 4.1. Given 0 < €9 < 1,d > 0, and a Gr(N,M)~o KP soliton us(x) defined by {«;},A, a
scattering data S = ({zn}, {k;}, D, 5c(2)) is called d-admissible if

Lot )
= + A h A AeD K
() =] A Tt Teen(h (), , @.1)

sgn (A7, (1), 1€ DX,
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K{v 0
0o
= 4.2
P Dys11 DNILN ’ ( )
v o
and
det( N<kh<n # 0, 21 = 0, {z,, k;}distinct real, 4.3)
Kk = Zh
u - -2
0= (1= &) o (A= + [T = 2212) 5. (D) “4)
= || <d+8

M N
+ 2 (Wl + il ,) + Y Maler o)
— n=1

j=1
+ |diag (g1, ,qu)™" X D x diag (q1,- - ,qn)AY = D’p=,
$c(A) = 5(), hi(A) = =hi (1), iy (D) = ~Ti, (), 4.5)

. Mh<n<n (K — 2n)
Db = diag (Kllv, e ,K%)AT, An = (ar) 1 <ki<n s G5 = W 4.6)
j
Define T as the continuous scattering operator
- =2 =3 —
T(x, A) = s(A)e DX =t (=P g 7 @.7)

Definition 4.2. Given {z,,«;}, 1 <n < N, 1 < j < M, the eigenfunction space W = Wy consists of ¢
satisfying

(a) ¢(x,2) = p(x,2);
(b) (1= &)(x,2) € L™,

(c) for A € DX, ¢p(x,2) = L2t g (x,), b, res, B € L7(D,);
(d) for A = kj +re' € DY, ¢ = ¢ + ¢%, ¢" = 22 1(X)(=In(1 - yjlal))! € L (D), ¢* €
CH(D,, 1) NL=(Dy), ¢*(x. &) = 0.

Here the rescaling parameter o and rescaled Holder spaces C’(fr (DK,_’ 1) are defined as in Definition
3.6. Finally, for ¢ € W, '

N N
[Blw =I(1= > &)l + D (I wesli + 10zl ) (4.8)

n=1 n=1

M
b
+ 2180, + 108 len o,

)AL= (D))
=

1
T
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We now introduce the Sato eigenfunction ¢ and the Sato adjoint eigenfunction  for a Gr(N, M)
KP soliton:

Kj K
A +22x, 21§j1<---<jN§M Ajl,JN(A)(l - %) e (1 - %)Ejl,‘“,/}v(x)

o(x,A) =e

7(x)
=t (x, ), 4.9)
Ej o (x)
. 21Sj1<--~<jNSMAjly"'JN(A)(l_i(;)“{lzli’ﬂl)
JA) = —(Ax1+A°x2) 1 1
w(x,2) =e o
=~ (W) gy ) (4.10)

[6, (2.12)], [12, Theorem 6.3.8., (6.3.13) ], [17, Proposition 2.2, (2.21)]. Here, x and & are referred to
as the normalized Sato eigenfunction and the normalized Sato adjoint eigenfunction, respectively. They
satisfy the Lax equation and the adjoint Lax equation:

Ly(x,A) = (—6)(2 + szl + 210y, + us(x))/\/(x, ) =0,
4.11)

LTé(x, ) = (axZ + 02 =200, +uy (x)) £(x,2) = 0.
Proofs for (3.1), (3.2) and (4.9)—(4.11) will be provided in Section 4.2.1 for convenience.

Theorem 4.3. (Direct Scattering Theory [31, 32]) Given a perturbed Gr(N,M)so KP soliton
ug(x1,x2) satisfying

uo(x1,x2) = us(x1,x2,0) +vo(x1,x2),

us(x) a Gr(N, M)so KP soliton defined by k1, - - - ,ky and A € Gr(N, M), @.12)
Sin<ass |1+ 1]+ [x2)0lvolpin < 1, d > 0, '
21 =0, {zn, K} 1<n<n,1<j<m distinct reals, det(ﬁ)lgk’hgl\l #0,
we have
(1) the unique solvability of
(=0y, + 07 + 220y, + uo(x1,x2))mo (x1,x2, ) =0, (4.13)
. _ (A=—z)N!
lim mg(x1,x2,4) = x(x1,%2,0,1) = ——————— y(x1,%2,0,2) (4.14)
x| 00 HZSnSN(/l - Zn)
SforVa € C\{z,,, x;}.
(2) The forward scattering transform is defined as
S(uo, {zn}) = ({zn}, {j}, D, sc (D)) (4.15)
satisfying
ul mo;z, . res (xl’XZ)
mo(x1,3,4) = 1+ Y| 2S00 4 CTomg € Wo = Wiy ,0), (4.16)

A=z,

n=1
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2
(T2 mg (xy, x2, K1), -+ MR+ 2 mo (x1,x2, K3))D = 0, 4.17)

where {z,} and {«;} are blow-up and multi-valued points of m, respectively; D are norming
constants between values of mp at A = K;' = k; + 0% and can be computed by

-1

Diy -+ Dy
D=Dx| : .. diag (&, -+ k), (4.18)
51\/1 51\/1\/
5 = diag (HZSnSN(Kth]Zn) e stnsN(KMNtIZn)) % Dﬁ,
(k1 —21) (km = z1)
D
t_ (ph it
D (Dﬁ) Z l—cjj
=diag (K1 e ,KM)AT,

with ¢;; = —/ Wi (x1,x2, 0)vo (x1, X2) @1(x1, X2, 0)dx1dxz, Wj(x), @i1(x) are residues of the adjoint
eigenfunction at «j [32, (3.17))] and values of the Sato eigenfunction at k| (4.55). Moreover,
To = T|xy=0 and T is the continuous scattering operator defined by (4.7), s.(1) is the continuous

scattering data, arising from the O-characterization

— -2 _
dgmo (x1,%2, 2) = s(2)e D0+ 2 (x1, 30, 2), A € R,
SL-(/l) _ HZS_nSN(/I Zn) Sgn(/ll) ﬂ [(A- /l)x1+(/l —2)x] (419)
(A =z)N-!
Xf(xl,m,0,z)vo(xl,m)mo(xl,m/deldm-

The scattering data is a d-admissible scattering data. Namely, it satisfies the algebraic and
analytic constraints:

Lgon(A )
Z_g—(’)l L +sen(A)h(), A€ Dy,
=1 T 7 " (4.20)
sgn(A7)h, (1), 1€ Dy,
KIIv 0
... N
p=| © N 421
Dnsi1t -+ Dyswv
Dvi -+ Dun

and
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1-3e) Y (1= 127 = 2212 e ()

=1 1| <d+8

"
M N
« 25 1+ Wlieo,) + DS ke, (422)
j=1 n=1

)dlag(th, »CIM)il x D x dia’g(qu e ,QN)AZ\; -

<C 30|+l + aDdtvol e

[[]<d+8
5e(A) = 56(), () = =i (), -in (A) = =1 (D), (4.23)
HZ_n_N(K‘ - Zn) .
Ay = (@) 1<pisn - 45 = <<—J,\,,1f0V1 <jsM.
(«; = z1)

Theorem 4.4. (Linearization Theory) [32, Theorem 5] If ® = ™1+ (x, 1) satisfies the Lax pair
(1.2) and

— —2 _
Fpm(x, A) = 5c(A,x3)e @V ), (4.24)

(eK|XI+K12X2m(x’ KT), . ’eKMX1+K1%lX2m(x, K;,I))D()@) =0, (4.25)
with D(x3) being in the form of (4.2), then
-3
se(A.x3) = eV N5 (2), Dy(n) = =)0 D, (4.26)

Theorem 4.5. (Inverse Scattering Theory) [33] Given a d-admissible scattering data S =
({Zn}’ {Kj}sD’ SC(/I))’ 60 < 1;

(1) there exists uniquely an eigenfunction m € W for the system of the CIE and the D-symmetry,

m(x, ) =1+ Z Meyres() o A % 2, (4.27)
.
(Am s (), MR () D = 0, 4.28)
satisfying
> 18l m(x ) - ¥(x. )] lw < Ceo. (4.29)

0<l1+2L, 4313 <d+5

(2) Moreover,

(—aXZ + 02 +220, + u(x)) m(x, 1) =0, (4.30)

N
u(x) = =205 D ms, res(x) = %axl // Tm dZ A d¢, 4.31)

n=1
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D 108 () — u ()] - < Ce, (4.32)

0<l1+21+313<d+4
The inverse scattering transform is defined by

N
S ({zn k5 D se(D)}) = —l,ax] // Tm dZ AdZ =20y, ) me, res(x); (4.33)
Tl

n=1

(3) u:RXRXR* — R solves the KPII equation.

It can be seen that when discrete scattering data or continuous scattering data vanish, the forward and
inverse scattering transform constructed for perturbed line solitons degenerate into those transforms for
rapidly decaying potentials or for N-line solitons.

Using the direct and inverse scattering theories (Theorems 4.3 and 4.5), we solve the Cauchy problem
for the KPII:

Corollary 4.6. (The Cauchy Problem) Given the initial data:
up(x1,x2) = ug(x1,x2,0) +vo(x1,x2), (4.34)
where ug(x) is a Gr(N, M)~y KP soliton, and
Di<ass [(L+ xi] + 2D dpvol e < 1, d >0, (4.35)
the following results hold:

(1) Forward Scattering Transform
We can construct the forward scattering transform as:

S(uo, {zn}) = ({zn}, {4}, D, 5c(1)) (4.36)

where z, € R, D is an M x N matrix, and s is a function. The scattering data S is d-admissible
corresponding to A € Gr(N,M)sq. Specifically:

Lsgn() , <
SC(/]-) = A-k; 1-yjla| + Sgl’l(/l])h](/l), A€ DK/"

sgn(An)h, (1), 1€ Dy,

and the following conditions hold:

- -2
€= 101= 2 &) Tyeaus | (1= A1+ [T = 212 5. (D)1
M N
+ 21 (1 + [hjls 0,)) + Zmy Pl cr ) (4.37)
+|diag (q1,....qu)~" x D xdiag (q1....,qn)AL — D°| 1=
< CXypjcass |(1+xi] + [x2)8vol Linpes

o <pnen (K=2n)

with D" = diag (Kllv, e K%)AT, Ay = (an) 1 <ki<n> 45 = T
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(2) Solution of the Cauchy Problem for the KPII Equation
The solution to the Cauchy problem for the KPII equation is given by:

N
u(x) = —29,, Z M, res(X) — %axl // TmdZ Ade, (4.38)
n=1

and

0L [u(x) — ug(x)] |~ < Cep. (4.39)
0<l1+21+33<d+4

Here, m(x, A) satisfies the system of the Cauchy integral equation and the D-symmetry:

N
m X
m(x, ) =1+ Z LY() +CTm,
i A~z (4.40)
(eK1x1+K12x2+K?x3m(x’ KT)» e, eKMx1+K§,1x2+K£,x3m(x’ K;,I))D — O

where K;F = k; + 0%, C is the Cauchy integral operator, and T is the continuous scattering operator
defined by (4.7).

4.2. Comments on distinct features
4.2.1. The Lax—Sato formulation of the KP equation

Our approach to establish an IST of perturbed Gr(N,M).o KP solitons is based on (3.1), (3.2),
(4.9)—(4.11). To verify these formulas, we summarize the Lax—Sato formulation of the KP equation
[17, § 2.1-2.4] in this subsection.

* »(The KP hierarchy, the KP equation, and the Lax pair): Suppose the operator £ can be gauge
transformed into the trivial operator 0 = 0y, , i.e.

d=wlew, 4.41)
where

W=l-wid ' =wrd 2 —w30 3+,

(4.42)
Wi =w;(X1,X2,X3,...), X=(X1,%2,X3,...).
If the Sato equation
oW =B W -W3" forn=1,2,..., (4.43)
holds where B, = (W3" W~ ! ) >0 the polynomial part of £" in 4, then
0y, & = [By, 2], (4.44)
0y, Bn — 0x,Bm + [Bn,Bn] =0, (4.45)
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and the gauge transform (4.41) transforms the linear system of the vacuum wave function

a¢0 = /l¢0, 00 .
sA) = A'xn), 4.46
{ Oy, 00 = "o = k"¢pg, n=1,2,---, ¢o(x, 1) eXP(Z Xn) (4.46)

n=1

to the KP linear system

£¢ = /l(lj’
= Yvéo 4.4
{ axn¢ =B,¢, n=1,2,---, #(x, 1) = Weyo (4.47)

Note that given a pair (n, m) with n > m, from (4.45) (called the Zakharov—Shabat equations),
we obtain a system of n — 1 equations for up, u3, . . ., u,,

L=0+uwd " +uz02+---,

MZ = Wl,xlv M} = W2,x1 + Wlwl,xl» R

(4.48)

in the variables xi,x;,x,. For (n,m) = (3,2), the Zakharov—Shabat equations yield the
Kadomtsev—Petviashvili equation (1.1) for u = 2up, = 2w ,,, and, from the second equation of
(4.47), we derive the Lax pair (1.2).

* »(The tau function and wave eigenfunctions): To derive the 7-function rep of solutions and wave
eigenfunctions, let

W =1- W1(971 —W2(972 — —WNaiN,

Wy =W = 0N —wid" ! = wpdN P -y
Hence the Sato equation (4.43) turns into
0y, Wy = By — W' forn=1,2,... (4.49)
which yield
Oy, VWNF) = Bu(WiS) + W (Oxf = 05.1).

We conclude that if the Sato equation holds for Wy, then any solution of the N-th-order ODE
Whf = 0 also satisfies the linear heat hierarchy, i.e., d, f = [);’1 fforn=1,2,....

Conversely, if f; for j=1 up to N satisfy the N-th order ODE and the heat hierarchy, then the
Sato equation (4.49) holds. Hence, an explicit KP solution can be found via the 7-function

u(x) =2wiy, = 2(9x21 Int(x) = 2631 InWr(fy, - ,fv) (4.50)

by writing Wy f; = 0 as

1 N-1 N
AOFD e T [
N -t ' N
i 1\(; ) 1\(/ ) wi 1\(/ )
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For the wave function ¢ = Wy¢o of the KP linear system (4.47), we begin by expressing it in
the determinant form [17, Proposition 2.2]:

fio /K0 /Y
w2 WN 1 : : - :
— 1____ _____ v — . . . . .
¢ =Wndo=(1-— = %= ; O |
N N N
/lfN /17N+l 1

Using elementary column operations, the determinant of the above expression can be rewritten
as

D7 1) ‘(fﬂ’ /yfi("‘”)]_ 4.51)

Besides, express f;(x) in the integral form f;(x) = /C eX <" pi(£)d¢, which is satisfied by the
Gr(N, M)~ KP solitons. Consequently, the numerator takes on this specific form:

fi(i) (x) — /lfi(iil)(x)
— _ i—1 — £ PIN4E M
- AL& (1= $0eZp0)de

=i [ @te i e
C
1 1 1

(-1
=-Af - =X - =, X3 = ——=,...).
N S TR V)
As aresult,
T(X] - %wxz - L27'x3 - L}" . )
$(x,2) = (). (4.52)
7(x)
Moreover, a corresponding formula for the adjoint wave function ¢ can also be derived [17, §
2.4]:
T(x) + Loy, + 2,)C3+ 3,...) ~
800 d) = g (). (4.53)

* » (The multi-line solitons and Sato eigenfunctions): The multi-line solitons (3.1) is defined by
setting 1 < n < 3, letting

E;
filx) air  ap -+ aiy
. . . E2
v ayi ayz -+ anm E.
M

(4.54)
A = (ajj) € Gr(N,M)s0, k1 < -+ < Kp,

Ej(x) = exp6;(x) = exp(kjx| + KJZXQ + K;X3)

:/e“”ﬁxﬁg%pj({)d(, pj({)isthepointmeasureatx;,
c
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in (4.50); and formula (4.9) of ¢(x, 1) and (4.10) of y(x, 1)) are derived by (4.50), (4.52)—(4.54),
and

1
S
24273

D G Em )= _ A= Ki g

(=L y— N S
69‘()(1 T2 w3 —e -

4.2.2.  The Lax equation

The Lax equation can be proved by replacing the Sato eigenfunction and Sato adjoint eigenfunction by
(4.9) and adapting the procedure (3.28)—(3.42) for the proof of perturbed 1-solitons. Major difficulties
and differences occur in proving the orthogonality relation (for the construction of Green’s function G)
and boundedness of G,;. More precisely,

* » (The orthogonality relation) : [5, 9, 10] Let

@i (x) = p(x,K7),  Yj(x) = resp= ¥y (x, 1),

e(x, k) = (@1(x0), ..., om (), Y (x k) = Wi (x), ... .¥m(x)). (459
Define
Db = diag (KIIV, e K%)AT,
DW=(-uhhﬁN)nm%qu”qgfy (*30)
where 7 is an M x M permutation matrix and d is an N X (M — N) matrix satisfying
A= ( Iy. d ) x. (4.57)
We can implement various Pliicker relations of ¢(x, x) and ¥ (x, k) to prove
Db =, o(x, «)D? =0, Db’Tw(x, N'=0
(see [32, Lemma 2.1, 2.2] for detailed proofs). Together with setting
P=D(D'D)"'DT, P = (DY (D'D'")'D", P® P’ = Iyysms,
we justify the orthogonality relation
M
> e (0w;(x) =0. 4.58)
j=1

* » (Boundedness of G,) :

- following argument to permute and exchange cells, one obtains the decomposition [5,
(3.16),3.17)], [4],

Ga(x,x',2) = Gh(x,x', 1) + G3(x,x', 2), (4.59)
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with

Gh(x,x', ) (4.60)
6(x2 — x7)

= — 112 Z Sgn(sznN - Z’,’”N”N)
[((N=DI*(N+1) )

xe~hmven 2RV (Y, nw) V(i =)
XO((AR = Ky ) (Zimyny = Z;nNnN))e_uR_K”’N)(Z’”N"N “Znyny)
XDb({mi}) exp(ZN7" Epy (x) + Epy (x))

7(x)

XDb({”i}) exp(ZNT" By (x') + Epy (7))
T(x")

>

and

G5 (x,x', ) (4.61)
0(x2 — x3)

- [(N_ 1)']2(N+ 1) ( g }Sgn(ZmNnN _Z;nNnN)
mi g, i

xe kv 27D v (U} ny)V(ny, . . . ny-1)

- (/IR_KnN ) (Z’”N”N _Z’,"N”N )

XQ((AR - KnN)(ZmNnN - Z;nNnN))e
D" ({m;}) exp(Z)L; Em (x)) D" ({n;}) exp(Z)L, En, (X))
7(x) T(x")

bl

where z,, = x1 + (Km + Kn)x27 Z;,m = xi + (Km + Kn)xés kyn = /l% - (/lR - Km) (/lR - Kn)a and

1 1 1

V() =det| T ]
Kan—l Kf:/z—l KII1VN—1
Dfi]l DZJ,N

D’ ({m}) =det| : . |,
DiN,l D;:N,N

form,n € {1,...,M} and {m;} = {my,...,my},{ni,...,ny} denote unordered set of N
indices from {1, ..., M}.

Therefore, Gﬁ is uniformly bounded because, after permutation, the cells Ey that appear in
the numerators are also present in the denominator of the tau function. Conversely, G; is uni-
formly bounded in x due to the Vandermonde matrix V ({m;}, ny) and the TP condition, though
it is not necessarily uniformly bounded in x'. Since my may not be distinct from ny, ..., ny_;.
Consequently,

|Ga(x,x", )| <C(Cy + 1), (4.62)

and, combining estimates for the continuous Green function G,
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1
G(x,x", )] < C(Cy + ———=). (4.63)
|)C2 - x2|

To enhance the above estimate, we will utilize the duality between Gr(N, M)~ and Gr(M —
N, M)~ [18, Section 4.4]:

If ug(x) is a Gr(N, M)~ KP soliton,

. . (4.64)
then uy(—x) is a Gr(M — N, M)~y KP soliton.
Consider the Lax operators
Ly == 0y + 07 +uy(2x1, £x2,0), (4.65)
Ly =40y, + 0% + uy(+x1,+x2,0), (4.66)

and the associated Green functions by G.(x,x’,1), Gi(x,x’,1) respectively, namely,
LiGe(x,x", ) = L1G1(x,x",2) = 5(x — x’), and define

Ge(x,x", 1) =t —x)+2 (=) G.(x,x', 1), (4.67)

Gi(x,x", ) = _x‘)mz(x;_”)Gl (x,x', Q). (4.68)

Applying the duality theorem (4.64), (4.64), and (4.63), one has

1
|G+ (x,x", )| <C(Cy + ——). (4.69)

Vi =]
Thanks to £; = £4,
G1(x,x", 1) = G.(¥',x,1) (4.70)
[4, (1.6)]. From L (x1,x2) = L_(—x1, —x2),
Gi(x,x", 1) = G_(=x,—x", 2). 4.71)

Combining (4.69)—(4.71), we conclude

|G (x, 7, )| <C(1 + ;). 4.72)

V2 = x|

4.2.3. The inverse problem

To address the inverse problem, we will examine the limit of the iteration sequence within the
eigenfunction space W:

N (k)
res (X -
d®(x, 1) =1+ Z Forres() +CTe* D (x, 1), k>0, 4.73)
n=1 A=z
(eK1X1+K12X2+KI3X3 ¢(k) (.X', K-ll-)’ e eKMX1+K/%4X2+K1%4X3 ¢(k) (.X, KL))D — 0’ (474)
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¢ (x,2) = x(x,2).

57

(4.75)

The previous arguments can be adapted with some modifications. However, we must clarify how to
implement the D-symmetry to reduce estimates of the residues to those of the Cauchy integral operator

at K;F throughout the iteration process. The lemma is stated as follows.

Proposition 4.7. Suppose S = ({zu}, {k;}, D, s.) is d-admissible and ¢*, ¢Z(f}es satisfy (4.73), (4.74).

Then for k> 0,
1+ CTp*Y
(k)
z1,res
: =-B'A ,
(k)
ZN.Tes
1+Cer Tp*D
M
where
1
K1—=21
Kllvegl 0 DN+1,130N+1 R DM,leeM
A= . , B=A
0 .. K%eHN DN+1,N60N+1 . DM’NeHM
_1
KM —21
X 2 3
and e% = T Moreover, for k > 0,

> |oiel

0<li+2b+3l3<d+5

L SCU+e )

0<l1+21r+313<d+5

k k-1
Z ‘a)i [ gn,)res - ¢§y,,res)

0<l1+2h+313 <d+5

<(Cey)F,
L S(Ce0)

k —_
‘6; [ é,,,)res _in,res] s SCGO.

0<l1+2l+313<d+5

ot

(4.76)

K1—2IN

KM —2IN

“4.77)

(4.78)

(4.79)

(4.80)

Proof. Write the D-symmetry and the evaluation at K;' of X as a linear system for M + N variables

{6 (x, k7). @iires ()},
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Kll\/e@l - 0 DN+1,1€HN” ... ’DM,legM 0 0 ¢(k) (x, K;r
; ; : 0 0
0 - K%eHN ’DN+LNe(7’N+1 ... DM,NeeM 0 0
-1 e 0 0 e 0 L e 1
K1—21 K1—2N
¢ (x, k37
Ef‘lesm
: . : : . : 1 1 (k)
0 0 0 -1 e reb(x)
0
0
—1 = CsTp*~1
= (4.81)
-1- CKAJ;IT(]ﬁ(k_I)
Solving ¢® (x, K;) in terms of ¢)§f}res (x) and plugging the outcomes into (4.81) yields
1 +CKTT¢(k_1)
k
() :
B =-A ' , (4.82)
' :
gN)res(x)
1+ CK;,T(ﬁ(k_l)

with B and A defined by (4.77). By the d-admissible condition, the system (4.81) is just determined and

is equivalent to (4.76).
Next, the d-admissible condition implies that defining U through:

AT = diag (KIIV, .. ,szt/,[)_l X @ﬂ,

then A € Gr(N,M)-o. Let x”(x, A1) be the normalized Sato eigenfunction with data ({z,}, {«;}, 2,0),
we have:

O oy res (X)

7 ”‘“ZXZ"Y_CZ 4.83)
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(eK1x1+K]2x2+K13X3X/‘/ (x’ Kl), e, ekMx1+KA2/1x2+KI%/[x3)‘(‘l (x’ KM))D — 0’ (484)
and, from the d-admissible condition, V&,

I/F\/-;n,rcs (%) = Xzpres (X)|cr < Crep. (4.85)

Moreover, using previous argument,

Xy wes (X) :
: =-B7'a| |, (4.86)

Xzyores (%)

with B and A defined by (4.77). Let Ej = e% = IR a0 d write

A =D"diag (Ey, . ..,Ey), (4.87)
K1—21 e K1 —2N

B =D'diag (E\, . ..,Em)

Km—21 KM —IN

From Sato’s theory, (4.9), (4.3), (4.86), (4.87), elementary row and column operations and matching
the coeflicients of E; X - - - X Ey,

by -+ by
Bl 1 ) .
- T/(x) . T, . s
byi -+ byy
by = Z ANy Eray (), 1 <jung <+ <jonn-1 <M, (4.88)

J (kD= kty, 15 J k) N-1)
7'(x) is the tau function with data «;, U,
Ay | = 187y ({za}s {4}, W) < C.

Asa consequence,
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T (0) Xz res (X)

N
K\ Ev+ -+ DniiaEnet + -+ DyiEn

byy -+ by

=the h™-row of

byt - byy

N
kyEr+- -+ Dy nEne + -+ DynEy

=(KYE1 + -+ Dys1,1Ens1 + -+ + Dar1 Enr) Z AjnnyEg(ny (x)

[/ (h1)]=N-1
+o o+ (KNE) + -+ + Dyt vEnst + -+ + Dy nEwm) Z NyanyErany (x)
| (hN)[=N—-1
=(anE +---+aimEn) Z Ay Ey(ny (x)
|/ (h1)]=N-1
+---+ (a1 E1 + - - +anyEm) Z Ajinn)Eg vy (x).
| (hNY[=N—-1

Since E;(hl) are N — 1 cells. According to the formula of the Sato eigenfunction,

0 =a i Ex Z AgnyEpnny (x) + -+
kes (h1), |JT(h1)|=N—-1
+anEx Z Ay Egnwy (X).

keJ (hN),|T(hN)|=N-1

Using (4.76), (4.87)—(4.90), multi-linearity, and estimates of the CIO’s,

T ()L hes(¥) = T ()T res ()

EllElckrT(ﬁ(k_l) + - +EIMEMCKX,,T¢(](_1)
biy -+ bin
+the h-row o :
byt -+ by
EN1E1CK1+T¢(]<_1) + .- +ENMEMCK;IT¢(](_1)
=7"(X) X7, res (X)
+(511E10K1+T¢(k_1) +-e +51MEMCK,;,T¢(k_1)) Z Ay Ernny (x)
[ (h1)|=N=1
+o 4 @ EC T* ™) + - + Ay EnCo To*™) Z Ay Egonny ()
[J(AN)|=N—1

= Z AswyErny (x),
[J(h)|=N
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with

M
'y 1 k—
oAl <C+> > 10iCeTe* V).
0<l1+2l+313<d+5 J=1 0<l1+2+313<d+5

Along with the TP condition of U, yield

M
k —
0lpShes < CA+ Y > [9lCe T D)),
J
0<li+2b+3l3<d+5 Jj=1 0<l1+20+313 <d+5

Combining with (4.85), we prove (4.78)—(4.80). |
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