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Topological Properties of a Class of
Higher-dimensional Self-affine Tiles

Guotai Deng, Chuntai Liu, and Sze-Man Ngai

Abstract. 'We construct a family of self-affine tiles in R? (d > 2) with noncollinear digit sets, which
naturally generalizes a class studied originally by Q.-R. Deng and K.-S. Lau in R?, and its extension to
IR3 by the authors. We obtain necessary and sufficient conditions for the tiles to be connected and for
their interiors to be contractible.

1 Introduction

Let d > 1be an integer and A be a d x d expanding matrix, i.e., all of its eigenvalues
have moduli greater than 1. It is well known [8,12] that for any finite set D c R? there
exists a unique nonempty compact set T = T(A, D) such that T = Ugep A™Y(T +d).
The equation can be rewritten as AT = T + D and T can be expressed as

(11) T:{ZA‘kdk:dkeD}.

k21
We call D a digit set, (A, D) a self-affine pair, and T a self-affine set. If #D = |det(A)| is
an integer and the interior of T is nonempty, then T actually tiles R in the following
sense: there exists a discrete set £ c R that satisfies T + £ = R and (T° + 1;) N
(T° +1,) = @ for all distinct 1y, 1, € £. (Here T° denotes the interior of T). Such a set
T is called a self-affine tile [12].

The connectedness of self-affine sets has been studied extensively by many authors
(see [1,7,10,11,13,14] and the references therein). Disk-likeness of self-affine tiles has
also been studied by many authors (see [2,13,16] and the references therein). Ball-
likeness was investigated in [3,4, 9]. For digit sets that are consecutive and collinear,
Kirat and Lau [10] formulated an algebraic condition, known as the height reducing
property, to determine whether the self-affine tiles are connected. This condition is
not applicable if the digit set is nonconsecutive or noncollinear. Deng and Lau [5]
initiated the study of self-affine tiles with noncollinear digit sets and obtained the
following result concerning connectedness.
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Theorem 1.1 Let p,q € Z with |p|,|q| > 2, a € R, and for each i € {0,1,...,|p| -1},
fixany b; e R. Let
A=(2 ), D={(i,j+b;):0<i<|p|-1,0<j<|q-1}.
Then the self-affine set T is a tile, and it is connected if and only if
‘ bis1-b; N sgn(p)(bo - blpl—l) - a‘ <1
q q(q - sgn(p))
for all i. Here and throughout this paper, sgn(p) =1if p > 0, and sgn(p) = -1if p < 0.

Various extensions of this result in R* have been obtained by a number of authors
[15,17]. An extension of this result to R* was studied in [4], where a family of ball-like
self-affine tiles is constructed by the authors of the present paper. To summarize the
results in [4], let

p 0 0
A=10 g 0],
1.2) -t =s r

D:= {(i,j,k+a,»+bj):0§i<|p|,0$j<|q|,0§k<|r|},
where a;, b; € R. Define

-1—adot+t a;—ain

pri) == apr(r—l) T

(1.3)

i) bq_rl( - _b(;)+s b —rb,-ﬂ)

and

(14) 8i(i) = inf{ |[p1 ()| = "2 ()| 0 < j<q-Ln =1},
(15) &(j) = inf{ |[p2 (N = r"lpa (D) 0 <i<p-Ln>1},
(16) 83(is j) == [l ()] = lp2 ()] -

The following is the main result in [4].

Theorem 1.2 Let (A, D) be given as in (1.2) with p,q,r > 2 and let T be the corre-
sponding self-affine set. Assume p1, p, are defined as (1.3) and 61, 8, 83 are given as in
(L4)-(1.6).
(i) T is connected if one of the following statements holds.
(a) Foralli, 8,(i) <1, and for all j, either 8,(j) < 1or there exists i (depending
only on j) such that §;(i, j) < 1.
(b) Forall j, 8,(j) <1, and for all i, either 6,(i) < 1 or there exists j (depending
only on i) such that 85(i, j) < L
Moreover, if a;, bj are zero for all i, j, then each of the above sufficient conditions
is necessary, i.e., if T is connected, then (a) or (b) holds (see Figure 1 (a)).
(i) T is connected if and only if |p1(i)| < Land |p2(j)| < 1forall i, j (see Figure1(b)).
(iii) If T is homeomorphic to a ball, then |p;(i)| + |p2(j)| < 1 for all i, j. The converse
holds if all a;, b; are zero and st > 0 (see Figure 1 (c)).
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Figure I: The sixth iterations of three kinds of self-affine tiles T. The figures are drawn with
(A, D) asin (1.7) and t, s as follows: ¢ = 2,s = 3 for (a), t = s = 1.95 for (b),and t = 0.5,s = 0.1
for (c). The tile T in (a) is connected, but T° is not; for the one in (b), T° is connected, but T
is not homeomorphic to a ball; the tile T in (c) is homeomorphic to a ball.

Figure 1 illustrates Theorem 1.2 with

2 0 0
1.7) A=l0 2 0|, D={(,jk):0<i,j,k<1}.
-t -s 2

In the special case A = 31, where I is the identity matrix, Kamae, Luo, and Tan [9]
proved the interesting result that a class of such tiles T are homeomorphic to the cube
[0,1]9,d > 3.

The main purpose of this paper is to further extend some of the results in [4] to
R, d > 4. We obtain the following main result on the connectedness of T and its
interior.

Theorem 1.3 Ford > 2, let py,. .., pg be integers with |p;| > 2 for1 < i < d. Let A;
be the diagonal matrix diag(pi, ..., pa_1) and s, = (s1,...,s4-1) € R4 Suppose the
self-affine pair (A, D) satisfies

(1.8) A=(T ), D={(in...,ia): 0<i;<|pjl, 1< j<d}.

Then

(i) T is a self-affine tile.
(ii) T is connected if and only if
Sj

L9 o —sen(on| [ ST
(1.9) f?ﬁ’é{ pj(Pj—Sgn(Pd))‘}

(iii) T° is connected if and only if the inequality in (1.9) is strict. Moreover, if T° is
connected, then T° is contractible.

The rest of this paper is organized as follows. In Section 2, we establish some pre-
liminary results needed in the proof of Theorem 1.3 and also prove a connectedness
theorem. Theorem 1.3 is proved in Section 3. Finally we state a conjecture in Section 4.
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2 Preliminaries and a Connectedness Theorem

In this section, we establish some results that will be used in the proof of Theorem 1.3.
For an integer m > 2, denote

ke={0,...,m-1}%, zr=Usk, == {01,...,m-1}>,
k>0
where 20, := {@} and @ is the empty word.

We call i € =¥ an m-adic word of length k, and denote its length by |i|. Fori =
ii--ip € =k andj = j1j,-- € 25, Uz, letij = iy--igjija-osj | = ji-- ju. For
ie X}, we denote the infinite word ii- - - by i.

It is well known that the map ¢, : 57 — [0,1] defined as

. in ...
(] (1):: ) 1=1nly:--,
m Z;l o
is surjective. We call i € 257 an m-adic expansion (or simple expansion) of x € [0,1]
if x = ¢,,(i). A real number x can have one or two m-adic expansions. It has two
expansions if and only if x = Z‘;Ll ipm™" for somei € X}, with ij; # 0; in this case the
two expansions are

1o (i —1)(m—-1) and i;---iy0,

where 0 < iy < m. We also define ¢,, (i) := ZLL m i, forieX;,.
The following theorem will be used in establishing connectedness.

Theorem 2.1 (Hata [6]) Let {1//1'}?]:1 be a family of contractions on RY and let K be
its attractor. Then K is connected if and only if for any i # j € {1,..., N}, there exists
a finite sequence of indices ji, ..., j, in{1,...,N}, with j; = i and j, = j, such that
v (K) Ny, (K) # @ foralll <k < n.

We first introduce some notation. For « € R, let
Mg = {(xl,...,xd,l,oc) ix;eRfor1<i< d}

denote the hyperplane in RY whose last coordinate is a. We assume that all edges of
any hypercube are parallel to the corresponding coordinate axes.

For1< n <d, let £, be the restriction of the integer lattice Z" to [T7_,[0, p;| - 1]
and say t = (11,...,00), 8" = (1f,...,15,) € Z" are neighbors if Y _, 1 — 13| = 1. Let
s 2o be deﬁned asin Sect10n 2. An element in Z‘P |y Zl";j‘ will be denoted by

ij= il(]) I(JI) orij= z(J) (J) -. For convenience, we use r to denote the integer p,.

For each integer k € [0, |r| - 1], we add a perturbation a,((j ) to the j-th coordinate of
each digit in D in Theorem 1.3. Then the digit set can be put in a more general form:

(2.1) D={(+@",..,al") k) 0<k<|r re Ly}

The necessary and sufficient condition for connectedness in Theorem 1.3 can be
adjusted as follows.
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Theorem 2.2 Let A and D be as in (1.8) and (2.1), respectively. Then T = T(A, D) is

connected if and only if
D _ 2@ sgn(r)(al”’ —al) ) —s;
a a gnlr s
(2.2) max { kel Tk i 2”7 } <L
0<k<]r|-1 pj pj(pj—sgn(r))
1<j<d

The proof of this theorem will be given near the end of this section.
The following lemma shows that by using this perturbation strategy, we can assume
that the diagonal entries of A are positive. Let

_ d
Lq=2"nT][0,p7 -1].
j=1

Lemma 2.3  Assume the hypotheses of Theorem 2.2. Lets; = (pj +r)s;, 1< j < d.
Then there exists another digit set

D={(+@,....a" )k 0<k<r e L)

such that (A, D) satisfies inequality (2.2) if and only if (A%, D) satisfies the following

inequality:
I
max 2 202 2 <L
0<k<r'-1 Pj P,-(Pj - sgn(r ))
1<j<d

where, of course, sgn(r?) = L.

Proof We notice that for any x € R, T(A%, AD + D +x) is just a translation of T.
Now we will find a suitable x € R? so that D = AD + D + x fulfills the requirements.
Recall that = py. By letting s, = (51,...,541)", we get

2_A%_S2
A= 0o )

AD+D ={(a,(<1) + a,(;)pl —Kk'sy+ priy + iy,

d-1 d-1 / .7 . I
a,E )4 a,E, )pd_l —Kk'sgo1 + pa-1ig_q +ig-, k+k r) :

Notice that

Ogij,i;<|pj|,lsj<d,0£k,k'<|r|}.

Letx = (x1,...,x4) € RY, where x; = 2’1(p§ +p;)(1—sgn(p;)). It follows that
xj+ pji; +ij, 1< j < d, ranges through 0, ... ,p? - 1 when ij, i} increase from 0 to

M1 = 10,1,...,72 — 1}. It follows that the

lpjl — 1. Also, we have {xq + k + k'r}; ",

mapping
(2.3) ="k, k') =xqg+ k+Kk'r
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is a bijection from {0,1,...,|r| = 1}? onto {0,1,...,r* = 1}. When k = |r| - 1, (2.3)
implies that

’ -1 ,
(2.4) kK <r sgn(r) >0
K'>0 sgn(r) < 0.
For0<r” <% letk,k’ €{0,...,|r| -1} such that "’ = ' (k, k"), and let
U _

rrr

a,E Dy a(])p] K's;.
We claim that the digit set
'5:{(1 alfl),...,ﬁlfd_l)),k):0$k<r2,1ezd_1}

is a desired one. In fact, for each1< j < d,each0 <’ <r*-1,and 0 < k, k" < |1
satisfying r"’ = " (k, k"), we have

E(’ﬁl _ a(]{) sgn(rz)(a(J) _ a(]) ’SV]

p pi(pi - sgn(rz))
1 (a? - sga(r)(a’ -al) ) -5
— + k<|r]-1,
e\ p pi(pj—sgn(r))
sg0(1) (a7 gacr ~ a17) _ se(nag” —aif)) s, "
= \|rl— N
pj pj(p;—sgn(r))
with the maximum being attained in the case k = |r| — 1. Now the claim follows from
(2.4) and the proof is complete. ]

Remark 2.4  In view of Lemma 2.3, we assume throughout the rest of this section
that the matrix A in a self-affine pair (A, D) satisfies (1.8) with positive eigenvalues,
and the digit set D has the form (2.1).

It follows from (1.8) that

A" ¢
A‘”:( ' _”), n>1,
o r"

where s), = (315(1) ceesSdl S(d 1))t and
p]jn —n
. - j i r
(2.5) sl =1 Top; &
I’"+1 p] =r

Fork = (ki,.... ki) € Zy u 2>, let
20
(2.6) aj(k) =Y pk;; . si(k) —Zs(’)k 1<j<d,
noLj

and
b(k) := (al(k) +s1-51(k), .. ag-1(K) + 541 sd_l(k)).
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The numbers a;(k) and s;(k) are used to define the vectors b(k), which are in turn
used to describe the iterated function system (IFS) generating T, or to describe the
tile T itself (see the first two lines in (2.7)). It follows from definitions that T is the
attractor of the IFS

See(x) = A (x+ (14 (a”,..,al" ) k), 1eLy0<k<r

Let Gy = Ues, , Sik(T), 0 < k < r, and hence we can view T as a union of the r

parallel pieces Gy, ..., G,_; along the x("-axis (see Figure 3). From equations (1.1),
(2.1), and the above formulas, we see that for ¢ = (1,...,14_1) and k € =,
(2.7)

T = {(5(K) + (9, i) 9p 1 (a-))r 9:(0)) 11y € 237, ke 557,

S,,k(T) = {(b(kk) + ((Pp1(11i1)> N (de,l(ld—lid—l))> (Pr(kk)) : ij € Z;j,k € Z:o} ,
Gi = G(T) = {(b(KK) + (9p,(in), - . @p,y (ia-1))> @r(KK) ) 14 € 277, ke X7}

The following lemma is an analogue of [5, Proposition 2.2]. We omit its proof.

Lemma 2.5 Let T be the attractor of the self-affine pair (A, D).

(i) 'The set T is a tile with Lebesgue measure 1. Moreover, for any sequence of (d —1)-
dimensional vectors {, } nez, the set

L:{(t+,3n,n):t€Zd_l,n€Z}

is a tiling set for T in RY.
(ii) For any two neighboring integer vectors 1,1’ € L1, S, x (T) N Sy 1 (T) + @.

For0< y<land1< j<d,define

d9) () = min{ a;(K) +5;-5;(k) : ke 2%, 9, (k) = y},

dJ) (y) = max{a;(k) +s; sj(k) : ke Z°, ¢, (k) = y}.

To visualize d'/) (y) and dﬁ{ﬁx( y) geometrically, we project the restriction of T

min
on the plane 7, to the x()-axis and denote the resulting set by ¢, which is a line

segment or a union of two line segments. Then dl(]fl)n( y) is the left endpoint of £ and

d,(,fzx( ) is the right endpoint of £ minus one (see an illustration in Figure 2). The
following equality can be derived by a simple calculation and will be used later: for
y=¢,(k(k+1))withke 2" tand0<k<r-1,

a@D _ a0 Gy pG) o
(2.8) d9) (y) - dr(till)n(y) D1 ~ Y 0 218

+
Py pi(pj—-1)

Moreover, the following holds.
Lemma 2.6 LetP=(xy,...,x4-1,y) € Twith0< y <1 Then P € T° if and only if
(2.9) d) (y) < xj < dr(rfl)n(y) +1foreachje{l,...,d-1}.

Proof By Lemma 2.5, we let £ = 7 be a tiling set for T. Assume (2.9) holds. If
PeT+tforsomet=(t,...,t;) € £, then t; = 0 since y and y — t; both belong
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23
77;1'___%- ______ ,'l
| I 7 i i
1 1 - |
T
Py 1 22
&i’n(y) A (y A1 Ay +1

x(l)‘///

Figure 2: An illustration of the cross-section of T on the hyperplane 7, and the definitions of
dé’ ) and d{f),. Each big hypercube has side length 1 and

P =P+ (A5 () = dSn (), .., dSe (p) - A%V (1), 0).

This figure is drawn with d = 4 and j = 2.

to (0,1). Inthis case, foreach j € {1,...,d-1}, wehavex;—t; € [dl(r{l)n(y), d,(,{a)x(y)+1],
namely,

dr(njl)n(y) tij<xj< A (y) +1+ tj.

Comparing this with (2.9), we see that ¢; = 0. So P is an interior point of T.
If (2.9) fails, then there exist j € {1,...,d —1} and k # 0 such that

e[0,1]+d0 () +k or x;€[0,1]+dY) (y) +k.

So, if we take ty = (t1,...,t4) witht; = 0if i # jand t; = k, then P € T n (T +to).
This implies P ¢ T° and completes the proof. ]

We will use the following fact to prove Lemma 2.8. We point out here that all
hypercubes in question are closed.

Lemma 2.7 Let Hy and H, be m-dimensional unit hypercubes in R™ with centers
(x15...>xm) and (31, ..., Yym), respectively. Then Hy N Hy # & if and only if

(2.10) |x; —yi| <1, 1<i<m.

Moreover, Hy N Hy is an (m — n)-dimensional hypercube if and only if there are n
equalities in (2.10).
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e

Figure 3: (Colour online) A figure illustrating Gy and Gy, for k € X2, using the fifth iteration
of T c R>. The figure is drawn with d = 3, and (A, D) as in (3.1). G¢’s and Gi’s are drawn in
different colors, each being parallel to the x™ x(® -plane.

Lemma 2.8 Let (A, D) be the self-affine pair described as in Remark 2.4.
(i) IfGi(T) NGy (T) # @, then |k — k'| <1.

(i) The intersection Gy (T) N Gyy1(T) is a (d —1)-dimensional hypercube if and only
ifforl1<j<d,

(2.11) a\)

k+1 Gy (k+1
() () <
and is a (d —1— n)-dimensional hypercube if exactly n of the inequalities in (2.11)
are replaced by equalities.

Proof (i) By (2.7), Gy is the part of T between the (d —1)-dimensional hyperplanes
ke and 7(g41y/,- Hence (i) is true.

(ii) By (2.7) again, the restriction of G to 71/, Ot to 7(k41),r is a (d—1)-dimensional
unit hypercube since each ¢, (i;) forms a unit interval [0,1] and k = r—lork=0.
Hence, we take Gy N Gy, which lies in 77(j,1), if it is not empty, as the intersection
of two (d - 1)-dimensional hypercubes H,, H,, where H; = Gy N 7(x41)/, and H, =
Gi+1 N 7 (k41)/r- The j-th coordinates of all elements in H, form a unit interval [0,1] +
aj(kr —1) +sjs;(kr —1). The center of such an interval is

a51)1+sj (k+1)s; a](cj) 1
- + s
pipi=1) Pt P

&)
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by the formulas of a(k), s;j(k), and the fact (see (2.5))
5 s) = trol

k=2 PJT(PJ ~(r-1)

Similarly, all the j-th coordinates of elements in H, form a unit interval with center
r_ a(()j) (k+1)s; al(cj+)1 1
o= + + -

pilpi=1)  pir pj 2

Note that (2.8) yields |a; — a}| = dr(r{a)x(r_l(k +1)) - d\ (r"'(k +1)). Thus the results

min
follow from Lemma 2.7. ]

The following lemma can be obtained easily; we omit the proof.

Lemma 2.9 Let 1, ' be two elements in L. Then there exists a finite ordered
sequence (1y,...,1x) in L4y, with 1y = 1 and 1y = 1, such that all vectors in L4,
appear in the sequence and any two adjacent vectors in the sequence are neighbors.

We now prove Theorem 2.2.

Proof of Theorem 2.2 Assume that T is connected. Notice that T' = |, Gy and each
Gy, is nonempty and compact. Thus for any k, G must intersect some G/, k” # k. The
necessity follows from Lemma 2.8 and (2.8). The sufficiency follows immediately from
Theorem 2.1, and Lemmas 2.8, 2.9, and 2.5(ii). [ ]

If T is disconnected, we have a precise count of the connected components. We
omit the proof, since it is similar to that of [5, Theorem 1.2].

Theorem 2.10  Let T be a tile as in Theorem 1.3. Suppose that foreach j € {1,...,d-1},
there exists some positive integer m; such that |p;|"™~" <|s;|[p;(pj—sgn(r))|™ < |p,|™.
Then T is disjoint and has H;tll |pj|™i connected components.

3 Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We consider the connectedness
of T and T°. Fork € 27, let Iy := [0,7"] + ¢, (k) and

G = {(b(RK') + (9, (1), > 9, , (1a)) 9, (KK)) j € Tpo K e 22}

Recall that T is viewed as a union of the r parallel pieces Gy, . . ., G,_; (defined by the
third line in (2.7)) along the x(")_axis. We iterate T = Uk Sk (T) n times; then view
T as a union of the " parallel pieces of Gy, k € X" along the x(")-axis.

We illustrate G and Gy in Figure 3 by using

0 2
2 -2 and D={(i,j,k):0<i,j<1,0<k<2}.
0 3

3.0) A=

S O N
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Order the elements of X as ki, ..., k, using the lexicographic order. For each
1< m < 1", let P, be the center of G, and let P, be the center of Gy, N G,,,, if
m < r". More precisely,

P, = (x130)>-->xa-1(30)> ¥0), 1<m<r",
P o= (xi(n)s--sxaa(n)s 1), 1<sm<r”,
where yo = yo (k) (= 27'r " +¢,(k,,)) is the center of the interval Iy, y; = y1 (k) =

¢r(ky) + 77", and x;(y) = Z’I(dr(lfi)n(y) + d,(njgx(y) +1). We also denote by Py and
Py, the centers of the restrictions of T to 7o and 7, respectively, i.e.,

B, = (a(0)s. x40 (0),0), B, = (a(Dseexan (1),1):
Let € be the piecewise linear curve defined as
(3.2) €= Py P P PP, P P,
Clearly, for y € [0,1], P(¥) = (x1(»), ..., x4-1(¥), y) is the unique point lying in £.

Lemma 3.1  Suppose (2.11) holds for all 0 < k < r —1and1< j < d. Then there exists
n such that, except for the end-points, the piecewise linear curve € in (3.2) is contained
in T°.

Proof Denote

(k+1

A:%min{(d”) =) so<k<nosj<d}.

min( ?) +1-di)

Then 0 < A < 1/8, where the first inequality follows from (2.11). Choose 1 large enough
such that, fork € 7, y,y" € I, and 1 < j < d, we have

|d(j) () _ 4w (y')| <

max min

Such n does exist by the fact that the first # terms of any expansions of y and y” are the
same and the series a;(-) and s;(-) in (2.6) converge absolutely. We show the stronger
conclusion that each point P = (x1(y), ..., x4-1(¥), ) € € satisfies

A () + A <x;(y) <dUh(y) +1-2, 0<j<d.

The conclusion is true for all P = P ,0 < m < r". Now suppose P = (x1(y), ..., %41
(¥),y) € Gy for some k. For symmetry, we suppose y > yo = yo(k). If xj(y) >
xj(y0), then

xi(y) = d8 () 2 x;(y0) = AL (yo) — 1dS) (y0) — dU) ()]
1 .
> 2 (dy (30) = d(y0) +1) -2

1 . .
25- 1D, (7o) = 8 (y0)| - 1 > 21,

max min
where we have used the inequality 41 < 1/2. If x;(y) < x;(yo), Lemma 2.6 implies
that the point Q" = Py — 3(A,...,4,0) = (x{,...,x};_,, 1) belongs to T°, where
1 = ¢,(k) + r7". Therefore, there exists a point Q" = (x{',...,x5_|,y") € Gy with
1Q" = Q”|| < A, where | - | is the Euclidean norm on R?. In other words, i — x| <A
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for 1 < j < d. Since P lies in the line segment Py Py, we have x;(y1) < x;(y) < xj(y0).
Ifx/ > di(y), then

xi(y) = dUL(y) 2 x;(n) - x} 2 x; () = xf - [xf - x}| 230 = A > A
If x/ < dS(y), then d9) (") < x/ < A (y), and hence

min

xi(y) = A9 (y) 2 x;(n) = x+ (] - x}) + (x] = dUL (1))
> xj(3) - x)~ |x) — x| = (d9 () - A9 (1))
>3 -A-A=A.

d(])

Similarly, we get d ;)

+1-x;(y) > A, and the proof is complete. ]

Lemma 3.2 Suppose (2.11) holds for all0 < k < r —1and 1< j < d. Then both T and
T° are contractible. In particular, T® and T are simply connected.

Proof To show the simple connectedness of T, we will prove that T is contractible
(to a single point). Let £ be defined as in (3.2) and satisfy Lemma 3.1. For ¢ € [0,1],
define a continuous function f; : R4 x [0,1] - R4~ x [0,1] as follows:

he(P)=(1-t)P+tP(y), P=(x1,..-»%X4-1, ).
For each P e T with the last coordinate being y, there exists k € £3° with ¢,(k) = y
such that P — (b(k), y) € [0,1]%"! x {0}. From the proof of Lemma 3.1, d r(,fa)x(y) <
xj(y) < d () (y) + 1. Thatis, P(y) — (b(k), y) € (0,1)%! x {0}. Hence the j-th

coordinate of (1-¢)P + tP(y) — (b(k), y) isin [0,1] for 1< j < d and is zero if j = d.
So, for each t € [0,1], h; maps T into T. Clearly, h is the identity map and h;(T) is
the piecewise linear curve ¢. Thus T is contractible to the piecewise linear curve and
hence contractible to a single point. In particular, T is simply connected.

Notice that by Lemma 3.1and Lemma 2.6, each function h;, t € [0, 1], also maps T°
into T°. An analogous argument as above implies that T° is contractible (to a single

point), and is thus simply connected. ]

Theorem 3.3  Let (A, D) be as in Theorem 2.2. Then T° is connected if and only if
(2.11) holds for all 0 < k < r —land1 < j < d. Consequently, T® is contractible if it is
connected.

Proof The sufficiency is shown in Lemma 3.2, since contractibility implies connect-
edness.
For the necessity suppose T° is connected. If T is disconnected, then Theorem 2.2
implies that there exist some k and j such that
0 _ D (M _ )
2o B S _5j|
pj pi(pj-1)
Lemma 2.8 says that Gy N Gy, = @. Denote T := Uﬁo Gyand T, := U;;}( G. Since
Ty and T, are closed, the fact T° = T U Ty implies that T° is disconnected, which

« _»

is impossible. Hence T is connected. In other words, (2.11) holds for all k if “<” is

> 1.
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replaced by “<”. To show that the inequality is strict, we suppose on the contrary that
equality holds for some j, k. Then the last conclusion of Lemma 2.8 says that Gy N G
contains only an n-dimensional hypercube, with # < d — 1. Thus Lemma 2.8 implies
U?:o Gjand U;;,lc 1 Gj are connected by an n-dimensional hypercube. However, T =

U;Zh G, and thus T° cannot be connected, a contradiction. The necessity follows.
The last conclusion is a direct consequence of the necessity and Lemma 3.2. m

Proof of Theorem 1.3 Part (i) is proved in Lemma 2.5(i). Part (ii) is a special case
of Theorem 2.2. Finally, part (iii) is proved in Theorem 3.3. ]

4 Final comment

Theorem 1.3 gives a necessary and sufficient condition for T° to be contractible. We
conjecture that T is homeomorphic to a d-ball under the same condition.

Conjecture 4.1  Assume the same hypotheses as Theorem 1.3. Then T is homeomorphic
to a d-ball if and only if T° is connected.
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