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Abstract. We construct a collection of families of higher Chow cycles of type (2,1) on a two-
dimensional family of Kummer surfaces, and prove that for a very general member, they generate
a subgroup of rank > 18 in the indecomposable part of the higher Chow group. Construction of
the cycles uses a finite group action on the family, and the proof of their linear independence uses
Picard-Fuchs differential operators.

1 Introduction

In the celebrated paper [Blo86], Bloch defined the higher Chow groups CH? (X, q) for
a variety X, which are generalizations of the classical Chow groups. They are identified
with the motivic cohomology when X is smooth. Higher Chow groups appear in many
aspects of algebraic geometry and number theory and are related to many important
problems. However, their structures are still mysterious for many varieties when the
codimension p is greater than 1. In general, it is not easy to construct nontrivial higher
Chow cycles (cf. [Fla92, Mil92, Spi99]).

We study CH?*(X,1) for a certain type of Kummer surfaces X. A cycle
& € CH*(X,1) is called indecomposable if it is not contained in the image of the map

C* ®z Pic(X) = CH'(X,1) ®;, CH'(X) — CH*(X,1)

induced by the intersection product. The image of this map is called the decom-
posable part: this is an easily accessible part. The cokernel of this map is called the
indecomposable part and is denoted by CH?(X,1);n4. We are interested in the size of
CH?(X,1)ina. Explicit constructions of nontrivial elements of CH?(X,1)nq for K3
surfaces X were initiated by Miiller-Stach [MS97]. Since then, further examples have
been constructed (see [CDKLI16, CL05, Col99, dAMS02, Kerl3, Sas21]).

In this paper, we study a two-dimensional family of Kummer surfaces X — T
associated with products of elliptic curves. We construct a collection of families of
higher Chow cycles on X — T. They generate a subgroup 8, of CH?(X;,1)ing for every
t € T. Our main result is the following.
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2 K. Sato

Theorem 1.1 (Theorem 7.1) For a very general' te T, we have rank E, > 18. In
particular, rank CH?(X;,1)ina > 18.

Our construction uses the realization of the Kummer surfaces as the desingu-
larized double coverings of P! x P!, and our construction of higher Chow cycles
uses special types of (1,1)-curves on P! x P!, This is similar to the construction of
higher Chow cycles on abelian surfaces in [Srel4]. The fact that CHZ(it, Ding #0
already follows from the result of Section 6 of [CDKLI16] because our family is a
base change of the family considered there. Our novelty here is the rank estimate
rank CH2(9~Ct, 1)ina > 18. To produce many indecomposable cycles, we use a group
action on the family as we will explain below.

A standard way to detect indecomposability is to use the transcendental regulator
map

FIHZ(':E“C)\/ Hz,()(:rzt)v

r: CH3(X,,1) —— H3(X,,7Z(2)) ~ S )
(Xe.1) »(Xe Z(2) H,(X,Z) H,(Xy, Z)

where the first map is the Beilinson regulator map and the last is the natural projection.
It is known that the map r factors through CH?(X;,1)ing. For a family {&}ser
of higher Chow cycles on X — T, their transcendental regulators give rise to a
certain type of normal function vy, (&) = {r(&,) }ser. If we take the pairing of v (&)
with a relative 2-form @ on X — T, this gives a multivalued holomorphic function
onT.

Our construction begins with an initial cycle family & — &, (see Section 4 for
the definition). For this cycle family, the above multivalued function is given by the
improper integral

dxdy
(1) b ’
(a.) = f Vx(1-x)(1-ax)\/y(1-y)(1-by)

where A = {(x,y) e R? : 0< y<x <1}. The integral (1) is similar to the integral
representation of Appell’s hypergeometric functions (though the boundary 04 is not
necessarily contained in the branching locus of the integrand). What is important to
us is that £ satisfies the following system of inhomogeneous differential equations:

da 4 a-b

a(l—a)az—L+(1 2a)28 Ly 2 (\/_Vi:b—l),

(2)
oL 1. 2 V1-a
b(l—b)ab2 (1—2b)ab 4L—a_b(1—m).

'We use the word “very general” for the meaning that “outside of a countable union of proper(= not
the whole space) analytic subsets.”
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Higher Chow cycles on a family of Kummer surfaces 3

We denote the differential operators appearing in the left-hand side of (2) by Z; and
D, respectively. Note that they are the Gauss hypergeometric differential operators of
type (%, 3 1). Since the periods of X — T are annihilated by 2 = (2}, %), 2 is called
a Picard-Fuchs differential operator on X — T. From the differential equations (2),
we see that the image of (&1); — (&) under the transcendental regulator is nontrivial
for very general ¢.

The second part of our construction is to produce more cycles from &; — &, by using
a group action on X — T. For our purpose, automorphisms which act trivially on T
are not sufficient. We consider a finite group Gy (isomorphic to a Z/2-extension of
(&4 xa, 64)?) which acts on the total space X and also on the base T. By letting
Gx act on & — &, we obtain the subgroup Z; of CH?*(X;,1)ing. To show that &,
has rank > 18, we consider the Gy-action on the normal function of & — &, and
the differential equations (2) it satisfies. This is the second main calculation in this
paper.

Inhomogeneous Picard-Fuchs differential equations arising from normal func-
tions are studied recently (e.g., [dAAMSO08]). The differential equations (2) is a
Q(0)-extension of the exterior tensor product of the two Gauss hypergeometric
differential equations. Hence, this is an example where the normal function can be
expressed by a variant of hypergeometric functions. In [AO21], Asakura and Otsubo
constructed a family of varieties and cycles whose normal functions are expressed
by the generalized hypergeometric function 3F,. Our cycles give an analogous
example.

1.1 Outline of the paper

This paper is divided into two parts. Part 1 is devoted to the construction of the initial
cycle family &; — &, and the computation of its normal function. In Section 2, we recall
basic facts about higher Chow cycles and the regulator map. In Sections 3 and 4,
we define the family of Kummer surfaces and higher Chow cycles. In Section 5, we
compute the normal function of & — &, and deduce the indecomposability. Part 2
is devoted to the construction and calculation of the group action. In Section 6, we
construct the finite group action on the Kummer family. In Section 7, we construct
more higher Chow cycles using the group action and calculate the images of their
normal functions under the Picard-Fuchs differential operator. This calculation is
based on the transformation formula proved in Section 8.

1.2 List of notations

We summarize the frequently used notations in this paper. Usually, (-) indicates
a blow-up. The subscript 0 (e.g., Tp) means an initial space; when it is taken
out (e.g., T — Tp), this means taking an étale cover or an étale base change (e.g.,
X = Xo).
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Explanation

Yo (resp. Y)
Xo (resp. X)
Ay (resp. A)

2

52
Xo (resp. X)
Ao (resp. A)
Yo (resp. Y)

U

V., W

D

e

C

f(x),¢(y)

Gy

n(=mn2)
é1, $2
X

®,

2 Preliminaries

P' minus 0, 1, oo
An affine open subset of Sy x Sg
A finite étale cover of T
The coordinate ring of So
The coordinate ring of Ty
The coordinate ring of T
A family of P* x P! over Ty (resp. T)
a singular double cover of Y, (resp. Y)
A family of products of elliptic curves over Tg (resp. T)
A set of 4 sections of P! x Sy and € over S,
A set of 16 sections of Y, X and A over T
The family of Kummer surfaces over Ty (resp. T)
The blowing-up of A, (resp. A) along >
The blowing-up of Y, (resp. Y) along =?
An affine open subset of Y
Affine open subsets of X
The family of diagonal lines on P* x P! over T
The pull-back of D by X - Y
The strict transform of C
f(x) = x(1-x)(1 - ax), g(y) = y(1 - y)(1- by) € Oy (V)
A group (~ G; x G3) acting on Tj
A group (= G4 x G4) actingon T
A group (= G4 x G4) acting on Y,
A group (~ (&4 xg, G4)?) acting on Y
A group (= (&4 xe, G4)? x,, ) acting on X and X
A 1-cocycle of Gy,
A 1-cocycle of Gt
A 1-cocycle of Gy
A Gx-linearization of OF' and Q
A Gx-linearization of (O%")®2

2.1 Higher Chow cycles of type (2,1)

For a smooth variety X over C, let CH? (X, q) be the higher Chow group defined by
Bloch. In this paper, we treat the case (p,q) = (2,1). In this case, the following fact is
well-known (see, e.g., [MS98, Corollary 5.3]).

Proposition 2.1 The higher Chow group CH? (X, 1) is isomorphic to the middle homol-
ogy group of the following complex:

K (C(X)) >

@ ™ @z

Cex(™ pex®
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Higher Chow cycles on a family of Kummer surfaces 5

Here, X(") denotes the set of closed subvarieties of X of codimension r. The map T denotes
the tame symbol map from the Milnor K,-group of the function field C(X).

Therefore, a higher Chow cycle in CH?(X, 1) is represented by a formal sum

3) 2(Cifi)e D CO),

j Cex(™

where C; are prime divisors on X and f; € C(C;)* are nonzero rational functions on
them such that 3’ ; divc,(f;) = 0 as codimension two cycles on X.

A decomposable cycle in CH*(X,1) is an element of the image of the group
homomorphism

(4) Pic(X) ®z I'(X, O%) = CH'(X) ®z CH'(X,1) — CH*(X,1)

induced by the intersection product. Let C be a prime divisor on X, and let
[C] € Pic(X) be the class corresponding to C. The image of [C] ® o under (4) is
represented by (C, «|¢c) in the presentation (3). The cokernel of (4) is denoted by
CHZ(X,I)ind. For & € CHZ(X,I), &ina denotes its image in CHZ(X, 1)ing. A cycle &
is called indecomposable if &;,q # 0.

2.2 The regulator map

By the canonical identification of CH?(X,1) with the motivic cohomology
H3,(X,Z(2)), there exists the map

H*(X,C)
F?H2(X,C) + HX(X, Z(2))

(5) reg: CH*(X,1) — H (X, Z(2)) =

called the regulator map. The target Hz,(X,Z(2)) denotes the Deligne cohomology
of X. This map can be regarded as the Abel-Jacobi map for CH*(X,1). We recall an
explicit formula for (5) following [Lev88, pp. 458-459].

Let X be a K3 surface over C. By the Poincaré duality, the Deligne cohomology of
X is isomorphic to the generalized complex torus

(F'H*(X,C))"

(© H (6 2(2)) = s

>

where (F'H?(X,C))" is the dual C-vector space of F'H*(X,C) and we regard
H,(X,Z)asasubgroup of (F*H*(X, C))" by the integration. Under the isomorphism
(6), the image of the cycle ¢ represented by a formal sum };(Cj, f;) under the
regulator map is described as follows.

Let D be the normalization of the closed curve Cjon X. Let uj : D; — X denote the
composition of D; - C; and C; - X. We will define a topological 1-chain y; on D;.
If f; is constant, we define y; = 0.If f; is not constant, we regard f; as a finite morphism
from D; to P'. Then we define y; = f;"([00,0]), where [c0,0] is a path on P' from
oo to 0 along the positive real axis. By the condition, 3 ; divc, (fj) = 0,y = X;(¢))+y;
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6 K. Sato

is a topological 1-cycle on X. Since H1(X,Z) = 0, there exists a 2-chain I on X such
that oT = y. In this paper, y and T are called the I-cycle associated with & and a
2-chain associated with &, respectively. Then the image of £ under the regulator map is
represented by the pairing

1

(reg(@). 0] = [0+ T 5= [ tog(fuje ([a] ¢ FH(X.C).

Here, log( f;) is the pull-back of the logarithmic function on P! - [o0, 0] by f;.
In this paper, we use the following variant of the regulator map.

Definition 2.2 'The transcendental regulator map is the composite of the regulator
map 5 and the projection induced by H*°(X) = F'H?*(X,C):

FIHZ(X,(C)V HZ,O(x)V

r: CHZ(X’I) Hz(X>Z) HZ(X)Z) '

We denote this map by .

By taking the pairing with a nonzero holomorphic 2-form w on X, we have
an isomorphism H**(X)Y/H,(X,Z) ~ C/P(w), where P(w) is the subgroup of C
defined by

P(w) = {fr w € C: T is a topological 2-cycles on X} ,

i.e., P(w) is the set of periods of X with respect to w. By the above formula, the image
of £ e CH?*(X, 1) under the transcendental regulator map is

% (r(E),[w])Efrw mod P(w),

where T is a 2-chain associated with &. If £ is decomposable, (&) = 0. This implies the
following.

Proposition 2.3 If r(&) 0, we have &nq + 0. In other words, the transcendental
regulator map factors through CH*(X,1)ind.
2.3 Arrelative setting

Since it is difficult to prove non-vanishingness of an element of H>°(X)"/H,(X,Z),
we use its relative version. Let 77 : X — S be an algebraic family of K3 surfaces over a
variety S. We define sheaves P and Q of abelian groups on S by

P =Im(R*7.Zy —~ J{om@gn(n*ﬂgc/s, o),
Q = Coker(R*m,Z — ﬂ-fomo;n(n,,ﬂgc/s, o),

where Z. is the constant sheaf on X and O%" is the sheaf of holomorphic functions
on S. Note that P is a local system on S.
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Higher Chow cycles on a family of Kummer surfaces 7

By considering the pairing with a nonzero relative 2-form w € T'(X, Q%C /s)> we
have an isomorphism Fomga (ﬂ*Q?x/S, 0%F") = 0. Hence, P is isomorphic to the
subsheaf P, of Of" generated by period functions with respect to w and Q is
isomorphic to Q, = 0§"/P,,. For a local section ¢ of OF", its image in Q,, is denoted

by [¢]-
For each s € S, there exists the evaluation map

evy : T(S,Q) - H**(X,)V/H, (X, Z).

Under the isomorphisms Q ~ Q, and H*°(X,)"/H,(Xs,Z) ~ C/P(w;) induced by
w and ws, the evaluation map coincides with the map

Q,=05"/Py 3 [f]— f(s) mod P(ws) €C/P(w;),

where f(s) € C denotes the value of the holomorphic function f at s. The following
elementary lemma is crucial for the result.

Lemma 2.4 For a nonzero element v € (S, Q), we have evs(v) # 0 for very general
ses.

Proof Since the question is local, we can shrink S in the sense of the classical
topology. By fixing a relative 2-form w € T'(X, Q5% /s)’ we have the isomorphism
Q ~ 0% /P,. We may assume that there exist a holomorphic function ¢ € 0§ (S) such
that v = [¢] and a free basis fi, f2, ..., fr of Py (S).

For each ¢ = (¢;) € Z’, we define the holomorphic function F, by

Fe=¢-3 cifi.
i=1
Since v = [¢] is nonzero in Q,(S), F. is a nonzero holomorphic function for
each ¢ e€Z’. Consider the countable family {F,}.cz- of the holomorphic func-
tions. Then outside of the zeros of the functions in this family, ¢(s) ¢ P(w;) =
]

(f1(5), f2(5)5 ..., fr(s))z. Hence evs(v) # 0.

The following corollary is also used in technical propositions.

Corollary 2.5 If local sections v,v' of Q on an open subset U satisfy evs(v) = evs(v')
foranys € U, we have v =v'.

Finally, we consider the regulator map in the relative setting. Suppose that we have
irreducible divisors €; on X which are smooth over S and nonzero rational functions
fj on €; whose zeros and poles are also smooth over S. Assume that they satisfy
the condition }; div(e,), ((fj)s) = 0 for each s € S. Then we have a family of higher
Chow cycles & = {&} s such that & € CH*(X, 1) is represented by the formal sum
2 ((Cj)s, (fj)s)- A family of higher Chow cycles constructed in this way is called an
algebraic family of higher Chow cycles in this paper.

Remark 2.6 In the above situation, let £ be the higher Chow cycle on the total space
X defined by the formal sum }3;(C;, f;). For each s € S, & € CH? (X, 1) is the pull-
back of £ by X; — X. Hence, we can regard an algebraic family of higher Chow cycle
as a higher Chow cycle of the total space X.
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If we shrink S in the sense of the classical topology, there exists a C*-family of
topological 2-chains {I}ses such that T is a 2-chain associated with &;. If we fix a
relative 2-form w, the function

Saswfwse(c
T

is holomorphic (cf. [CLO5, Proposition 4.1]). Hence, we can define the element
vee (§) € T(S, Q) such that

evs(vie (§)) = (&)

for every s € S. This v¢ () can be regarded as a part of the normal function associated
with &.
By combining Proposition 2.3 and Lemma 2.4, we have the following.

Proposition 2.7 Let X — S be an algebraic family of K3 surfaces, and let & = {&}scs
be an algebraic family of higher Chow cycles. Suppose v, (&) # 0. Then for very general
seS, wehave (& )ing % 0.

3 The family of Kummer surfaces

In this section, we define the family of Kummer surfaces. This is the famous family, and
our main purpose is to fix the notation. Let Sy = P' - {0,1,00} and Ay = C [c, ﬁ]
be the coordinate ring of Sy. Let £ — S be the Legendre family of elliptic curves over
So- The fiber of € — Sy over ¢ € Sy is the elliptic curve

&yt =x(1-x)(1-cx).

We have the natural So-morphism & — P! x S, defined by (x, y) ~ x. Let £ denote the
set of 2-torsion sections of €& — Sy. The set X consists of four sections corresponding
to x = 0,1,1/c, co. We use the same symbol X for its image under € — P! x S.

Next, we define the family of Kummer surfaces and related families. Let T, be the
(Zariski) open set of Sy x Sy defined by

1 1 b-1 b
TO:{(a,b)eSoxSo:a;tb,l—b,Z,l_b,T,b_l}

and By be the coordinate ring of T;. We will define the following families of varieties

over Ty.
Ao Xo > Yo
blowing-up blowing-up blowing-up
long >? long x? long >?
N
‘AO 2:1 cover xo 2:1cover y()

Let Yo = P! x P! x Ty. We use x (resp. y) for coordinates of the first (resp. second)
P! of Yo. We define the family of abelian surfaces Ay — T by the restriction of & x
& = Sy x Sg to Ty. The fiber of Ag — Ty over (a, b) € Ty corresponds to the product
of elliptic curves €, x €,. We have the natural Tp-morphism Ay, - Y, induced by
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Q(0,00) Q,00) | Q1/a,00) Q(c0,00)

Yy=0o
1 Qo) | Quim | RQajeis) | Qoo,1sb)

y= Z
Q,1) Qa,1) Q/a) Q0,1

y=1
Q0,0 Quo | Qa/ao Q(00,0)

y=0

Figure I: The exceptional divisors Q, on Xo.

the direct product of Sy-morphism & — P! x Sy. The map Ao — Yo is a 4:1 cover. Let
t: Ag - Ay be the map of taking inverses and we define X, as the quotient of Ay by
t. Then the morphism Ay — Y, factors Xo.

We define X2 as the set of 2-torsion sections of Ay — Tp. The set X2 consists of 16
sections corresponding to £ x £. We use the same symbol 22 for its images in X and
Y. Using the coordinates x and y, the set £* can be described as 16 points

(x,y) €{0,1,1/a, 00} x {0,1,1/b, 00}

Let AO,DCO, and 90 be the blowing-ups of Ay, Xo, and Yo along >2. The uni-
versality of the blowing-up induces the maps Ao = Xo = Yo. Since Xy — X is
the minimal resolution of singularities, Xo — Ty is the family of Kummer surfaces.
At f = (a,b) € Ty, the fiber X, is the Kummer surface Km(&, x &) associated with
€qax &p.Foroe ¥2, Q, denotes the exceptional divisor over o € £. The configuration
of Q, on X is described in Figure 1.

Finally, we define local charts on Y, and Xo. Let U = Spec Bo[x, y] ¢ Yo be the
affine open subset which is the complement of the divisors x = co and y = oco.
The inverse image of U by Xy — Yo is covered by two open affine subschemes
V = Spec Bo[x, y, v]/(¥*£(x) - g(y)) and W = Spec Bo[x, y, wl/(wg(y) - f(x)),
where f(x)=x(1-x)(1-ax) and g(y) = y(1- y)(1-by). These two subsets are
glued by the relation v = 1/w.
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4 Construction of initial higher Chow cycles

In this section, we construct families &y, &), and {o of higher Chow cycles on a base
change X — T of Xy — T.

4.1 Construction of higher Chow cycles at fibers

First, we explain the construction at each fiber over ¢ = (a,b) € Ty. Let D c P! x P! =
(Yo): be the diagonal curve. Since a + b, D intersects with the branching locus of
(%o)¢ = (Yo): as Figure 2.

Let € c (Xo); be the pull-back of D by (Xo); = (Yo)s, and let~6 be the strict
transform of C by the blowing-up (Xo); = (Xo ). Then we see that € is smooth and
€ — D is a double covering ramified at two points. Hence, € is isomorphic to P'.
Furthermore, for each e € {0,1, 00}, € intersects with Q(, 4y at two points p; and p;
(cf. Figure 3).

Hence, we can find rational functions o, ¥1, ¥eo € C(€) and ¢, € C(Q(e,e))
(e =0,1, 00} ) which satisfy the following relations:

le’é(l//o) = Pa - P(J; = _diVQ(o,o) (¢0)’
(8) divg(y1) = py - p1 = —divg,,, (91),

Yy=00
_1
Y=5%
y=1
y=0
D
z=0 rz=1 1 =00
= -
a

Figure 2: The diagonal curve D and the branching locus.
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Q0,0) Qa1 Q(00,00)
py  pf Pl c
| Py Py P= :
: | | | :D
z2=— ==
a b

Figure 3: The intersections of G, Q(0,0)> Qr1)> and Q(oo,00)-

We define (&)1, (&)1, (£o0 ) € CH?((X0);,1) by the formal sums

(&0): = (€, 90) + (Qo.0)> ¥0)»
9) (&) = (é y1) + (Q(1 1) »91)s
(8ot = (€, ¥oo) + (Q(o0y00) Po0)-

4.2 Construction of families of higher Chow cycles

To get families of higher Chow cycles, it is enough to construct rational functions
¢. and y, on the family. However, the intersection points p7 and p; (resp. pi, and
Do) interchange by the monodromy of T. Hence, it is impossible to construct such
rational functions for e =1, co. Thus, it is necessary to take a finite étale base change
of Ty to define the families of cycles.

Let B = Bo[\/a,Vb,\/1-a,/1-b] and T — T, be the finite étale cover corre-
sponding to By — B. The base changes of Yo, Xo, Ao, 90, I)CO, and AO by T — T, are
denoted by Y, X, A, Y, X, and A, respectively.

Let D c Y be the closed subscheme defined by the local equation x = y, let € be its
pull-back by X — Y, and let Cbe its strict transform by the blowing up X — X. On the
local chart V, € = X is described by the following ring homomorphism:

B[x, y,v]/(v*f(x) - g(¥)) — Blz,v]/(v* (1~ az) = (1= b2) )ix, y,v = 2,2, v.

By this description, we see that Qo) and € intersect at (x,y,v) = (0,0,+1), and
Qq,1) and C intersect at (x, y,v) = (1, L iﬂ/ﬂ) By the local computation
on another local chart containing (00, 00) € £2, Q(c0,00) and Cintersect at (& #,v') =
(0,0,+Vb/\/a), where local coordinates &7, and v’ are defined by &=1/x,

7 =1/y, and v/ = x?v/y*. Hence, we can define rational functions v, € C(€) and
¢e € C(Q(a,e)) (o € {0,1, 0 }) by the following equations:
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vo=(+1)-(v-1)71 ) po=(w-1)-(v+1)7,
N G e I o e

e B (R

They satisfy the relations in (8) and we define algebraic families of higher Chow cycles
Eo={(&0)t}ier> & = {(&1) ¢} er and €eo = {(€co )¢} o7 Dy the equations (9).

-1

5 Computation of the regulator

In this section, we compute the image of (&) — (&) under the regulator map and
prove its indecomposability. Our main result is the following.

Theorem 5.1 For very general t € T, (&1)¢ — (&) is an indecomposable cycle.

The main ingredients of the proof is the following two propositions.

Proposition 5.2 Let w be the relative 2-form ‘i’}/(\ji’ on the family X - T and 9y, D5 :

OF — OF be the differential operators defined by

0’ 0 1
=a(l-a)— + (1-2a)— - -,
D = a( a)aa2+( a)aa 2
0’ 0 1
=b(1-b)— + (1-2b)— — —
72 =b(1-b) 2+ (1-20) =
Let 9 = (g; 0P - (O*‘T“)GBZ. Then for any local section f of P, c OF', we have

D(f) = 0. In particular, 9 factors the sheaf Q,. We use the same symbol 9 for the
induced morphisms Q, — (O“T“)GBz and Q~Q, — (O“Tn)ez.

Recall that P, is the local system consisting of period functions with respect
to w and Q, is the quotient of O%" by P,. The differential operator 2 is called a
Picard-Fuchs differential operator because it annihilates all period functions with
respect to w.

By Proposition 2.7, to prove Theorem 5.1, it is enough to show v (& — &)
is nonzero. Then by the Proposition 5.2, it is enough to show 2(v (& - &)) is
nonzero. To prove this, we will find an explicit multivalued function which represents

vie (&1 = o).
For (a,b) € Ty such that a, b € Ry, let £L(a, b) be the improper integral

(10) £(a,b) =2 / dxdy ,
& /x(1-x)(1-ax)\/y(1-y)(1-by)
where A = {(x,y) e R* : 0 < y < x <1}. This integral converges and defines a local

holomorphic function around (a, b). There exists a lift £ of £(a, b) by T — T, which
satisfies the the following properties.
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Proposition 5.3

(1) Foranyt e T, L can be analytically continued to an open neighborhood of t.

(2) The multivalued holomorphic function L represents vy, (& — &) under the isomor-
phism Q,, ~ Q induced by the relative 2-form w in Proposition 5.2. In particular, for
any t € T, we have

(1n) (r((&)e = (€o)e)s [we]) = £(1)  mod P(wy),

where w, is the pull-back of w at X;.
(3) The multivalued holomorphic function £ satisfies the following system of the differ-
ential equations:

1-b
2 | Via

a-b 1-— Vi-a
1-b

(12) 9(8) =

In particular, P (v (& — &)) coincides with the right-hand side of (12).

Thus, we have vy, (& — &) # 0 and this implies Theorem 5.1 by Proposition 2.7. We
will prove Propositions 5.2 and 5.3 in this section.

5.1 The Picard-Fuchs differential operator

For ¢ € C — Ry, we consider the following improper integrals:

1 dx hed dx
PI(C)_fo x(1-x)(1-cx)’ PZ(C)_fl x(1-x)(1-cx)

Asis well-known (see, e.g., [WW62, p. 253]), these integrals converge and give linearly
independent solutions of the hypergeometric differential equation

a’P
dc?

dp 1

13 1- 1-2¢)—--P=0.
13) c(1-0) 5 + (=20 -2
For any ¢ € Sy, they can be analytically continued to a neighborhood of ¢ and we use
the same notation for the resulting multivalued functions.

Let 0 be the relative 1-form d7x on the Legendre family of elliptic curves € — Sy. For
c € C— Ry, lety,,y_ (resp. &, 8_) belifts of paths [0,1] and [1, oo ] on P' by €, — P
Let 0, be the pull-back of 0 at €. Then we have

[ ecz_f 867 f GC:_f 96)
Y+ Y- [ [

and they coincide with +P;(¢) and +P,(c), respectively. Since [y, ] — [y-] and [6,] -
[6-] are generators of H; (€., Z) (see, e.g., [CMPO02, p.10]), 2P; and 2P, are local basis
of the period functions of & — Sy with respect to 6. In particular, hypergeometric
differential equation (13) is a Picard-Fuchs differential equation of & — Sp.
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Next, we will find a Picard-Fuchs differential operator of X — T. Recall that we
have T-morphisms

p e 7 NG %

blowing-up 2:1 quotient "

We name the morphisms p and 7 as above. We have the relative 2-form pr;(0) A

pr5(60) on A - T, where pr; is the morphism A — Ag <= € x € P, & Then its pull-

back by p is stable under the covering transformation of 7, so it descends to X. We
dxndy

vf(x)

denote the resulting 2-form on X by w. The relative 2-form w is described as

dxndy
d wg(y)

on the local charts V and W. Then we have the following.

Proposition 5.4  The four local holomorphic functions 2P;(a)P;(b) (i,j € {1,2}) are
a local basis for the local system P, c O generated by period functions of X — T with
respect to w.

Proof By the Kiinneth formula, we see that 4P;(a)P;(b) (i,je {1,2}) is a local
basis for the local system generated by period functions of A — T with respect to
pri(6) A pr3(0). For t € T, let ¢ be the morphism of Hodge structures defined by

6: HA(A) - H2(A,) — H2(X),

where 7, is the Gysin morphism induced by 7. Since the mapping degree of 7 is 2,
mon*: HX(X,) - H*(X,) equals multiplication by 2 (cf. [V0i02, Remark 7.29]).
Since 7% (w) = p* (pry (6) A pr3(0)), we have the relation

(14) ¢([(pri (6) A pry(6)),] = 2[w(].

Let ¢V : Hy(X,) — Hy(A,) be the dual of ¢. For any [I'] € Hy(X;,Z) and [I'] €
H,(Ay,Z) such that ¢V ([T]) = [T’], we have

[a=3 [ i@ nprioy),

by (14). Since the right-hand side is a linear combination of 2P;(a)P;(b), we see

that any period function of X — T with respect to w is a linear combination of
2P;(a)Pj(b). Furthermore, since ¢ is injective and its cokernel has no torsion
(cf. [BHPV04], Chapter VIII, Proposition 5.1, and Corollary 5.6), ¢" is surjective.
Thus, 2P; (a) Pj(b) itselfis a period function for i, j € {1,2} and we have theresult. m

Now we can prove Proposition 5.2.
Proof of Proposition 5.2 Let f € P, c OF be any local section. Then f is a linear
combination of 2P; (a)P;(b) by Proposition 5.4. Since P; (c) are solutions of (13), both

of the differential operators 2, and %, annihilate 2P;(a)P;(b). Hence, we have the
result. u
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5.2 Calculation of the regulator

For a while, we fix to € T such that’ /1 - a, V1-b € R.. Our first goal is to compute
the image of (&) — (&) under the transcendental regulator map locally around t.
For the computation, we construct a 2-chain and use (7). In the calculation, we replace
a 2-chain associated with (&;); — (&) with another 2-chain to make the computation
easier.

Let & be a higher Chow cycle on a K3 surface X, and let y be the topological
1-cycle associated with £. A topological 2-chain I is called a 2-chain associated with &
in a weak sense if there exists a finite family of curves { Ex }x on X and a topological
2-chain T on each Ej such that

(15) ar, =y + Z Bl"k
k

Let T be a 2-chain associated with & If I is a 2-chain associated with & in a weak
sense, I and I' + Y T coincide up to topological 2-cycles. Since the pull-back of a
holomorphic 2-form w on Ej vanishes, we have

fr, f = (r(§),[w]) mod P(w).

Hence, we can also use I for the computation of the transcendental regulator map.
We will construct a desired 2-chain. For ¢ which is sufficiently close to fy, let A,
and A_ be the images of the following maps:

A={(x,y)eR*:0<y<x <1} — V(cX,)
(16) w v
- V) Aby) )
(x,y) —— (%, p,v) = (x,y,i TSI R

Note that since ¢ is sufficiently close to ¢y, we may assume the function \/1 — ax (resp.
\/1- by) do not ramify on A and we can fix the branch of it so that it takes a value 1
andv/1-aatx =0,1(resp.land V1-bat y =0,1).

We define K, and K_ as the closures of A, and A_, respectively. Let y be a
path [0,1] on P! reparameterized so that y(s) = s* (resp. 1-y(s) = (1-5)%) on a
neighborhood of 0 (resp. 1). Then if we replace x and y in the target in (16) by y(x) and
y(y), respectively, (16) can be extended to a map from a compact-oriented manifold
with corners, so K, and K_ are C*-chains.

Proposition 5.5 For any t which is sufficiently close to ty, we have
(r((&)e = (§0)e)s [we]) f Wy — f w; mod P(wy).

To prove this, we should examine the boundaries of K, and K_. Recall that we have
the following morphisms.

~ 2:1 quotient  ~ blowing-up

Xy Y: > Y =P x P!

Note that choosing a point on T is equivalent to choosing a point (a,b) € Ty and branches of

Va,Vb,\/1-a,\/1-beC.
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Y D
1 __________________________
11
Ve
< "Yy
A K
0 7Yoo %}
L & ’ Tz :

Figure 4: 'The 2-chain K and its boundary.

(xi y7 w) . (17 1’ 0)

(z,y,v) = (1,1,%)_§ (z,y,0) = (1’1,_~/ﬂ)

Vi-a
Y1
B (z,y,w) = (17070)
Ye
l"/y - Ye,+ Ye,—
K
| (x,y,v) = (17050)
7Yoo %10
T Nz \

((D, Y, U) = (0707 1)7 9§ (x,y,v) = (0701_1)

(m! y! U) = (07 01 0)

Figure 5: The 2-chains K4 and K_ and their boundaries.

We regard A = {(x,y) e R*:0< y<x <1} as a subset of Y, =P! x PL. Let K be
the closure of the inverse image of & by Y, - Y, (see Figure 4). We define paths
Yes V11> Vys V10> Vx> and yoo on the boundary oK as in Figure 4.

Then X, — Y, induces the homeomorphism K, 5 Kand K- 5 K (see Figure 5).
Here, the bold line in the figure denotes the branching locus of X; - Y;. We define
paths yc, 4, 11,45 ¥y» ¥10,4> Vx> and ygo,. on 0K, and 9K_ as in Figure 5. They satisfy
the following properties:

(1) The paths y.,+ and y,,- are the lifts of y.. Since y, is on the strict transformation
of D, they are on the curve C.
(2) Furthermore, since t is close to ty, p.+ (resp. y.-) is a path from

(LL,V1-b/v/1-a) to (0,0,1) (resp. (1,1,-v1-b/+/1-a) to (0,0, -1)).
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(3) The paths yo0,+>y10,+> and pn,+ (resp. yoo,—> y10,—» and yy;,_) are the lifts of
Yoo> Y10> and y1; and they are on the exceptional curves Qg,0), Q(1,0)> and Q(y,1)
respectively.

(4) Since y, and y, on dK is contained in the branching locus of X; - Y., there exist
the unique lifts of them and their lifts are contained in 0K, n dK_.

Then we can prove Proposition 5.5.

Proof of Proposition 5.5 It is enough to show that K, — K_ is a 2-chain associated
with (&) — (&), in a weak sense. Note that (&), — (&) is represented by the formal
sum

(€ vo'v1) + (Qu» 95") + (Qun» 91)-

Lety, (resp. Y00, y11) be the 1-chain on [ (resp. Q(0,0)> Qq1,1y) defined by the pull-back
of [00,0] on P! by the rational function vy y; (resp. ¢,', ¢1). Then y; + Joo + 11 is
the 1-cycle associated with &. By Figure 5, we have

(K —K-) = (Ye,r = Ve,m) + (oo,+ = Yoo,-) + (Y10,+ = Y10,-) + (y11,+ = yn,-)-

Hence, we should show that the 1-chains (yc,+ = yc,- = ¥c)s (Yoo,+ =Yoo= — Y00)>
(y10,+ = y10,-)> and (yu,+ — yu,- —yu) are l-boundaries on the curves C, Q(q,0)>

Q(1,0)> and Q(q,1), respectively. Since G, Q(0,0)> Q(1,0y and Q(y;) are isomorphic to P!
and H; (') = 0, it is enough to show that they are 1-cycles. By Figure 5, we have the
following relations:
3(Ye,r = Ve,) = divg(Wo'v1) = 9Fes (Yoo, — Yoo,-) = divg,, (95") = 3700,
O(yi+ — yu-) = divgg,, (91) = 9yu,  9(yi0,+ ~ y10,-) = 0.

Hence, they are 1-cycles and we confirm that K, — K_ is a 2-chain associated with
(&)t = (&)+ in a weak sense. .

Let £ be the local holomorphic function

17) ORI

which is defined around #,. Using the local description of w;, we see that

S Jee= ). o

Wy = — W = .
T S a0 by)
Hence, £(t) is alift of £(a, ) in (10). Then we can prove Proposition 5.3.

Proof of Proposition 5.3 We will prove (1) and (2) simultaneously. Let {U;}; be a
good open cover of T such that for each i, there exists a local holomorphic function
¢; on U; which represents vy, (& — &)|y,. To prove (1) and (2), it is enough to show
that £ have an analytic continuation on each U; and the resulting function coincides
with ¢; up to an elements in P, (U;).

By Proposition 5.5, the equation (11) holds for any point ¢ of an open neighborhood
Uy of to. Since the left-hand side of (11) corresponds to (ev: (v (& — &), [w:]), we
see that [ L] corresponds to v, (& — &)|u, by Corollary 2.5. Thus if U; n Uy # @, we
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have [¢;]|u,nu, = [£]luinve> 80 £ = ¢; € P (U; N Up). Let p; be the restriction of
L —¢; on U; n Up. Then we can extend p; on U;. The function ¢; + p; is a desired
analytic continuation of £ on U;. For a general U;, take a finite family U, ...,
U;, =U; such that Uyn U, # @and U;,_ nU;, # @ for k =2,...,n and repeat the
above process.

Next, we will prove (3). We will compute 2;(£). It is enough to calculate it on a
neighborhood of t,. Hence, we may assume £ is given by (17).

ik-1

Let H(a, x) be a local holomorphic function defined by H(a,x) = _27%‘ We
can check that
7 1 _ aH(a,x)‘
Vx(1-x)(1-ax) ox

Then by Stokes” theorem,” we have

1

_@1(5):@1(/ dxdy )
2 Ko /x(1-x)(1- ax)\/y(1- y)(1- by)

:f d( H(a,x)dy ):/ H(a,x)dy ,
K \WVy(1-y)(1-by) oK, \/y(1- y)(1-by)
H(a,x)dy

Vy(-y)(1-by)
V1-b
1-a du

1! dz 1 a1 (VIS
_EA (1—bz)%(1—az)%_a—b[ _(Il—b (vl—a 1).

Here, we use the coordinate transform u = \/tvi:ii' We can compute %,(L)

and since the 1-form vanishes on 0K, except y., ., we have

similarly. [ ]

6 The group action on the Kummer family

In this section, we construct a group action on X — T. To produce many higher Chow
cycles, it is not enough to consider only automorphisms which are trivial on T. We will
consider automorphisms of the following type.

Definition 6.1 Let X — S be a family of algebraic varieties. The automorphism group
Aut(X — S) of X — S consists of a pair (g, h) with g € Aut(X) and & € Aut(S) such
that the following diagram commutes.

Il

st

3To be more precise, we should take a reparametrization of K, using y before Proposition 5.5.

https://doi.org/10.4153/50008414X24000415 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000415

Higher Chow cycles on a family of Kummer surfaces 19

We say that a group G acts on a family of varieties X — S if we have a group
homomorphism G - Aut(X — S).

The main result of this section is as follows.

Proposition 6.2 There exists a Gx.-action on X — T, where Gy isa Z/2-extension of
(64 ><63 64)2.

We use the following conventions for group actions.

(1) In this paper, we consider left group actions unless specified otherwise.

(2) Suppose a group G acts on a set M. The group G stabilizes a subset M’ of M if we
have g-m e M' forany ge Gand m e M'.

(3) For a C-scheme X, Aut(X) denotes the C-automorphism group of X. For
p € Aut(X), p! denotes the morphism of sheaves Ox — p,Ox.

(4) For n € Z,, p, denotes the group of nth roots of unity.

(5) For n € Zs;, &, denotes the symmetric group of degree n. For a set M, &G(M)
denotes the symmetric group of M. The sign character is denoted by sgn:

Before the construction of the Gy -action on X — T, we recall some formal properties

of finite group actions on schemes in Section 6.1.

6.1 Generalities

A scheme with a group action (S, H, ¢) is a triplet consisting of a C-scheme S, a group
H and a group homomorphism ¢ : H - Aut(S). We usually omit ¢ from the notation
and write (S, H). A morphism (X, G) — (S, H) between two such objects is a pair of
a morphism X — S of varieties and a group homomorphism G — H satisfying the
usual compatibility condition.

In Section 6.2, we use the following fiber product construction. Suppose we have
two morphisms (7, y) : (X,G) - (S,H) and (f, ¢) : (§8',H') - (S, H). Recall that
the fiber product of G and H’ over H is defined by

Gxu H = {(g.h) € G < H's y(g) = p(h)}.
Then we define the fiber product of (X, G) and (S’, H") over (S, H) by
(18) (X x5 S',Gxy H).

This is indeed the fiber product in the category of schemes with group actions.

Let (X,G) be a scheme with a group action. Then we have the natural
right G-action on I'(X,0%). A I-cocycle on I'(X,0%) is a map y: G - I'(X,0%)
satisfying

x(gh) = h'(x(8)) - x(h)
for any g,heG. Here, h':Ox - h,Ox is the natural morphism induced by
h:X - X.

Let .2 be a G-linearized line bundle on X. The G-linearization is the same as a col-
lection (@ : g*.Z = £ geg of isomorphisms satisfying the relation @), o h* (D) =
@, for g, h € G. We can construct a 1-cocycle as follows. Let s be a global section of
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& such that div(s) is stable under the G-action. Then there exists the unique 1-cocycle
x: G —TI(X,0%) such that

De(g(s)) = x(g) " s (g€G).

Finally, we prove liftability of a group action by a cyclic covers. For a line bundle &
and a section s € I'(X, £®(-™)), the cyclic covering Y — X associated with (%, s) is
defined as the relative spectrum of the O x-algebra @ﬁgl L% (cf. [BHPV04, p. 54]).
The branching locus of Y — X coincides with div(s).

Proposition 6.3 Let w: Y — X be the degree m cyclic covering associated with (£, s).
Suppose a group G acts on X and a G-linearization (®g)gec of £ are given. Assume
that there exists a I-cocycle x : G - I'(X, 0% ) such that

O (g () = M) " s
for any g € G. Then there exists a G-action on Y such that m is G-equivariant.

Proof For g € G, we define an automorphism §: Y — Y as follows.
1. Let Y} be the cyclic covering associated with (g*.%, ¢*(s)). Then Y; is the fiber

product of Y - X and X 2, X. Since g is an isomorphism, Y; - Y is an isomor-
phism as well.

2. Let Y, be the cyclic covering associated with (., y(g)™™ -s). Then we have the
isomorphism Y, ~ Y} over X induced by ®,.

3. We have the Ox-module automorphism on .# defined by the multiplication of
x(g)7". This automorphism induces an isomorphism Y ~ Y, over X.

Composing these isomorphisms, we get an automorphism g € Aut(Y).

(3) (2) )

Y ~ Y2 = Y1 — Y
P b L

We can show that G - Aut(Y); g — ¢ is a group homomorphism by the condition on
(®@g) ¢ec and the property of the 1-cocycles. Hence, we can construct a G-action on Y
and 7 is G-equivariant by the construction. [ ]

6.2 Construction of the groups and their actions

In this section, we will construct a group action on X — T by four steps.

1. We constructa G(Z)-action on P! x Sy — Sy. By taking its direct product, we have
a Gy, (= 6(Z)?)-action on Yo — T which stabilizes 2.

2. By taking the fiber product of the Gy, -action on Yo — T, and a Gr(= &3)-action
on T — Ty, we have a Gy-actionony - T.

3. By considering a py,-extension Gy of Gy, we can construct a Gy-actionon X - T
by applying Proposition 6.3. _

4. We lift the Gy-actionon X - Tto X — T.

Throughout in this section, we identify Aut(Sp) = &({0,1,00})(~ S3).
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Proposition 6.4 There exists a S4-action on P* x Sy — S satisfying the following
properties.

(1) The natural map S, — Aut(Sy) = §({0,1, oo }) is surjective. For p € &4, its image
in §({0,1, oo }) is denoted by p.

(2) Forpe & anda €3, wehavep o g o p~! € =. Moreover, the following map induces
an isomorphism of groups. B

Sy — 6(Z) = 6({0,1,1/c, 0})
(20) w w
p _ (aHpoaoB’l)

Since another group which is isomorphic to &4 appears elsewhere, hereafter we denote
this group by G(Z).

Proof Consider the following contravariant functor from the category of varieties
to the category of sets.

Y - X is a P'-bundle.
X +— (Y = X; p1, p2, P3> Pa) : P1» -+ - Pa are its sections such that ; /(X-isom.)
pi(X)npi(X)=gforanyi# j.

For each (Y — X;p1, p2, p3, p4), by considering the cross-ratio of p;(x), pa2(x),
p3(x), pa(x) € P at x € X, we have the morphism X — Sy. Then we can check that
So represents this functor and (P! x Sy — S¢;0,1, 00,1/c) is the universal element. For
each p € G4, p induces a natural automorphism on this functor. Combining with the
fact that an automorphism on P! which stabilizes four points is identity, this induces
a G4-action on P! x Sy — Sy. The property (2) is clear from this construction. The
property (1) follows from the property of the cross-ratio. [ ]

We need an explicit description of the &(Z)-action on P! x Sy for Step 3. We
summarize them on Table 1. In the table, for each p € G(X), the image of ¢ under
ph:0g, — p,Os, and the image of the local coordinate z on P! under p* : Opi, 5, >
p«Opigs, are given.

From Proposition 6.4, we have a morphism (P'x Sy, &(2))
(S0,6({0,1,0})). By taking the direct product, we have the morphism

(21)
(P' x So x P! x 85, 5(2) x &(Z)) — (So x S0, S({0,1,00}) x G({0,1,00})).

We denote the group S(Z) x &(Z) (resp. S({0,1,00}) x S5({0,1,00})) by Gy,
(resp. Gr,). Since Ty c Sp x Sy is stable under the G, -action, (21) induces a morphism
(Y0, Gy, ) = (To, Gr, ). Furthermore, by the property (2) of Proposition 6.4, we see
that 2% c Y, is stable under the Gy, -action on Y,. We finish Step 1.

Next, we will construct a group action on T. Recall that T is a finite étale cover of

T, corresponding to By — Bo[\/a, /b, V1 - a,\/1- b].
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(1fcoo)| & |9 (1oo) [1-c| & ||11fe)| L | ez
e ol s polra| e elie
On@/co)| ¢ | £ [[oae)] ¢ |Elloeays] ¢ | L
p o |pHe)|pM(2) p o |pNe) [P (2)
(011/c) | & |1-cz|| (01/c1) | <L |22
(0001) | = | 2 || (0100) | &1 | £
(01/coo)| i | 55 |[(0 o0 V/e)| 5 |ao5:
(oo 1/c)| 5 |22 (11/c o) | 2| 25

p Ip"(c>|p”<z>|| OO IOl

(01/clo0)| 5 | s ||(01/coo)|1-c| 7 [[(0OLoolfc)| ¢ | FF
(0oo11/e)| &5 | 2 ||(0 00 1/c1)|1-c |5z ||(01/coon)| L |92

Table 1: The &(X)-action on P! x Sg.

Proposition 6.5 Let S’ = Spec Ag[\/c,\/1-c]. Then there exists a S4-action on
S" — 8¢ such that the natural map S, — Aut(Sy) = S({0,1, 00 }) is surjective.

Proof We have the following ring isomorphism:

=

> 2/A10

(22)

Ao[VeVi-c] = C[V’ G- 1)] Vevi-c— 21

Using the ring isomorphism (22), we can check directly that for each p € Aut(Sy),
there exists a lift of p in Aut(S’). Moreover, the Sy-automorphism group of S’ is
isomorphic to p, x y,. Thus we have the following exact sequence of groups:

1—> py x gy —> Aut(S" > Sp) — Aut(Sp) — 1.

To prove the proposition, we should show that Aut(S’ — Sg) is isomorphic to &,.
We will construct an Aut(S’ — Sp)-action on a set of cardinality 4. By the ring
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isomorphism (22), we have S’ ~ P! - {0, oo, +1, +1/~1}. Thus, Aut(S’ - Sy) acts on
the set {0, oo, £1, +v/-1}. Let F be the set

. {{{Lﬁ,oo},{—l,—ﬁ,on, {{—Lﬁ,oo},{l,—ﬁm}}}
L -V oo {(-LVALOY, {{-L VL oo}, {L,VALO0}}

If we plot +1, +1/~1,0, co on the Riemann sphere, they are the vertexes of the regular
octahedron. Then F is the set of pairs of opposite faces of the octahedron. We can
check that Aut(S" — Sp) acts on F and the group homomorphism Aut(S’ — Sy) —
G (F) is surjective. By the exact sequence above, the orders of Aut(S’ — Sp) and &(F)
coincide. Thus Aut(S’ — Sg) ~ S(F). ]

From Proposition 6.5, we have a morphism (S8, &4) — (So, &({0,1,00})). By
taking its direct product, we have

(23) (S, X 81,64 X 64) —_— (S() X SO’GTO)-

We denote the group G4 x &4 by Gr. Since T is a fiber product of To and S’ x S’ over
So x Sp, this induces a morphism (T, Gr) — (Ty, Gr, ).

We have already constructed the morphisms (Yo,Gy,) - (To, Gr,) and
(T,Gr) = (Ty, Gr,). Then the group

Gy, XGr, Gr= (6(2)2) X&({0,1,00})2 (6421) > (64 xg, 64)2

actsony =Y, x1, T by (18). We denote this group by Gy. Thus, we have the morphism
(Y,Gy) = (T, Gr). We often denote an element of Gy by a 3-tuple

(PI)PZ) T) € 6(2) X 6(2) X GT

such that 7 € Gy and (py, p2) € Gy, have the same image in Gr, = &({0,1,00})2. We
finish Step 2.

We will lift this group action to the double cover X — Y. Let .Z be the line bundle
on Y defined by

1 1
L = pr{ Qpigs, s, ® Pra Upiesy /sy

where pr; is a morphism Y — Yo = (P! x Sy) x (P! x Sp) P, Pl xSy, Let s be the
section of Z®(~2) defined by
5= f(x)g(y)(dx ® dy)*?.

We have the natural Gy-linearization (®,),cc, of £ since it is constructed from
sheaves of differentials.

The morphism X — Y is the double covering associated with (.Z, s). Since div(s)
is equal to the branching locus of X — Y, div(s) is stable under the Gy-action. Hence,
we have the I-cocycle 17 : Gy — T'(Y, O3)) = B* such that

022 (p*(s)) = n(p) ™ s

for any p € Gy. We can compute 7 as follows.

https://doi.org/10.4153/50008414X24000415 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000415

24 K. Sato

Proposition 6.6 For p=(p1,p2,7)€Gy, 4(p) is determined by PP, €
S({0,1, 00}) and calculated by the following formula:

n(p) =m(p,) - n2(p,)
where ’71(31)’ N2 (Bz) € B* are given by the following table.

p | me) || e | mip) P, | m) | e, | mle,)

id 1 (o1 | - id 1 (01) -1

(loo) | 1—=a || (0100) | a-1 (1oo) | 1-0 (0100) | b-1
(0 00) a (0001) -a (0 00) b (0001) -b

Proof By the definition of the Gy-linearization on .Z, we have

@, (p" (dx & ) = (i) (;yp%(y)) (dx@dy).

Using Table 1, we can compute # for each p;, p» € G(2) and we get the result. ]

To apply Proposition 6.3, we should construct a “square root” of the 1-cocycle 7.
We define coboundary 1-cocycles ¢y, ¢, : Gr - B* by

¢i(7) =7 (\a/fﬁ) . (\a/fﬁ)_l 62(7) = o (\b/f:/;;_f) (\b/fﬁ)_l

for 7 € Gr. Then we can check that for any p = (p1, p2, ) € Gy,
(24) 1i(p,) = sgn(p,)¢:(7)*
holds for i = 1,2. Hence, ¢; - ¢, coincides with a square root of # up to sign. To get a
square root of sign, we enlarge the group Gy as follows.
We define the group Gx as the fiber product Gy x,, u4, where the group homo-
morphisms Gy — p, and g4 — p; is given by
Gy = p; (1, p2, ) = sgn(p, )sgn(p, ),
Ha — U2; ("’ (2‘
We denote an element of Gy by a 4-tuple
(prop2 7. 0) € 6(2) x §(2) x Gr x .

The group G acts on Y through the surjection Gx - Gy. For p = (p1, p2, 7, () € Gy,
we define

X(p) =C-¢u(7) - ¢2(1) € B*=T(Y,05).
Then by (24), x : Gx — T'(Y, 0y) is a I-cocycle satisfying the relation
x(p)? = n(p).

Hence, we have the following result.
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Proposition 6.7 There exists a Gy-action on X such that the morphism X —Y is
G -equivariant.

Proof The Gy-linearization (®,),ec, of £ induces the natural Gx-linearization
of .Z. This linearization satisfies the equation

oD (p*(s)) = n(p) s = x(p) s,
Hence, by applying Proposition 6.3, we have the result. [ ]

Thus, we have the morphism (X, Gy ) — (T, Gr). We finish Step 3.

Recall that the set X2 on Y, is stable under the Gy,-action. Then its base change
¥? on Y is also stable under the Gy-action. Since £* ¢ Y is contained in the branching
locus of X - Y and X — Y is Gx-equivariant, >? on X is also G -stable. Then by the
universality of the blowing-up, for any p € Gy, there exists the unique lift ' Aut(X)
of p. By the uniqueness, Gy — Aut(X); p ~ 5 defines a Gc-action on X. We finish
Step 4.

Finally, we can prove the main result of this section.

Proof of Proposition 6.2 We have the morphisms
(X, Gx) — (X, Gx) — (Y, Gy) — (T, Gr).
By composing these morphisms, we have the G -action on the family X — T. u

At the end of this section, we see an explicit description of the Gy -action on X
using the local coordinates x, y,v on V. Let p = (p1, p2, 7, () € Gy. Since X - Y is
Gy -equivariant, we see that

x> pi(x), y e ph(y).
Locally on U c Y, the morphism X — Y is described by the ring homomorphism
Blx, y] — B[x,y,u]/(u* = f(x)g(»)),
where u corresponds to the local section (dx ® dy) of .Z. By the construction of the
G~ -action, the local coordinate u transforms
40 0
ur x(p) ‘g(pf(x))a(pﬁ(y))u-
Since u = v f(x), by the formula p} (f(x)) = 111(p ) (L p} (x)) f(x), v transforms
as follows:

_mlp) ay(Pz(}’))
x(p) EXpTE

7 The group action on the higher Chow cycles

In this section, we prove the main result in this paper by using some technical
propositions which is proved Section 8.
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7.1 The group action on the higher Chow cycles

First, we produce more families of higher Chow cycles from &, & and £, by using
the group action. For t € T, p = (p1, p2, 7, {) € Gy induces the isomorphism p; : X; —
X(+) such that

X, --%-» DNCT(t)
(25) 1 l
X —2 X

commutes. The morphism p, induces a map p; : CH*(X(;),1) - CH*(X;,1). Foran
algebraic family of higher Chow cycles & = {&,} ;e on X — T, we define the algebraic
family p* & of higher Chow cycles by p*& = {p} (&(1)) } ter-

In particular, we have defined families of higher Chow cycles p* &, p* & and p*§oo
for p € Gx. For each t € T, we define the subgroup E; of CHZ(T)C[, 1)ina by

Et = <((P*50)t)ind LS {0) 1) OO})P € GDC)z .
Then we can state the main theorem.

Theorem 71 For a very general teT, we have rank B, >18. In particular,
rank CH?(X;,1)inq > 18.

To be more specific, 18 linearly independent cycles in E; are given as follows.
Let p', p%,...,p% € Gx be lifts of (id,id), (id, (0 1)), (id, (1 o)), (id, (0 1 o)),
(id, (0 00)) and (id, (0 oo 1)) € Gy, by Gx > Gy, = &(Z)?, respectively. Then we
will show that (((p?)*&4)¢)ina (i =1,2,...,6, =0,1, 00) arelinearly independent in
E, for very general t € T. The key of the proof is to compute Z (v ((p’)*&,)) for each
i=12,...,6and e = 0,1, co.

Before proceeding to the proof, we explain geometric constructions of cycles in E;.
For p = (p1, p2, 7, {) € Gx, let D, be the (1,1)-curve on P' x P! which passes through
(pr1(0), p31(0)), (pr (1), p3(1)) and (pi(c0), p5'(o0)) € 2. The local equation of
D, is given by p{(x) = pi(y). Let €, c X; be its pull-back by X; - Y, = P' x P! and
ép c X; be the strict transform of C,. By definition, D, coincides with the inverse
image of D by p, so we have ép = p7'(€). Moreover, by considering the G -action on
22, we have Q(y-1(a) pz1(e)) = Pr (Q(o,e)) for @ = 0,1, c0. Thus we see that (p* &), =
pi ((&e)z(ry) (o €{0,1,00}) is represented by the formal sum

(26) (" €0)t= (€ ¥e 0 pe) + ( Qs t(arpi(en)» 92 0P

For example, for p', p, ..., p° € G defined above, D1, D2, ..., Dye are graphs
of rational functions z,1 - z,z/(1 - z),1/(1 - z),1/z, and (z — 1) /z on P!, respectively.
Hence, ((p')*&,), are higher Chow cycles made from such graphs.

Remark 7.2 The idea of the construction of higher Chow cycles from the curve D, is
of Terasoma. The referee pointed out that the explicit 18 cycles made from the graphs
of six rational functions on P! are enough for the rank estimate.
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7.2 Proof of the main theorem

We define subgroups N®* and N of I'(T, Q) as follows:

N = (v (80)s vee (81): vir (80 ) )z,

N =(vi(p*&) :peGx,ec{0,1,00})y.
By Proposition 2.3, the transcendental regulator map induces a surjective map Z; -
ev;(N) for each t € T. Hence, to prove Theorem 7.1, we have to examine the rank of

N. To get a rank estimate for N, we use the following proposition, whose proof will be
given in the next section.

Proposition 7.3 For p = (p1,p2,7,() € Gy, let ©,: 77 (0F)®* > (03)®* be the
morphism defined by

¢ x(p) - ¢u() 72 (gn)
(¢2) — (X(P)_l'ﬁbz(T)_z'Tu(SDz))’

where T : 7503 > O3 ¢ = @ o 7. Let & be an algebraic family of higher Chow cycles
on X — T. Then we have
Z(vue(p™8)) = 0,(Z(vu(£))),

where 9 :Q~Q, — (05")®* is the Picard-Fuchs differential operator defined in
Proposition 5.2.

Thanks to this proposition, we can compute Z(N ) explicitly and we get the desired
rank estimate for N. First, we compute Z(N").

Proposition 7.4 The images of vi;(&y), e (&1), vir (€0 ) under the Picard-Fuchs dif-
ferential operator 9 are as follows:

2 (1 2 E 2 %
@(Vtr(&])):a—b(_l)’ Q(Vtr(fl)):m s | PD(vue(§o)) = a-b val
T Vich Vb

In particular, rank N*" = 3,

Proof The key for the proofis to find p?, p* € Gx such that
(27) (P (E-&)=&+&, (P (&1-&) =& - bw.

We consider the following elements.

(a) p* = (id,id, 7%,1), where 7 € Gy satisfies (1°)! (V/a) = /a, (7*)! (V1-a) =
—1-a, (%) (\/E) =v/b, and (7%)! (\/ﬂ) =\/1-b. Then we have
¢1(7%) = —1and ¢,(7%) = 1.

(b) p?=((1 00),(1 0),7%,1), where 7°eGr satisfies (7°)f(\/a)=V1-a,
() (Vi-a) = Va, ()} (\/E) =V1-b, and (") (M) = /b. Then we
have ¢,(7%) = 1and ¢,(7°) = L.

These elements stabilize the curve C. By the local description of the G -action in the

end of Section 6, we see that these elements satisfy (27).
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By Proposition 7.3 and (27), we can compute 2 (v (& + &1)) and D (vir (&0 — €w))
from Proposition 5.3 as follows:

1+ Y=k
9("&(504‘51)):@)pn(.@(v,r(fl—fo))):i _l_g ’
X 1-b %_1
D(ve(Eo = E00)) = 00 (D(viy (81— £9))) = ———————— | V*
g (1-a)-(1-b) -

Hence, the images of v, (&), ver (&), and v, (€o ) under the Picard-Fuchs differential
operator are as in the statement. Since they are linearly independent over Q, the latter
part follows from these expressions. ]

Next, we give an estimate for the rank of N. The proof below was simplified by
advice from Terasoma. Furthermore, Sreekantan pointed out an error in the Table 2
in the previous version of this paper.

Proposition 7.5 Rank N > 18.

Proof Letp',p?,...,p% € Gy be elements defined after Theorem 7.1. Using Propo-
sitions 7.3 and 7.4, we can compute Z (v, ((p')*&,)) fori=1,...,6 and e = 0,1, 00 as
Table 2. Note that this table contains the ambiguity of signs because we do not fix the
Gr-components of p’.

We will show that the vectors in Table 2 are linearly independent over Q. It is
enough to show that the first components of these vectors are linearly independent
over C. Note that the first components of these vectors are expressed by

2( . Fl . F2>

where { € pg4, F, is either

1 1 1 1 1 or
a-b a+b-1 ab-a-b ab-b+1 ab-1 a-ab-
and F, is either

Vb Vi-b Vi-b Vb Y
bl \/E’ m’ \/a b _ bl m) bl \/E
Since elements in (28) are linearly independent over C and elements in (29) are linearly

independent over Frac(By), their products are linearly independent over C. Hence,
we have the result. [ ]

(28)

7€ Frac(By)

(29) 1

or Vb € Frac(B).

Then we can prove the main theorem as follows.

Proof of Theorem 7.1 Since N is countable, by Lemma 2.4, N - ev;(N) is bijec-
tive for very general t € T. By Proposition 75, rank ev,(N) > 18 for such ¢. Since
evi(ve(p*éa)) = r((p*&)s), evy(N) is generated by the images of (p*&); (p €
Gox,® € {0,1,00}) under the transcendental regulator map. By Proposition 2.3, the
transcendental regulator map induces the surjective map E; - ev;(N). Hence, we
have rank E; > rank ev,(N) > 18 for very general t € T. n
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Its image
in Gy, P(va((p')§0)), Z(vu((p)*8)), Z(vu((p')*E0))
X V1-b Vb
- 2 2 | Vica 2 | &
(id,id) + , » E—
a-b _1 a-b _\/m Ta-b Va
Vi-b Vb
Vish - Vb
; 2 Vi-a Va
(id. (01)) Tab—a-b 1 ab—a—b \/1— ab-a-b| a
V1-b NG

q a+b-1 \/1 a
Vb

Vb 1-b
(d (1oo)) | £ 271 Y L2ve | vita |, v
’ a+b-1 ’

Vi-b Vb 1
(id,(Oloo))i£ Vi-a V-1 | Va
a-ab-1| 1 a—ab—l 1-a a—ab-1 va
Vi-b Vb
1-b
Vb = L
00y a2 |22 ViZa | L 2 [Va
ab-1| 1 |’ ab—l Vi-a ab-1 va
Vb Vi-b
. 1 ViTh
(id, (0 00 1)) i£ i£ Vi-al| 4 2 Va
ab-b+1| 1 ab-b+1 JiTa ab-b+1 JVa
Vb N

Table 2: The images v, ((p')*&.) under the Picard-Fuchs differential operator &

7.3 Precise rank of N

Proposition 7.6  rank N = 18.

To prove this, we use the following proposition which we prove in Section 8
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Proposition 7.7

(1) Forp = (p1,p2,7,() € G, let ¥, : 7°OF — OF be the OF'-module isomorphism
defined by

9 —— x(p)" -7 (9).

Then (¥, ) peG . defines a Gx-linearization on OF. Furthermore, (¥, ) pec. induces
a Gx-linearization on Q, = OF [P,. Under the isomorphism Q, ~ Q, (¥,)pec
defines a G -linearization on Q. _

(2) Let & be an algebraic family of higher Chow cycles on X — T. For any p € Gy, we
have

vie(p78) = ¥ (vir (8)).
The following proof of Proposition 7.6 was simplified by the advice from T. Saito.

Proof of Proposition 7.6 It is enough to prove rank N < 18. By the G -linearization
(¥))pecy of Q, N becomes a right Gx-module.

We consider the following two subgroups H and I of Gx. We define the normal
subgroup H by Ker(Gx — Gr). By the definition of ¥,,, H acts on N as +1. Next, we
define the subgroup I of Gy by

I={(p1,p27.{) €Gx:p1=p2€S({0,1,00})and { =1},

where we regard ({0, 1, co}) as a subgroup of §(2) by {0,1, 00} c X. By definition,
I stabilizes the subset {(0,0), (1,1), (00, 00)} of £ on Y. Thus € is stable under the
I-action. Hence, fore = 0,1, 00 and p € I, (p* &, ) coincides with either +( &)+, (&)1,
or £(&x); up to decomposable cycles (see (26)). By Proposition 2.3, vy (&) is
determined by &4, therefore vy, (p*&,) coincides with either v (&), £vi (&) or
£V (& ). This implies that N*" is an I-submodule of N.

Therefore N°*" is a HI-submodule of N. Then N“*" < N induces the following
Gx-module homomorphism:

(30) Ind$¥ N — N,

where Indgf N is the induced representation. Since the Gx-module N is generated
by N%, the map (30) is surjective. Then we have

rank N < rank Ind%¥ N®*® = |G /HI| - rank N" = 3 - |G /HI].

Hence it is enough to show |Gx/HI| = 6. First, we show HnI= {id}. Let p=
(p1,p2,7,¢) € HN 1. Then we have p; = p, € §({0,1,00}), 7 = id and { = 1. Further-
more, the image of (p1, p>) € Gy, under Gy, — Gr, is (id,id) by the condition of
the fiber product. Since &({0,1,00}) = &(Z) - Aut(Sy) is the isomorphism, we
see that (p1, p2) = (id, id). Hence p = id. Second, we calculate |G| and |H|. We have
that |Gx| =2 |Gy| =2 |6, xg, 64> =2"-32. By |Gr| = |&3| = 2° - 3% and the fact
that Gy — Gr is surjective, |H| = |Gx|/|Gr| = 2°. Third, we calculate |I|. For each
p € 6({0,1, 00} ), the number of elements in Gy of the form (p, p, *,1) equals to the
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cardinality of Ker(Gr — Gr,), i.e., 2*. Hence |I| = 2* - |&({0,1,00})| = 2° - 3. To sum
up these results, we have
G| _ |G«

|Gy /HI| = — = =
[HI||H]-[1]

8 The group action on the Picard—Fuchs differential operator

In this section, we prove Propositions 7.3 and 7.7 and complete the proof of the main
theorem. They are proved by examining the Gx-actions on the periods and the Picard-
Fuchs differential operator.

8.1 The group action on periods

First, we prove Proposition 7.7. By the property of l-cocycles, we see that (W, ) peG
defines a Gx-linearization on O%'. To prove that this induces the Gy-linearization
on Q,, we should prove that ¥, preserves the subsheaf P, which is the local system
consisting of period function with respect to w.

Let p = (p1, p2, 7> () € Go. By the local description of the Gy -action on X, we can
check that p*w = y(p) - w. Pulling-back this relation at 7(t) € T, we have

(31) (i) (@) = x(p™)(2(1)) - we(ry € T(Xary, Q% )0)-

Here, p; : X; - %T(t) is the isomorphism in the diagram (25) and y(p™*)(7(t)) € Cis
the value of (p™') € Bat 7(t). From the equation (31), for any 2-chain I';(;) on %T(,),
we have

Sy o 07 @0 =00 [ gy
= Tu X(P (t) f Wr(t) = X(P)(t)_l . frr(:) Wr(o),

where the last equality follows from the property of 1-cocycles. This is the key for the
proof of Proposition 7.7.

(32)

Proof of Proposition 7.7 We prove (1). We prove that ¥,(7*P,) = P,. Since
pr(¥p) = ‘I’P‘I, it is enough to show only (c). Let U’ be an open subset of T in the
classical topology and ¢ € 7P, (U’) = P, (7(U")). Then there exists a C*°-family of
2-cycles {T+} er(v) such that ¢(t) = [, w;. For any t € U’, we have

N = X9 =X [ gy 5 [ we(wn).

Hence, we have ¥, (¢) € P, (U’). Thus, (¥, ),ec, induces the Gx-linearization on
Qp = 03 /Py
Next, we prove (2). By Corollary 2.5, it is enough to show that

(33) (evi (vie(p7E)) > [we]) = (eve (¥ (vir(£))) , [@i])
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for any t € T. We take a neighborhood U’ of 7(t) and a C*-family of 2-chains
{Ty }reyr such that Ty is a 2-chain associated with &,. We will compute the right-

hand side of (33). Under the isomorphism Q = Q,, ¥, (v (£)) is represented by the
local holomorphic function

(U )3 ¢ — t'_lf Wy :/ wy € C.
(U’) x(p)(t) to O 5 S
The right-hand side of (33) is represented by the value of this function at t. That is,
(34) (eve (¥, (ver(8))), [we]) = [ w; mod P(wy).

P (Trery)

On the other hand, the left-hand side of (33) is (r((p*&):),[w]) =
(r(p; (Exry))» [wi]). Since p;'(Tysy) is a 2-chain associated with p;(&y())s
the left-hand side of (33) also coincides with (34). Hence we have the result. [ |

8.2 The group action on the Picard-Fuchs operator

Next, we will investigate the Gx-action on the differential operator 2. For 7 € G, we
define differential operators 7y, 2, : OF — OF" as follows:

0’ 0o 1
Di=a'(1-a 1-2a")— - -,
r=a “)(aa')2+( a)aa’ 4
0? o 1
25 =b'(1-V 1-2b")— - -,
2 ( )(ab,)z +( )ab, 4
where a’ = 7¥(a) and b’ = 7#(b). By definition,
(35) 7i(7(9)) = 1(Zi(9)) (i=1,2)

holds for any local section ¢ of O%". We have the following transformation formulas.

Proposition 8.1 For p = (p1,p2, 7, () € Gx, we have the following relations in the ring
of differential operators on OF":

P x(p) " =x(p) " 4u(0) 7 7,
P2 x(p) " = x(p) 7 a(0) - 75,
where we regard x(p), ¢1(7) and ¢(7) as differential operators by multiplication.

Proof We prove the first equation. The second equation is proved similarly. Since
x(p) = {¢1(7)¢2(7) and {¢,(7) commutes with 2, it is enough to show that

(36) ¢1(1)>- - pu(1) = 2.

Let 7= (11,7;) € Gr = G3. We denote the image of 7, under &4 — Aut(Sy) =
S({0,1,00}) by 7,. By (24) and the table in Proposition 6.6, ¢;(7) is determined
by 7, up to sign and coincides with either +1,+/~1/1—a or +\/-1\/a. Using
% cat = a4 aA% and % 1-a)'=-A1-a)+ (- a)A%, we can com-
pute the left-hand side of (36) as follows:
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a(l—a)aa—;+(1—2a)%—i (, = id, (0 1)),
(37) —a(l—a)za—z— - )2——7 (1, =(1 00),(0 1 00)),
—az(l—a)%+a2%—i (1, = (0 00), (0 o0 1)).

On the other hand, 7 is also determined by 7, € Aut(Sy) = &§({0,1,0}) by def-
inition. We can check (36) holds for each 7,. For example, when 7, = (1 o), the

differential operator &y is computed as follows: since a’ = —%5, we have
0 da 0 1 0 , 0
— -2 - - T —_(g-1* =
da’ da’ Jda (a’' - 1)2 da (a-1) oa

= (a0 Y oyt e

2
By substituting a’, %, ﬁ in 7 by them, we can confirm that ;" coincides with
the second differential operator in (37). ]

Finally, we prove Proposition 7.3.

Proof of Proposition 7.3 By Proposition 8.1, for a local section ¢ of O%", we have

2 (Y, (9)) = 2 (x(p) " () = x(p) - 41(2) - 27 (7} (9))

X L) (2(9),

7 (¥:(9)) = x(p) ™" $2() 2 - 7 (2:(9)).
In particular, we have Z(\¥,(¢)) = ©,(Z(¢)). Then by Proposition 7.7, we have

P (vue(p*€)) = 2(¥p (ve(8))) = ©,(Z(ve(£))). "
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