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1. Introduction . The function GO (X) was defined by 
^, v 

G.N. Watson, [9, (i)] in 1931 by the integral relation * 

1 °> (x) - xZ f J (t)J (x/t) t"1dt 
f l , V J O \1 V 

2 -2v-l 1 1 
x 2 rF-Li-—v) 1 1 \ 1 2 

^ 2 j
 oF3(v+l,l-|Fi+^vfl+|Fi+|v;x':/l6) 

r(v+i)r(i+||i+-|v) 

+ another term with JJL and v interchanged; 

-R(H + | ) < 0< R(v + | ) . 

He showed (without proof) that it is a symmetric Fourier kernel. 
Later K.P. Bhatnagar, [1, (i), (ii)] in 1953 and 1954 investigated 
in some details the properties of this kernel and extended it to n 
parameters and defined 

/
' X 0 

J (t)J (— ) t dt was originally evaluated by 
o JJL v t 

C.V.H. Rao. See Messenger of Maths, 47, (1918), 134-7. Also 
see Bessel Functions by Watson. (1922) 437. 
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00 

VA 

1 
— oo oo 

(x) = x2 [ . . . / J ( t ) . . . J (t )J ( 2— 
L ^o j o u 1 LX n-1 UL t . . . t 
n 1 r n - l nn 1 n-

•) x 

x ( t , - - . t J ^ d t . . . d t 
1 n-1 1 n-1 

= f w (x/t) J (t)" 2dt , 
^ O JJL , . . . JX Li. 

^1 ' n - l ' n 

1 
where R(JJL + T ) >; 0, k = 1, 2, . . . , n and the JJL' S may be permuted 

among themselves. 

V.P. Mainra, [3, (ii)] in 1958 defined the function 

w X (x) - f Z (xt) J (t)/Tdt, 
Li, V ^ O Li, V \ 

and further generalised this kernel as 

-, . . . v oo oo 
m (x) = f . . . f J ( t , ) . . . J (t )J (T ) . . . J (T ) 

. . . . u ^ o ^ o v j l v m u 1 u ^ n- 2 
I n 1 m l n-2 

v A » • • • 

00 

00 

M-

2 
^ V ' ^ m , l t l ' " m d T . . . d T d t . . . d t , m < n. 

^ „ ' ^ J ^ T~~ ' "^ T d n " 2 d 
n - l ' r n T . . . T ' T . . . T 

1 n-2 1 n-2 

m 

R(LL , v ) > - 1, r = 1, 2, . . . n, 
r s 

s = 1, . . .m . 

In 1961, Charles Fox [2] showed that the G-Function as defined by 
C.S. Meijer, [4] is a symmetric Fourier kernel. For certain 
values of the parameters the kernel degenerates into the kernels 
of Bhatnagar and Mainra, but he did not investigate the properties 
of this kernel. B. Singh [5, (i)] in 1964, Y.P . Singh [7, (i)] and 
P. Singh [6] in 1966 showed that many of the results given in 
Watson ?s Bessel Functions follow as particular cases of the 
integrals involving the generalised kernels mentioned above. 
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In t h e p r e s e n t p a p e r , t h e a u t h o r h a s p r o v e d c e r t a i n 
i n t e r e s t i n g r e s u l t s i n v o l v i n g t h e f u n c t i o n s f ( t ) , g( t ) and t h e i r 
t r a n s f o r m s F ( x ) and G(x) i n t h e s e g e n e r a l i s e d t r a n s f o r m s . 

T h e f o l l o w i n g r e s u l t s a r e e i t h e r k n o w n o r c a n b e p r o v e d 
e a s i l y . 

(1) £ (x) = ,/x" J (x) , 2 fx) = J , MA2yfx) , R(fi) > - 1 

(2) Z (x) = f % (xt) J ( t _ 1 ) t 2 d t 
( J L . . . . U . J O ( J L , . . . ( J L |JL 

1 " n 1 n - 1 n 

r r n + l r n 

= f S (xt)£ (t *)-^>""*r 

1 , 2 , . . . n 

V , . . . V 00 

(3) ST * m ( x ) = f £ ( x t ) £ ( t )d t , m < n , 

^ 1 n n l n 1 m 

R(HL + V ) > - 2 , 
" r s 

r = 1, . . . n, • s = 1, . . . m . 

(4) GJ (x) = 0 (x ) , r = 1, 2, . . . n f o r s m a l l x 

^ 1 ' , , , f i n 

1-n 1 2 

= x 2 n [ c o s ( 2 n x n + a)(A + 0 ( x n )) 

1 1 
+ s i n ( 2 n x n + a) 0 ( x n ) ] 

1 - n + m 
v . , . . . v 

. , ^ 1 m 2 ( n - r n ) r ,,_ . n - m n - m x 

(5) co = x c o s ( ( 2 n - m ) x + a ) (A^ + 0 (x ) 
Id , , . . . UL 1 ' 1 n 
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1 0 a 
m _ ,D n , 

+ s i n ( 2 ( n - m ) x n " m + a ) Ofx»"™ )] + S x " 2 ( 4 + T ) X 

1 n = l 

{ P n + 0 ( x " 2 ) } , 

/ O i l 

for l a r g e x and <x,a., A, A , P a r e c o n s t a n t s , ~ 0 ( x ^ H) 
1 I n 

for s m a l l x , r = 1, 2 , . . . n . 

(6) T h e M e l l i n t r a n s f o r m s of £ (x) and 

1 n 

v , . . . v / 1» ^ / ^ l i s , 1 \ ^ / ^ n s 1 

~ l m, 9 n s - 2 r(— + - + 7 . . . r — + - + -
GO (x) a r e 2 ^ 2 2 4 2 2 4 p^ , . . .\x 

_ , 1 s 3 r n s 3 
r ( — - — + — ) . . . r ( — -— + — ) 

V 2 2 4 ; V 2 2 4 ; 

and 

2 

/ w 1 , , 1 s 1 . , n s 1 , , 1 s 3. , m s 3v 
( n " m ) ( s "2 ) r ( Y + I + 4 ) - - - r ( T + I + i ) r ( T - I + I ) - - - r ( — - I + I ) 

, 1 s 3 , , n s 3 x . 1 s 1 m s 1. 
r ( T - I + I ) - - - r ( T - I + I ) r ( T + I + I ) - - - r ( — " z 4 ^ 

1 1 
and b e l o n g to L(-oo, oo) if •— - — > cr , s = <x + i t . 

2 n 

R e s u l t s (2) and (3) c a n b e p r o v e d by an a p p l i c a t i o n of 
P a r s e v a l ' s t h e o r e m [8, p . 5 4 ] . 

N o t a t i o n s e m p l o y e d 

(x) - f f ( t ) £ (xt) dt 
J n ii . . . . ii V'^n "° ^ . . . . ^ 

V , . . . V 00 V , . . . V 

f 1 m ( x ) = f f ( t ) £ 1 m ( x t ) d t 
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If g(x) = f f(t)<£ (xt)dt, g(x) is called the £ (x) 
^ O fj, , . . . f l |JL , • • - U 

I n r 1 n 
transform of f(x). 

If g(x) = f(x), f(x) is said to be R 

1 n 

THEOREM 1. Let f(t) and G(t) be continuous and belong 

to L(0, oo) and F(x), G(x) be the GO (X) transforms of 

f(t) and g(t) respectively. Then 

> V - - . H n 

f F(x) G(x)dx = / f(t)g(t)dt . 
J o J o 

Proof. 

00 00 00 

f F(x)G(x)dx = f G(x)dx f f(t)£ (xt)dt 
J O J 0 ^ O UL . . . . U 

1 n 

oo oo 

= f f(t)dt f G(x)w (xt)dt 
J O J O LL , . . .|JL 

1 n 

00 

= f f(t)g(t)dt. 
J o 

This is the Parseval theorem for the transform OJ (x) 

introduced by Bhatnagar [ l , (i)]. 

V-^ • • -K 

THEOREM 2. Let f(t), G(t) and̂  g(t) satisfy the 
conditions of Theorem 1. Then 

f F(x)G(x)dx = f f (t)g (t)dt 

f f (t)g (t)dt 
n n 
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Proof . 

f f(t) w (xt) dt 
1 n 

f y/t f(t)dt f w (xy)J ( t /y )y dy, 
r l r r - 1 r r + l r

n
 r r 

R(n ) > - 1 , s = 1,2, . . . n , 
s 

oo 

= f f (y ) w (xy) y dy 
r n l " r - l n 

T h e r e f o r e 

oo 
f G(x)dx f f(t) w (xt)dt 

J O ^ O M . , . . . U ' 1 n 

00 00 

/ G(x)dx f f ( y _ 1 ) w (xy)dy /y 

1' p r - l ' r r - K ' n n 

0 0 

= Lf ( y ' S y ^ d y f G(x)5T (xy)dx 
r ' 1 " r - l r + l n 

Now 

f G ( x ) £ (x)dx 
1 ' r - 1 " r + l " n 

L w ( x y ) d x f g(t)5T (xt)dt 
1 ' r - l r+1 n ^1 *n 

L g(t)dt L " (x>" ,xt, -1 
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E V • " P , . A'V-^JLA' • - - f 1 . - 1 /• „ M ' ' * ' t ~ r - r t " r + r ' ' "'"n 
= y / g(t) £ ( t /y )d t 

Y~ f g(t)w ( t /y )d t = y" f g ( t ) / J J ( t / y ) d t 

- 1 - 1 
= y g u (y ) d y • 

T h e r e f o r e 

00 00 

J o F(x) G(x)dx = JQi ( y _ 1 )g ( y - 1 ) y dy 

r r 

f f (y)g (y)dy » r = 1, 2, . . . n . 

All the condi t ions of De la Val lée P o u s s i n 1 s t h e o r e m (see 
C a r s l a w , H. S. In t roduc t ion to the T h e o r y of F o u r i e r ' s S e r i e s 
and I n t e g r a l s . A r t . 89, p . 209) a r e sa t i s f ied and a change in the 
o r d e r of i n t e g r a t i o n s can be effected. 

COROLLARY 1. Le t 

F(x) = f f ( t )S (xt)dt, G(x) = f g(t)fc (xt)dt . 
n l n I n 

Then 

00 00 

/ F(x)G(x)dx = / f (y)g (y)dy, r = 1,2, . . . n , 

R(|i ) > - 1, r = 1,2, . . . r , 
" r 

unde r the condi t ions of the t h e o r e m . 

COROLLARY 2 . Let 
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F(X) = f f(t)2r (xt)dt 
• ' O |JL , . . . ( 1 

1 ^ m 

G(x) = f g(t) « (xt)dt, m < n , 
^ O Li . . . . Li ° M-» > • • -H 1 

then 

f F(x)G(x)dx = / f (y)g (y)dy, 
1 ^2 r ^1 r m+1 n 

r < m < n, R(n ) > - 1 , s = l , 2 , . . . n , . 
s 

unde r the condi t ions of the t h e o r e m . 

P roo f . 

/ F(x)G(x)dx = / G(x)dx / f (yfô - 1 
J ° J ° J o ^ 1 > . . . ^ r L i r + i , . . . ^ m ( x / y ) y dy -

00 00 LJ, , . . . | 1 

= Jn
f
 n (y)y dy / n g ( t ) S r + 1 m (yt) ydt 

J 0 M , . . . L I ^ O |± , . . . | ± 
r l r * ! " n 

f f (y) g 
r m + 1 n 

E x a m p l e s 

1. Le t f(t) = g(t), so that F(x) = G(x). 

1 3 1 1 

(y)dy 

f x (1+ax) £ 1 (p x ) dx 
J o Zb - T", U 

* The second i n t e g r a l on the r i gh t can be deduced f r o m equat ion 
(2). 
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i 111 i l l 
- p K d (2 a p ) J 1(2 a p ) 

2b 2b 

2 2, 2 
f x * ( l + a x ) 

1 
2 b - - , 0 

(px)dx 

-2 2 
2a n K & , ' 2 p 

P " 1(7 a ) J . , 1{JT ) 

2b 2b 

1 2 1 _ 
f(x) = x 2 / ( l + a 2 x 2 ) 2 , F(x) = 2 a " 2 x 2 K , ( / — ) J , ( / — ) 

2 b - r a 2 b - i j a 

and 

/ — *— ! 2 4 oo 2 
/» > T^ . Z x . _ , / 2 x . i n a ^ xdx a 
/ x<K / — ) J / )\ dx = — / — — : = — , 
- f O ! ^ 1 l v a ^ 1 V a / 4 «̂ o 2 2 , 3 16 

2b - - 2 b ""2 J l X * 

00 * 

R(b) > - - . 

2. Let f(x) = F(x) = x K (x) which is R , - l < R ( v ) < l . 

1 
oo - v + -

f (y) = f xC K (x)Vxy J (xy)dx = y 2 / ( l + y 2 ) . 
V J O V V 

* See [*]» References . This can be proved by an application of 
P a r s e v a l ' s theorem on Mellin Transform. 
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Therefore 

Also 

oo co 2v+l 

/ {f (y)}2dy = / - J L - 7 - ? d y = — ^ — 
^o v ^o , , , 2,2 2 sm VTT 

(1+y ) 

1 
oo oo — 

2 /« r 2 T^ . , . 2 _ VTT f ( F ( x ) } d x = f { x K ( x ) } d x 
J o ^ o v J 

Hence 

o ^o v 2 sin VTT 

po oo 
/ {F(x)} 2 dx = / {%)} 2 dy J o ^ o 
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