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Dr PepDIE in the Chair.

Symmedians of a Triangle and their concomitant Circles

By J. 8. Mackay, M.A,, LL.D.

NOTATION
A B C =vertices of the fundamental triangle
A B O =mid points of BC CA AB
D EF = points of contact of sides with incircle
=other triads of points defined as they occur
D, E F = points of contact of sides with first excircle
And so on
G = centroid of ABC
I =incentre of ABC
L L I, =1st 2nd 3rd excentres of ABC
J = quartet of points defined in the text
J, 3. 9,
K =insymmedian point of ABC
K, K, K; =1st 2nd 3rd exsymmedian points of ABC
L MN = projections of K on the sides of ABC
L MN, = , » K, ” ”»
And so on
0 = circumcentre of ABC
R ST =feet of the insymmedians
R 8T = 4 »  exsymmedians
XY Z =,  perpendiculars from A B C
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INTRODUCTORY

DeriNiTION. The isogonals * of the medians of a triangle are
called the symmedians {

If the internal medians be taken, their isogonals are called the
internal symmedians } or the insymmedians ; if the external medians
be taken, their isogonals are called the external symmedians, or the
exsymmedians

The word symmedians, used without qualification or prefix, may, as in the
title of this paper, be regarded as including both insymmedians and exsym-
medians (cyclists include both bicyclists and tricyelists) ; frequently however
when used by itself it denotes insymmedians, just as the word medians
denotes internal medians

It is hardly necessary to say that as medians and symmedians are particular
cases of isogonal lines, the theorems proved regarding the latter are applicable
to the former. Medians and symmedians however have some special features
of interest, which are easier to examine and recognise than the corresponding
ones of the more general isogonals

DerinitioN. Two points D D’ are dsutomic§ with respect to BC
when they are equidistant from the mid point of BC

It is a well-known theorem (which may be proved by the theory
of transversals) that

If three concuwrrent straiyht lines AD BE CF be drawn from
the wvertices of ABC to meet the opposite sides in D E F, and if
D' E' F' be isotomic to D E F with respect to BC CA AB, then
AD BE' CF' are concurrent

DerFiNiTIoN. If O and O’ be the points of concurrency of two
such triads of lines, then O and O’ are called reciprocal points §

* See Proceedings of Edinburgh Mathematical Socicty, XIII, 166-178 (1895)

+ This name was proposed by Mr Maurice D’Ocagne as an abbreviation of
la droite symétrique de la médiane in the Nouvelles Annales, 3rd series, IT451 (1883).
It has replaced the previous name antiparallel median proposed by Mr E. Lemoine
in the Nouvelles Annales, 2nd series, XII 364 (1873). Mr D’Ocagne has published
a monograph on the Symmedian in Mr De Longchamps’s Journal de Mathéma-
tiques Elémentaires, 2nd series, 1V, 173-175, 193-197 (1885)

1 The names syméddiane intéricure and symédiane extérieure are used by Mr
Clément Thiry in Le troisiéme livre de Géométrie, p. 42 (1887)

§ Mr De Longchamps in his Journal de Mathématiques Elémentaires, 2nd series,
V. 110 (1886).

https://doi.org/10.1017/50013091500031758 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031758

39

Tnstead of saying that D D’ are isotomic points with respect to
BC, it is sometimes said that AD AD’ are isotomic lines with
respect to angle A

v7e)
ok

Construction for an insymmedian

Ficurk 12

Let ABC be the triangle

Draw the internal median AA’ to the mid point of BC;
and make - BAR= . CAA’

AR is the insymmedian from A

The angle C A A’ is described clockwise, and the angle BA R
counter-clockwise ;
consequently AA" AR are symmetrically situated with respect to
the bisector of the interior angle BA C

Hence since AA’ is situated inside triangle ADBC,
AR is inside ABC

The following construction* leads to a simple proof of a useful
property of the insymmedians

Figure 13

From AC cut off AB, equal to AB
and ,, AB , ,, AC, , , AC
If B,C, be drawn, it will intersect BC at L the foot of the bisector
of the interior angle BA C

Hence if A A', which is obtained by joining A to the point of
internal bisection of BC, be the internal median from A, the corre-
sponding insymmedian A R is obtained by joining A to the point of
internal bisection of B,C,

* Mr Maurice 1YOcagne in Journal de Mathématiques Elmentaires et Spéciales,
IV. 539 (1880). This construction, which recalls Euclid's pons asinorum, is sub-
stantially equivalent to a more complicated one given by Const. Iarkema of St
Petersburg in Schlomilch’s Zeitsehrift, X VI, 168 (1871)
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(1) BC and B, C, are antiparallel with respect to angle A

(2) Since the internal median A A’ bisects internally all parallels
to BC, therefore the insymmedian AR bisects internally
all antiparallels to BC

(8) The insymmedians of a triangle bisect the sides of its orthic
triangle ¥

(4) The projections of B and C on the bisector of the interior
angle BAC are P and Q. If throuyh P a parallel be drawn
to AB, and through @ a parallel be drawn to AC, these
parallels will intersect + on the insymmedian from A

[The reader is requested to make the figure]

Let A” be the point of intersection of the parallels, and A’ the
mid point of BC

It is well known} that A'P is parallel to AC, that A'Q is
parallel to AB, and that

A'P=}(AC-AB)=A'Q

Hence the figure A'PA"Q is a rhombus,
and A" is the image of A’ in the bisector of angle A
Now since A’ lies on the median from A
A" must lie on the corresponding symmedian

(5) The three internal medians are concurrent at a point, called
the centroid ; hence, by a property§ of Isogonals, the three
insymmedians are concurrent at a point

[Other proofs of this statement will be given later on]

Various names have been given to this point, such as minimum-point,
Grebe’s point, Lemoine’s point, centre of antiparallel medians. The designa-
tion symmedian point, suggested by Mr Tucker|i is the one now most commonly
in use

* Dr Franz Wetzig in Schlomilch’s Zeitschrift, XI1. 288 (1867)

+ Mr Maurice D’Ocagne in the Nouvelles Annales, 3rd series, I1. 464 (1883)
T See Proceedings of the Edinburgh Mathematical Society, XIII. 39 (1895)

§ Proccedings of the Edinburgh Mathematical Society, XIIL. 172 (1895)

il Educational Times, XXXVTII. 211 (1884)
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The symmedian point has three points harmonically associated with it ;
when it is necessary to distinguish it from them, the name insymmedian point
will be used

The insymmedian point and the centroid of a triangle are
sogonally conjugate points

(6) If XYZ be the orthic triangle of ABC the insymmedian
points of the triangles AYZ XBZ XYC are situated on
the medians* of ABC

(7) The insymmedian from the vertex of the right angle in a
right-angled triangle coincides with the perpendicular from
that vertex to the hypotenuset, and the three insymmedians
tntersect at the mid point of this perpendicular }

The first part of this statement is easy to establish. The second
part follows from the fact that the orthic triangle of the right-angled
triangle reduces to the perpendicular

’
§1
Construction for an exsymmedian

Ficure 14

Let ABC be the triangle

Draw the external median A A, parallel to BC;
and make - BAR'= . CAA,

AR’ is the exsymmedian from A

The angle CAA. is described counterclockwise, and the angle
BAR’' clockwise ;
consequently AA, AR’ are symmetrically situated with respect to
the bisector of the exterior angle BAC

Hence since AA. is situated outside triangle ABC,

AR’ is outside ABC

The following construction leads to a simple proof of a useful
property of the exsymmedians

* Dr Franz Wetzig in Schlomilch’s Zestschrift, X1I. 288 (1867)
+ C. Adams’s Eiyenschaften des... Dreiccks, p. 2 (1846)
+ Mr Clément Thiry’s Le troisiéme livre de Géométrie, p. 42 (1887)
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Ficure 15

From CA cut off AB, equal to AB
a‘nd 3] BA ” ” ACI ” b2l AC
If B,C, be drawn, it will intersect BC at L’ the foot of the bisector

of the exterior angle BAC

Hence if AA., which is obtained by joining A to the point of
external bisection of BC (that is, by drawing through A a parallel
to BC) be the external median from A, the corresponding exsym-
median AR’ is obtained by joining A to the point of external
bisection of B;C, (that is, by drawing through A a parallel to B,C,)

(1) BC and B,C, are antiparallel with respect to angle A

(2') Since the external median AA. bisects externally all
parallels to BC, therefore the exsymmedian AR’ bisects
externally all antiparallels to BC

(3') The exsymmedians of a triangle are parallel to the sides of
its orthic triangle*

(&) The projections of I3 and C on the bisector of the exterior
angle BAC are P' and Q'. If through P' a parallel be
drawn to ADB, and through @' a parallel be drawn to AC,
these parallels wrll intersect on the itnsymmedian from 4

The proof follows from the fact that A'P’ is parallel to AC,
that A'Q’ is parallel to AB, and that

AP =}(AC+AB)=AQ

(5') The external medians from any two vertices and the internal
median from the third vertex are concurrent at a point;
hence, by a property of Isogonals, the corresponding
exsymmedians and insymmedian are concurrent at a

point

[Other proofs of this statement will be given later on]

* Dr Wetzig in Schlomilch’s Zeitschrift, X1I. 288 (1867)
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Three points are thus obtained, and they are sometimes called
the exsymmedian points

The three points obtained by the intersections of the external
medians of ABC are the vertices of the triangle formed by drawing
through A B C parallels to BC CA AB; that is, they arve the
points anticomplementary® to A B C

Hence the exsymmedian points of a triangle are isoyonally
conjugate to the anticomplementary points of the vertices of the
triangle

(6) The tangents to the circumcivele of a triangle at the three
vertices are the three cxsymmedians of the trianylet

Frauvwe 14
For ~ BAR'= - CAA.
= . ACB
therefore AR’ touches the circle ABC at A
(7") When the triangle is right-angled two of the.exsymmedians
are parallel, or they intersect at intinity on the perpen-

dicular drawn from the vertex of the right angle to the
hypotenuse

The distances of any point in an tnsymmedian from the adjacent
sides are proportional to those sides}
Ficure 16
Let AA’ be the internal median, AR the insymmedian from A
From R draw RV RW perpendicular to AC AB;

and A" ,, AP AQ ” s s
Then. RW:RV=AP:AQ
=AB:AC

* See Proceedings of the Edinburgh Mathematical Society, I. 14 (1894)

1 C. Adams’s Eigenschaften des... Dreiccks, p. 5 (1846)

T Ivory in Leybourn’s Mathematical Repository, new series, Vol. I. Part 1. p. 26
(1804). Lhuilier in his Elémens & Analyse, p. 296 (1809) proves that

RW :RV=sinC :sinB
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§2

The distances of any point in an exsymmedian from the adjacent
sides are proportional to those sides

Fioure 17

Let AA. be the external median, AR’ the exsymmedian from A
From R’ draw RV’ R'W’ perpendicular to AC AB;
and from A, any point in the external median, draw AP’ A Q'
perpendicular to AC AB
Then RW . RV'=AP:AQ
=AB:AC

§3

The segments into which an insymmedian from any vertex divides
the opposite side are proportional to the squares of the adjacent sides*
Ficure 16

Let AR be the insymmedian from A
Draw RV RW perpendicular to AC AB

Then AB:AC= RW : RV
therefore AB?: AC*=AB'RW : AC'RV

= ABR : ACR

= BR : CR

Another demonstration, by Mr Clément Thiry, will be found in
Annuaire Sctentifique du Cercle des Normaliens (published at Gand,
no date given), p. 104

*Ivory in Leyboum’g Mathematical Repository, new series, Vol. I. Part I. p. 27
(1804). Lhuilier in his Elémens d’ Analyse, p. 296 (1809) proves that

BR : CR=sin’C ;sin’B
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§¥
The segments into which an exsymmedian from any vertex divides
the opposite side are proportional to the squares of the adjacent sides™®

Ficure 17

Let AR’ be the exsymmedian from A
Draw R'V’ R'W’ perpendicular to AC AB

Then AB:AC= RW : RV
therefore AB?: AC*= ABR'W :AC'R'V'
= ABR : ACR
= BR : CR
§4

The insymmedians of a triangle are concurrent

FirsT DEMONSTRATION

Ficure 18

Let AR BS CT be the insymmedians

Then BR:CR=AB?: AC?
CS:AS=B(C*: BA?
AT :BT=CA?: 0B

therefore L === -1

since of the ratios BR: CR CS:AS AT : BT all are negative ;
therefore AR BS CT are concurrent

*C. Adamns’s Eigenschaften des ... Dreiecks, pp. 3-4 (1846). Pappus in his
Mathematical Collection, VII. 119 gives the following theorem as a lemma for one
of the propositions in Apollonius’s Loci Planti :

If AB*: AC’=BR’ :CR’
then  BR“CR'=AR”"

4 Vol. 14
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SECOND DEMONSTRATION

Ficure 19
Let BK CK the insymmedians from B C cut each other at K :
to prove that X lies on the insymmedian from A

Through K draw

EF’ antiparallel to BC with respect to A

FD’ ” » CA " » B

DE » s AB " » C
Because FD’' is antiparallel to CA

therefore BK bisects FD’
Similarly CK bisects DE'

Now _DDK=_A=_DDK;
therefore KD =KD',
therefore KD=KD'=KE =KF

Again .EEK= -B=_EEK;
therefore KE=XKE
Similarly KF=XF';
therefore KE=KF;

therefore K is on the insymmedian from A

THIRD DEMONSTRATION*

Ficure 20

On the sides of ABC let squares X Y Z be described either all
outwardly to the triangle or all inwardly. Produce the sides of the
squares Y Z opposite to AC and AB to meet in A’; the sides of
the squares Z X opposite to BA and BC to meet in B’; the sides
of the squares X Y opposite to CB and CA to meet in '

“ K., W. Grebe in Grunert’s drchiv, IX. 258 (1847)
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Let BB’ and CC’ meet at K

Then BB’ is the locus of points whose distances from AB and
BCarein theratior:a;
CC' is the locus of points whose distances from AC and BC are in
the ratio b : a ;
therefore the ratio of the distances of K from AB and ACisc:b
that is, K lies on AA’

The eight varieties of position which the squares may occupy
relatively to the sides of the triangle may be thus enumerated :

(1) X outwardly Y outwardly Z outwardly
(2) X inwardly Y inwardly Z inwardly

(3) X inwardly Y outwardly Z outwardly
(4) X outwardly Y inwardly Z inwardly
(5) X outwardly Y inwardly Z outwardly
(6) X inwardly Y outwardly Z inwardly
(7) X inwardly Y inwardly Z outwardly
(8) X outwardly Y outwardly Z inwardly

If the construction indicated in the enunciation of the third
demonstration be carried out on these eight tigures

(1) and (2) will give the insymmedian point K

3) » &) 5 , 5 first exsymmedian ,, K,

(5) i} (6) ” ”» ”» second 9 ” I{_’
(7) ” (8) 11 3 ” third ] ”» K::

Now that the existence of the insymmedian point is established,
it may be well to give that property of the point which was the first
to be discovered.

The sum of the squares of the distances of the insymmedian point
Jrom the sides is @ minimum*

*“Yanto” in Leybourn’s Mathematical Repository, old series, I11. 71 (1803).
See Proceedings of the Edinburgh Mathematical Society, X1I. 92-102 (1893)
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In the identity
(22 + 92 +2°)(a® + b° + %) — (a + by + ca)?

= (bz — cy)* + (cx — az)* + (ay - bx)®
let @ & ¢ denote the sides of the triangle,
« y = the distances of any point from the sides

Then the left side of the identity is a minimum when the right
sides is a minimum
But a® + 5%+ ¢? is fixed, and so is ax + by + ¢z, since it is equal to 24\;
therefore 2* + 4*+2* is a minimum when the right side is 0
Now the right side is the sum of three squares, and can only be O
when each of the squares is 0 ;

therefore bz~cy=cx—az=ay—-bx=0
therefore oY _F
a b ¢

Hence the point which has the sum of the squares of its
distances from the sides a minimum is that point whose distances
from the sides are proportional to the sides

[The proof here given is virtually that of Mr Lemoine, in his paper com-
municated to the Lyons meeting (1873) of the Association Frangaise pour
Vavancement des Sciences. Another demonstration by Professor Neuberg will
be found in Rouché et de Comberousse’s 7raité de Géométrie, First Part,
p. 455 (1891)]

!
§4
T'he insymmedian from any vertex of a triangle and the exsym-

medians from the two other vertices are concurrent *

F1rsT DEMONSTRATION

Fioure 21

Let AR be the insymmedian from A, and BS' CT' the exsym-
medians from B C

*C. Adams’s Eigenschaften des...Dreiecks, pp. 3-4 (1846)
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Then BR :CR =AB?: AC?
CS:A8=BC:BA*
AT :BT' =CA*:CB*

therefore puinii i oinin N |

since of the ratios BR:CR, C8': A8, AT : BT' two are positive
and one negative ;
therefore AR BS’ CT’ are concurrent

Hence also AR’ BS CT'; AR’ BS' CT are concurrent
The points of concurrency of

AR B¥ CT’'; AR’ BS CT'; AR’ BY OT

will be called the 1st 2nd 3rd exsymmedian points, and
will be denoted by K; K, K,

SecoNp DEMoONSTRATION¥

Ficure 22

About ABC circumscribe a circle ; draw BK, CK, tangents to
itat B C
Then BK, CK, are the exsymmedians from B C: to prove AK,
to be the insymmedian from A
Through K, draw DE antiparallel to BC, and let AD AC meet

itat D E

Then .BDK,= - ACB= . DBK,;
thevefore BK,=DK,
Similarly CK,=EK,;
therefore DK,=EK,;

therefore AK, is the insymmedian from A

From this mode of demonstration it is clear that if K, be taken
as centre and K,B or K,C as radius and a circle be described, that
circle will cut AB AC at the extremities of a diameter

* Professor J. Neuberg in Mathesis, I. 173 (1881)
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(1) The insymmedians of a triangle pass through the poles of the
sides of the triangle with respect to the circumcircle
For K, is the pole of BC with respect to the circumcircle

(2) The six internal and external symmedians of a triangle meet
three and three in four points which are collinear in pairs with the
vertices

Ficure 235

(8) If triangle ABC be acute-angled, the points
A B ) will be situated on the lines
K.K, KK, KK,; .
and the circle ABC will be the incircle of triangle KK, K,
If, however, triangle ABC be obtuse-angled, suppose at C,
then the point A will be situated on K,K; produced
B, ., » KK,
c , , " » K K,;
and the circle ABC will be an excircle of triangle K, K,K,

Ficure 26

(4) Hence the relation in which triangle ABC stands to K,K,K,
will, if ABC be acute-angled, be that in which triangle DEF stands
to ABC; or, if ABC be obtuse-angled, it will be that in which one
of the triangles D,E,F, D,E,F, DEF; stands to ABC

(5) If DEF be considered as the fundamental triangle, then
A B C are the first, second, and third exsymmedian points, and
the concurrent triad AD BE CF meet at the insymmedian point of
DEF

If DET, be considered as the fundamental triangle, then
A B C are the first, second, and third exsymmedian points, and
the concurrent triad AD, BE, CF, meet at the insymmedian point
of D,EF,

Similarly for triangles D,E,I, D,E,F,;

(6) The points of concurrency* of the triads

*The concurrency may be cstablished by the theory of transversals
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Ficure 27
AD BE CF I
AD, BE, CF, I,
are
AD, BE, CF, T,
AD, BE, CF, r,

I' being called* the Gergonne point of ABC, and Ty T, T; the
associated Gergonne points

Hence the Gergonne point and its associates are the insym-

median points of the four DEF triangles

(7) With respect to BC

D and D, are isotomic points, so are D, and D,; and a similar
relation holds for the E points with respect to CA, and for the F
points with respect to AB. Hence the triads

AD, BE, CF,
AD BE, CF,
AD, BE OF,
AD, BE, CF

-

which are concurrent{ at

i B

@

furnish the four pairs of reciprocal points,

r T, I, T, (Gergonne points)
J J; J, J; (Nagel points)

(8) Since AD passes through J,
BE ,, w d

CF N
therefore I' is situated on each of the straight lines AJ, BJ, CJ,;
in other words, the triangles ABC J,J,J; are homologous and have

T for centre of homology

* By Professor J. Neuberg. J. D. Gergonne (1771-1859) was editor of the
Annales de Mathématiques from 1810 to 1831

4+ Many of the properties of the J points were given by C. H. Nagel in his
Unitersuchungen iiber die wichtigsten zum Dreiecke gehiorigen Kreise (1836). This
pamphlet T have never been able to procure. Since 1836 some of these properties
have been rediscovered several times
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Since AD, passes through T
BE, »w I
0 F3 ”» ” Pa 5
therefore J is situated on each of the straight lines AT, BI, CI';

in other words, the triangles ABC TI',I,T', are homologous and have
J for centre of homology

Similarly ABC is homologous with
JIJ, JJJ, JJJ
the centres of homology being respectively
T, T, T,

and ABC is homologous with
T, rrm r,nr
the centres of homology being respectively
J, J, J;

@I Iy r, T
be the points of concurrency of lines drawn from A" L' C', the mid
potnts of the sides, parallel to the triads of angular transversals which
determine the points
r I, T, r,

then ™ nry r.r, T,
are concurrent at the centroid of ABC

The points I" T') ... as belonging to triangle A’B'C’ correspond
to the points I' T, ... as belonging to triangle ABC ; hence as ABC
A B'C' are similar and oppositely situated and have G for their
homothetic centre, I'T" T'\I',’ ... pass through G

(10) The I" points are complementary to the I' points, and the
tetrad
i Lry Lty LT

are concurrent at the insymmedian point* of ABC

* William Godward in the Lady’s and Gentlcman’s Diary for 1867, p. 63. He
contrasts this point, in reference to one of its properties, with the centroid of
ABC, and recognises it as the point determined by Mr Stephen Watson in 1865.
See § 8 (2) of this paper.
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(11) The J points are anticomplementary to the I points, and

the tetrad* ’
17 IJ, 1J, ILJ;

are concurrent at G the centroid of ABC

(12) J, J, J; J form an orthic tetrastigm ¥

Ficure 26

(18) AT BI COI interseet EF FD DE
at the feet of the medians of triangle DEF;
AD BE CF intersect EF FD DE
at the feet of the internal symmedians
AT BI, CI, intersect E,F, F\D, D,E,
at the feet of the medians of triangle D,E/F, ;
AD, BE, CF, intersect E,F, F,D, D\E,
at the feet of the internal symmedians
Similarly for triangles D,E,F, D,E;F,

(14) The external symmedians of any triangle are also the
external symmedians of three other associated triangles

Ficure 26

Let DEF be the triangle

Circumscribe a circle about DEF, and draw tangents to it at
D E F. Let these tangents intersect at A B C. Then D,EF,
D,E,F, D,E,F, are the three triangles associated with DEF

To determine their vertices it is not necessary to find I, I, I,
and to draw perpendiculars to BC CA AB

Make CD,=BD CE,=CD, and BF,=BD, and the triangle
D,EF, is determined

Similarly for D,E,F, D,E,F,

* William Godward in Mathematical Questions from the Educational Times
11, 87, 88 (1865)
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(15) LA' LB LC' are concurrent * at the insymmedian point of
11,1,
Ficure 26

For BC is antiparallel to I,I; with respect to . II,T, and A'is
its mid point ;
therefore I,A’is the insymmedian of I,I,1, from I,

Similarly I?‘B, ” ” ” 1 ” ” I2
a'nd I:;C’ i3 ”» bR} 1 I ”» I:‘
(16) TA LB 1,C
LA’ IpB I,C are concurrent

LA’ LB IcC
respectively at the insymmedian points of the triangles
I1.T, LTI, LLT

5

75

The internal and external symmedians from any vertex are con-
Jugate harmonic rays with respect to the sides of the triamyle which
meet at that vertex |

Ficure 25
For BR:CR=AB?: AC?
=BR' : CR’

therefore B R C R’ form a harmonic range
and AR AR’ are conjugate harmonic rays with respect to AB AC

* Geometricus (probably Mr William Godward) in Mathematical Questions from
the Educational Times, 111. 29-31 (1865). The method of proof is not his.

Mr W. J. Miller adds in a note that 1;A’" divides I I, into parts which have
to one another the duplicate ratio of the adjacent sides of the triangle I,I,I,
and similarly for I,B' I;¢'; and that the point of concurrency is such that
the sum of the squares of the perpendiculars drawn therefrom on the sides of the
triangle I,I,1; is a minimum, and these perpendiculars are moreover proportional
to the sides on which they fall.

1 Professor Johann Dottl in his Neue merkwiirdige Punkte des Dreiecks, p. 14 (no
date) states the concurrency, but does not specify what the points are.

1 C. Adams’s Eigenschaften des...Dreiecks, p. 5 (1846)
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Hencealsofor CS A S and ATB T

(1) The following triads of points are collinear :
RST; RST; RST; R8T

(2) The following are harmonic ranges *
AKNRLK; BKSK,; CKTRK,
A KRHK,; BRKSK,; CKITAK,
For B R C R’ is a harmonic range ;
therefore A.BRCR' is a harmonic pencil ;
and its rays are cut by the transversals BKSK, and B K; 8" K,;
therefore B K 8§ K, B K, 8 K, are harmonic ranges

(8) If D E F be the points in which AK BK CK cut the
circumcircle of ABC, then the followiny are harmonic ranges

ARDEK; BSEK,; CTFK,

FiGURE 25

For KB K,C are tangents to the circle ABC, and K,DRA is a
secant through K, ;
therefore this secant is cut harmonically + by the chord of contact
BC and the circumference

(4) R’ is the pole of AK, with respect to the circumcircle

Since AR’ is the tangent at A
therefore AR is the polar of A
Now BR',, ,, » 5 K;
therefore R’ is the pole of AK,

Similarly for 8’ and T

(5) D S'E T'F are tangents to the circumcircle
For AD is the polar of R’ with respect to the circumcircle, that
is, AD is the chord of contact of the tangents from R’

*The first of these is mentioned by Dr Franz Wetzig in Schlomilch’s Zeitschrift,

XTI 289 (1867)
1 This is one of Apollonius’s theorems. See his Conics, Book III., Prop. 37-10

3 C. Adams’s Eigenschaften des...Dreiecks, pp. 3-4 (1846)
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(6) The straight line R'S'T' is the polar of K with respect to the
ctreumcircle

For AK, BK, CK; pass through K ;
therefore their respective poles R’ 8" T’ will lie on the polar of K

(7) R'S'T" is perpendicular to OK, and its distance from O is
equal to R*/OK, where R denotes the radius of the circumcircle
R’S'T’ is sometimes called Lemoine’s line

(8) R'S'T' is the trilinear polar* of K, or it is the line har-
montcally associated with the point K

For ST TR RS meet BC CA AB
at R & T;
therefore R'S'T" is the trilinear polar of K

(9) The three triangles ABC RST K,K,K, taken in pairs will
have the same axis of homology, namely the trilinear polar of K

(10) The following triads of points are collinear
REF, SFD; 7 DE
For BCEF is an encyclic quadrilateral,
and BE CF intersect at K ;
therefore EF intersects BC on the polar of K
Now the polar of K intersects BC at R';
therefore EF passes through R/

(11) If BF CE intersect at D’
CD AF ” o B
AE BD ” , I
then A DD ; BEUE,; CI I arecollinear ;
and so are D E I
Since BE CF intersect at K
therefore BF CE intersect at a point on the polar of K
Similarly for CD AF and for AE BD;
therefore D' E’ F' are collinear

*Mr J. J. A. Mathieu in Nourclles Annales, 2nd series, IV. 404 (1863)
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Again BCEF is an encyclic quadrilateral, and
BE CF intersect at K
BC EF " » R’
BF CE ” »w D';
therefore triangle KR'D’ is self-conjugate with respect to the
circumcircle ;
therefore KD’ is the polar of R’
But AK ,, ,, , o R
therefore A D D’ are collinear

(12) The following triads of lines are concurrent :
AKX BF CE; BK CD AF; CK AE BD
at D’ ; E ; F
and D' E' F' are situated on R'S'T”

(13) The straight lines which join the mid point of each side of a
triangle to the mid point of the corresponding perpendicular of the
triangle are concurrent at the insymmedian point *

Ficure 23

Let K K, be the insymmedian and first exsymmedian points of
ABC;
let A’ be the mid point of BC and let A’K meet the perpendicular
AX at P,
Join A'K,

Then A'K, is parallel to AX
Now since A K R K, is a harmonic range
therefore A AKRK, is a harmonic pencil ;
therefore AX which is parallel to the ray A'K, is bisected by the
conjugate ray A’K

§6
If L M N be the projections of K on the sides, then K i3 the
centroid + of triangle LMN

* Dr Franz Wetzig in Schlomilch’s Zeitschrift, XII, 289 (1867)
+ E. W. Grebe in Grunert’s Archiv, IX, 253 (1847)
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Ficure 28

Through L draw a parallel to MK, meeting NK produced in K’
Join K'M

Then triangle KLK' has its sides respectively perpendicular
to BC CA AD:

therefore KL:LK'=BC:CA
But KL: KM=BC:CA
therefore LK'=KM;

therefore KLK'M is a parallelogram ;
therefore KK bisects LM,
that is, XN is a median of LMN
Similarly KL KM are medians ;
therefore K is the centroid of LMN
Another demonstration by Professor Neuberg will he found in Mathesis,

L 173 (1881)

(1) The sides of LMN are proportional to the medians of ABC,
and the angles of LIUN are equal to the angles which the medians of
ABC make with cach other *

Since KL KM KN are two-thirds of the respective medians
of LMN, and are proportional to BC CA AB;
therefore the medians of LMN are proportional to BC CA AB;
therefore the sides of LMN are proportional to the medians of ABC

See Procecdings of the Edinhuryh Mathematical Society, 1. 26 (1894)

The second part of the theorem follows from (37) on p. 25 of
the preceding reference, and from the fact that the angles

CGPB’ AGC BGA’
are respectively equal to the angles
CBG +GCB ACG +GAC BAG +GBA

Or it may be proved as follows :
Since G is the point isogonally conjugate to K, therefore
AG BG CG are respectively perpendicular to MN NL LM

See Proceedings of the Edinburgh Mathematical Society, XIII. 178 (1895)

* Dr Franz Wetzig in Schlomilch’s Zeitschrift, XI1. 297 (1867)
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(2) If LMN be considered as the fundamental triangle, K its
centroid, and if at the vertices I, M N perpendiculars be drawn to
the medians KL KM KN a new triangle ABC is formed having
K for its insymmedian point

(3) The sum of the squares of the sides of the triangle LMN
anscribed in ABC 1s less than the sum of the squares of the sides of
any other inscribed triangle ¥

The proof of this statement depends on the following lemma :

Given two fixed points M N and a fixed straight line BC ;
that point L on BC for which NL*+ LM? is a minimum is the
projection on BC of the mid point of MN

(4) If through every two vertices and the centroid of a triangle
ctreles be described, the triangle formed by joining their centres will
have for centroid and insymmedian point the circumcentre and the
centroid of the fundamental trinngle §

Ficure 39

Let O, O, O, be the centres of the three circles, and let the
circles O, O, cut BC in the points 13 I

Join AG cutting BC in its mid point A’, and draw O,P O0,Q
perpendicular to BC

Then A'BAF=A'A'A'G=ACAE
therefore AF=A'FK
and AQ=AP

Now O,A’ bisects BC perpendicularly ;
therefore O, A’ passes through the circumcentre of ABC
and bisects 0,0,
therefore O,A’ is a median of triangle 0,0,0,
Similarly for O,B’ and O,C";
therefore O the circumcentre of ABC is the centroid of 0,0,0,

* Mr Ernile Lemoine in the Journal de Mathématiques Elémentaires, 2nd series,

I11. 52-3 (1884)
+ This theorem and the proof of it have been taken from Professor W, Fuhr-

mann’s Synthetische Beweisc planimetrischer Sdtze, pp. 101-2 (1890)
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Again if through A B C perpendiculars be drawn to the
medians AG BG CG these perpendiculars will form a triangle
UVW whose vertices will be situated on the circumferences* of
0, O, O; and which will be similar to the triangle 0,0,0,

Also the triangles UVW 0,0,0; have G for their centre of
similitude

Now triangle UVW has G for its insymmedian point ;
therefore G is also the insymmedian point of triangle 0,0,0,

) If LMy L, MN, L MN,
be the projections on BC CA AB of
K, K, K,
then KNL M  K,LMN, KMNIL

are parallelograms %

Ficure 40

The points K; I, B N, are concyclic

therefore LK N,= 2. ABC
The points K; M, C I, are concyclic
therefore LK LM =K CM,
=+ K,OA
=, ABC

therefore KN, is parallel to L;M,
Similarly K,M, ,, » » LyN,

The point K, is the first of the three points harmonically asso-
ciated with the centroid of the triangle L, M,N,; the point K, is
the second of the three points harmonically associated with the
triangle L,M,N, ; and the point K is the third of the three points
harmonically associated with the triangle L,M,;N,

* For proof of some of the statements made here, see Proceedings of the Edin-

burgh Mathematical Society, 1. 36-7 (1894)
+ Dr Franz Wetzig in Schlémilch’s Zeitschrift, X1I. 298 (1867)
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§7

If AKX BK CK be produced to meet the circumcircle in D E F
the triangle DEF has the same insymmedians as ABC

FirsT DEMONSTRATION

FiGure 29

From K draw KL KM KN perpendicular to BC CA AB
and join MN NL LM

Since the points B L K N are concyclic

therefore +KLN= . KBN
= - EBA
= L EDA

Since the points C L K M are concyclic
therefore L KIM= - KCM
=L FCA
=,FDA
Hence .MLN=.EDF

Similarly LLMN= . DEF or -MNL= - EFD
and triangles LMN DEF are directly similar

But since KLN = . KDE
and LKLM= ~ KDF

therefore the point K in triangle LMN corresponds to its isogonally
conjugate point in triangle DEF

Now K is the centroid of triangle LMN ;

therefore K is the insymmedian point of triangle DEF

SECOND DEMONSTRATION

FiGure 25

Let AR’ BS' CT' be the exsymmedians

Since AK is the polar of R, and BC EF both pass through R’
not only will the tangents to the circumcircle at B C meet on the
polar of R’ but also the tangents at E F

5 Vol, 14
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But the tangents at E F meet on the insymmedian of DEF from D ;
therefore the insymmedian AD is common to triangles ABC DEF
Similarly for the insymmedians BE CF
The cosymmedian triangles ABC DEF are homologous, the
insymmedian point K being their centre of homology, and R'S"T"
their axis of homology

(1) If two triangles be cosymmedian the sides of the one are
proportional to the medians of the other *
For triangle DEF is similar to triangle LMN

Or thus:

Let G be the centroid of ABC
Join GB GC

Then ~EDF= . EDA + - ADF
= - KBA + - KCA
=.GBC+ o.GCB

since the points G K are isogonally conjugate

Similarly LDEF= - GCA + . GAC

and ~EFD= _-GAB+ - GAB

A reference to the Proceedings of the Edinburyh Mathematical
Socrety, 1. 25 (1894) will show that this proves the theorem.

(2) The ratio of the area of ADC to that of ils cosymmedian
triangle DEF is ¢
(—a®+20°+ 26%)(20° - 0%+ 2¢%) (2a” + 20% - ¢7) @ 2707
Let A" be the triangle whose sides are the medians of ABC
and which is similar to DEF ;
and let R’ be the radius of its circumcircle
3A

2

Then A'=3ABC=

and DEF: A'=1R*: R”?

* Dr John Casey in Procecdings of the Royal Irish Acadcmy, 2nd series, IV, 546
(1886)

t Rev. T. C. Simmons in Milne’s Companion to the Weekly Problem Papers,
p. 150 (1888)
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3AR:
Hence DEF= TR

4 " 16A®
27 Aa?be?

T 64m2mmy?

3N a*bic? (3A )

"My

The values of m, m, m, are given in the Proceedings of the
Edinburgh Mathematical Society, 1. 29 (1894)

(3) If BD CD be joined, DE DR' are an insymmedian and
an exsymmedian of triangle * DCD

Figure 24

Draw AA, parallel to BC to meet the circumcircle at A,
and let A;K, meet the circle at D,

Then triangle ACK, is congruent to A;B K,
therefore 2CAD=.B AD
therefore DD, is parallel to BC

Now since BC is the polar of K, and AA;, DD, are parallel,
therefore AD, A,D intersect on BC at its mid point A’

Again . CDR= _CDA
= . BDA,

~BDA’

therefore DR is isogonal to the median DA’

But DR’ is a tangent to the circumcircle at D ;
therefore DR’ is an insymmedian

I

(4) Hence BR BK, are an insymmedian and an exsymmedian
of triangle BDA ;
CR CK, an insymmedian and an exsymmedian of triangle CAD

(5) AR®+ DN *= K\ R*
Let O be the centre of the circumecircle ABC

* C. Adams in his Eigenschaften des... Dreiccks, pp. 4-5 (1846) gives (3)-—(7)
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Then AR”=  OR” - 0OA?
=0A”+A'R?-0A*
BK?>= A'B* +AK?
=0B*- 0A”+ A'K}?
therefore = ARZ?+BK?2=A'R”+A'K}?
=K,R”

(6) OR is perpendicular to KB’
For R'is the pole of AK,

and Ky 55 5 5 BC

therefore K,R’ is the polar of R

therefore OR is perpendicular to KR’

(7) AR is a mean proportional between A'R’ and BR'

Since B R C R’ form a harmonic range,
and A’ is the mid point of BC

therefore BR : AR =RR':CR’
therefore AR -RR' =BR’ ‘- CR’
=AR"?
(8) AB - CD=AC - BD=14D ' BC
Ficure 24
For AB?: ACC=BR : CR
=BD?: CD?
therefore AB : AC=BD :CD
The last property follows from Ptolemy’s theorem
that AB -CD+AC-BD=AD : BC

(9) The distances of R from the four sides of the quadrilateral
ABDC are proportional to those sides.
This follows from §2

DeriNitioN. The four points A B D C form a harmonic
system of points on the circle; and hence ABDC is called a
harmonic quadrilateral.
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This name was suggested to Mr Tucker by Professor Neuberg
in 1885

The first systematic study of harmonic quadrilaterals was made
by Mr Tucker. In his article “Some properties of a quadrilateral
in a circle, the rectangles under whose opposite sides are equal,”
read to the London Mathematical Society on 12th February 1885,
he states that in his attempt to extend the properties of the Brocard
points and circle to the quadrilateral he “was brought to a stand
at the outset by the fact that the equality of angles does not involve
the similarity of the figures for figures of a higher order than the
triangle. Limiting the figures, however, by the restriction that
they shall be circumscriptible ” he arrived at a large number of
beautiful results all of which cannot unfortunately be given here.

Starting with the encyclic quadrilateral ABCD whose diagonals
intersect at E, and investigating the condition that a point P can
be found such that

LPAB= . PBC= . PCD= 2 FDA

he finds, by analytical considerations, that a condition for the exist-
ence of such a point is that the rectangles under the opposite sides
ol Uhe guadrilateral mush be egual.  Te Chen shows that i there be
one Brocard point P for the quadrilateral there will be a second P’;
that the lines

PA PB PC PD; PA PB PC PD

intersect again in four points which, with P P’ lie on the circum-
ference of a circle with diameter OE, where O is the centre of the
circle ABCD.

Next, if through E parallels be drawn to the sides of the quad-
rilateral, these parallels will meet the sides in eight points which lie
on a circle concentric with the previous one.

Lastly he shows that the symmedian points (p, p,) of ABD
BCD lie on AC; the symmedian points (oy o,) of ABC ADC lie
on BD; the lines Op, Op, Oc, Oc, are the diameters of the
Brocard circles of the triangles ABD BCD ABC ACD respec
tively ; the centres of the four Brocard circles lie two and two on
straight lines, parallel to AC BD ; the circles themselves intersect
two and two on the diagonals AC BD at their mid points, that is,
where the Brocard circle of the quadrilateral meets the diagonals.

Mr Tucker’s researches were taken up by Messrs Neuberg and
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Tarry, Dr Casey, and the Rev. T. C. Simmons, and there now exists
a tolerably extensive theory of harmonic polygons. The reader who
wishes to pursue this subject may consult

Mr R. Tucker’s memoir which appeared in Mathematical Ques-
tions from the Educational Times, Vol. XLIV. pp. 125-135 (1886)

Professor Neuberg Sur le Quadrilatére Harmonigue in Mathesis,
V. 202-204, 217-221, 241-248, 265-269 (1885)

Dr John Casey’s memoir (read 26th January 1886) < On the
harmonic hexagon of a triangle” in the Proceedings of the Royal
Irish Academy, 2nd series, Vol. IV. pp. 545-556

A memoir by Messrs Gaston Tarry and J. Neuberg Sur les
Polygones et les Polyédres Harmonigues read at the Nancy meeting
(1886) of the Association Francaise pour I'avancement des sciences.
See the Report of this meeting, second part, pp. 12-26

A memoir by the Rev. T. C. Simmons (read Tth April 1887)
“ A new method for the investigation of Harmonic Polygons” in
the Proceedings of the London Jathematical Society, Vol. X VIII.
pp- 289-304

Dr Casey’s Sequel to the First Sixz Books of the Elements of
Enclid, Gth edition, pp. 220-238 (1892)

§8

Tue CosiNE OR SECOND LEmMoINE CIRCLE

If through the insymmedian point of a trinngle, antiparallels be
drawn to the three sides, the siw points in which they meet the sides
are concyelic

Ficure 19

Tet K be the insymmedian point of ABC
and through K let there be drawn EF’ FD' DE’
respectively antiparallel to BC CA AD
the D points being on BC, the E’s on CA, the ¥'s on AB
Then EF FD’ DE’ are each bisected at K

Now tKDD'= L A= . KDD
therefore KD =KD’ and DE'=FD’
Hence also DE =EF’

therefore K is equidistant from the six points D D' E E' F F
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[This theorem was first given by Mr Lemoine at the Lyons meeting (1873)
of the Association Francaise pour Cavancement des sciences, and the circle
determined by it has hence been called one of Lemoine’s circles (the second).

The existence of the circle however, and the six points through which it
passes were discovered by Mr Stephen Watson of Haydonbridge in 1863, and
its diameter expressed in terms of the sides of the triangle. See Lady's and
Gentleman’s Diary for 1865, p. 89, and for 1866, p. 53

In the same publication Mr Thomas Milbourn in 1867 ‘announced a neat
relation connecting the diameter of this circle with the diameter of the circum-
circle, and here, as far as the Diary is concerned, the inquiry seemed to have
stopped]

(1) The figures DD'E'F EE'F'D FEF'D'E are rectangles *
It may be interesting to give the way in which these three

rectangles made their first appearance.

(2) T'hree rvectangles may be inscribed in any triangle so that they
may have each a side coincident in dirvection with the respective sides
of the triangle, and their diagonals all infersecting in the same point,
and one circle may be circumscribed about all the three rectangles t

Ficure 30

Let ABC be the triangle

Draw AX perpendicular to BC;
and produce CB to Q making BQ equal to CX
About ACQ circumscribe a circle cutting AB at P
Join PC; and draw BE parallel to PC and meeting AC at E
From E draw ED’ parallel to AB and EF perpendicular to AB,
and let these lines meet BC AB at D' F
About D'EF circumscribe a circle cutting BC CA AB again in
D E' F. Thesix points D D' E E° F T’ ave the vertices of the
required rectangles

Draw CZ perpendicular to AB,
and let ED' meet CP at R

The similar triangles ABX CBZ give

AX:;CZ =AB :CB

=BQ : BP
=CX : BP;
therefore AX:CX =CZ : BP

* Mr Lemoine at the Lille meeting (1874) of the Association Francaise pour

Pavancement des scicnces
t Mr Stephen Watson in the Lady’s and Gentleman’s Diary for 1863, p. 89, and

for 1866, p. 53

https://doi.org/10.1017/50013091500031758 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031758

68

But EF:CZ=AE: AC
=AB : AP
=ED': ER
=ED': BP;
therefore EF:ED'=CZ : BP;
therefore AX :CX =EF : ED';
therefore the right-angled triangles AXC FED’ are similar
Hence tXAC= o EFD'= . D'EE;
therefore D'E’ is parallel to AX
Now £ FE'D' = £ FED' =a right angle ;

therefore FE' is parallel to BC,
and DD’E'F is one of the rectangles
Again because - EFF' is right,
therefore EF is a diameter ;
therefore . F'D’E is right, as well as - FDE L FFEE;
therefore EE'F'D FF'D’E are the other rectangles

(3) To find the diameter* of the circle DEF

Figure 30
AR? =BC*+CA2-2BC-CX
=BC*+CA%-32BC'BQ
=BC*+CA*-2AB'BP;

therefore 2AB'BP =BC*+CA%*- AB®
Add 2AB? to both sides ;
then 2AB'AP =BC*+CA*+ AB®

2 2 2
therefore AP = ﬂl_}_+_c_

2c

But EF:CZ =AB: AP

. 9
therefore AP = 1}]3]3—}?0% = '}'3_%

* Mr Stephen Watson in the Lady’s and Gentleman’s Diary for 1866, p. 55
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24 @+ 0+
H = :
ence EF 2¢
and EF - LA_
C+o+c
Lastly D'F:EF =AC:AX
therefore DF: LA— = b: %
at+b*+c? a
therefore D'F = -—%— = the diameter
@+ b2+

The following is another proof

Ficure 19

Triangles AEF’ ABC are similar
and AKX is a median of AEF';

therefore EF : AK=BC: m,
therefore EF = AK - BC
m,
- fabe
at+ b+
For the value of AK, namely, _ﬂ’_’"l_
@+t +c

see Formule connected with the Symmedians, at the end of this

paper.
(4) If d denote the diameter of circle DEF,
an(‘i 'D I3 3 kel ” b2 ABC’
1 1 1 1
then® At Rt
For 1 a4+ 1 44
d” 2abec - D T 2abc’
! 1 1 (a*+8+)+(4A)
therefore p = T

* Mr Thomas Millbourn in the Lady’s and Gentleman’s Diary for 1867, p. 71,
and for 1868, p. 75
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(a7+b’+cz)"'+ 4¢%a? - (o — b2+02)2
= 4a%b*c?

4c%a + 2(c* + oF)20°
- da®bic?

1 1 1
=@t pte

(5) The centre of the circle DEF is the insymmedian point of the
triangle ABC

Figure 30
Because LEFD' = - XAC
therefore their complements are equal
that is L. DFB= 2 ACX;
therefore D'F is antiparallel to CA with respect to B
Hence ED,, " » AB w » C
and FE ,, . , BC |, w  on A

But these antiparallels are all bisected at the centre of the
circle DEF ;
therefore the centre of the circle is the insymmedian point K

(6) The intercepts DD' EE' I'F' made by the circle DEF on the
sides of ABC are proportional to the cosines of the angles of ABC

For triangle DD'E'’ is right-angled ;

therefore DD’ = DE’cosD'DE’
=DE'cosA
Similarly EE'=EF'cosB

FF' = FD'cosC
and DE' EF’ FD' are all equal

Hence the name costne circle, given to it by Mr Tucker

(7) The triangles EFD F'D'E’ are dirvectly similar to ABC, and

congruent to cach other
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Ficure 19

For ~DEF= - DDF
=LA

and L. EFD= . EE'D
=B

therefore EFD is similar to ABC

In like manner for FD'E’

Now since EFD F'D'E’ are similar to each other and are
inscribed in the same circle they are congruent

(8) The angles which FD DE EF
make with AB BC CA
are equal to the angles which F'D’ D'E’ E'F’
make with BC CA AB

$9

Tae TrrieLicate RaTio or First LEMOINE CIrcLE
If through the insymmedian point of a triangle parallels be drawn
to the three sides, the six points in which they meet the sides will be
concycelic

First DEMONSTRATION ¥
Fioure 31

Let K be the insymmedian point of ABC,

and through X let there be drawn EF" FID' DE’

respectively parallel to BC CA AL,

the D points being on BC, the E’s on CA, the F’s on AB
Then AFKE’ is a parallelogram;

therefore AK bisects FE’;

therefore F E’ is antiparallel to BC ;

therefore FE' ,, ' , EF;

* This mode of proof is due to Mr R. ¥. Davis. See Fourteenth General
Report (1888) of the Association for the Improvement of Geometrical Teaching,
p. 39.
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therefore the points E E' F T are concyclic
Hence ,, s FF DD ”

and » » DDEE, »

Now if these three circles be not one and the same circle, their
radical axes, which are DD’ EE’ FF' or BC CA AB, must meet
in a point, the radical centre
But BC CA AB do not meet in a point ;
therefore these three circles are one and the same,
that is, the six points D D' E E' F ¥’ are concyclic

SECOND DEMONSTRATION

Ficure 32

Let O be the circumcentre of ABC, and let OA OK be joined.
Because AFKE' is a parallelogram
therefore AK. bisects FE' at U ;
therefore FE' is antiparallel to BC
therefore OA is perpendicular to FE’'
If therefore through U a perpendicular be drawn to FE’
it will be parallel to OA, and will pass through O’,
the mid point of OK
Hence also the perpendiculars to DF’ and ED’ through their mid
points V and W will pass through O’ ;
that is, O’ the mid point of OK is the centre of a circle which passes
through D D' E E' F F

This theorem also was first given by Mr Lemoine at the Lyons meeting
(1873) of the Aussociation Francaise, and the circle determined by it has been
called one of Lemoine’s circles (the first). In his famous article ¢ Sur quelques
propriétés d’un point remarquable d’un triangle ” (famous for having given the
impulse to a long series of researches, Mr Lemoine’s own being not the least
prominent among them all) he states that the centre of the civcle is the mid
point of the line joining the centre of antiparallel mediaus (or as it is now
called, the symmedian point) to the circumcentre ; and that the intercepts
made by the circle on the sides of the triangle are proportional to the cubes of
the sides to which they belong.

Ten years later Mr Tucker, unaware of Mr Lemoine’s researches, redis-
covered the circle with many of its leading properties, and gave to it the name
of friplicate ratio circle. See his papers ¢ The Triplicate-Ratio Circle ™ in the
tuarterly Journal of Mathematics, XIX. 342-348 (1883) and in the Appendix
to the Proceedings of the London Mathematical Socicty, XIV. 316-321 (1883)
and “ A Group of Circles ™ in the Quarterly Journe/, XX. 57-5% (1884),
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The parallels drawn through K, the symmedian point, to the
sides of ABC are often called Lemoine’s parallels, and the hexagon
they determine DD'EE’FF’ Lemoine’s hexagon.

(1) If E'F F'D D'E be produced to meet and form a triangle,
then the incircle of this triangle will have O for its centre, and its
radius will be half the radius of the circumcircle of ABC

For O0'U=10A O'V=40B O'W=30C;
therefore O'U=0'V=0'W;
and O'U is perpendicular to E'F, O'V to ¥'D, O'W to D'E

(2) The figures DD'EF' EE'FD’ FF'DE’
are symmetrical trapeziums ;
therefore E'F=F'D=D'E

(3) Triangles FDE E'F'D’ are directly similar to ABC and
congruent to each other

For LFDE=.FFE=_oB
and tDEF=.DDF=.C
therefore FDE is similar to ABC

In like manner for E'F'D’

Now since FDE E'F'D’ are similar to each other and are
inscribed in the same circle, therefore they are congruent.

It is not difficult to show that if K be any point in the plane of ABC and
through it parallels be drawn to the sides, as in the figure, the triangles
DEF D’E'F’ are equal in area.

See Vuibert’s Journal de Mathématiques Elémentaires, VIII. 12 (1883)

(4) The following three triangles are directly similar to ABC :
kDD’ E'KE K
For EF' FD' DE’ are parallel to the sides
(5) The following six triangles are inversely similar to ABC :
AE'F KFE' DBF' FKD D'EC FLED'K
For E'F F'D D'E are antiparallel to the sides

(8) The trianyles* cut off from ABC by E'l' "D D'E are
together equal to triangle DEF or D'E'l"

* Properties (6)—(9) are due to Mr Tucker. See Quarterly Journal, XIX.
344, 346 (1883)
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For AETF =1AE'KF=EKF
DBF = BFKD=FKD
D'EC=ICD'’KE = DKE

therefore AE'F + DBF + D’EC=DEF=DEF

(7) The following six angles are equal :
DFB EDC FEA D'E'C F'DB EI'A
For the arcs EF F'D D'E are equal

(8) If each of these angles be denoted by w
LAFE= L AEF=B+C -0
+BDF- oBFD'=C+A-o
ZCED=.CDE=A+B-o

(9) The following points are concyclic :
BCEF CAF¥D ABDE

(10) T'he radical axis of the circumeircle and the triplicate ratio
circle 1s the Pascal line of Lemoine’s hexagon
Let FE meet BC at X
Since the points B F E’ C are concyclic,
therefore XB-XC=XFXE
therefore X has equal potencies with respect to the circumcircle and
the triplicate ratio circle ;
therefore X is a point on their radical axis
Hence if DF' meet CA at Y, and ED’ meet AB at Z,
Y and Z are points on the radical axis ;
therefore the radical axis is the straight line XYZ

(11) The radical axis is the polar of K with respect to the
triplicate ratio circle

(12) The diagonals of Lemoine’s hexagon
EF DE FD' EF D'E' FD

intersect on the polar of K with respect to the triplicate ratio circle
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Ficure 33
(13) If the chords
EF E'F’ rD 1D’ DE D'E’

tntersect in P q r
the triangles ABC pgr are homologous *

Let Bg Cr meet at T, and, for the moment, denote the distances
of T from BC CA ABbyu 8 y

Then « : y =perp. on BC from g : perp. on AB from ¢

= DD’ : FI
from the similarity of triangles DD’q FTyq

= @b . &
Simila.rly a: fB= & . b
therefore 8 : y= b : i

therefore the point p lies on AT

(14) T'he intersections of the antiparallel chords with Lemoine’s

parallels, that is, of
E'r EF "D 1D’ D'E DE

namely P ©Q R
are collinear *

The quadrilateral EE'FI" is inscribed in the circle DEF, and

EE FF EF EF EF EF

meet in A P P
therefore triangle ApP is self-conjugate with respect to circle DEF ;
therefore P is the pole of Ap with respect to DEI"
Similarly Q ,, ,, Aq o, N
and R, , ., Ar " » oo
Now Ap Bg Crare concurrent at T
therefore P Q R are collinear on the polar of T with respect to
the circle DEF

* Dr John Casey. See his Sequcl to Euclid, 6th ed,, p. 190 (1892)
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(15) If the intersections of
DE F'D’ EF D'E' FD E'F
be ! m n

the triangles ABC Imn are similar and oppositely situated
Since the arcs E'F F'D D'E are equal

therefore LtEmF=LEnF =2u;
therefore the points E' m n F are concyclic;
therefore LEnmm=LEFm= L EFE;

therefore mn is parallel to EF' and to BC
Similarly for the other sides

(16) The triangles pqr Imn are homologous and A is their
centre of homology

For EF'D'FED is a Pascal hexagram ;
therefore the intersections of

E'F FE FD ED D'F DFE
namely P { K

are collinear
Similarly ¢ m K; r n K are collinear

§10
Tucker’s CircLEs *

If triangles ABC A,B,C, be similar and similarly situated and
have K the symmedian point for centre of similitude, the six points
an which the sides of A, B,C, meet the sides of ABC are concyclic

Ficure 34
Let the six pointsbe D D' E E' F F
Since AFA,E’ is a paralellogram
therefore AK bisects E'F ;
therefore E'F is antiparallel to BC ,
therefore E'F ,, ’ 5, EF;

* See the Quarterly Journal, XX. 57-59 (1884)
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therefore the points E E' F F’ are concyclic
Similartly ,, ,, FF DD ,

and " w DD EF
therefore the six points D D’ E E' F F’ are concyelic

» bR]

(1) T'o find the centre of the circle DD'EE' FF' *
Let O O, be the circumcentres of ABC A,B,C,
Then O O, K are collinear

and OA is parallel to O,A,

Now since E'F is antiparallel to BC

therefore QA is perpendicular to E'F

Hence if E'F meet AA; at U,

a line through U parallel to AO will bisect E'F perpendicularly,

and also bisect OO,

Similarly the perpendicular bisectors of F'D and D'E

will bisect OO, ;

therefore the centre of the circle is the mid point of OO,

(2) Triangles FDE E'F'D’ are directly similar to ABC and

congruent to each other

Figure 384

Since FE D'F E'D are respectively parallel

to BC CA AB

therefore the arcs E'F F'D D'E are equal ;
therefore tEFD=.D'FF=_A
Similarly LFDE=LEDD'= B

therefore FDE is similar to ABC
In like manner for E'F'D’

Now since FDE E'F'D’ are similar to each other and are
inscribed in the same circle therefore they are congruent

* The properties (1), (2), (3), (6), (7) are due to Mr Tucker. See Quarterly
Journal, XX. 59, 57, XIX. 348, XX. 59 (1884, 3)

8 Vol. 14
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(3) TE T e the mid point of 00,

TU =1(0A+0,A)
Similarly, if V. W be the mid points of D D'E,

TV =LOB+0,B)

TW =10C+0,C)

Hence if E'F FD D'E be produced to meet and form a
triangle A,B,C,

T will be the incentre of the triangle A,B,C, and the radius of the
incircle will be an arithmetic mean between the radii of the circum-
circles of ABC and A,B,C,

(4) The triangle A,B,C, formed by producing E'F F'D D'E
will have its sides respectively parallel to those of K K,K, formed
by drawing through A B C tangents to the circumcircle ABC

Ficure 35

(5) Triangles A,B,C, K,K,K; have K for their centre of
homology

(6) When the triangle A,B,C, becomes the triangle ABC, the
Tucker circle DD'EE'FF’ becomes the circumeircle

(7) When the triangle A,B,C, reduces to the point K that is
when the parallels B,C, CA, A;B, to the sides of ABC pass
through K the Tucker circle DD'EEFF becomes the triplicate
ratio or first Lemoine circle

(8) When the triangle A, B, C, reduces to the point K, that
is when the antiparallels B,C, C,;A; A,B, to the sides of ABC pass
through K, the Tucker circle DD'EE'FF’ becomes the cosine or
second Lemoine circle

9) If I'D D'E meet at 4,
DE E'F ., , B,
E'r ro ., , C,

then AK BK CK pass through 4, B, C,

https://doi.org/10.1017/50013091500031758 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031758

-1
]

Ficure 28

Let R denote the foot of the symmedian AK

Then KF : KE =BD : CI¥
R B £

and RD : RD'=BR-BD:CR-Cl»
= o ?

therefore 'D KR ED’ are concurrent

§11
TavLor’s CIRCLE

The six projections of the vertices of the ovthic triangle on the sides
of the fundamental triangle are concyclic

Ficure 36

Let the projections of X on CA ABbe Y, Z,

" . .Y ,, AB BC, Z, X,

N " . % ,BCOCA, X, Y,
Then AZ : AZ,=AH : AX
—AY : AY,

therefore Y Z is parallel to Y,Z,
Now Y,Z, is antiparallel to Y Z
therefore Y,Z, ,, ’ » Y174
therefore Y, Y, Z, Z, are concyclic
Similarly Z, Z, X, X, ,, »
and X, X, Y, Y, , .
therefore the six points X; X, Y, Y, Z, Z, are concyclic

The property, that the six projections of the vertices of the orthic triangle
on the sides of the fundamental triangle are concyclic, seems to have been
fiest published in Mr Vuibert’s Journal de Mathématiques Elémentaires in
November 1877. See Vol. II. pp. 30, 43. 1t is proposed by Kutaris. This
name, as my friend Mr Maurice D’Ocagne informs me, was assumed anagram.

matically by M. Restiau, at that time a répétiteur in the Collége Chaptal,
Paris,
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The same property, along with three others, is given in Catalan’s
Théorémes et Problémes, 6th ed., pp. 132-4 (1879). It occurs also in a
question proposed by Professor Neuberg in Mathesis, I. 14 (1881), and in a
paper by Mr H. M. Taylor in the Messenger of Mathematics, XI. 177-9 (1882).
A proof by Mr C. M. Jessop, somewhat shorter than that given by Mr Taylor,
occurs in the Messenger, XII. 36 (1883) and in the same volume (pp. 181-2)
Mr Tucker examines whether any other positions of X Y Z on the sides
would, with a similar construction, give a six-point circle, and he shows that
no other circle is possible under the circumstances.

See also L’ Intermédiaire des Mathématiciens, I1. 166 (1895).

The projections of
) XonBY CZareY, Z,
Y, CZ AX ,, Z; X,
Z, AX BY ,, X, Y,
‘With regard to the notation it may be remarked that the
X points lie on BC and on the perpendicular to it from A
Y , , ,CA, , , ' sy o B
Z , 4, 5 AB ., , ” A O

Let a notation, similar to that which prevails with regard to the
sides, the semiperimeter, the radii of the incircle and the excircles
of triangle ABC, he adopted for triangle XYZ ; that is, let

YZ=2 ZX =y XY=z
c=x+y+z) o=} -x+y+2) T=}(®-y+2) oy=}(x+y-2)
and let p p, p, p; be the radii of the incircle and the excircles

If reference be made to the Proceedings of the Edinburgh
Mathematical Society, XIII. 39-40 (1895), it will be found that
various properties are proved with respect to triangle I,II, and
its orthic triangle ABC. These properties may be transferred to
triangle ABC and its orthic triangle XYZ. The transference will
be facilitated by writing down in successive lines the points which
correspond. They are

I I, I, I, A B C A A, A; A,

H A BCX Y Z Y, Y Z, Z
Hence, from Wilkinson’s theorem and corollary, the three following
statements relative to Fig 25 may at once be inferred

1l 2, Y, 7, Y, X, Z; X, Z, Y, X, Y, X;
are three tetrads of collinear points
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@) YZ, ZX, XY,
or Y,7Z, ZX, XY,

intersect two by two at the mid points of the sides of XY Z
3)* Y,2,=2,X,=X,Y;=0
Y2y =2, X, = XY =0,
Y.Z2,=2Z,X,= Xle =0y
Y.Z,=2,X,=X,Y,=0;

(4) If XX Y' Z Dbe the mid points of
YZ ZX XY
the sides of triangle X'Y'Z’' intersect the sides of ABC in six
concyclic points

(5) T'riangles ABC X'Y'Z' are homologous, and the symmedian
point K is the centre of homology
For YZ is antiparallel to BC,
and X' is the mid point of YZ ;
therefore AX' is the symmedian from A
Similarly BY’ CZ’ are the symmedians from B C

(6) RYZ <=ABC  RYZ=HCB
RY,Z,=CHA  RYZ,=BAH

Ficure 37
Join O the circumcentre to A B C
Then OA OB OC are respectively perpendicular
to YZ ZX XY
therefore 2AZ0OY =0A-YZ
2BX0Z=0B'ZX
2CYO0X =00XY
therefore 2 A = R (YZ+ZX +XY)

* The property that Y,Z, is equal to the semiperimeter of XYZ occurs in
Lhuilier’s Elémens d’Analyse, p. 231 (1809)

+ The first of these equalities is given by Feuerbach, Eigenschaften des ...
Dreiecks, §19, or Section VL., Theorem 3 (1822). The other three are given by
C. Hellwig in Grunert’s Archiv, XIX., 27 (1852). The proof is that of Messrs
W. E. Heal and P. F. Mange in Artemas Martin’s Mathematical Visitor, 11 42
(1883)
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(7Y The following triangles are tsosceles :
X ZZ, X'z, Y X'ZY, 'Y, Y
For triangles YZZ, YZY, are right-angled
and X' is the mid point of their hypotenuse
Similarly there are four isosceles triangles with vertex Y’
and VA

3 1hl k2] bR k2]

(8) Y, Z, is antiparallel to BC with respect to A

’,
A*.‘ Xz ” * 13 CA\ ) ) 39 J;
-
T\ . ~
A\:;lt; ” ] i3} AB ; i3} ) C

(9) Y, Z, is parallel to BC
ZI X:; 19 8 i3] cA
X‘.’Yl 3] » ” AB

(10) Z, X, and Y, X, intersect on the symmedian from A
Let A, be their point of intersection
Then AZ,A Y, is a parallelogram,
and AA, bisects Y,Z,
But Y,Z, is antiparallel to BC with respect to A ;
therefore AA, is the symmedian from A
Similarly Y,X, Z,Y, intersect on the symmedian from B;
and Z,Y, Z,X, ” » " » C

(11) Triangles Y\ Z,X; Z,X,Y; are directly similar to ABC and
congruent to each other

Ficure 36

For XY Z,= o X,Y 7,
Now X,Y. is parallel to XY
and Y. Z, .. 1 , BC
therefore Ny, Z2,= - YXC
=2\
Similarly Y ZXN,;=-D

therefore Y, Z.X; is stmilar to ABC
In like manner for Z,X,Y,

Now since Y, Z,X; Z,X,Y, are similar to each other and are
inscribed in the same circle, therefore they are congruent
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(12) Since XYZ is the orthic triangle not only of ABC,
but also of HCB CHA BAH, if the projections of X Y Z be
taken on the sides of the last three triangles, three other circles are
obtained

These circles are
X, X,Y,Y,Z,Z, XX, Y, Y. Z,Z, XX\ Y, Y.Z,Z,
If they be denoted by T; T, T, and the circle
X, XY\ Y 72,72, ,, ,, T, then

ToT, [ BC
T o, CA
T T ¢ have for radical axis AB
T, T AX
T, T, BY
T, T o

(18) The centres of the civcles 7' 1", 1y, T, are the incenire and
the excentres of the triangle X'Y'Z’

For Y,Z, Z,X, X,Y, are equal chords in circle T ;
therefore the centre of T is equidistant from them
But these chords form by their intersection the triangle X'Y'Z’;
therefore the centre of T must be the incentre of X'Y'Z'

Hence T T, T, T; form an orthic tettastigm

(14) The centres of T T, T, T, are the four points of con-
currency of the triads of perpendiculars from X' Y’ Z' on the
sides of ABC HCB CHA BAH

See Proceedings of the Edinburgh Mathematical Society, 1. 66 (1894)

(13) Z'he circle 1" belonys to the growp of Tucker circles*

Ficure 36

For triangle Z,X,Y, is similar to ABC;
and it is inscribed in ABC
Hence its circumcircle T belongs to the group of Tucker circles

* Dr Kiehl of Bromberg. See his Zur Theoric der Transversalen, pp. 7-8 (1881).
See also Proccedings of the London Mathemtical Socicty, XV. 281 (1884)
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(16) The circle T cuts orthogonally the three excircles of the
orthic triangle XYZ, and each of the circles T, T, T, cuts
orthogonally * the incircle and two of the excircles of XYZ

Ficure 36
Let p, p, p,; denote the perpendiculars from
A B C on YZ ZX XY;
these perpendiculars are the radii of the three excircles of XYZ
Since triangles AYZ ABC are similar,

therefore pt AX? =AZ°  AC?
therefore i ACAY,=AC-AY,: AC?
therefore 2= AY,"AY, the potency

of the point A with respect to the circle T
Hence the circle with centre A and radius p, cuts the circle T
orthogonally

Similarly for the other statements

(17) The squares of the radii of the circles
T T, T, T,
are Hp*+9%) el + o) e +05) s +0%)

FiGUuRE 36

The triangle X'Y'Z’ is similar to XYZ,
the ratio of similitude being 1 : 2
therefore the radii of the incircle and excircles of X'Y'Z’

are ip 12! 302 1)

Now if T be the incentre of X'Y'Z',
the perpendicular from T to Y,Z;, will bisect Y,Z,, and will be
equal to 1 p.

Hence if ¢ denote the radius of circle T,

£ =TY= (o) + (o) =1 (" + o)

Similarly if T, be the first excentre of X'Y'Z’, and ¢ denote

the radius of circle T,,
=T\ Y'=(p)’ +(301)’=1(p +0y’)

* This corollary and the mode of proof have been taken from Dr John Casey’s
Sequel to Euclid, 6th ed. p. 195 (1892)
t Dr John Casey’s Sequel to Euclid, 5th ed. p. 195 (1892)
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(18) The sum of the squares of the radit of the circles
T Ty T, T, is equal to the square of the radius of the circumeircle
of ABC

In reference to triangle ABC, the following property may be
proved to be true

16R* =22+ r2+r2 4+ rl+a®+ 024 ¢

This becomes in reference to triangle X'Y'Z’
16(3R)" = (3p)" + (30)" + (3po)" + (30 + (32)° + (By)* + (32)°
or R =P+l +pl+ ) + 42+ Y+
=1 +pl+p’+p0)+ NP+l ot +0)
In connection with the Taylor circles it may be interesting to compare the
properties given in the Proceedings of the Edinburgh Mathematical Society,

Vol. L pp. 88-96 (1894). These properties were worked out before the Taylor
circle had attracted much attention.

(19) If A'BC' be the complementary, and XYZ the orthic
triangle of ABC, the Wallace lines of the points A' B C' with
respect to the triangle XYZ pass through the centre of the circle T

Ficure 36

1t is well known that the points A’ B C X Y Z are
situated on the nine point circle of ABC
Since A’ is the mid point of BC

therefore AY=A'Z
therefore the foot of the perpendicular from A’ on YZ is X' the
mid point of YZ

Since BC bisects the exterior angle between XY and ZX
the straight line joining the feet of the perpendiculars from A’
on XY and ZX will be perpendicular to BC
Hence the Wallace line A’ (XYZ) passes through X' and is
perpendicular to BC
that is, it passes through the centre of T

Similarly for the Wallace lines B' (XYZ) and C' (XYZ)
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(20) Zhe Wallace lines of the points X Y Z with respect to the
triangle A'B'C' pass through the centre of the circle 7'

[The reader is requested to make the figure]

Let the feet of the perpendiculars from X on B'C' CCA’ A'B

be LM N
Then the points A’ M X N are concyclic
therefore ~A'MN= - A’XN
=90°- . B
=, CAO

therefore LMN is parallel to AO

But L is the mid point of AX and H, is situated on AO
therefore LMN passes through the mid point of H,X, that is
through T

21y If H, 1, 1L, be the orthocentres of
triangles AYZ ZBX XIC
the lines my iy 1.z

pass through the centre of civele 1" and are there bisected

Fi1Gure 36

The orthocentre H, of triangle AYZ is the point of intersection
of ZY, YZ, which are respectively perpendicular to CA AB

The centre T of the Taylor circle is the point of intersection of

YT Z'T which are respectively perpendicular to
CA AB

Hence since XZ=2XY’ XY =2X7
the quadrilaterals HZXY TY'XZ’' are homothetic ;
therefore H,;X passes through T and is there bisected

(22) Triangle H,H,H; is congruent and oppositely situated to
triangle XYZ and T is their homothetic centre

(23) The centre T is situated on the straight line which joins O
the circumcentre of ABC to the orthocentre of XYZ
For O is the orthocentre of H,H,H,
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Not only is XYZ the orthic triangle of ABC and

triangles similar to

AYZ XBZ XYC ABC
but X'YZ is the orthic triangle of HOB CHA BAH and

triangles similar to
HYZ XCZ XYB HCB
CYZz XHZ XYA CHA
BYZ XAZ XYH BAH

Let the orthocentres of the sccond, third, and fourth triads of
triangles be denoted by

H]’ Hg/ H:;’ Hl// H‘_,” H:;” H)u/ H?m Hs’”

The following results (among several others) will be found to be
established in the Proceedings of the Edinburgh Mathematical
Society, 1. 83-87 (1894). They are quoted here, without proof, to
save the reader the trouble or the expense of hunting out the
reference

(24) The homothetic centre of the triangles

XYZ H B H is T,
XYZ H"H,(H" T,
XYZ H]’”Hgl”H;”, . T:;

and T,T,T; is similar and oppositely situated to ABC

(25) The point T is the centre of three parallelograms
YZH,H, ZXH,H, XYH,H,
and similarly Ty T, T, are each the centre of three parallelograms

Let the incircle and the excircles of XYZ be denoted by their
centres H A B C

(26) The radical axes of
H A H B H C B C C A A B
are T,T, T,T, T, T T.,T T.T
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(27) The radical centres of
A B C H CB C H A B AH
are T T, T, T,

(28) X' Y' Z' are the feet of the perpendiculars of the
triangle T,T,T,

(29) The homothetic centre of the triangles

T,T,T, H/H/H"” is X
T,T.T, H/H,"H,"” » Y
T,T.T, HyH,"H," » Z

(80) The straight lines
HT AT, BT, CT,
pass through the centroid of XYZ

(81) If G’ denote this centroid
HG' : TG'=AG' : T,G'=BG' : T,G'=CG' : T,G’
=2 : 1

(82) If HG'T be produced to J' so that TJ’=HT then J' will
be the incentre X,Y,Z, the triangle anticomplementary to XYZ

Similarly J,) J, J, situated on AT, BT, CT; so that
T,J,'=AT, and so on, will be the first, second, and third excircles
of X,Y,Z,

(33) The tetrads of points
HGTJ' AG'TJY BG'TJ, CG'TJ
form harmonic ranges
§12
Apams’s CIRCLE *

If D E T be the points of contact of the incircle with the sides
of ABC, and if through the Gergonne point T' (the point of con-
currency of AD BE CF) parallels be drawn to EF FD DE, these
parallels will meet the sides of ABC in six concyclic points

* C. Adams’s Die Lehre von den Transversalen, pp. 77-80 (1843)
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Ficure 38

Let X X' Y Y' Z Z' be the six points

Join LI’ MM’ NN’

The complete quadrilateral AFI’EBC has its diagonal AT’ cut
harmonically by FE BC;
therefore A U I' D is a harmonic range ;
therefore E'A U TI' D is a harmonic pencil

Now I'MEM’ is a parallelogram ;
therefore MM’ is bisected by ET’
therefore MM’ is parallel to that ray of the harmonic pencil which
is conjugate to EI', namely EA

In like manner NN’ is parallel to AB, and LL' to BC

Again, since YEM'M Y'EMM’ are parallelograms,

therefore YE=YE
Similarly Z'F=ZF
therefore YE:YE=ZF:ZF

Now Y Z'is parallel to EF;
therefore Y'Z is parallel to EF
In like mavner Z'X is parallel to FD and X'Y to DE
Hence the two hexagons LILMM'NN’ and XX'YY'ZZ' are
similar, and the ratio of their corresponding sides is that of 1 to 2
Lastly, since LL’ is parallel to BC
LLLI'= - CDE
= + CED
= ¢ MMT
therefore the points L L' M M’ are concyclic
Similarly the points M M’ N N’ are concyclic
and the points N N’ L L’ are concyclic;
therefore all the six points are concyclic *
Hence the six points X X' Y Y' Z Z’ are also concyclic

* This method of proof is different from Adams’s

https://doi.org/10.1017/50013091500031758 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031758

00

(1) The centre of Addams’s cirele is the incentre * of ABC

For XX’ YY' ZZ' are chords of Adams’s circle, and they are

bisected at D E F;

hence the centre of Adams’s circle is found by drawing through

D E F perpendiculars to XX' YY" ZZ

These perpendiculars are concurrent at I the incentre of ABC

(2) To find the centre of the corcle LL'MM' NN’

Since I' is the homothetic centre of the two circles XX'YY'ZZ'
and LI/MM'NN’, and T is the centre of the first of these circles,

therefore the centre of the second circle is situated on T'I
If T’ denote the centre of the second circle

then I'T:T'I'=2:1

(3) Since I' the Gergonne point of ABC is the insymmedian
point of DEF, the circle LL/MM'NN’ is the triplicate ratio or first

Lemoine circle of DEF

(4) Besides the six-point circle obtained by drawing through T
the Gergonne point of ABC parallels to the sides of triangle DEF,
three other six-point circles will be obtained if through the asso-
ciated Gergonne points I'y T', T’y parallels be drawn to the sides of

the triangles DEF, D,EJF, D,E[F; respectively

The centres of these three circles are the excentres of ABC
namely I, I, I, and the centres of the three LMN circles which

correspond to them are the mid points of T'I} T'I, T'I,

These three LMN circles are the triplicate ratio circles of the

triangles D,EF, D,E,F. D/EJF,

FORMULAE CONNECTED WITH TIE SYMMEDIANS

The sides @ b ¢ are in ascending order of magnitude

ac? ba® ch?
BR=prz =z Al-ogm
ab? be* ca?
= AS= BT =
CR b 4 ¢ S ¢ 4 a? T a? + b

(1)

* C. Adamg’s Die Lehre von den Transversalen, p. 79 (1843)
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ac? ba* el 3
= 3 == — AT = . ——
BR &~ b2 Cs &2 — at b - &2 l
b? bc? ca? 2
;. ab” P b7 .t
CR =a AS =g BT o J
2ab*c? 2a%bc? 2a*b%
¢_2"v r 277" [kt 3
RR'= ¢t - b S8 ¢t - at T - at )
Let the three internal medians be denoted by
m, my mn;
Their values in terms of the sides are
Am= —a®+ 20>+ 2¢°
dmr2= 20— 0*+27
dml= 2a°420%— c*
2be o 2abm.
AR=22™  pg_2ame  p_Z2abm (4)
b2+ c? S+ a* a® + b*
Figure 12

Let AA’ AR be the internal median and symmedian from A
Then BR'CR : BA"CA'=AR*: AA"”

BR - CR
2 _ . )
therefore AR =BA CA’ AA

AR=- % pyo % opo 9 (5)

¢ - b ¢ - a® I
Figure 14
For AR®*=BR'.CR’

(AR? + BR2)B* + (AR? + CR?)? = 20%* (6) *

and S0 on

* Mr Clément Thiry, dpplications remarquables du Théoréme de Stewart, p. 20
(1891)
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_ 2bem, _ 2a%be m,
AR = a+b+ct RK = (82 + ¢*)(a® + 8+ ¢%)
__2cam, _ 2ab% m, N
BK_(«1',’+b’-}-c2 SK_(c*+a’)(a2+b’+c“) )
2ab m, _ 2abc® m,
CR=iiFrad K Gim@ o
Fiaure 18
Si AS_AKB AT _ AKC
1ace CS~CKB BT BKO
AS AT AKB + AKC
therefore CS*BT~ BRC
_AKB + AKC
" BKR + CKR
N AK AKB AKC
ow RK = BEKR =CKR
_AKB+ AKC
“BKR+CKR
et AK_AS AT
theretore RE=Cs T BT
B+t
= pe
AK b+
t.herefore X—R = m
a AK : 6 ‘BK :¢c ‘CK =m, :my:m, 8+
8a®b%?

a®*- AK?+ 5 BK?+ ¢ - CK*= Nl

a’+ b2+

* The values of AKX BK CK are given by E. W. Grebe in Grunert’s Archiv,

X1. 232 (1847)
+ Dr Franz Wetzig in Schlomilch’s Zeitschrift, XII. 298 (1867)
1 Mr Clément Thiry, Applications remarquables du Théoréme de Stewart, p. 38

(1891)
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AK, = % RK, = @ +62)2(a_%::fb2+c2)\
BKF«F?-% She=ga +a3>‘23?-’"52 + )
CKF@%%%% TKFWﬁwxg?;-@
B&=CK=tE£%:?
CK,=AK,= ;-0 ’
AK,=BK;= maé’Tc__?f )
A s
KK,= @+ b“iai:)z(:;: b6* - %) J
el = G fz:;)(ca*+b*-°2> |
KK, = (@ + 85— gzbjcaz +07+¢%) )
K1K2=(_a2+b2 fccl?b)c(sa“—buc’) J

KK, KK, KE,__, .
AK, BX, 0K, 7"

(10)

(1)

(12)

(13)

(14)*

(15)*

* Dr Franz Wetzig in Schlomilch’s Zeitschrift, XII. 294 (1867)

7 Vol. 14
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BL - a(a® - b* + 3¢®)  a(d® + ca cosB)
T e N
CL _a(@®+36° - ) a(b’+ab cosC)
T oAaP+ ) @b+
oM - b(3a* + 6 - ¢*)  b(a’+ab cosC)
T aP+ 8+ @b+
(16) *
AM = b(—a*+6°+3¢%)  b(c* +be cosA)
- Ua® + b7+ ¢%) T a4 b+
AN = o ~a*+3b"+c)  o(b® +bc cosA)
T 2@+ 8 +h) el b+
pN _B@’ -8+ ) ofa’+ cacosB)
N =S@Eee) T @ibre
DistaNcEs oF K FrROM THE SIDES oF ABC
KL= 2¢A  asinAsinBsinC
T @+ b+ ¢ sin’A + sin’B + sin*C
26 b sinA sinB sinC
= = - > (17) *
KM >+ +c*  sin?A +sin’B 4 sin?C (17)
KN 2¢A  csinAsinBsinC
T a4+ b+ sin’A 4+ sin®B + sin®C

FiGure 23

Draw AX perpendicular to BC
Then AR : KR=AX: KL

therefore KL-2>2 A4

* E. W. Grebe in Grunert’s drchiv, IX, 252, 250-1 (1847)
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The following is another demonstration *

Let o 8 y denote the distances of K from BC CA AB

Then ¢4 /J’ v
« b g

aa b3 ¢y

T ot e T

ac+bf+ 5

- - 0F + o

21
az + b'_‘ + -
4A3 3\
KL*+ KM®*+ KN* =0
@+ 0%+ ¢
_ a’sin®B sin’C _ 0%sin*C sin®A 18
" sin®A +sin?B + sin*C sinA + sinD + sin®C (18) 3
¢sin%A sin’l3 B A
" sin%A +sin’B 4 sin*C  cotA + cotB + cotC )
Disrances oF K, K, K, ¥roM THE sipes oF ABC
(K,) - 2a\ 20\ RIVAN
AN TR o m m ~ . m S
! —at4+ 0t 4" —a* 4+ b+t —a*+ b+t
o 2a/\ -2 Je\
(h2) o B K 3 e Pl — o )
a0 +c @ — b+ @ ~ b4 ¢
K,) 2a/\ R1/YAN RITAN
( 3 PR SR @b - A+ b=

* Mr R. Tucker in Quartcrly Jour:al of Mathcmatics, XIX. 342 (1883)

+ The first of these values is given by ““ Yanto” in Leybourn’s Mathematical
Repository, old series, Vol. IIL. p. 71 (1803). Lhuilier in his Elémens &’ Analysc,
p- 298 (1809) gives the analogous property for the tetrahedron.

The other values are given by E. W. Grebe in Grunert’s drchiv, IX. 251 (1847)
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Grebe, loco citato, p. 257, gives the distances of K, from the
sides of ABC with the following trigonometrical equivalents

a sinA sinB sinC

Sin’A + sin’B — sin’C atanC
b sinA sinB sinC
sinfA + sin?B — sin’C 16 tanC - (20)
~¢ sinA sinB sinC
Sin’A +si0%B - sin?’C e tanC

J

If ¥ 3, 3, I; denote the sum of the squares of the distances
from the sides of ABC of K K, K, K,

4N’ s 4 A% 4A*

=————s = =— (21)*
% —a?+ b2+ cf P -+ T a2 @)
1 1 1 1
e — 22) *
S=StEtT, (22)

If k k, k, k, denote the distances from BC of K K, K, K,

1o 1.1 3 (23)*

FrETRYE TR,
This relation holds for any four harmonically associated péints

2 2
MW+NU+LME;%£%? (24)

For the left side=3 (KL’ + KM?+ KN?)

_AmA mS
T+t A
dm,\ m,= .
NL= =% (25)

dm,AN  myZ
Ta+ b+ A

* Dr Franz Wetzig in Schlomilch’s Zeitschrift, X1I. 294-295 (1867)
+ Both forms are given by E. W. Grebc in Grunert’s Archiv, IX. 253 (1847)
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For MN can be found by applying Ptolemy’s theorem to the
encyclic quadrilateral ANKM

12A3
LMN = mm (26)*
Ficure 28

Since K is the controid of LMN,

LMN =3KLK'
Now KLK' has its sides equal to KL KM KN and it is similar
to ABC
therefore KLK' KL?+KM?+KN?
ABC a’+ 02+ ¢?
_ VAN
@y
KBC : KCA : KAB=qa?: 5 : ¢* 27+
K,BC: K, CA : KAB=-a*: : ¢
K,BC : K,CA : K,AB= «?: -8 : ¢ (28) 1
K,BC : K,CA : K;AB= a?: B : -¢
AA'-BB' -CC : AK, ' BK, " CK, (29) 1
=AK 'BK ‘CK : KK, ‘KK, ' KK, } e
AK, : AK,=CX : BX ]
BK, : BK,=AY : CY (80) ¢
CK, : CK,=BZ : AZ J

* Dr Franz Wetzig in Schlomilch’s Zeitschrift, X1I. 298 (1867)

+ L. C. Schulz von Strasznicki in Baumgartner and D'Ettingshausen’s
Zeitschrift fir Physik und Mathematik, 11. 403 (1827)

+ Dr Franz Wetzig in Schlomilch’s Zeitschrift, XT1. 287, 293, 201 (18G7)
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Ficure 23

Draw CZ perpendicular to AB
Let the tangent at A meet K,C produced at K, and draw K,B’
perpendicular to CA

Fromn the similar triangles K,CA’ CAZ
K, C:CA'=CA : AZ
or KC: e =056 :2AZ
From the similar triangles K,CB' CBZ
K.C: CB'=CB : BZ

or KC: b = a :2BZ

Hence KC- -AZ=1lab
=K,C - BZ

therefore KC:K,C=BZ: AZ

If &, k. %k, denote the distances of K from BC CA AB
A4k k@ +0*+*=LLMN : ABC (31)*

If &' L) &/ denote the distances of K,
All” A".Z” A?::” b2} 3 kA 1 K2

kl”’ k'—’,” k.';,” " M M b2 K3
from BC CA AD
kllklllkllll : l":'lA::l!A‘._,//! : k:;lk:.‘”k:;,, — a:} : b:" : cs (32) *

KK, KK KK, : BC:CA-AD =2circleK,K,K; : circleABC  (33) *
Ficure 26

If the sides of triangle DEF be denoted by d e f, the
following formula is obtained by comparison of the similar
triangles I,I,I, DEF

dyf_ abe

7 2R2

Now, in Fig. 26, triangles DEF ABC stand in the same relation
to each other as ABC K, K,K;

* Dr Wetzig in Schlimileh’s Zeitschrift, XTI. 298, 296, 292 (1867)
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abe : R*=2AK,K,K; : radius of circle K, KK, (34)

This follows from the preceding since

abc 2N
2R*” R

CosINE CIRCLE OR SeEcOND LEMOINE CIRCLE

Ficure 19
92bc? , b2
SFibT e AR = e
Jea’ 2¢%a
= BD)=io——— 35
BF a2+b2+c‘2 D a2+b2+62 ( )
2ab? . 2%
=P FTe CF = mra

For triangles AEF’ ABC are similar and AK is a median of AEF

therefore AE : AB=AK : m,

W@+ +e) a4+

AR a4 b4t AF= at+ b2+ ¢?
, c(a® =0+ ¢?) _a(a® - b+ %)
S BD == pre (36)
, a{a’+b*—c% (@ +b* - ¢
Ch'= a®+b* 4 ¢ CE= A+ b+t
@Y o W@ Be) o ca+ B )
bD'= ad+btct EE TTRrb 4 F= &+ 0+ (37)
dalN T, JAN 4e/N
FD=a2+b2+02 DE=a2+b2+c2 F=a2+l)2+(:2 (38)
For FD:=ED*- E'F?=ED>-D'D*
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BD' - CD=CE - AE=AF - BF (39)
BD’:CE’:AF’:%:%.; ]
| (40)
BF :CD : AE="2 .2 .°
b c a

TrirricaTE RaTiO OR FirsT LEMOINE CIRCLE

The whole of the subsequent results are taken from two of Mr R. Tucker’s
papers in the Quarterly Jowrnal of Mathematics, XIX. 342-348 (1883) and
XX. 57-59 (1885). The proofs are sometimes different from Mr Tucker’s

FiGUure 32
b , be*
=Firre AV aimre
B cla . ca? (41)
L S
a’b , ab?
CE=iire oD = o
. ABC _ AB:-AC
or AFE ~ AF - AE
theret 2N _ be
eretore AE KM _ AF - AE
be KM
therefore AF = 3A
__beb
- a2+b2+¢:2
BD - CD'=CE * AE' = AF - BF (42)
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, (B4 ) b +e?)
AF—a2+bz+cz AE= a"'+b"'+c‘
. a(d+a?) _ ¢ +a’)
B = erre PFrairsa (43)
. b+ ) a(a® + %)
R I D= Fa
' a‘3 ’ b3 __ cs *
D =vie P¥-mmme oo @
BD : DD’ : D'C=c®: a® : §°
CE : EE : EA=a*: b : ¢* (45)
AF : FF : FB=b: ¢ : &
. ) ,_ b +a?) . c(aP+8%)
EF = vre TP =gipye E= s (46)
r i’ — ’ —_ abc
EF--FD—DE_a,z_*_b—??2 tY)
For DE'FF is a symmetrical trapezium
therefore E'F? = }(DE' - FF')* + KN?
"ij o’ +b%) ¢\’ N {2 }2
TR+t @b+ T et bt
¢ 2 _ 2 'n
4(a-+b-+02)2{(a + b ) + 16A
__ dae
TP+ P+ )
DF = = VBE+ P+ o'l
at+ 62
FE= b, ch + % + @ > (48)
bt
ED=——— V0@ + Fa’ + o'

a+b“+c /

* It was this property which suggested to Mr Tucker the name *‘triplicate-

ratio circle.”
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For D E' F F' are concyclic
and DE'FF’ is a symmetrical trapezium ;

therefore DF - EF'=DE’ * FF' + DF' : FE'
that is DF*=DE’ - FF' + DF"*

KE - KF =KF - KD'=KD - KE
=EF=FD'=DE

For KE - KF'=CD' - BD

The minimum chord through K
=92EF=2FD=2DE

For KE : KF =E'F?
DD'-EE ‘FF=EF:-FD- -DE
. a’b%c®

The hexagon DD'EE'FF’ has its

a4+ B+ + 3abe

imeter =—
permet a*+4+ b2+

area

_A(a+ 8+t + 0%+’ + a'h)

(a2+b‘2+ 02)2

=AFE+ BDF + CED
=AEF + BFD'+ CDE

The circle DD'EE'FF’ has its
_ Nb%E+ fat + a’h R

radius )
a+ b+

If EF cuts FD D'E at L. L’

FD' ,, DE EF , M M
DE , EF FD , N N’

https://doi.org/10.1017/50013091500031758 Published online by Cambridge University Press

L )

(oo

(31)

(55)


https://doi.org/10.1017/S0013091500031758

103

then FL DL = ¢ a?
D EL = @ b
DM EM = & b*
EM FM' = ?° e (
EN FN = ¥ ¢
FN DN = ¢ @ J
Ficure 33
For FL : DL=FK : DK=AE' : CE
and DL’ : EL'=CE : EF
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