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Stratifications of
equivariant varieties

M.J. Field

Let G be a compact Lie group and V and W be linear G
spaces. A study is made of the canonical stratification of some
algebraic varieties that arise naturally in the theory of dw
equivariant maps from V to ¥ . The main corollary of our
results is the equivalence of Bierstone's concept of "equivariant
general position" with our own of "G +transversal". The paper
concludes with a description of Bierstone's higher order
conditions for equivariant maps in the framework of

equisingularity sequences.

Let G be a compact Lie group and V and W be linear (G spaces
(that is, G representations). Amap f : V> W is said to be equi-
variant if f(gv) = gf(v) for all g € G and v € V . 1In this paper we
study the stratifications of some algebraic varieties that arise naturally
in the theory of C°° equivariant maps from V to W . As corollaries of
our results we obtain the equivalence of Bierstone's definition of
"equivariant general position" [I], and our definition of "G transversal"
[3, 4]. We also obtain a reformulation of Bierstone's higher order

conditions described in [2].

1. Stratifications

We start by recalling some facts about stratifications of real

algebraic sets (for more details we refer to Mather's exposition in [6]).
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Let X be an algebraic subset of A . a stratification of X is a
locally finite partition of X into connected submanifolds of Ii’” , the

strata of X , such that the frontier (in Rm ) of each stratum is a union

of lower dimensional strata. For 0 =<4 <m , we define Xj to be the

union of all strata of dimension J and refer to Xj as the

J-dimensional stratum of X . Whilst Xj is a submanifold of K' of

dimension j (possibly empty), it need not be connected nor need the

frontier of Xj be a union of Xk's » kK< J . In the sequel, we shall

always regard the stratification of X as consisting of the set of
Jj-dimensional strata of X , 0= j'<m , and we shall denote the

stratification of X by {XJ} . We say that the stratification is an

a-stratification, where @ may be Cm , analytic, semi-algebraic, and so
on, if the strata are all of class a . The stratification is termed

Whitney regular if, given any pair (xj, xk] , with j < k , Whitney's

regularity condition (b) holds at every point zx of xJ. n g :

If {pi} and {qi} are sequences of points of Xj and Xk

respectively such that both sequences converge to x , the line

Jjoining pi to qi converges to a line L, and the tangent

space Tq Xk converges in the grassmannian of k-dimensional
i

subspaces of K" to T , then T>L .

A minimal aq-stratification of X is a Whitney stratification {xj}
of X such that if {Yj} is any other Whitney a-stratification of X |
then either the two stratifications are the same or there exists jo such

that X. =Y. i >d and X. DY. . Clearly if a minimal

i F, s J Jo s Jo Jo
a-stratification of X exists, it is unique. As described in [6], X has
a minimal semi-algebraic stratification - the so called canonical
stratification of X . This stratification is also the minimal Cm and
(strongly) analytic stratification of X .

Suppose that V and W are finite dimensional vector spaces and that
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we are given a polynomial map
P :Vx Rk > W .

Let X=P-l(0) and, for each tGHk',set Xt={:z:€V:P(:c, t) =0} .

We are interested in the family of germs of Xt at zero as t varies in
P (ef. vardenko [91). Giving X the canonical stratification {xj} .

we define a Whitney stratification of V¥ x Rk by taking as top dimensional

stratum [V X Rk)\X and {XJ} for the remaining strata. It is convenient
to continue to use the notation {XJ} for this stratification of V x Rk

and we shall do this in the sequel. Finally, we shall regard Rk as

embedded in ¥ x B as {o} x . we recall from [4].
DEFINITION. An equisingularity sequence for the family {Xt : t € Rk}

is a Whitney stratification {Ai} of Rk such that
{XJ.\Rk, Ai :0=j =ktdim(V), 0 =1 = k}

is a Whitney stratification of X u Rk and Xj n Ai is empty for j <1z,

and an open, possibly empty, subset of Ai for j=1.
DEFINITION. We say that the equisingularity sequence {Ai} is a

fundamental equisingularity sequence for {X £ t € Rk } if it is minimal
amongst the set of semi-algebraic equisingularity sequences for
{X £ t ¢ Rk } .

REMARKS. |. The methods of [4] show that a fundamental
equisingularity sequence for {Xt : t € Rk} exists and is in fact minimal

amongst Cm and strongly analytic equisingularity sequences. Since it is
clearly unique we shall in future refer to it as the fundamental

equisingularity sequence of {Xt : Tt € Rk} . In the next section we shall
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give a rather explicit characterization of fundamental equisingularity
sequences for a class of algebraic sets arising in the theory of equi-

variant maps.
2. In [4], an equisingularity sequence was defined to be a sequence

k

R"=A;24, 2 ... 24, such that the sets A = A.\A. satisfied the

k-1 71+l
first definition above. In other words, it was defined in terms of the
filtration by codimension of the stratification of Rk .

3. The sets A. give a measure of the degree of Whitney equi-
singularity of the family {Xt t t € Rk} . For example, it follows from
Thom's First Isotopy Lemma that {germ(Xt] at zero : t € Rk} is locally

topologically trivial over Ak .

We conclude this section with some remarks about the pullvack ©of a
Whitney stratification. Let P : A"xRA'+ R vea C° map. We say that
P 1is a projection map if there exists a C‘°° diffeomorphism % of
Rm X Rn such that the composite PFPh is the projection of Rm x Rn on

Rn . In case P is also a polynomial, we say that P is an algebraic

projection map. We have the following trivial

PROPOSITION. Let P : K" x B + F* be an algebraie projection map
and X be an algebraic subset of ' with canonical stratification
{Xj} « Then {P‘lx3} i8 the canonical stratification of the algebraic set

P—l

X .

REMARK. 1If we had only required P to be a submersion, it would
follow from [6, Corollary 8.8] that {P‘lx5} is a Whitney stratification
on P-lx . However, it is easy to find examples showing that it need not

be minimal.

2. Varieties defined by equivariant maps

Let G be a compact Lie group and ¥V and W be linear G-spaces.
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We let PG(V, W) denote the space of equivariant polynomial maps from V

to W and PG(V) denote the space of real valued G-invariant polynomials
on V . As is well known, the compactness of G implies that PG
is a finitely generated PG(V)—module and PG(V) is finitely generated as

(v, W)

an algebra (see, for example, [7]).

For the remainder of this paper we shall assume that V has no proper
subspaces on which G acts trivially (that is, V contains no trivial G

representations).

Let F

15 eees P

s € PG(V’ W) and define F : VX R° > W by

8
Flx, t) = ;21 thj(x) s

where ¢ = (¢, ..., t) €K and z €V . Clearly F € P(Vx F, W) ,

10 ¢
where we have given V x R®° the G-action defined by teking the product of
the given action on ¥V with the trivial action on B .

Set X = F71(0) and let {XJ.} denote the canonical stratification of
X (the top dimensional stratum is, by the convention of Section 1,
[V X Rs)\X ]. The minimality of the stratification implies that each

stratum is a G-invariant submanifold of V x R® . Let 0 : Vx R » &®

denote the projection on R° and define the family {Xt': t € Rs} by

setting X, =T S (¢)n X ={x €V : Flx, t) = O} .

t
One further piece of notation before we state our main result. If Y

is a connected analytic subset of Rs we define

regiY @, 1# dim(Y)

regular part of Y , % = dim(Y) .

More generally, if U X& is the decomposition of an analytic subset X of

Rs into its connected components, we define
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RegiX =U regixa .
a

THEOREM. 4 fundamental equisingularity sequence {Ai} for

{Xt : t € Rs} exists. It is characterised by any of the following

equivalent conditions:

1. A

;= u regi[X. n Rs] , 0= =8;

i J
2. if tEXJ.nRs,then t € A, if and only if

. sl _ . .
dm[TthnR]-L,

3. if t GXJ.nRs, then ¢ € A, if and only if
dim(]'[(Tth]) =7.
Finally suppose t € Ai n Xj . Then the connected component of
XJ. n R° containing t <is an open subset of Ai .

REMARK. We must emphasise that this theorem is special to the class
of equivariant sets that we are considering. None of the statements of the

theorem holds for arbitrary varieties.

Before starting the proof of the theorem we shall prove two lemmas.

LEMA 1. Suppose U is a G-invariant linear subspace of V x R .
Then

U=(va)® (% nv) .
In particular,
Un® =) .

Proof. U has a unique decomposition A @® B , where 4 is a sum of
(non-trivial) irreducible G-representations and B is a trivial

representation. Since V does not contain any trivial representation,

ACV and BC R . //
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LEMMA 2. Suppose t € B n Xﬁ and dim Tth NRE> =1 . Then the
connected component of Xj n B° containing t is a submanifold of R° of
dimension 1 .
Proof. Let A denote the connected component of Xj containing ¢
and B denote the component of A4 n ool containing ¢ . By Lemma 1,

TbA nR = H(TbA) for b € B and so a simple semi-continuity argument

shows that dim[TbA n HS] =i, forall bE€B.

A is a G-invariant submanifold of V x R° and so, given b € B ,
there exists an open neighbourhood U of b in V x Rs and a d”
equivariant diffeomorphism % : U + #(U) € V x R° which maps 4 n U onto
an open neighbourhood of zero in TbA . Since h is equivariant,
h[Rs n U) cR® and so h maps A nlUn R® onto an open neighbourhood of

zero in T,A n B° . Hence B is a submanifold of R° of Qimension 7 .//

b

Proof of Theorem. Lemma 1 implies Conditions 2 and 3 are equivalent;

Lemma 2 implies Conditions 1 and 2 are equivalent. We claim that {Ai} is
an equisingularity sequence. Condition 1 implies that Xﬁ n Ai is empty
for 4 < 4 and an open subset of Ai for § =1 . It remains to be
checked that {Xj\RS, Ai} is a Whitney stratification of X u Rs . Now
[Xj\Rs, xk\Rs] , <k ,and [Aj, Rs\x€] , J <%, satisfy Whitney's
regularity condition (b) where applicable since the stratification {Xﬁ}

is Whitney. Let ¢t € Aj nh, , k>j . We must verify that condition (b)
holds at t for the pair (Aj’ Ak] - Let p. > t, q; > t De sequences
of points of Aj and Ak respectively such that the line joining p; to

qi converges to L and Tq Ak converges to I , where 7T 1is a
1

k-dimensional subspace of B . Taking subsequences if necessary, we may
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suppose that p; € Xa s qi € XB » for some fixed o and .B , and that

~

T XB converges to a B-dimensional subspace T of VxBR® .+ DNow in

1
general T will not contain T and all that we can say is H(i) =T .

But since our stratification is G-invariant and V does not contain any
trivial representation, we may apply Lemma 1 to deduce that f 2] Rs =7,

Since {Xj} is Whitney regular, TSL . But LCR® andso TOL .
Since [Xi\Rs] n K} =@ , for all i and J , condition (b) is vacuously
satisfied for the pair [Xi\Rs, AJI . As the frontier conditions clearly
hold, it follows that {XJ\RS, Ai} is a Whitney stratification of

X v Rs . Finally we remark that the equisingularity sequence that we have
constructed is obviously minimal and so the fundamental equisingularity
sequence of {Xt : t € Rs} . //

REMARK*, If, following [3, 4], we define A.= U Ai , 14 =8,
i<s-g

it is easy to verify that Aj is a closed semi-algebraic cone, vertex
origin. It is natural to ask whether the sets Aj are projective

algebraic varieties or, what amounts to the same thing, if they are
analytic cones. 1Indeed, if we had taken the stratification of X defined
by teking the real part of the canonical complex analytic stratification of
the complexification of X +the equisingularity sequence that we obtain
does give projective algebraic subsets. However, this stratification need
not coincide with the canonical stratification. For example, the
stratifications differ for the varieties defined by z(r+y2) or

y2 + z2x3 + xs . In any case, we ask: Are the varieties Aj projective

algebraic?

Continuing with the notation and assumptions of the theorem, suppose

we are given polynomials pkj € Pb(V) , where 1 =17 = s and, for each

* T am grateful to T.C. Kuo for pointing out these examples to me.
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1, 1l=g4°= m, . We shall assume that pij(O) =0 for all 7 and J

(since V contains no trivial representations, this implies that Dpij

vanishes at zero for all ¢ and j ].

s
Set m=sg + 2: mi and give H" the coordinates
=y

(¢, ¢ Let p : B » B° be the

110 *tee t 3 € t veey E

1m 22 21° sm ) N
1 8

obvious projection map. We also use the notation p for the projection
(Ia x p) : V x F">VxF . Define @ :VxH »W by

m
S

7
oz, t) = iz=:1 t, + jgl tijpij(x) F.(x) .

@ 1is equivariant if we give V X A" the G action defined by taking the

product of the given action on V with the trivial action on F" . Demote

the fundamental equisingularity sequence associated to the variety defined

by @ by {2} .

PROPOSITION.

Proof. We claim that the map p : V x A" >V x B° defined by
m.
7
p = .+
plx, b tij) z, t, jzi tzgptg(x)
is a projection map in the sense of Section 1. Indeed the map

h: VxR »>vxH defined by

7
hﬁr, ti’ tij) = |z, ti - jz; tijpij(x)’ tij

isa C equivariant diffeomorphism and Ph =p .

Applying the proposition at the end of Section 1, we see that the pull-
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back of the canonical stratification of X by p gives the canonical

stratification of Q_l(O) . The characterisation of a fundamental equi-

singularity sequence given by Condition 1 of the theorem implies that the

fundamental equisingularity sequence for Q-l(o) is given by

Fropt- ot w

3. Applications to the theory of equivariant maps
Let C'Z(V, W) denote the space of ol equivariant maps from V to
W and CZ( V) denote the space of ¢ equivariant real valued maps on
V. C(V, W) has the structure of a C(V)-module. Fix a minimal set of
homogeneous polynomials which generate PG(V, W) as a PG(V)-module, say
oo a0
{Fl, e Fk} .  Then {F s eens Fk} generate CG(V, W) as a CG(V)-

module (for a proof of this non-trivial fact, see [1, 4, 7]). Moreover, if

R* is a trivial G-space, {Fl, cees Fk} also generate C:(V x B, W) as
o0
a CG[V X Ru] -module. Let {Xj} denote the canonical stratification of

the variety X c V x Rk defined by the polynomial F(x, t) =Y tJ.Fj(:c)

and {Az} denote the corresponding fundamental equisingularity sequence.

We shall briefly review two definitions of equivariant transversality.

Full details are given in [1, 4]. Let f ¢ c°G°(V x B, W) . Then there
exist fj € COGO(V X Ru] such that

k
flz, u) = ¥ fj(x, u)Fj(:c)

J=1

Whilst the maps fj are not necessarily uniquely determined by f , the

map Yf : B ->Rk defined by Yf(u) = (fl(O, Uy wens fk(o, u)) depends

only on f and the choice of generators {F s eees k} . We let

Gf VxR >V x Rk denote the "graph" map defined by
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qf(z, u) = (x, fi(x, U)s eees f%(z, u)) . Both Yf and Gf are ¢ .

DEFINITION A (adapted from Bierstone [1]). Let f € CZ(V x B, W) .
f 1is said to be in equivariant general position to 0 € W at
(0, 0) € V x Rk if either f(0, 0) # 0 or f(0, 0) = 0 and the map
Gf VX B >V x Rk is transversal to the canonical stratification of X

at zero.

DEFINITION B ([41). Let f € Co(vx R, W) . f is said to be

G-transversal to 0 € ¥ at (0, 0) € V x Rk if either f(0, 0) # 0 or
f(o, 0) =0 and Yf : B > Rk is transversal to the fundamental equi-
singularity sequence {Ai} at zero.

We refer to [6] for the definition and basic properties of maps
transversal to a Whitney stratification.

PROPOSITION. Definitions A and B are equivalent.

Proof. Let f € CZ[V x ”*, W) and suppose f(0, 0) =0 . Let

t = Yf(o) € Ai and Gf(O, 0) € Xj . Now if f 1is in equivariant general

position to (0, 0) at O, TX. complements (T(O,O)Gf.)(VXRu) in

vV x Rk . Since Gf is the identity on ¥V x {0} , this is equivalent to

(TOYfJ(Ru) complementing H[Tth) in Rk . By Condition 3 of our theorem
characterising fundamental equisingularity sequences, this is equivalent to
(TOYfJ(Ru) complementing TtAi in Rk . But this is Jjust the condition
for (-transversality. //

REMARKS. |. We have put the definition of equivariant general
position in a form that allows us to prove its equivalence with
G-transversality with the least effort. In [!], the requirement that V
does not contain any trivial representations is dropped. The definition is
then naturally stated as the transversality of the graph map

z +— (z, fl(x), cees fk(x)) to the canonical stratification of the variety
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associated to a minimal set of homogeneous generators of P.(V, W) .

L
2. Since equivariant general position is an open condition [1], the

proposition implies the opennes of (G-transversality, answering a guestion

raised in [4].

For the remainder of this section we intend to reformulate Bierstone's
higher order equivariant general position conditions described in [2] in

the framework of equisingularity sequences.

As Bierstone points out by an example in [7], although Definitions A
and B are quite satisfactory from the point of view of stability of

intersections, the maps that can occur are sometimes undesirably singular.

EXAMPLE. Consider the space of c” Sl invariant maps from 02 to
02 » Where the Sl action on the domain is multiplication by [e3te, ehte)

and on the target is multiplication by (61016 ell%e) . A minimal set of

b

homogeneous generators for P (02’ 02) is {[322 s O], [0, z 32}} and
Sl 172 12

the corresponding fundamental equisingularity sequence is

2

n, = {(tl, t2) €C" (tl, t2) # (0, 0)} 3

(The subscripts refer to real dimension.) For (%, s) € c® , let

- 2 2 . o . . .
f%,s(zl’ 32) = [tzlzz, 33122} . ft,s is ¢° and S' invariant and is
Sl transversal to zero at zero provided both ¢ and & are not zero.

However, the maps f% 0 and jb g are easily seen to be highly singular
3 >
at zero by comparison with f% g ? t# 0, 8 # 0. For instance,
2

th,s(zl’ 22) is a linear isomorphism off the 2, and 2, axes if ¢

and s are non-zero. It is desirable that the transversality definition

exclude the cases when either & or ¢t is zero.

We make no attempt here to give a full description of the higher order
theory developed by Bierstone to overcome this deficiency 'in the definition
as a full presentation is given in his paper [?]. Instead we confine

ourselfes to outlining the theory to a point where we can state our
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formulation of the higher order conditions.
Let {pl, cees pl} denote a minimal set of homogeneous algebra

generators for the R-algebra PG(V) . If we set

P = (pl, ...,pl) :V+H’l

and let P#* : P(R'l] + P,(V) denote the map defined by P*(q) =gqP ,
q € P(Rl) , then P* 1is surjective (see, for example, [7]).

Schwarz' theorem [§], states that P#* : Cw(Rl) > CZ(V) is also

surjective. That is, given f € COGO(V) ,» there exists g € Cw(Rl) such

that f = gP .

If G acts trivially on 7 , then {pl, <ees Pp> t . tu} is a

1°

minimal set of homogeneous generators for PG(V X Ru) and so, given
h € CZ(V x Ru] , there exists g € Cw(Rl x Ru) such that

h(z, t) = g(P(z), t) . Consequently, any f € CZ[V x R¥, W) may be
written, not necessarily uniquely, in the form

k
fle, t) = ¥ g.(P(z), t)F . (x) ,
j:l d J

o Hl . . .
gj € CG( X Ru) . The higher order conditions described by Bierstone come
by differentiating this equation.

We use the notation of [5] to describe jets and jet spaces. Thus, if

f € Cw(V, W) , we let jdf(:x:) = [f(x), Df(z), ..., Ddf(:x:)) denote the
d-jet of f at x, d=0,1, ... . We denote the corresponding jet

space by Jd(V, W) and recall that

i
Aw,m =@ Lo,

1=0
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where L;(V; W) 1is the space of %-linear symmetric maps from V to W .

Define Q@ : Vx B+ BE* x B vy Qz, t) = (Plz), ¢) .

D : VxR +L(vx B, R x #) and DQ(x, t) = (DP(x), Id) . Hence DQ
depends only on x, and we shall write DQ(x) for DQ(x, t) in the

sequel.

Before we proceed further we need to recall some linear algebra.
Suppose E and F are vector spaces and that we are given positive

integers m., ..., mes Qys =++5 4g - Set p =mlq1 + ... +m8qs and

q=q *t...+q . Ve define the "symmetrization" map
8 m, qj
symm* : .X [LBJ(E'; F)] -+ Ll;(E'; XqF)
J:
by

svmnt ((4) s oes (4))(egs wvse) =

l/(ql! qs!) y [Ai(eo(l)’ cees ed(ml))’

m
ceay Ass(eo(p-ms+l)’ coey eo(p))] s

q.

P 1 95 "3 J
vhere (el, cees ep) € XE , (AJ.) = Aj’ cens AJ. € |L, (E; F) , and
the sum is taken over all permutations ¢ of {1, ..., p} such that, if

= ces M, _q. , *im.
we set Mij' m q, + mJ_qu_l sz N

O(Mijﬂ) < c(Mij+2) < ... < O(Mij""j) ,

F=1, ooy 81, £ =0, ..., ;7L -

For » =0, 1, ... we define

fZ"u:V>< g L;.(RlxRu;Rk)*Lz(VXRu;Rk)
1=0

r

by
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r m. q m q
1’:(:3, a)= ¥ ¥ a l}ynnn*[[D 1Q) l, ..., (D %9 s](x;_-] .
8=l m1q1+...+m3q8=r q

where we have set q = 9 ..ot g and

r .
a=(ag .-y a,) € 1:?0 L:(Rlxl?u;Rk) .

('I'his rather complicated expression becomes the formula for the rth

derivative of the map g@ if we replace aq everywhere by Dqg(Q(a:)] .

For d=0,1, ... we define the equivariant polynomials

d .
Piivx @ LE(R < B B » 13w x B W)
i=0 ° 8

by

d &k p) r

Pz, a) = ¥ ¥ (D2, o), 0 7R, () ,

=N e r z Z

r=0 7=1
where '"®" denotes the symmetric tensor product and the subsecript < on

I’:(z,a) denotes the <th component of 2’;(:::, a) in Rk .

Setting lfé = [Pg, ceny PZ] , we see that

d .
vivx @ L:(RlxRu;Rk)->Jd(VxRu, W) .
=0

d
fundamental equisingularity sequence.

Let Xg be the zero set of U* and {22 1‘} denote the corresponding
’

Let f € c‘;(v x %, W) and write
k
flz, t) = ¥ gi[P(z), ) F, () ,
=1

g; € CZ(R]'X}?u) . Set g = (gl, ...,gk) € Cm(RlXRu, Rk) and define
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d .
Y B> @ LX(E < B R
i=0 ¢

by

() = (0, t) = (glo, 1), ..., (0, 1)) .

DEFINITION (Bierstone [2]). Let f € C‘Z(v x /¢, W) . f is said to
be in dth approximation to equivariant general position to 0 € W at

(0, t) € vx ' if either f(0,t) # 0 or f(0, t) =0 and v, () is

transversal to the fundamental equisingularity seqguence. {Z; i} at t for
b
0=sr=d.

EXAMPLE. TFollowing the notation of our previous example, the map

ft s is in dth approximation to equivariant general position to 0 € 02
L]
at zero for all d= 0 if ¢t # 0 and s # O .

REMARKS. |I. It is easily shown that the above definition is
equivalent to that stated in [Z]. Moreover, it is shown in [2] that the

definition is independent of the choice of g implicit in the maps Yd
and of the choice of generators {Fl, RN Fk} and {pl, vy pl} . It is
also shown that there exists dO , depending on V, ¥ , and u , such that
doth approximation to equivariant general position implies dth
approximation to equivariant general position for d = do . Equivariant
general position is then redefined to be ddth approximation to equivariant
general position.

2. It should be noted that no coefficients involving powers of the

polynomials {pl, ey pl} appear in UZ . The inclusion of such higher

order terms has no effect on the fundamental equisingularity sequence - see

the proposition at the end of Section 2.

3. A natural question arising out of our formulation of the higher

order transversality conditions is the extent to which the fundamental

equisingularity sequence {Z; i} depends on u . For example, suppose
s
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f € dZ(V, W) 1is in equivariant general position to 0 € W at 0 € V and

define f : Vx R* > W vy }(x, t) = flx) . 1Is } in equivariant general

position to 0 € ¥ on R* ?
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