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The purpose of this note is to establish the following characterisation
of the radical:

THEOREM. Let R be a ring with the minimum condition for left ideals.
Then the radical of R is the intersection of the maximal nilpotent subrings
of R.

We prove first the following lemmas, assuming throughout that R is a
ring with minimum condition:

LEMMA 1. Suppose R is the direct sum Rx © • • • © Rk of the ideals
Rit i = 1, 2, • • •, k. Let Nt be a maximal nilpotent subring of i?< (*' = 1,
2, • • •, k), and let N = Nx © • • • © Nk. Then N is a maximal nilpotent
subring of R. Conversely, if N is a maximal nilpotent subring of R, then the
Rrcomponent

Nt = {x\ x = n—y e R{ for some neN, y e 2 Ri)

of N is a maximal nilpotent subring of Rit and

N = Nt © • • • © Nk.

PROOF. Consider the product axa2 • • • at of elements a( e R. Each ai

is uniquely expressible in the form

«,- = ba+bi2+ • • • +b{k, bit e Rs.
Then

« i « 2 • • • « < = &11&21 • • • btl+bub22 • • • 6 t 3 + • • • +blkb2k • • • bik

since R is the direct sum of the ideals Rt, i = 1, 2, • • •, k. Thus
a1ai • • • at = 0 if and only if bub2i • • • btt = 0 for all i = 1, 2, • • •, k. Thus
a subring 5 of R is nilpotent if and only if for all *', the .^.-component

S4 = {x\ x = s—y e Rt for some s e S, y e 2 R>}

of S is nilpotent.
(i) Let N{ be a maximal nilpotent subring of R{ (i — 1, 2, • • •, k), and

let N = Nx © • • • © Nt. Then AT is a nilpotent subring of R. Suppose S
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is a nilpotent subring of R and S ^N. Then the component St ^ Nt and
is nilpotent. Since Nt is maximal nilpotent in Rf, we must have St = Nf.
But , *

i = l <=1

Therefore S = N and 2V is maximal nilpotent in R.
(ii) Let N be a maximal nilpotent subring of R. Then the components

N{ of N are nilpotent. Suppose i?j Sg St- ^ iVt- and St is nilpotent,
* = 1, 2, • • •, k. Then S = Sx © • • • © Sj. is a nilpotent subring of R
and S ^N. Therefore S = N which implies S{ = Nt. Thus Nt is a maximal
nilpotent subring of Rt and iV = N1 © • • • © Nk.

LEMMA 2. Suppose R is simple, non-null. Then there exist maximal
nilpotent subrings U, L of R such that U n L = 0.

PROOF. R is isomorphic to the ring of endomorphisms of some finite-
dimensional left vector space over some division ring D. From any basis
of V, we obtain a faithful representation of R by matrices (dtj) with elements
dtj in D. If N is any nilpotent subring of R, we can choose the basis of V
such that every element of N is represented by an upper triangular matrix
(dtj), di} = 0 for i ^ /. Clearly the subring U of all elements of R which
are represented (for some given basis of V) by upper triangular matrices
is a maximal nilpotent subring of R. The subring L of elements represented
by lower triangular matrices (d^), dtj = 0 for i ^j, is also a maximal
nilpotent subring of R and U n L = 0.

LEMMA 3. Suppose R is semi-simple. Then the intersection of the maximal
nilpotent subrings of R is 0.

PROOF. R is the direct sum Sx © • • • © Sk of simple non-null ideals
S(. For each i, there exist maximal nilpotent subrings U(, Lt of S{ such
that Ut n Lt = 0. Put U = Ut © • • • © Uk and L = Lt © • • • © Lk.
Then U, L are maximal nilpotent subrings of R and U n L = 0.

LEMMA 4. Zei iV be the radical of R and let K be a subring of R. Then
K is a maximal nilpotent subring of R if and only if K ^N and KjN is a
maximal nilpotent subring of R/N.

PROOF. If K is nilpotent, then so is (K+N)IN. But (K+N)/N and JV
both nilpotent implies that K+N is nilpotent. Thus if K is maximal nilpotent,
then K = K+N and therefore K^N. Suppose K^N. Then K is nilpotent
if and only if K/N is nilpotent. Thus K(^N) is maximal nilpotent in R if
and only if KJN is maximal nilpotent in RjN.

PROOF OF THEOREM. Let N be the radical of R, and let Mx be the
maximal nilpotent subrings of R. Then Mx 2; N for all a, and
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But the MJN are all the maximal nilpotent subrings of the semi-simple
ring R/N. Therefore

PI {MJN) = 0
a

and therefore
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