LINEAR OPERATORS WHICH COMMUTE
WITH TRANSLATIONS

PART I: REPRESENTATION THEOREMS
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0. Introduction and preliminaries

In Part I of this paper we shall be concerned with the representation
as convolutions of continuous linear operators which act on various function-
spaces linked with a locally compact group and which commute with left
— or right — translations; cf. the results in [12]. For completeness some
known results are included whenever they follow from the general procedure.
We have tried to follow simple general approaches as much as possible.

Nothing has been said about analogous problems for semigroups (the
real positive semi-axis, for example); see [1], [9] and [38] and the references
there cited.

Part II deals with some applications of the representation theorems
to the study of averaging operators over groups, of normalizers of function-
algebras over groups, and of some division problems in certain convolution
algebras of functions, measures, and distributions.

For the sake of completeness and the reader’s convenience, Part I
contains the statements of several known representation theorems and
references to the original proofs. On the other hand, neither Part I nor
Part II contains any attempt at coverage of the theory of multipliers of
abstract Banach algebras.

The authors wish to record their thanks to a referee for suggestions,
most of which have been incorporated in revisions made during February
and March, 1966.

In this section we set out some notations which remain standard
throughout the paper, together with preliminary results which lie behind
the general approach to the representation theorems.

0.1 X will always denote a Hausdorff locally compact group, e its
neutral element, and dz its left Haar measure. If X is compact, dz is assumed

* This paper was prepared while the first-named author was a Visiting Fellow at the
Institute of Advanced Studies of the Australian National University, during 1963.
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to be normalized so that [ dz = 1. In general X is multiplicatively written,
but when it is specialised to R™ (R = the additive group of reals) or 7™
(T = the circle, usually regarded as the quotient R/2x) or a product of
these, the additive notation is adopted.

The modular function 4 of X is the positive, continuous character of
X defined by the integral identity

(0.1) [ R(@a)de = A(a) [ #(@)dz

for continuous functions 2 which vanish off compact subsets of X; see
[16], p. 250. (Note that our A(a) is Weil's A(a~1) = A(a)~* ([35], p. 39).)
One has also the formula ([35], p. 40; [16], p. 250)

(0.2) [r@)de = f k(x)A (x)da.

X is unimodular if and only if A(a) =1 for all a € X. This is the case
if X is Abelian, or compact, or a semisimple Lie group ([35], p. 39; [16],
p. 252).

L? = L*(X), 1 =< p < o0, is the usual Lebesgue space formed relative
to dx ([16], Section 4.11). We do not usually distinguish notationally
between a function and its class modulo neglibible (or, when p = oo, locally
negligible) functions. The usual norms are employed:

s = [ [I@Prdz ] it p# oo,

(0.3)
11l = loc. ess. sup |f()].

0.2 C = C(X) denotes the space of all continuous complex-valued
functions on X, Cy = Cy(X) the subspace thereof formed of continuous
functions which tend to zero at infinity, and C,= C(X) the even smaller
subspace formed of continuous functions with compact supports. (The
support of a continuous function f on X is the closure in X of the set of
points x € X at which f(x) £ 0. The support of f is denoted by supp f.)

Each of these spaces carries a ‘‘natural” topology: for C this is the
topology of locally uniform convergence; for C, it is the topology of uniform
convergence, defined by restricting to C, the norm ||-||»; and for C, it
is the topology obtained by regarding C, as the internal inductive limit
of its subspaces

Cc,K = {f € Cc : SupprK}’

K ranging over all (or over all members of a base for) the compact subsets
of X, and each C, x being regarded as a Banach space with the supremum
norm; see [16], p. 430 (where C, is denoted by 7).

When X is compact, C, Cyand C, together with their natural topologies,
become identical.
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0.3 M = M(X) denotes the space of all complex Radon measures
on X; see [16], Chapter 4. It may and will be regarded as the dual of C,,
and the associated weak topology o(M, C,) is the ‘“vague topology of
measures’”’. (The ¢-notation for weak topologies is as explained in [16],
pp. 88—89, 500—501.)

If e M, the support of u, denoted by supp p, is the complement in
X of the largest open subset U of X satisfying |u|(U) = 0. (This last require-
ment is equivalent to the demand that </, > = [ fdu shall vanish for any
} e C, having its support within U.)

M, = M_(X) is the subspace of M formed of those measures having
compact supports. M, is viewed as the dual of C and carries an associated
weak topology ¢(M,, C); see [16], p. 203.

M,; = M,,(X) is the subspace of M formed of those measures u
such that

(0.4) Hull= el (X) < + 0.

M,,, together with this norm, is identifiable with the dual of the Banach
space C,; see [16], Exercise 4.45.

Throughout, ¢, denotes the Dirac measure at the point z, and ¢ = ¢,
([16], p. 179). Then supp ¢, = {z}.

0.4 For general groups X, M(X) is the largest “function-space’” we
introduce, all others being subspaces of it in the following sense. The func-
tions we have to deal with are invariably locally integrable, and thus belong
to the space usually denoted by L] . Such a function, say f, is identified
with the measure fdz (see [16], p. 221), and the support of f is by definition
that of the associated measure. (If f is continuous this agrees with the
definition given in 0.2.)

In particular one obtains in this way a linear isometry of L! into M,,.

We shall also consider the spaces L?, composed of functions in L?
with compact supports. L? is regarded as the inductive limit of the Banach
spaces

ox = {fe L :supp f CK}
with the norms induced by that of L?.

0.5 If X is a Lie group, we sometimes consider the superspace
2'(X) of M(X) composed of Schwartz distributions on X. This is the
dual of the space C° = CP(X) of test functions (indefinitely differentiable
and with compact supports) when the latter is regarded as the inductive

limit of the Fréchet space C{% . For more details, see [32], [33], Chapter 1
of [22] and Chapter 5 of [16].

0.6 The left- and right-translation operators 7, and p, (2 € X) are
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defined initially for functions by the formulae (cf. [16], p. 248; the right-
translation operator R, there defined differs from p, by the numerical
factor A(a)):

05 T/ (&) = faa),

paf (%) = A(a)f(za™).

The factor 4(a) is a convenience only. The definitions are then consistently
extended to measures (or distributions) in the following way:

[Rd(r,p) = [tk du = [R(az)dn(a),
[Rd(pon) = [A(@)purt - dp = [ k(za)du(a)

for ke C, (or C¥).
It then turns out that

(0.6)

(0.7) eafllze = llzes  |lpafllze = 4@ ||fl]Ls,
where, as usual, p’ is defined by 1/p+1/p’ = 1. In particular,
(0.8) aflle = 1Az, = llpaflle;

and more generally

(0.9) lTapll=1ull=!lpanml|

for any peM,,;.
All of the spaces of functions, measures, or distributions thus far
introduced are invariant under both left- and right-translations.

0.7 Convolutions are essential in our discussions; for more details,
see [16], Section 4.19. If 4 and u are positive measures, the convolution
A% p is said to exist if and only if the following integrals (known to have
a common value)

[ar@) [R@y)apt), [duw) [Fy)di@),
[[ *lay)driz)duty)

are finite for each positive function & € C,(X). Then A % g is the positive
measure defined by setting [ kd(A # u) equal to this common value.

If 2 and p are complex measures, 4 * u is said to exist if and only if
|A| % |u| exists in the preceding sense, in which case we can define 4 * u
by the same expression as before (the integrals involved being absolutely
convergent).

It is known that A # u exists if either of 4 or u has a compact support,
or if both are bounded; in the latter case,
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(0.10) 14 5 ] = 11211 - {leell-

Convolution is associative, provided all but at most one of the factors
has a compact support, or provided all are bounded.

If 2 % u is defined, its support lies within 4 - B, where 4 and B are
the supports of 2 and u respectively.

Somewhat similar definitions and remarks apply in the case of distribu-
tions; see [32], [33], [22] and [16], Section 5.10. Except in §§ 4, 5 we shall
meet distributional convolutions only for the case in which all but at most
one of the factors have compact supports.

0.8 The definition of convolution given in 0.7 applies to (suitably
restricted) functions; see [16], pp. 259—262. If, for example, 4 is the
function f (i.e., if A = fdx) then formally A # u is a function, which we write
as f* p, namely

(0.11) f# p(e) = [ Hay A W)duly).
Similarly

(0.12) wxfle) = [ Hya)duty).

If f and g are functions, then

(0.13) f (@) = [elya)iw)dy.

For arbitrary measurable f the pointwise interpretation of (0.11) and (0.12)
meets with difficulties when u has a component which is singular relative
to Haar measure. One way out of the trouble is to replace f by a Borel
measurable function equal la.e. to it. An alternative solution is to adopt
the interpretation discussed in 0.9 below. Formula (0.13) likewise in general
defines f g only a.e.

From the above formulae it is easy to infer that

e # Allas = Nlll - 11fll 2o
(0.14) 1 % pllzs < [ A% dlul < ]| 5o,
1% €l < I1fllzs - 11497 g] 1o

The first two equations here are taken to imply that u *f and f % u are
functions in L? whenever both factors on the right-hand side are finite.

The smoothing properties of convolution are important. For example,
if feC, (or C), then f % u and u % f e C (or C*) whenever u is a measure
(or a distribution).

0.9 The formulae (0.11) and (0.12) suggest abstract definitions of
the convolution, namely (cf. [16], p. 568)

https://doi.org/10.1017/51446788700004286 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004286

294 B. Brainerd and R. E. Edwards [6]

(0.15) hap=[r.u-di@) = [ poh- dula).

These formulae do indeed hold if, for example, at least one of 4 and yu has
a compact support. The functions @ — 7,4 and a - p,4 are regarded as
continuous M-valued functions on X. If 1 € M, the existence of [ 7,u - dA(a)
is then evident. In the case of [ p,4-du(a) we note that for any ke C,,
the function @ - { %, p,4 ) is continuous and has a compact support, so
that [ (&, p,A>du(a) exists.

Formula (0.15) holds in other cases as well, notably if 4 and u are
bounded measures. Likewise, if f € L? and u is a bounded measure, then

poxf= frafdu(a),

which exists even as a Bochner integral if p £ co; and likewise with

frp= f pafdp(a)

if fe L? and AY* u is a bounded measure.

These representations in terms of integrals of vector-valued functions
are most useful when considering the action of continuous linear operators
which commute with translations.

1. Operators with range in the space of continuous functions

One of the crucial features of the cases dealt with in this section is
that the range of the operator considered (which is to be continuous, linear,
and commuting with translations) shall lie within the space C of all con-
tinuous complex-valued functions on X. We begin with a result, typical
of numerous similar ones, showing that within wide limits the topology
of the range space is not decisive.

1.1 PROPOSITION. Suppose X is sigma-compact and that T is a linear
operator from C, into C which is continuous for the natural (inductive-limit)
topology on C, and some topology T on C with the following property:

If{g,}is a sequence extracted from C such that g, — g € C locally uniformly
whilst g, — 0 for T, then g = 0.

Then T is continuous for the natural topology on C, and the natural
topology (of locally uniform convergence) on C.

Proor. To prove that T is continuous for the natural topologies, it
suffices to show that, for each compact set K C X, the restriction T|C, x
is continuous from the Banach space C, g into C. X being o-compact,
C is a Fréchet space with its natural topology. Hence it suffices to show

https://doi.org/10.1017/51446788700004286 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004286

[7] Linear operators which commute with translations, I 295

that T|C, g has a graph closed in C, x X C. But the assumed property of
', combined with the assumed continuity of 7" with respect to the topology
J on C, ensures that the said graph is closed.

REMARK. As examples of suitable topologies 7~ we indicate that of
pointwise convergence; or o(M, C,}|C; or, if X is a Lie group, the distribu-
tional topology ¢(2’, C&)|C.

Our first representation theorem combines the results for four separate
cases. Some of these are known, but others have not to our knowledge been
previously formulated. The range functions being continuous, the proofs
are more straightforward than those of most representation theorems of
this type.

1.2 THEOREM. (1) Suppose that T: C,— C s linear, continuous for
the natural topology on C, and the topology of poimtwise comvergence on C,
and commutes with the p, [resp. the ©,). Then there exists a u € M such that

(L1) Tf = s f [resp. f+p]

for feC,.

(2) If T : C — C is linear, continuous for the natural topology on the
domain space and that of simple (= pointwise) convergence on the range
space, and commutes with the p, [vesp. 1,], then there exists some pe M,
such that (1.1) holds for feC.

(8) Suppose that X is o-compact. Suppose too that T : C, — C, is linear
and continuous for the inductive-limit topology on the domain space and for
some topology T on the range space having the property that, if a sequence
{fn} extracted from C, converges to g € C, for the inductive limit topology and
to 0 for T, then g = 0. Suppose finally that T commutes with the p, [resp.
7,]. Then there exists some we M, such that (1.1) holds for feC,.

() If T : Cy— Cy is linear and continuous (for the usual normed topology)
and commutes with the p, [resp. t,], then there exists a measure p such that
neM,, [resp. A-ueM,,] for which (1.1) holds for feC,.

Proor. (1) Linearity and continuity of T show that, if ¢ denotes the
neutral element of X, then f— T/(e¢) is a Radon measure on X. Denote
this measure by A. If T commutes with the p, one has

THa) = A(@)pesTH(e) = A(@)Tp,f(e)
= 4(a) [ pouf - di = Ala) [ A(a~)f(za)di(a)
= [ Hwa)di (@) = [ Hata)di(a)
=1xfa) = u /@),
where 4 = 1€ M is the measure defined by
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[ dp = [ k@)dA(z)
for keC,. Likewise, if T commutes with the 7,,
Tf(@) T Tf(e) = Ttanf(e) = [ Taaf - dA
_ffam ffax—ldz()
= [ f(az)4 (@) - dA(z)]A (x)
= [ * p(a),

where = A-1-}eM. Thus (1.1) is established.

(2) The topology on C inducing on C, a topology weaker than the
inductive-limit topology, (1) may be applied to T'|C, to conclude that there
exists a measure g € M such that (1.1) holds for f e C,. Besides this, the
assumed continuity of T signifies that there exists a compact set K C X
and a number 2 = 0 such that

ITfe)l = k-Supg |ff  (feC).
Combined with (1.1) this reads

[ Heduta )! < k- Supg f
[resp. | [ )4 @)du@)| < & - Supx IA]

for fe C,, which relation implies immediately that the support of u is
contained in the compact set K—1. Thus u € M. Accordingly, the mapping
T’ defined by T'f = pu = f [resp. f = u] is defined and continuous on C with
values in C. Since T and T’ coincide on C,, and since C, is dense in C,
therefore T and 7 coincide on the whole of C. In other words, (1.1) holds
for all feC.

(3) One begins by showing, much as in Proposition 1.1, that T is indeed
continuous for the natural topology on the range space. Then (1) applies
and shows that (1.1) holds from some x € M. It remains to show that, since
u # [ [resp. f % u] belongs to C, (and not merely to C) for each feC,, u
must have a compact support.

To this end, fix some compact neighbourhood N of ¢ in X, and consider
the set

B={feC,:suppfCN,|f| <1}.

B is a bounded subset of C,. Hence B’ = T'(B) is also a bounded subset
of C,. We will show that this entails the existence of a compact set K C X
such all functions in B’ have their supports contained in K. Supposing this
to have been established, (1.1) shows then that
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supp (u # f) CK
[resp. supp (/ * u) C K]

for every f € C, with support inside N. One can then allow f to vary over a
suitable directed family {f;} of functions in C, with supports inside NV
and such that w = f; —> u [resp. f;, * © — u] vaguely, so that the support
of u itself will be seen to lie within K.

To prove the existence of K, we argue by contradiction. If no such
compact set K existed, there would exist (since X is o-compact) a sequence
{x,} extracted from X such that

(i) each compact subset of X contains z, for at most a finite number
of n,

(ii) for each » there exists f, € B’ such that

|fa(@a)| # 0.
Define, for feC,,

P(f) = Sup, |#f(2,)/fa ()l

By (i), p(f) < 4+ oo for each fe C,. p is evidently a seminorm on C,, and
it is lower semicontinuous since for each # the mapping f — f(z,) is a
continuous linear functional on C,. Since C, is barrelled ([16], pp. 427—430),
$ is continuous ([16], p. 463). B’ being bounded in C,, #(B’) is bounded.
But this is absurd since f, e B’ and

p( n) = [nfn(xn)/fn(xn)I =n.

(4) In this case part (1) is directly applicable to show that a measure
u exists such that (1.1) is valid for f e C, C C,. In addition, by virtue of
the continuity of T from C, into itself, there is a number £ = 0 such that

ITHe)] = Flifile
for feC,. In conjunction with (1.1) this reads
|| Hadu(e)| < & 11l
[resp. | [ 1@ A@)du @) < k lIile]

for f € C,. This entails that u [resp. 4 - u] is a bounded measure. From this
point the argument proceeds to its conclusion as does the proof of (2).

1.3 ReMARKS. (1) In certain cases the assumption that X be ¢-com-
pact may be dropped from part (3) of Theorem 1.2.

(a) If the topology .7 involved is stronger than that induced on C,
by the vague topology o(M, C,), then the said hypothesis may be dropped.
This follows from Lemmas 2 and 3 of Edwards [10].
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(b) The hypothesis may again be suppressed whenever T is assumed
to be positive.

For in this case 4 = 0 and has the property that u = f [resp. f * u]
lies in C, whenever f e C,. This entails that g has a compact support, as
the following argument shows.

Suppose p is a positive measure with support S. Then, if s €S and
if feC} and f(s) # 0, it is clear that [ fdu > 0. Now

u ) = [y @)duty) [ + p(@) = [ Hey)A(y)duy)).
If feC} and f(e) > 0, and if z €S, the function
y — f(y~t) [resp. fzy—)4(y)]

belongs to C{ and takes for y = x a non-zero value. By the opening remark
above, therefore, u * f(x) > 0 [resp. f # u(x) > 0]. This shows that

S = supp u Csupp (u = f) N supp (f # u).

So S is compact whenever u *f (or f* u) has a compact support.

(2) In each of the cases mentioned in Theorem 1.2, the converse
statement is true {and rather trivial).

(8) Case (4) of Theorem 1.2 is discussed by Kelley [26].

(4) Helgason [20] considers continuous endomorphisms T of the space
of uniformly almost periodic functions on an Abelian topological group G
which commute with translations. To some extent this case is reducible
to that dealt with in Theorem 1.2 by introducing the Bohr compactification
X of G.

Linear maps into C, commuting with translations, of other spaces
can be discussed in a similar fashion. We content ourselves with one
theorem of this sort.

1.4 TuroReM. If T is a continuous linear map of L into C (the weak
topology o(L>™, LY) being involved if p = o) which commutes with the p,
[resp. ©,), then (1.1) holds for some function u such that A=2?u e L? [resp.
AV w e L"), where 1[p-+1]p’ = 1. Consequently A~Y*Tf [resp. Tf] is
bounded and continuous for each fe L®.

Proor. Since C, C L?, the natural topology of C, being stronger than
the induced on it from L?, case (1) of Theorem 1.2 applies to show that a
measure g exists so that (1.1) holds for f € C,. The continuity of T for the
topology induced by that of L? entails that u is absolutely continuous with
respect to Haar measure, .e., is a function. Moreover, since

\Tie)l = k- Ifll,,
(1.1) yields
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|[ Heu@)da| < & - 1111,
[resp. | [ @) (@)ute)da] < - 1171 ]

for fe C,. A little manipulation, combined with the converse of Holder’s
inequality, leads from these inequalities to the stated properties of u. The
final statement of the theorem stems from Hélder’s inequality itself.

1.5 By dualising, the preceding results yield a representation theorem
for continuous linear maps T with values in various spaces of measures
and which commute with the p, [resp. 7,]. Conversely, these latter results
can be established ab initio and then used as a basis for proving results
like Theorem 1.2.

For example, suppose that T is linear, maps M, into M, is continuous
for the topologies ¢(M,, C) and o(M, C,), and commutes with the p,
[resp. 7,]. Now if fe M, one can write

f=cxf=[(p.e)df(x)
[resp. f=fxe= f (1ms)df(x):|

The stated continuity of T then ensures (cf. [16], pp. 562, 571) that it may
be applied ‘““under the integral sign”, leading to

Tf = [ (Tpe)di(@) = [ (p.Te)f(w) = p %
[resp. Tf = [ (T,e)df () = [ (z,Te)if(@) = f + 1],

where . = Te e M. Thus formula (1.1) is again true.

Besides this, if S is a continuous linear map of C, into C which com-
mutes with the p, [resp. t,], its adjoint T maps M, into M, commutes
with the p, [resp. 7,], and is continuous for the weak topologies mentioned
above. T is represented by (1.1), as we have just a verified. It is a simple
computation to deduce that S is accordingly represented by (1.1) with
in place of u. Thus part (1) of Theorem 1.2 is recovered.

1.6 OPERATORs INTO L*®. We begin with an observation due to
D. A. Edwards [6]; see also some similar remarks in § 5 of R.E. Edwards [14]:

Let F be a vector subspace of M, stable under the p, [resp. 7,], and
endowed with some topology. If T : F — L® is continuous linear and
.commutes with p, [resp. 7,], and if fe F is such that lim,,, p,f ="/
[resp. lim,,, 7,f = f], then Tf belongs to C,,, [resp. C,,,] (the space of
bounded right [resp. left] uniformly continuous complex-valued functions
on X).

This applies in particular if F = L? with p < o0 (see Theorem 1.4).
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Again, if T :L* - L*, then T(C,,) CC,,, and T(C;,) CC,,. So,
by Theorem 1.2 (1), there exists a measure u such that

(L1) Tf = p+f [resp. |  u]
for fe C,. As in the proof of Theorem 1.2 (4), it appears that u [resp.
A-uleM,, and that (1.1) continues to hold for f e C,.

If also T is continuous for ¢(L*, L!) we may conclude that (1.1) holds
for all feL*. (To see this it suffices to approximate f in ¢(L*, L) by
functions (éy * f)u,, where the ¢, are as in Proposition 2.1 and the #; e C{,
0 =u, =1, and %; — 1 locally uniformly on X.)

2. Operators from L! and L'

It is convenient to begin with two general propositions which will
form the basis of several later arguments.

2.1 ProproSITION. Let {N} be a base of relatively compact neighbourhoods
of e in X (which can all be assumed to lie within some fixed compact neigh-
bourhood N, of €). For each N choose ¢y € C, such that ¢y = 0, supp ¢y CN,
| én(x)dx = 1. Let G be a right [resp. left] translation-invariant vector subspace
of M, and let T be a continuous linear map of C, into G which commutes with
the p, [resp. ©,]. Define yy = Tpy e GC M. Then

(¢) for each fe C, the elements py + f [resp. f * uy) remain bounded in
G (as N wvaries);

(¢2) for each feC,,

(2.1) Tf=1lm py=f [resp. im f = py]

in the sense of G. (The limits are taken with respect to the divected set {N},
partially ordered by set-inclusion reversed.)

Proor. If feC_, the ¢y = f [resp. f * ¢x] remain bounded in C, as N
varies. This is so because these functions are uniformly bounded and
vanish outside a fixed compact subset of G; cf. [16], p. 432 (case m = 0).
Moreover

$ 1= [ (pubn)@)dz [resp. f =gy = [ (wuu)f(w)dz],

the integrands being regarded as functions with valuesin C,. The continuity
of T, combined with its commutation properties, shows that

T(gy * ) = [ (Trud)f@)de = [ (. Tdx)l @)dw = px + f
[resp. T(/  éx) = [ (Tredw)f(@)dz = [ (2. Tn)i(@)dz = f + ux ]
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observe that p,uy [resp. tuy] is a continuous M-valued function of z,
so that the integrals

[ (outan) H)des [resp. [ (zon)i(@)da]
exist as elements of M ([16], p. 577). Thus

(2.2) T(by #f) = p #  [resp. T(f # u) = f # y]

for each N and each feC,.

From {2.2) and the boundedness of the ¢y = f [resp. f % ¢5], (i) follows
on account of the continuity of T.

Moreover since

lim ¢y * f = f [resp. lim f % ¢y = f]
in C,, (2.1) follows from (2.2) and the continuity of T.

2.2 If X is a Lie group, one can replace M by 2’ and suppose further-
more that each ¢y e CP.

2.3 ProPOSITION. The assumptions and notations are as in Proposition
2.1. In addition assume that T is initially defined on some vector subspace
F of M which contains C,, which is separated locally convex and invariant
under both right and left translations, and which fulfills the following con-
ditions:

(@) The injection C,— F is continuous and x — v,f and x — p,f are
continuous from X into F for each fe F.

(0) In F, the closed convex envelope of a compact set is compact (which
s true whenever I 1s quasicomplete; see [16], p. 651).

(¢) There exists a neighbourhood N, of e in X with the property that,
given any neighbourhood V of O in F, there exists a neighbourhood V' of 0
in F such that the set

{r.f 12 eN,, feV'} [resp. {p,f:xeN,;, feV'}]

18 contained in V.
Let G be as in Proposition 2.1.
Then, if T is linear and continuous from F into G, and if T commutes
with the p, [resp. t,], the set
{un*f :NCN,,feBnC,}
fresp. {f #* uy :N CN,,fe Bn C,}]

1s bounded in G whenever B 1s a bounded subset of F.

ProoF. The second clause of (a) combines with (b) to show ([16],
p. 561) that
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v+ [ = [ @hén@dz = [ (p.b)f(@)de
[resp. 1+ én = [ (puf)pw(@)dz = [ (v dn)(x)dz]

for each N and each feC,, the integrals being now taken in the sense
of F. In particular, (2.2) remains true.

The first of these integral representations of ¢y =f [resp. [ * ¢yl
shows, when combined with (c) and the bipolar theorem ({16], p. 503),
that ¢y = f [resp. f = ¢x] falls into the closed convex envelope in F of V,
provided N CN, and feV’. As a consequence, the family of maps

| —¢énxf [resp. [ — [ = én],

obtained when N varies inside Ny, is equicontinuous from F into itself.
Accordingly, the family of maps

[ = T(by 1) [resp. [ = T(f = ¢n)],

obtained when N varies within N,, is equicontinuous from F into G.
This signifies that, if W is a given neighbourhood of 0 in G, the set

A=1{feF:T(gy+f)eW for all NCN,)
[resp. {fe F : T(f x ¢y) e W for all N CN,}]

is a neighbourhood of 0 in F and therefore absorbs any preassigned bounded
subset B of I'. By virtue of (2.2), it follows that the set S of uy * f [resp.
f ® pn), obtained when N varies within N, and f varies over B n C,, is
absorbed by W. This being true for any W, the set S is bounded in G.

2.4 The hypotheses (a)—(c) of Proposition 2.3 are satisfied if
F=1L"(1=p <o) since [|7,fljp = [Ifllzs and |lp.fllze = A@)17[Ifll s
They are also satisfied if f= C,,(X), or Co(X), or M,4(X).

2.5 THEOREM. Let T be a continuous linear map of LY into L? (1 < p < o0)
which commutes with the p, [resp. t,]. Then there exists y such that y e L
if 1<p=o0, and ueM,, if p =1, for which

(L.1) Tf=p#f [resp. |+ p]
for feLl.
Proor. We use Proposition 2.1, applied to T|C, and G = L*. Notice
that now the ¢, remain bounded in L}, so that the uy are bounded in L?.
If 1 <p =< oo, the bounded subsets of L? are relatively compact
for o(L?, L?'), so that the directed family {uy} has a limiting point u e L?
for this topology. But then, if fe C,, p = f [resp. f + u] is a limiting point
(for the topology of locally uniform convergence) of the family {uy * f}
[resp. {f # uy}]. In view of (2.1) it follows that (1.1) holds for feC,.
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If p =1, {uy} will have a limiting point u € M,, for the topology
(M4, Cy), and a similar argument shows that again (1.1) holds for f e C,.
On the other hand if x e L? then

e fllzo = || [ atdf @), < Nl 1o [ Al (@)1
(2.3) and

If % ullzr = | [ ) @da,, < llallzs | 1f(@)lde.

These formulae show that the mapping f - u * f [resp. f * 1] is continuous
from L} into L®. Since C, is dense in L}, continuity shows that (1.1) con-
tinues to hold for all fe L}.

A similar argument applies if p =1 and u e M,,.

2.6.1 COROLLARY. Suppose that T is a continuous linear map of L}
into itself which commutes with the p, [resp. 7,]. Then there exists a
measure g € M, such that

(1.1) Tf= px*f [resp. f=pu]
for feLl.

ProoF. The case p = 1 of the preceding theorem shows that (1.1)
must hold with some yeM,,. Also, if feC,, u=*f [resp. f=*u] is con-
tinuous. Since it belongs to L}, it must belong to C,. We now appeal to

Theorem 1.2 (3) and Remark 1.3 (1) in order to conclude that ux has
a compact support.

2.6.2 COROLLARY. (i) Any continuous linear map T of L' into L?
(1 = p = o) which commutes with the v, has the form

Tf=f=up,
where pel? if 1 <p = o0 and peM,, if p = 1; and conversely.
() If T is a continuous linear map of L' into L? (1 < p < o0) which
commules with the p,, and if either p = 1 or X is unimodular then
Tf=p=f,
where pe L? if 1 < p < 00 and ueM,, if p = 1; and conversely.
Proor. It suffices to apply Theorem 2.5, noting that under the stated

hypothesis it follows from (2.3) that the map f->f#pu [resp. u*f] is
continuous from L! into L?, whilst in all cases L} is dense in L.

2.7 ReMARKs. (1) The Abelian case of Corollary 2.6.2 has been
discussed in Edwards {7]; for p = 1 see also Wendel [36] and [37]. For a
case involving certain subalgebras of L! when X is Abelian, see [27].
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(2) The hypotheses in part (ii) of Corollary 2.6.2 are essential. In fact,
if X is not unimodular and p > 1, there exists no non-trivial continuous
linear map T of L! into L? which commutes with the p,. For suppose T
were non-trivial and that fe L! is chosen so that g = Tf 7% 0. Then

llpaglize = llp Tl = 11 Tpufllzs = IT1] |1pafll 22
= |IT\| I/l za-

But ||p,gllz» = 4(x)V?||g]|»- It would follow that A/?" is bounded and
so, since p > 1, that A4 itself is bounded. Since 4 is a character, it would
be identically 1 and X would be unimodular, contrary to hypothesis.

2.8 Maps oF L! INTO QUOTIENT SPACES OF (L1)*,
Here s is a natural number and (L')* is the product of s copies of L1,
normed in the usual way, .., if f= (f;, -, f,) is an element of (L1)?,

then [If}] is 2%y Ifell -
We shall consider quotients (L1)?/], where J is a closed vector subspace

of (L')* which is stable under the p, [resp. 7,], it being understood that
for f= (f;,- -, f,}) one defines

paf = (pafr, =+ s pals)s

and analogously for 7,f. It is equivalent to say that J is a closed vector
subspace of (L)®* which is stable under right [resp. left] convolution

f——)f*g: (fl*g»”"fs*g)
[resp. f—>gaf=(g=f,---,g*f)]
Our aim is to seek a representation formula, like (1.1), for continuous
linear maps T of L! into (L')*/J which commute with the p, [resp. 7,]

(or, equivalently, commute with right [resp. left] convolutions with elements
of L). A natural conjecture is that any such 7T has an expression

(2.4) Tf= (@ =f)y [resp. (f* p)s],
where g = (uy, -+, p,) € (M)’

Bsf=(ug5f - u%f)
frp=(Fepy, e frn),

and where h; denotes the coset modulo J of he (L)

It will be shown that this conjecture proves to be correct, provided [
fulfils an extra condition which amounts to assuming that it is closed in a
stronger sense than that specified by the normed topology of (L')*. This
extra condition is satisfied in the applications we make in Part IL. It is
expressed as follows.
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2.8.1 DEFINITION. A closed vector subspace J of (L!)® is said to
satisfy condition (C) if, whenever {j*®} = {(;{*,---,{*)} is a norm-
bounded directed family of elements of J such that

lima jl(ca) = 7k (k = 1) 2: Yy S)
for the topology o(L!, C,), then j = (j;, -+ -, ,) necessarily belongs to J.

2.8.2 In this subsection we collect a few statements concerning
condition (C) which will prove useful later.

(@) I} X is compact, and if J is a closed vector subspace of (LV)® which
is stable under the p, [resp. t,] (i.e., which is such that J « L1 C J [resp.
LY« J C J1), then J satisfies condition (C). In fact, J is closed for the product
of the topologies a(L1, C,).

Proor. We may identify the dual of (L1)* with (L*°)® in such a way that

£, )y = 354 fro % Iyle)
[resp. <f, h) = 33 Iy * fi(e)],
where b = (b, - -+, h,) € (L*®)*. Suppose this identification to be made,

and take any h in the annihilator of J. For any ge L' we shall then have
(by the assumed stability of J)

Difixgrhyle) =0
[resp. 351 /i # & # fi(e) = 0]
whenever {f*} is a directed family extracted from J. Now g % %, [resp.
h,*gleC, which is here identical with C,. Accordingly, if for each
k=1,2,--- s one has lim, f; = f, in the sense of the topology o(L%, C,),
it follows that
Qi fex g yle) =0
[resp. i1 Fy, % g # fy(e) = 0].
Since this is true for each g € L, and since g can be made to vary so that
f.*xg — f, [resp. g = f, — f,] in L? for each k%, it follows that f belongs to
the annihilator of the J. J being a closed vector subspace of (L1)?, the Hahn-
Banach theorem ([16], Corollary 2.2.5) entails that fe J, which is what
we had to show. '
(@) The statement in (a) is false if X is non-compact and unimodular.

Proor. Define J by the formula
J=|te@y:|pdz=o0).
It is evident that [ is a closed vector subspace of (L)® which is stable under

both the p, and the 7,. We will show that, X being non-compact, J does
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not satisfy condition (C). Choose any f, € L! with a compact support K
and such that [ fodz = 1. For each 4 € X define

fa = (fO_TafO! 0,:--, O)‘

Then it is evident that f, € J and that f, has norm in (L')* at most 2. We
will in a moment verify that 7,f, — 0 for (L%, C,) as a — co. This, com-
bined with the fact that (f,, 0, - - -, 0) does not belong to J, will make it
clear that J does not satisfy condition (C).

To verify the outstanding point, take any # e Cy. Then

[ Gufouds| = | [ fola—a) w(a)da
= |[ ow)utay)dy|
= |[ @) (ay)ay]
< [ foldz - Sup, ¢ ux l()!.

Since K is compact and % € C,, this expression tends to 0 as @ — co. Indeed,
for any £ > 0, the set {x € X : lu(x)| = &} = K, is compact. If a lies outside
the compact set K,K-1, therefore,

Supa:eaK [u(x)l é £

whence the desired conclusion.
(b) The intersection of any collection of subsets of (L), each satisfying
condition (C), dtself satisfies condition (C).

Proor. This is obvious.
(c) Suppose that A, e My, for B =1,2,---s. Then

J={fed): 2 hxfr=0}
[resp. J = {fe (L*)*: 35 fir * 4 = 0}]
is stable under the p, [resp. v,] and is closed for the product of the topologies
o(LY, Cy), hence satisfies comdition (C).
Proor. Stability is clear, as also is the fact that J is a closed vector
subspace of (L)%
Suppose that {j*} is a directed family extracted from J such that
lim, 75 =, exists in the sense of o (L1, C,) for each k. For each «,

ik =0
[resp. 2iy 1% * 4 = 0].

Reference to the lemma immediately below shows that the same is true
when, for each %, j; is replaced by j,, so that je J.
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2.8.3 LEMMA. Suppose that p,, p and A belong to M,,;, « ranging over
some directed set, and that

lim, g, = p
for a(M,q, Cy). Then

lim, y, *A=p*A [resp.im, 4 = p, = A * u]
n the same sense.

Proor. If u e C,, the Fubini-Tonelli theorem ([16], pp. 244—245)
shows that

[ ud(uy % 2) = [ vap,

[resp. Jud(l * fhy) = fwd,ua]
where

v(@) = [uey)di(y)
[resp. w(x) = J'u(yx)dl(y):l .

It therefore suffices to verify that v [resp. w] belongs to Cy. Now, given
any &> 0, there exists a compact set K C X such that [A|(X\K) <e.
Then, uniformly with respect to x e X,

[o@)— [ #)dr)| < il - o
[resp. [w(@)— [ ulw)drw)| = il e] -

So it suffices to verify that

fx u(zy)dA(y) [resp. fx u(yx)dA (y)]

belongs to C,. However, there exists a compact set K’ C X such that
|u(z)] =< & for z e X\K'. Then, if z lies outside K'K~! [resp. K~K'],

] J‘Ku(xy)dl(y)} <e- [ ap
[resp. | [ utwm)arty) | < e- [, ainr],

which, since K'’K-1 [resp. K-1K'] is compact, establishes what is required.
After these preliminaries we pass to the statement and proof of the
representation theorem.

2.9 THEOREM. Suppose that ] satisfies condition (C) and s stable
under the p, [resp. v,]. Let T be a continuous linear map of L' into (L')*/]
which commutes with the p, [resp. ©,]. Then T is expressible in the form (2.4)
for some ue (M,;)".
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Proor. This will utilise the system of functions ¢y introduced in
Proposition 2.1 Put

Ty = (f¥)g € (L)]].

Then limy ¢y g =g =1limy g # ¢y in L! for each ge Ll Since T commutes
with right [resp. left] convolutions by elements of L}, it follows that

(2.5) Tg = limy (), ¢ [resp. limy g # ()]

in (L')*/]. Here the family {f}} is bounded in (L!)*/], T being continuous
and the family {¢y} being bounded in L. So, by adding suitable elements
of J to the f¥, we can arrange that the latter are bounded in (L')*. Then,
for each &, the fy are bounded in L!. Regarding L! as imbedded in M,,,
it follows that by passage to a cofinal subfamily it can be arranged (cf.
[16], p. 205) that
limy fi =

exists in the sense of the topology o(M,,;, Cy) for each 2 =1,2,--- 5.
Lemma 2.8.3 shows then that

(2.6) limy /Y g — % g [resp. limy g * ¥ = g * g

for o(LY, Cy).
On the other hand, from (2.5), we may choose elements j¥ of J such
that, on putting

Tg =85 = (gl’ o ':gs)J’
one has

limy |lg, — ff #g+7k |l =0
[resp. limy ||gz—g * f& +7% |lp2 = 0].
From (2.6) and (2.7) it appears that the ) remain bounded in L! and that

(2.7)

(2:8) limy 7 = p % g—gr [resp. & * uy—g:]
for o(LY, C,). Since J satisfies condition (C), (2.8) shows that g+xg—geJ
[resp. g * u—g e J]. Hence
Tg =gy = (u=g)s [resp. (g+p)sl
which establishes (2.4).

3. Positive operators

In this section we concentrate on those linear maps ' which commute
with right (or left) translations and which are further assumed to be positive.
Here the positivity of T means that Tf is a positive measure (or function)
whenever f is a positive measure (or function) in the domain of 7. This
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assumption is pretty severe: if X is a Lie group and the range of T lies
in the space of distributions on X, T, if positive, is necessarily a measure;
so, if each element of the domain of T is expressible as a difference of
positive elements, 7' must map its domain into the set of measures. The
fact that a positive distribution is necessarily a measure ([32], pp. 28—29)
is one of the main reasons for the possible simplifications when T is
positive.
We start with a sort of ‘“blanket’ theorem.

3.1 THEOREM. Suppose that T s a positive linear map of C, into M
which commutes with the p, [resp. 1,]. Then there exists a positive measure
ne€M such that

(3.1) Tf=p=f [resp. f+pu]
for feC,.

Proor. We shall use Proposition 2.1, taking there G = M with the
topology o (M, C,). The first step is to show (as will be true in most cases
of practical interest) that positivity of T implies continuity. In the present
case it suffices to show that if, for some compact set KX C X, a sequence
{f.} extracted from C, x converges uniformly to zero, then the T'f, converge
to zero vaguely.

For this, choose a positive # € C, majorising the characteristic function
of K. Then positive numbers «, exist such that |f,| < «,%. By positivity
of T, |Tf,| <a,-|Tu|, which majorisation is more than enough to show
that Tf, — 0 vaguely.

With the notation of Proposition 2.1, the u, are now positive measures.
By (i) of that proposition, the uy # f [resp. f # uy] are vaguely bounded
for each f € C,. Taking f and g to be positive elements of C, it follows that
the numbers <{g, uy #f> [resp. (g, f=#py>] remain bounded. Written
explicitly this signifies that

Supy [ [ g(@y)f(y)duy(@)dy < +oo
[resp. Supy [ [ ¢e9)f @)y ty)dz < + 0],
or that

Supy f hduy < o0,
where

hz) = [g@y)ity)dy [resp. [elym)i(y)dy] -

Now, given any compact set H C X, it is evident that f and g may be chosen
from C, so as to be positive and to make the corresponding function % a
majorant of the characteristic function of H. So it appears that the uy
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themselves are vaguely bounded. But then, by Theorems 1.11.4 and 7.1.1
of [16], the directed family {uy} has a vague limiting point y, itself a positive
measure. Then, for each feC,, the family {uy *f} [resp. {f * uy}] has
% f [resp. f=ul as a limiting point for the topology of locally uniform
convergence. Comparison with (2.1) shows that (1.1) holds.

3.2 ReMarks. (i) If in Theorem 3.1 we replace positivity of T by
continuity, at the same time removing the restriction that g be positive
in the conclusion, the statement so obtained is false, at any rate if X is
Abelian and non-discrete. For in this case any compact subset K of X having
interior points fails to be a Helson set (see Rudin [31], Chapter 5 and
especially Theorem 5.6.10). As a consequence (see Edwards [15]), K carries
a pseudomeasure s (see § 4 infra) which is not a measure. Then T : f - s % f
maps L2 (and L2) continuously into itself and commutes with translations.
Reference [15] contains also a more constructive approach to the existence
of pseudomeasures s of this sort.

(ii) Concerning not-necessarily-positive maps 7T, see Theorem 5.1 (d)
below.

3.3 TueoreM. If T is a positive linear map of C, into M,, which
commutes with the p, [resp. t,), then there exists a positive measure p € M,,
such that (1.1) holds for fe C,. Consequently the following assertions are true:

(1) A positive linear map T of C, into M, which commutes with the
pa Can be continuously extended into a map of Cy into Cy, Cpq tnto Cyy, L?
into L? (1 < p < o) and M,, into M,,.

(2) If X is unimodular, statement (1) remains true of any positive linear
map T of C, into M,, which commutes with the =.

(8) In any case, if T is linear and positive from C, into M,, and com-
mutes with the v,, then it maps C, into C and can be continuously extended
50 as to map L into L* and M, into M,,; moreover, if f € C, vanishes outside
a compact set K CX, then

ITH@)| = mg - |Iflleo - 4(=),
the number myg being independent of f.

Proor. This is virtually a repetition of that of Theorem 3.1. On this
occasion we apply Proposition 2.1, taking G = M,,;; the argument used
in the proof of Theorem 3.1 shows that again positivity of T implies its
continuity. The positive measures puy are now such that the uy #f [resp.
f = uy] are bounded in M,, for each fe C,. Applying this condition with
f chosen to be positive and such that [ fdz > 0, it is readily seen that the
uy are themselves bounded in M,,. The family {uy} therefore ([16], p. 205)
has a limiting point u for the topology ¢(M,;, C,y), which point is neces-
sarily positive. Use of (2.1) leads as before to (1.1).

https://doi.org/10.1017/51446788700004286 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004286

{23] Linear operators which commute with translations, I 311

Assertion (1) is now immediate from the relation

pf= [ (wdu(a),

together with the fact that z,f is bounded with respect to @ € X in any one
of the spaces C,, Cus, L? and M,,; (each taken with its natural norm).
The same argument yields (2), when X is unimodular, since

frp= [ (paf)u(a)

and the p,f are bounded with respect to a2 € X because 4 = 1.

As for (3) we observe that p,f is bounded in L! and in M,;, whether
or not X is unimodular. Moreover, if f vanishes outside a compact set
KCX,

5 n@)| = | fea A (@)du()
S Wl " [, 4(@)dus(a)

= e * A() - [ Supg-24du(a),
and we may take

Mg = fx Supg-14du(a).

REMARK. For not-necessarily-positive maps T, see Theorem 5.1 (c)
nfra.

3.4 PoSITIVE MAPS OF L? INTO L%

The remainder of this section will be concerned with positive linear
maps I of L? into L7 (1 =< p < o0, 1 =< ¢ < o0) which commute with the
po [resp. 7,]. Theorems 3.1 and 3.2 each contribute towards the solution
of this problem. The discussion is facilitated by introducing certain sets of
measures on X.

3.4.1 DEFINITION. M%? [resp. M%?] denotes the set of measures
u €M such that
[lze % fl| o = const. ||fi]z

[resp. {|f * pul|L« = const. ||f]| o]

for feC,. If X is Abelian we write simply M?»-9,

(3.1)

3.4.2 If pue M%? [resp. M%*] and 1 < p < oo, the mapping f — p * f
[resp. f # u] can be extended by continuity into a mapping of L? into L9,
the relation (3.1) remaining valid for f € L?. This extended mapping com-
mutes with the p, [resp. 7,] and is continuous.

Notice that in any case M3?DM,;; and if X is unimodular one has
likewise M%? D M,,. If X is compact,
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M%e =M, M3*=M
whenever p = g¢.
Young’s inequality, which is a special case of Theorem 9.5.1 (a) of [16],

Hee # fll e = lpll 2 111 2o

valid when p = 1,7 = 1, 1/p+1Jr = 1 and ¢ is determined by the relation
1/g = 1/p+1jr—1, shows that in these circumstances M%7°D LT and
M%eD L.

3.4.3 The argument in 2.7 (2) shows that, if X is not unimodular,
and if p # ¢, there exists no non-trivial continuous linear map T of L?
into L which commutes with the p,; in particular, M%? = {0}. On the
other hand, an argument due to Hérmander ([23], Theorem 1.1) shows
that if oo > p > g, there exists no non-trivial continuous linear map T
of L? into L? which commutes with the 7,: in particular M%? = {0}.

3.5 TueOREM. If T s a positive linear map of L? into L which com-
mutes with the p, [resp. ©,), then there exists a positive e M%? [resp. M% ]
such that

Tf=pu=f [resp. f=u)
for feC,; if p < oo, (1.1) holds for fe L*. And conversely.

Proor. In view of Theorem 3.1 it remains only to show that a positive
linear map T of L? into L? is continuous. The proof is simple. If T were
not continuous, there would exist f,eLl? (n=1,2,:-:) such that
Wfallze =1 and ||Tf,||c = #8. T being positive, |Tf,| < Tf,|, and we
may therefore suppose that f, = 0. The series f = Y32, n~2f, converges
in L? and f, < »n?f. Hence 0 < Tf, < #*Tf and so

W Tl e Z [|THllLe = #,

which is absurd if # is sufficiently large.

3.5.1 REMARKS. (i) It is well-known that positivity implies continuity
(for linear maps) in much more general circumstances; see, for example,
[16], p. 612 and the references cited there.

(i1) If X is compact the definition of (Radon) measures shows that any
positive u in M7 ? of M%? is necessarily bounded. We shall now comment
briefly on this matter for groups X which are not necessarily compact,
as a result of which the above inference will be justified on less direct
grounds.

3.5.2 Let us denote by C%? [resp. Cg?] the following hypothesis
concerning X — there exists a number ¢ <C 1 with the property that to each
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K belonging to a base for the compact subsets of X corresponds a positive
function fg such that

(i) Supg ||fkller < +o0;

(i) |Ifxllge =1 for all K;

(iii) ||Tafx—7kllze = ¢ [resp. ||pafe—Fkl|pe = ¢] for all a e K.
If X is Abelian we write simply C?-9

3.5.3 It follows from Reiter’s work [29] that if X is Abelian we can
fulfill conditions (ii) and (iii) for any ¢. Dieudonné’s work [5] shows that
(ii) and (iii) can be fulfilled for left translates, if X is a nilpotent Lie group;
and from more recent work of Reiter [30] it appears that the same is true
whenever X is a solvable Lie group. Notice that if we can choose fx < 1,
then (ii) implies (i) for any p = ¢. This is the case if X = R™, in which
case we can take fy = m(K’) yg., where K’ is a sufficiently large hyper-
cube (depending upon K).

3.5.4 If X is compact, C%7? and C}? are true — simply take fx = 1.
3.5.5 If X is unimodular ||fg||ze = ||xllze and
llpafe—T&ll2e = I1Tarfe—[kllLes
for any ¢, so that C§? <« CR°

3.5.6 PROPOSITION. Suppose that X satisfies C3° [resp. C}]. Then
any positive ue M%? [resp. M%?] is bounded.

ProoF. Suppose u is a positive measure in M%? [resp. M%?]. Then
(3.1) and (i) of C%? [resp. C%“] shows that there is a number £, independent
of K, such that

g2 * frllpe = & [resp. [lfg * pllpc = &J.

A fortiori since fr = 0 and u = 0,
(3.2) llug * frlle = & [resp. lIfg * ugllpe = k],
where uy = u|K. Putting myg = [ dug, we have
P * [R—Mg[r = J. (vafx—Ix)duk(a)
[resp. Ik * pg—mgfx = f (PafK—fK)dMK(“)] .
So, applying (i) and (iii) of C%? [resp. C%?] we obtain

mg = |Imgfallze = Nl * fx— [ (afx—Fe)dp (@) o
[resp. 11fx * x— [ (patx—1x)dux (@)l ]
= ktomg.
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Hence
myg = k(l—c)™.

Letting K expand, it follows that ¢ is bounded.

3.5.7 We shall in § 4 consider continuous (not necessarily positive)
endomorphisms of L? for the case in which X is locally compact Abelian.

4. Representation of multipliers of L?

4.0 Throughout this section X is assumed to be locally compact
Abelian. We denote by X = {&} the character group of X and assume
the Haar measures on X and X to be adjusted so that the Fourier trans-
formation is an isometry of L2(X) onto L2(X).

By a multiplier of L? = L?(X) we understand a continuous linear
operator T mapping L? into itself which commutes with translations. (Some
justification for the term ‘““multiplier’” will appear in the course of 4.5 and
4.6, especially equation (4.5.2).) The multipliers of L! have been fully
identified in Corollary 2.6.2; and in 1.6 it has been seen that if T is a mul-
tiplier of L, then the restriction 7T'|C, is represented by convolution with
a bounded measure on X. When 1 < p < oo, the situation is in general
quite different and obscure: for explicit examples, see the proof of Theorem
4.13 below. If X = R* = X, a detailed study has been made by Hoér-
mander [23].

In this section we aim to show in detail that any multiplier of L? is
expressible as convolution with a suitable type of pseudomeasure on X.
It follows from Theorem 5.1 (d) that likewise any continuous linear operator
T from L? into L? which commutes with translations is representable as
convolution with a suitable type of quasimeasure on X.

4.1 THE SPACE P(X) OF PSEUDOMEASURES ON X.
We write A = A(X) for the set of functions # on X of the form

(4.1.1) u(x) = va(E)S(x)dE

for some v € L1(X); v is uniquely determined by # and we define on 4
the norm

(4.1.2) llulla = [ ¢ lo()1de.

It is evident that 4 is a Banach algebra under pointwise operations. It is
moreover a dense subset of C, the injection map of 4 into C, being con-
tinuous.

We write P = P(X) for the topological dual of 4. Elements of P are
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termed pseudomeasures on X, the name being suggested by the fact that
any element of M,,(X) defines, and is uniquely determined by, its restriction
to A(X), this restriction being a pseudomeasure on X. If X is non-discrete,
P(X) will contain elements with compact support which are not measures;
see Remark 3.2 (i) and the references cited there. Moreover, P(X) will in
general contain Radon measures on X which are not bounded measures.
For example, suppose X = R and let (c,)¥-; be any sequence which
decreases monotonically to zero and is such that nc, is bounded. Then (see,
for example, [39], Vol. 1, pp. 182—183) the series > 2, ¢, sin sz is boundedly
convergent for x € R and therefore weakly convergent in L*(R). This last
means precisely that the series >332, ¢,(¢,—¢_,) of measures is weakly
convergent in P(R). The sum of this series is at the same time a measure
which, if 3%, |c,] = oo, is not a bounded measure.

On the other hand, it is quite easy to show that any positive pseudo-
measure belongs to M,,(X).

P is a vector space and also a module over 4. By using partitions of
unity whose elements belong to A4, pseudomeasures can be localised; in
particular one can define the support of a pseudomeasure s as the com-
plement of the largest open subset U of G having the property that s(#) = 0
for every u € A satisfying suppu CU.

It is possible to extend the Fourier transformation to pseudomeasures
in such a way as to realise a linear isometry of P(X) onto L*(X) (the norm
of ¢ € L®(X) being the local essential supremum of |¢|). The extension is
made in such a way that the relation § = ¢ signifies exactly that ¢ € L*(X)
and s € P(X) are related by the formula

(4.1.3) s(u) = [go(E)p(—8)ds

whenever u € 4 is given by (4.1.1). The isometric nature of this extended
Fourier transformation is an immediate consequence of the definition of
the natural norm on P as the dual of A (see [16], Section 1.10.6).

If X is a finite product of lines or circles, the pseudomeasures on X
can be thought of as comprising exactly the Schwartz distributions on
X whose Schwartz-Fourier transforms belong to L*(X).

In terms of the Fourier transform one can now make P into an algebra
under convolution, s, #s, being that pseudomeasure whose transform is
§ 7 S,

4.2 MULTIPLIERS DEFINED BY PSEUDOMEASURES. If s € P and fe L?
then §-feL?(X) is the Plancherel-Fourier transform of some uniquely
determined element of L2: this element we denote by s # f. The Parseval
formula shows that

(4.2.1) lIs # fll 2 = llslle = [fllzes
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where ||s||p denotes the norm of s gua element of the dual of 4, which is
identical with ||§]|,,.
It is simple to verify that the formula

(4.2.2) Tf=s=f

defines T as a multiplier of L2 for which ||T|{=]||s||p. The converse statement
will form part of our main theorem yet to be stated and proved.

4.3 TsE spaAces P?(X). For any exponent p satisfying 1 < p < oo
we define P? = P?(X) to be the set of pseudomeasures s € P(X) such that

(43.1) lls  fll» = const. [Ifll

for each f e C,, the constant depending upon s. The remarks in 4.0 referring
to Corollary 2.6.2 may be interpreted as meaning that P'= P*=M,,.
It is easily seen furthermore that

(4.3.2) Pr =P  (1p+1fp’ = 1)
and that always
(4.3.3) M, ,CP*CP.

In 4.2 it has appeared that
(4.3.4) P:=P.

If s e P? we can define s % fe L? for each fe L? (or each feC,, if
p = o) by continuity; then (4.8.1) continues to hold for each fe L? (or
each f € Cy, if p = ). As a consequence, if p #~ oo and s € P?, the formula
(4.2.2) defines T as a multiplier of L”.

We can now state the main theorem of this section.

4.4 TueorREM. Suppose that 1 < p < oo and that T is a multiplier
of L?. Then there exists a pseudomeasure s € P? such that
(4¢.2.2) Tf=s=f

for f e L?. Conversely, if s € P?, then (4.2.2) defines T as a multiplier of L?.

The converse assertion is evident from the substance of 4.2 and 4.3.
The direct assertion will be established in two stages, taking the special
case p = 2 first.

4.5 PROOF WHEN p = 2. Let T be a multiplier of L2 Then, as at the
outset of the proof of Proposition 2.1, we have Tf«g =T (f+g) =f=+1g
whenever, f, ge C,. Hence

(4.5.1) (TH" g =7 (Tg)" ae.
whenever f, g e C,. Now, according to [2], p. 6, Proposition 4, or [16],
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p. 229, X is the disjoint union of a locally negligible set N and a disjoint
locally countable family {K,} of compact subsets of X. For each index 4
we may choose and fix a function g; € C, such that g; is non-vanishing on
K,. Define the function ¢ on X by setting it equal to (Tg;)"/g; on K, for
each 7 and to 0 on N. Then, if feC, we have by (4.5.1) the relation
(Tf)" = ¢ - f a.e. on K,. The family {K,} being locally countable, whilst f
vanishes outside a o-finite subset of X, it follows that

(4.5.2) (TH" =¢-f ae on X.

It is evident that ¢ is measurable. Moreover, the continuity of 7 shows that
(4.5.2) continuous to hold for each fe L2 Parseval’s formula and (4.5.2)
combine to show that ¢ is locally essentially bounded and that ||T||=]|¢||s-

We pause here to remark that it is the function ¢ appearing in (4.5.2),
rather than T itself, which should be spoken of as a “multiplier” of L2 —
at least if one wishes to retain the terminology which is customary in the
study of ordinary Fourier series.

To complete the proof, introduce the pseudomeasure s on X for which
§ =¢ (see 4.1). According to the definition of s =f (see 4.2), we have

(s*/)"=¢-fae.

and comparison with (4.5.2) shows that Tf = s % f qua eclements of L2

4.6 PROOF WHEN p # 2. Let T’ be the adjoint (see [16], p. 515)
of the given multiplier T of L?, so that

(4.6.1) Tf=f(0)=f=T'f(0)
for fe L? and f € L?". By the basic properties of convolution (see Section
4.19.15 of {16]) T’ commutes with translations. Thus 7" is a multiplier
of L?.

If we suppose that f, f' € C, C L? n L¥, then we know that Tf % }' ==

f=Tf', and comparison with (4.6.1) shows that T and T’ coincide on C,.
Therefore we have for feC, both

NTHls = 1T - 1]l
and

T zo =TI - I Lo

At this point the Riesz-Thorin convexity theorem ([39], Vol II, p. 95)
may be applied to conclude that

ITf|lLs = const [|f]| s

for fe C,. Accordingly T|C, can be extended into a multiplier of L% By
(4.5), therefore, there exists a pseudomeasure s e P such that (4.2.2)
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holds for f € C,. This in itself entails that s € P?; and then (4.2.2) must, by
continuity, continue to hold for all f e L?. The proof is thus complete.

4.7 ReMARKS. We have noted that P! = P* = M,, which, if X is
non-discrete, is a proper subset of P. (M,,; can exhaust P only if X is a
Helson set, which is certainly false if X is non-discrete; see [31], p. 119.)

If X = R", P? # P whenever p % 2: this follows from Theorem 1.12
of Hormander {23] (taking FF =1 therein).

If X is non-discrete compact Abelian, then Theorem 4.13 shows that
M, # P? whenever 1 < $ << c0. In this case we have also P? s P whenever
P # 2. In verifying this one may, by (4.3.2), assume that p < 2. If P?
were to coincide with P, then for any bounded function 8 on X and any
feL?, B-fis the Fourier transform of some function in L?. Then (see
Helgason [21] and Edwards [11]) fe2(X), and so fe L2, whenever feL?.
Since p << 2, this would entail that X is discrete.

Presumably P? = P for all p £ 2 and all infinite X, but we do not
know of a proof of this. The relation is established for any locally com-
pact Abelian X containing an infinite discrete subgroup in G. I. Gaudry
“Multipliers of type ($, ¢)” (to appear Pacific J. Math.).

4.8 Suppose that T is a multiplier of L?, that F is a closed subset
of X, and that either of the following (actually equivalent) conditions is
fulfilled:

(i) suppTfC E+suppf for feC,;

(i1) for each fe L® and each neighbourhood U of E, Tf is the limit

in L? of linear combinations of translates 7,f with a e U.

It is then easily seen that, in the representation (4.2.2), suppsC E.
Consequently, if E n K is a Helson set for each compact set K C X, then s
is necessarily a measure with support contained in E.

For example, if {a,} is a finite or infinite sequence of points of X
which has no limiting point in E, and if (i) or (ii) holds with E = {a,},
then T is expressible in the form

Tf=2¢," 7ol

where the series converges weakly in L% for each fe L% n L”.

4.9 A type of representation theorem somewhat different from
Theorem 4.4 supra has been announced by Figa-Talamanca [17], his
assertion being that the multipliers of L? can be put into a linear isometric
correspondence with the elements of the dual of a certain Banach function-
space A,. This space 4, is the space of functions /# on X admitting at least
one expression of the form

(4.9.1) =301 fn*En
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wherein

(4'9'2) fn € Lp’ &n € Lp': Zrozo=1 ”fn”LP ' ”gn”L"' < .
The norm on 4, is defined to be

(4.9.3) 1Al 4, = Inf 322, [[fallzs - ll€nllzss

the infimum being taken over all expressions (4.9.1) for 4. (The space A4
of 4.1 is none other than A4,.) In the said correspondence the multiplier
T is associated with the functional ¢ on 4, for which

(4.9.4) t(f+ g) = T x£(0),
and the crucial step in establishing the correspondence lies in showing that
any relation of the form

(495) fn el?, En ELp,r 2311 an”LP ) ”gnHL"’ < 00, Zf.i1 fn xg, =10
implies that

One way of achieving this object is to establish the following ap-
proximation theorem for multipliers 7.

4.10 THEOREM. Let T be a multsplier of L? (1 << p << ). Then there
exists a net {T .} of multipliers of L® satisfying the following conditions

6) T <17 ,

(i) Lim, T,f+g(0) =T} +g(0) (fel”, gelL”)

(#42) each T, is defined by comvolution with a function in C,.

In the presence of (i), (ii) is equivalent to saying that T = lim, T,
in the strong operator topology; or again that Tf = lim, T/, uniformly
when f ranges over precompact subsets of L?.

4.11 In order to establish 4.10 it suffices to show that multipliers
T, exist satisfying (iii) and

{t') \Tof g (O)) = NIT1 Ao llgllzsr (£, g €Co),
and such that (ii) holds for f, g € C,. Such a net {7,} may be obtained
by setting

Taf = [Ha(ka *S)] *f = ja *f
where

s is the pseudomeasure defined by T (see Theorem 4.4); the £, e C,
and form an approximate identity in L! chosen so that £, € L(X);
and H, is the inverse Fourier transform of %,, {4,} forming an ap-
proximation identity in L'(X) for which H, e C,.

It is evident that these conditions ensure that j, € C, for each a.
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4.12 Granted 4.10, it is easy to show that (4.9.5) implies (4.9.6).
Thus, by (i) and (ii) and dominated convergence of the series,

z:o=1 Tfn *gn(O) = lima z;.lo=1 Tafn *gn(o)
By (iii),
Tafn*gn( ) Ya*f)*gn( )‘“7a*(fn*gn)(0)
= [iu(—2) - o * 2uloM,

and, since j,eL! and 3%, f, *g,.(2) is uniformly convergent we thus
obtain

320 Tafn #£4(0) = [ ful—2) 324 fo % gl
:fya —z)-0dx = 0.

4.13 ReMARKS. (i) As mentioned in 4.0, by using the results in [19]
one can show likewise that any multiplier T of L? into L? (1 < p < oo,
1 = g < o) is representable in the form (4.4.2), where now s is a quasi-
measure on X (a concept defined in [19]) such that

|Is # /il ze = const. ||f]| s

for feC,. Moreover (see 2.6.2 (i) and 4.14 (b) ¢nfra) only the case
1 < p < g < o needs further consideration. For this case one can show
that analogues of 4.9—4.12 subsist, ' being replaced in (4.9.2) by ¢’ and
the series (4.9.1) being now convergent in L7, where 1/r = 1/p+1/¢'—1.
Extensions, to the case of multipliers of L? into L9, of the results in 4.9
and 4.10 are discussed in [18].

(i1) The concept of pseudomeasure can be satisfactorily extended to
all unimodular locally compact groups X, but it has yet to be seen to
what extent the preceding proofs (seemingly dependent on use of the Fourier
transform) can be carried over in detail.

(i) Hormander ([23], Theorem 1.9) shows that if X = R" and
P < 2 < ¢, then there exist distributions u such that f — u * fis a continuous
linear map of L? into L? (which evidently commutes with translations)
and yet £ is not a measure, so that u is certainly not a bounded measure.

4.14 It has been noted in 3.4.3 that

{(a) if X is not unimodular, and if p # ¢, there exists no non-trivial
continuous linear map of L? into L? which commutes with right translations;
and that

(b)if X = R™ andif ¢ < p < oo, there exist no non-trivial continuous
linear maps of L? into L? commuting with translations. (Hormander’s proof
of this, given for X = R", in fact obviously extends to the case of left
translations on any locally compact group X.)
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We shall now show that no such collapse occurs when X is compact
Abelian. Indeed, if p = 1 the existence of an abundance of non-trivial
maps of the desired sort of L! into L? follows from Corollary 2.6.2. (This
does not depend on the special nature of X.) On the other hand, if X is
infinite compact Abelian and 1 < p < o0, 1 = ¢ < o0, the following
theorem shows that there exist many maps of the desired type which,
moreover, are not expressible by convolution with any (necessarily bounded)
measure.

4.15 THEOREM. Let X be infinite compact Abelian, 1 < p < oo, and
1 < g < oo. Then there exist continuous linear maps T of L? into L? which
commute with translations and yet which are not expressible in the form
Tf = u=*f for any measure p on X.

The proof depends on the existence and properties of infinite Sidon
subsets S of the character groups X: see § 5.7 of Rudin [31].

Before starting the proof of the theorem we collect some facts about
these Sidon sets.

LEMMA 1. Let X be as in the above theovem, let S be a Sidon subset of
X, and let 1 < p < 0. Then for each fe L? we have

[Sees |f(€)I2]E < const. [|f]] s
ProoOF. See [31], p. 130.

LeEMMA 2. Let X and S be as tn Lemma 1, and let u be any Radon measure
on X such that i(§) = O for e X\S. Then peL" for 1 <r < .

Proor. Take a directed family (¢,) of trigonometric polynomials on X
such that ||f,{|; =1 and ¢, * u — u vaguely. By [31], Theorem 5.7.7 it
follows that

[|£; % pllz- = const. ||¢, = p||zn = const.

Assuming (as we may) that » > 1, it follows that the net {{; * u} has a weak
limiting point in L7. By vague convergence, this limiting point must be g,
so that uelL".

LeEMMA 3. Let X and S beasin Lemma 1, let 1 < p < 00, 1 =g << 0,
and let B be any bounded complex-valued function on X which vanishes on
X\S. Then there exists a continuous linear map T of L? into L* which
commutes with translations and for which (Tf)~ = Bf.

ProorF. Immediate from Lemmas 1 and 2.

PROOF OF THEOREM 4.15. Let S be any infinite Sidon subset of X (see
[31], p. 126), choose B as in Lemma 3 and such that furthermore
f ¢ ?(X), and then appeal to Lemma 2 once more.
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4.16 A RESULT oF STEIN. Throughout this section X will denote the
circle group, so that X is identifiable with the additive group Z of integers.
Stein ([34], Theorem 9) has given a result which comes rather close to
providing a necessary and sufficient in order that a bounded function
¢ on Z shall define a multiplier T of L? via the relation

(4.16.1) (TH" =¢-f

This result is expressed in terms of the function @, defined a.e. on X by
the formula

(4.16.2) D(x) = Y, .o (in)2d(n)e™,

the series being convergent in L? (for example).
Given an exponent ¢ satisfying 1 =< ¢ =< oo, @ is said to belong to V,
if and only if ® e L? and

Sup || 3iar {75, —7, P}l < oo,

the supremum being taken relative to all finite sequences {[a;, b,]}i—; of
non-overlapping subintervals [a,, b,] of [0,2x).

Prior to stating Stein’s result we remark that from (4.3.2) and the
Riesz-Thorin convexity theorem ([39], Vol. I, p. 95) it follows that if ¢
defines a multiplier of L?, then it also defines a multiplier of L* for any »
lying in the closed interval spanned by » and 7’. In particular, it suffices to
discuss the multipliers of L? for 1 =< p < 2, Stein’s theorem asserts that,
if 1 <p <2, then:

(a) if ¢ defines a multiplier of L? (and so of L™ whenever p <7 < p'),
then @ eV ,;
(b) if @ e V., then ¢ defines a multiplier of L* whenever p <7 < p'.

As Stein remarks, @ € V, if and only if @ is (equal a.e. to) a function
of bounded variation. This, in conjunction with the case p=1 of Corollary
2.6.2, shows that ¢ defines a multiplier of L1 if and only if @ e V. Similarly,
® eV, if and only if ¢ is bounded; and so, by (4.3.4) and Theorem 4.4,
one may say that ¢ defines a multiplier of L2 if and only if ®eV,.

4.17 TRESULTS FOR THE GROUPS R". A number of results are known
which give sufficient conditions on a function ¢ on R” (identified as the
dual of R") ensuring that (4.5.2) defines T as a multiplier of L? into L9,
in which case ¢ may itself be described as a (p, ¢)-multiplier. For these
results we refer the reader to Hormander [23], Theorems 1.11, 2.4 and 2.5.
Of these the first and second have known analogous for the circle group;
see [39], Vol. II, p. 127. The third, like the results in [28], involve generalised
derivatives of ¢; we know of no published analogous for the circle group.

De Leeuw [4] establishes relations between bounded functions ¢ which
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(the are (p, p)-multipliers on R with those which are (p, p)-multipliers
on R, line with its discrete topology), together with relations between
multipliers on R, on the circle and on Z.

5. Further results for Abelian groups

Throughout this section we assume again that X is Abelian. In terms
of the pseudomeasures introduced in § 4 we can extend Theorems 3.1 and
3.3 to not-necessarily-positive operators I. The results are published
elsewhere, but we record them here for convenience.

We write P, = P,(X) for the set of pseudomeasures with compact
supports.

5.1 THEOREM. (a) If T is a continuous linear map from C, into M,
which commutes with translations, there exists a pseudomeasure se P,
such that

Tf=s=*f;
and conversely.

(b) As (a), save that C and M replace C, and M, respectively.

(c) If T s a continuous linear map from C, into M,; which commutes
with translations, therve exists a pseudomeasure s € P such that

Tf=s=f

(@) If T is a continuous linear map from C, into M which commutes
with translations, there exists a quasimeasure q on X such that

Tf=gq=f.

Proor. That of (a) appears in Edwards [13], Theorem 2; (b) follows
from (a) by considering the adjoint of 7. Assertion (c) is Theorem 1 of
[13]. Gaudry [19] gives the definition of quasimeasures (which can be
regarded as locally finite sums of pseudomeasures) and the proof of (d).

REMARKS. Concerning the nature of pseudomeasures, see again Remark
3.2(i). It is interesting to note that the stated representation formulae
entail that T actually maps L? into L%  in all cases; L? into L2 and L2
into L2 in cases (a) and (b); and L2 into L2 in case (c).

Again for the reader’s convenience we record some known results for
the case X = R” or T™ or a finite product of such groups.

5.2 THEOREM. Let X be of the form R™XT™.
(@) Any continuous linear map T of Cy wnto D' which commutes with
translations has the form
Tf=p=f

for some e 2'; and conversely.
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(b) Any continuous linear map T of C*™ into D' which commutes with
translations has the form

Tf=pxf

for some ueD.,; and conversely.
(c) Any continuous linear map T of C? into D, (the latter with the
topology o(D,, C*)) which commutes with translation has the form

Tf=p+f
for some ueD,; and conversely.

Proor. Statements (a) and (b) are proved by Schwartz [33], pp.
53—54 and pp. 18—19 respectively. It is not difficult to derive statement
(c) by applying (b) to the adjoint of 7.

6. Continuity questions

We have frequently used the fact that, under quite mild restrictions on
the function-spaces F and G, a continuous linear map T of F into G which
commutes with translations also commutes with convolutions, and vice
versa. At root this is because in most cases convolution is a limit of linear
combinations of translations, whilst reciprocally translation is a limit of
convolutions with arbitrarily smooth functions.

It will be shown in 6.2 and 6.3 that, under mild conditions on F and
G, a linear map T of F into G which commutes with convolutions is neces-
sarily continuous. These results refine and extend Theorem 3.1 of de
Leeuw [3].

A detailed analysis of similar continuity questions for a somewhat
different class of operators is given by B. E. Johnson [25].

We begin with a definition.

6.1 DeriNITION. Given a non-void subset X of M (or of 2, if X
is a Lie group), by a left [resp. right] Z-space is meant a vector subspace
H of M (or of 2’) with the following properties:

(i) H is stable under convolution on the left [resp. right] by elements
of X;

(ii} H is a separated topological vector space such that, for each
seZ, the map & — s % h [resp. & — h % s] is a continuous endo-
morphism of H;

(iii) if » e H satisfies s * & = 0 [resp. A% s = 0] for all se 2, then
h=0.

The following result sharpens de Leeuw’s Theorem 3.1 in so far as T
is not assumed to commute with translations.
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6.2 THEOREM. Suppose that X is compact and that X denotes the set
of all trigonometric polynomials on X. Let F and G be two left [resp. right)
Z-spaces, and suppose that the closed graph theorem applies to linear maps of
F into G. The conclusion is that if T is any linear map of F into G such that

(6.1) T(sxf)=sx=Tf[resp. T(f xs) = Tf#*s]
for all f e F and all trigonometric polynomaals s, then T is continuous.

ReMARK. We recall that a trigonometric polynomial on X is a finite
linear combination of co-ordinates of finite-dimensional, continuous,
unitary representations of X. If X is Abelian, the trigonometric polynomials
are therefore simply the finite linear combinations of continuous characters
of X. In this case, therefore, (6.1) is equivalent to condition 4 in de Leeuw’s
Theorem 3.1.

Proor. We consider the left-handed case, which is typical. It suffices
to show that the graph of T is closed in F X G. Suppose that {f,} is a net
which converges to 0 in F and for which, moreover, {T7,} is convergent in
G to g. It must be shown that g = 0.

Choose any seZX. Then F,=s =% F is a finite-dimensional vector
subspace of F. As U ranges over a base at 0 in F, the sets s # U define a
base at 0 for a vector space topology on F, which, since F is separated
and the map f - s % f is continuous by 6.1 (ii), is separated. Consequently,
T|F, is continuous for this topology. The definition of the topology on
F, is arranged so that f — s = f is continuous from F into F,. In particular,
therefore, T(s#f,) >0 in G. On the other hand, (6.1) shows that
T(s=f,) =s=*Tf,, which converges in G to s * g. It follows that s * g = 0,
and this for each s e 2. Hence, by (iii) of 6.1, g = 0.

6.3 There are analogues of Theorem 6.2 for certain other interesting
cases. Suppose for example, that F is a separated topological vector space
which is also a commutative algebra under convolution, the latter being
separately continuous on F x F. Suppose further that G is a left [resp.
right] F-space in the sense of Definition 6.1. It then follows by a similar
argument that any linear map 7T of F into G, satisfying

(6.2) T(f«f)=f#Tf [resp. = Tf#f']

for f, ' e F, has a graph closed in FXG.
These conditions are fulfilled, and lead to continuity of 7, if X is
Abelian and if, for example,

F=C,L or Lt
and
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G=L?*(1Zp =< ) or M,

as well as in numerous other cases.

6.4 We do not know whether there are valid analogues of Theorems
6.2 and 6.3 in which the main hypothesis, that 7" commutes with con-
volutions, is replaced by the assumption that 7 commutes with translations.
We note, however, the following germane result, due to Iwahori [24]:

Let X be a compact group, X the set of trigonometric polynomials
on X, and T an endomorphism of X such that

(1) T commutes with the 7, (2 € X);
@) T1 = 1;

(8) Tf = Tf for all feX;

(4) T(fg) =T} -Tg for all f, ge 2.
Then there exists 4 e X such that Tf = p,f for all fe 2.

Bibliography

[1] Boehme, T. K., ‘Continuity and perfect operators’. J. London Math. Soc. 39 (1964),
355—358.

{2] Bourbaki, N., Eléments de Mathématique. Intégration. Chapitre 5. Act. Sci. et Ind.
No. 1244. Hermann, Paris (1956).

[3] de Leeuw, K., ‘Linear spaces with a compact group of operators’. Illinois J. Math.
2 (1958), 367—377.

[4] de Leeuw, K., ‘On L, multipliers’. Ann. of Math. (2) 81 (1965), 364—379.

[5] Dieudonné, J., ‘Sur le produit de composition (II)’. J. de Math. Pure et App. 29 (3)
(1960), 275—292.

[6] Edwards, D. A., ‘On translates of L>® functions’. J. London Math. Soc. 36 (1961),
431 —432.

[7] Edwards, R. E., ‘On factor functions’. Pacific J. Math. 5 (1955), 367 —378.

[8) Edwards, R. E., ‘The form of the solution of the Cauchy problem over a group’. Studia
Math. XIX (1960), 193 —206. ’

[9] Edwards, R. E., ‘Representation theorems for certain functional operators’. Pacific
J. Math. 7 (1957), 1333 —1339.

[10] Edwards, R. E., ‘Bipositive and isometric isomorphisms of certain convolution algebras’.
Canad. J. Math. 17 (1965), 839 —846.

[11] Edwards, R. E., ‘Changing signs of Fourier coefficients’. Pacific J. Math. 15 (1965),
463—475.

[12] Edwards, R. E., ‘Convolution as bilinear and linear operators’. Canad. J. Math. 16
(1964), 275—285.

[13] Edwards, R. E., ‘Operators commuting with translations’. Pacific J. Math. 16 (1966),
259—265.

[14] Edwards, R. E., ‘Translates of L® functions and of bounded measures’. J. Australian
Math. Soc. 4 (1964), 403 —409.

[15] Edwards, R. E., ‘Supports and singular supports of pseudomeasures’. J. Australian
Math. Soc. 6 (1966), 65—175.

[16] Edwards, R. E., Functional Analysis: Theory and Applications. Holt, Rinehart and
Winston, Inc., New York (1965).

[17] Figd-Talamanca, A., ‘Multipliers of p-integrable functions’. Bull. Amer. Math. Soc.
(5) 70 (1964), 666—669.

https://doi.org/10.1017/51446788700004286 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004286

[39] Linear operators which commute with translations, I 327

[18] Figa-Talamanca, A., and Gaudry, G. I., ‘Density and representation theorems for
multipliers of type (p, ¢g)’. To appear J. Austr. Math. Soc.

[19] Gaudry, G. I., ‘Quasimeasures and operators commuting with convolution’. To appear
Pacific J. Math.

[20] Helgason, S., ‘Some problems in the theory of almost periodic functions’. Math. Scand.
3 (1955), 49—67.

[21] Helgason, S., ‘Multipliers of Banach algebras’. Ann. of Math. (2) 64 (1956), 240, 254,

[22] Hormander, L., Linear partial differential operators. Springer Verlag, Berlin (1963).

(23] Hormander, L., ‘Estimates for translation-invariant operators in L? spaces’. Acta Math.
104 (1960), 93 —140.

[24] Iwahori, N., ‘A proof of Tannaka duality theorem’. Sci. Papers Coll. Gen. Ed. Univ.
Tokyo 8 (1958), 1—4.

[25] Johnson, B. E., ‘Continuity of transformations which leave invariant certain translation-
invariant subspaces’. To appear Pacific J. Math.

[26] Kelley, J., ‘Averaging operators on Ceo(X)'. Illinois J. Math. 2 (1958), 214 —223.

{27] Larsen, R., Lin, T.-s and Wang, J.-k., ‘On functions with Fourier transfroms in L,
Michigan Math. J. 11 (1964), 367 —378.

[28] Littman, W., ‘Multipliers in L? and interpolation’. Bull. Amer. Math. Soc. 71 (1965),

764 —1766.
[29] Reiter, H., ‘Investigations in harmonic analysis’. Trans. Amer. Math. Soc. 13 (1952),
401 —4217.

[30] Reiter, H., ‘Une propriété analytique d’une certaine classe de groupes localement com-
pacts’. C.R. Acad. Sci. Paris 254 (1962), 3627-—3629.

[31] Rudin, W., Fourier analysis on groups. Interscience Publishers, New York (1962).

[32] Schwartz, L., Théorie des distributions, I. Hermann, Paris (1950).

[33] Schwartz, L., Théovie des distributions, II. Hermann, Paris (1951).

[34] Stein, E. M., ‘On limits of sequences of operators’. Aun. of Math. 74 (1961), 140—170.

[35] Weil, A., L'Intégration dans les groupes topologiques et ses applications. Hermann, Paris
(1953).

[36] Wendel, J. G., ‘On isometric isomorphisms of group algebras’. Pacific J. Math. 1 (1951),
305—311.

[37] Wendel, J. G., ‘Left centralizers and isomorphisms of group algebras’. Pacific J. Math.
2 (1952), 251 —261.

[38] Weston, J. D., ‘Positive perfect operators’. Proc. London Math. Soc. (3) 10 (1960),
545 —565.

[39] Zygmund, A., Trigonometric series. Vols. I & II. Cambridge University Press (1959).

Department of Mathematics
University of Toronto

Department of Mathematics
Institute of Advanced Studies
Australian National University

https://doi.org/10.1017/51446788700004286 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004286

