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CONFORMALLY FLAT HYPERSURFACES IN
EUCLIDEAN 4-SPACE

YOSHIHIKO SUYAMA

Abstract. We study generic and conformally flat hypersurfaces in Euclidean
four-space. What kind of conformally flat three manifolds are really immersed
generically and conformally in Euclidean space as hypersurfaces? According
to the theorem due to Cartan [1], there exists an orthogonal curvature-line
coordinate system at each point of such hypersurfaces. This fact is the first step
of our study. We classify such hypersurfaces in terms of the first fundamental
form. In this paper, we consider hypersurfaces with the first fundamental forms
of certain specific types. Then, we give a precise representation of the first and
the second fundamental forms of such hypersurfaces, and give exact shapes in
Euclidean space of them.

§1. Introduction

In this paper we study (topologically open,) generic and conformally
flat hypersurfaces in Euclidean 4-space R*. A smooth hypersurface in R*
is said to be generic, if the second fundamental form has three distinct
eigenvalues everywhere on M. Our purposes are to clarify what kind of
conformally flat three-manifolds are really immersed generically and con-
formally in R%, and to determine the shapes of their images immersed in
R%.

The local theory of generic and conformally flat hypersurfaces in R4
was studied by Cartan (cf. §2). According to his theory there is a special
local coordinate system at each point of such a hypersurface: The first and
second fundamental forms are represented in diagonal forms simultaneously
in the coordinate system (cf. §2), which we call an admissible coordinate
system of conformally flat hypersurfaces in R*. The existence of admissible
coordinate systems gives the first step of our study. From Cartan’s another
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result, we can know whether a generic hypersurface in R* is conformally
flat or not by examining the principal curvatures (cf. §2). In this paper, we
give a precise representation of the first and the second fundamental forms
of generic and conformally flat hypersurfaces. We also give exact shapes in
R*? of such hypersurfaces.

For this purpose, we represent the first fundamental form ¢g and the
second fundamental form s of a generic and conformally flat hypersurface by
using an admissible coordinate system z = (x!, 22, 2%). Among the general

form
g= €2P(x){€2f(x)(dx1)2 + th(z)(dx2)2 + (dl‘3)2}

of the first fundamental form, we consider the following types (T.1) and
(T.2) of g (and s):

T g= €2P(z){(dl‘1)2 + (dz?)? + (dx?’)Q},
(T-1) s = e2P@I\(z)(dz")? + p(z)(d2?)? + v(z)(da®)?},

where P(x) = P(x!,2% 2%) and \(z), u(z) and v(x) are principal curva-
tures corresponding to x!-curve, z-curve and z3-curve in hypersurface,
respectively.

(T.2) g = @ (da')? 4 ) (da?)? + (da?)?,
| 5 = 2@\ (2)(da)? + e () (da?)? + () (dad)2,

where f(z) = f(2!,22,23) and h(x) = h(z!, 2% 23).

We denote f; = 8f/0z" and f;; = 0*f/02'0z7 for a smooth function
f. We study a maximal hypersurface with metric g of types (T.1) or (T.2).
Here, we mean a connected hypersurface M is maximal, if there is no con-
nected hypersurface M satisfying M D M. Main results are as follows:

THEOREM 1. We assume that a conformally flat hypersurface M in
R* has the first fundamental form g of type (T.1), and X > pu > v for each
point of M. Then we have the following (1), (2) and (3).

vVC—1 2

2 _yve—=1
T —|—Cg€ T

e sin(ﬁx1 + 91) + Che T

A
c(C—1)
A

(1)

+Cy sin( x3 —1—02) for (x!, 2% 2%) € R3.
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ANz) = m{(beQ — (733},

@) pwx) = g (e )11 — (e7F)a3),
v(z) = A{(e™")11 — (e )2},

where A, C, C; (i =1,2,3,4) and 6; (i = 1,2) are constants satisfying

) A>0,C>1,C,>0,C; >0 (i =1,3,4),
4(C —1)Cy03 =CC2+C(C—1)02, (C—1)Cy # Ch.

If (C —1)Cy = C holds in Theorem 1, then the right hand side of

e~P(®) in (1) vanishes at (sin(@x1 +6y), e@xasin(i”cffl)x:s +03)) =
(—1,(C1+Cy)/2C,,—1). We discuss this case within the proof of the follow-
ing corollary at §3. We have Cy,C3 > 0 by the condition (3) of Theorem 1.
If C5 = 0, then we have C; = C4 = 0. In this case, the metric g is a warped
product, and reduces to a special case of (T.2).

COROLLARY 1. We assume CyC3 > 0 in Theorem 1. Then we have
the following:

(1) Each x'-curve (i = 1,3) is a whole circle in R*.
(2) Each x%-curve is a connected open part of circle in R*.
More precisely, we put

c(C-1)

D(:Ul,x?’) = (Cysin (gxl -+ 01) 4 Cy sin ( I

x> + 92)
for (x1,23) € R, then the radius r(x',23) and length L(x',23) of 2%-curve
are given by

A
VO —1,/1C,C5 — D?(z", %)

T _1 < D(zt, 23) >
— — tan ,
2 \/40203 — D2(£L'1,£1?3)

L(z', 2%) = 2r(zt, 23)

respectively.

(3) The hypersurface M collapses respectively to a point, if 2 tends
to £oo.
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Corollary 1 implies that the hypersurface with CoC3 > 0 is diffeomor-
phic to R x T2.

THEOREM 2. We assume that a generic and conformally flat hyper-
surface M in R* has the first fundamented form g of type (T.2). Then we
have the following:

(1) v(zt, 2%, 23) = v(2?), i.e., v depends only on variable x3. Further-
more, each z3-curve is a plane curve in R4, and all z3-curves are congruent
in R

(2) If v(23) = 0, then we have g = (az® + b)?g, + (dz3)?, where a and
b are constants, and g5 is a metric of surface S with constant Gaussian
curvature. Furthermore, each x3-curve is a connected part of line in R*.

(3) If the set {2® € I | v(z3) = 0}, where I is the domain of v, does
not include any open interval, then \(x!, 22, 23) = X\(2®) and p(z!, 2%, 23) =
w(x®). Furthermore, we can choose an admissible coordinate system
(1, 2% 23) so that f(x! 2% 23) = f(23) and h(x!, 2% 23) = h(x3), by re-
placing the first coodinate system. Then, we have the following two cases
(3a) or (3b):

(3a) The function f(x3) is not constant, but h(z®) is constant. Then,
the hypersurface M is represented as the following immersion ®:

e 0[5 [
(2!, 22, 23) = 0 ; ] o(@?) + 0o |
0 z2
where cosz! —sina! 1 0
Al!) = [ sin ! cos ! } 1= [ 0 1 }

and each surface {x? = constant} is a surface of revolution with constant
Gaussian curvature.

(3b) Both f(x3) and h(x3) are non-constant functions. Then, the hy-
persurface M is represented as the following immersion ®:

A o u(z?)

z 0

ottty = Aty | | v(@®)
0
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Furthermore, the plane curve (u(z?),v(x®)) is given by

(1 1) (u/)2 + (,UI)Q — 1’ (u//’v//) — V(—v’,u’),
' a(u' 4+ vv)? £ b2 (v —vu)? =1,

where v/ = du/dx®, v' = dv/dx?, v = d*u/(dx3)?, v" = d*v/(dz?)?, a and
b are positive constants.

A conformally flat hypersurface in the case (2) of Theorem 2 is either
a Riemannian product (S x R, g, + (dt)?) with S C R3, or a cone which
has the base (S, g4) in a sphere (52, 9,,) and the center of S3 as the vertex
(cf. [3)]).

Now, we consider curves (u(z3),v(z?)) defined by the equation (1.1)
in (3b). First, we consider the case a?(u’ + vv)? + b?(v' — vu)? = 1. Assume
b > a > 0, then we have two cases (1) b>a > 1and (2) b>1>a > 0. Let
e(s) = (cos s,sin s) be a unit circle parametrized by s. Let H(s) (> 0) be a
function defined by the equation

(1.2) d—H::tH Va—2cos? s+ b—2sin? s .
ds V1= (a=2cos? s + b=2sin? 5)

Then, we define a curve (u(s),v(s)) by

(1.3) (u(s),v(s)) = H(s)e(s).

Let us define a function 23 = 23(s) by

da? H(s
ds V1 —(a2cos? s + b2 sin’ s)

COROLLARY 2. A curve (u(z3),v(2?)) is a solution of a®(u/ + vv)? +
b2(v' — vu)? = 1 in (1.1) of (3b) if and only if a curve (u(z®),v(z?)) is
defined by (1.2), (1.3) and (1.4), where (1) s € R if b > a > 1, and (2)
sc{scR|a2cos’s+b2sin?s<1}if b>1>a>0.

Ifa=5b>11in (1.2) and (1.3), then the curve (u(s),v(s)) is a logarith-

mic spiral. For other curves given by Corollary 2, see Figures 1 and 2 in
84.
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Next, we consider the case a?(u’ + vv)? — b(v/ — vu)? = 1 in (1.1). We
define functions H = H(s) (> 0) and 23 = 23(s) by equations

dH . Hva2cos?s — b2sin? s
ds V1= (a=2cos?s — b—2sin’s)
da3 B H

— =4 .
ds V/1—(a2cos?s — b—2sin’ s)
Let us define a curve (u(s),v(s)) by

(1.6) (u(s),v(s)) = H(s)e(s).

COROLLARY 3. A curve (u(z?®),v(x?)) is a solution of a®(u' + vv)? —
V(v —vu)? = 1 in (1.1) of (3b) if and only if a curve (u(x3),v(z3)) is
defined by (1.5) and (1.6), where (1) s € {s € (—n/2,7/2) | b/a > |tans|}
ifa > 1, and (2) s € {s € (—7/2,7/2) | b/a > |tans| and a 2 cos® s —
b2sin’s <1} if 0 <a < 1.

(1.5)

For curves given by Corollary 3, see Figures 3 and 4 in §4. We note that
hypersurfaces defined by curves (u(z®),v(z3)) given by Corollaries 2 or 3
collapse to two dimension at u(x3) = 0 and v(z?®) = 0.

About Theorem 1, Lancaster [4] gave a similar result. However, he
showed it under the assumption for hypersurfaces to be analytic, and he
did not study shapes in Euclidean space of hypersurfaces. Note that, for
our case, it is sufficient that hypersurfaces are of class C*. On other work
for generic and conformally flat hyperfurfaces, there is a study for the exis-
tence of Guichard’s nets due to Jeromin [2]. We refer to Lafontaine [3] and
Suyama [5] for non-generic type of conformally flat hypersurfaces.

§2. Theorem due to Cartan

In this section, we summarize the local theory due to Cartan for generic
and conformally flat hypersurfaces (cf. [1], [3]).

For a generic hypersurface M, we can choose one-forms «, § and ~ on
M such that the first fundamental form g and the second fundamental form
s are represented in the following forms:

(2.1) g=0ao24+ 3+ s=xa?+up? +v?,

where A, ;1 and v are principal curvatures on M. The Gauss equation says
that the Riemannian curvature R of M is given by

(22) R=MaABRaNBH+uwBAYyQBAYy+VIAAYRaNY.
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We denote by X,, X3 and X, the vector fields associated with «, 3 and -,
respectively. We simply denote f, = X f, fg = Xgf and f, = X, f for a
smooth function f.

THEOREM 3. (cf. [1], [3]) A generic hypersurface M C R* is confor-
mally flat if and only if the following conditions (1) and (2) hold:

(1) daNa=dBANB=dyNy=0.

(L—=1)Aa + A=)+ (L= Nve =0,
(2) (v =Npg+ (= Nvg+ (v —p)rg =0,
A =pvy + @V =pw)Ay + (A =v)py =0

The condition (1) of Theorem 3 implies the existence of an admissible
coordinate system at each point of M. Let V be the Levi-Civita connection
of g. The Schouten tensor S on M is defined by S = Ric — (r/4)g, where
r is the scalar curvature. In general, a hypersurface M is conformally flat
if and only if the following three conditions (a), (b) and (c) on g and s
hold: (a) the Gauss equation. (b) the Codazzi equation. (¢) (VxS)(Y,Z) =
(VyS)(X, Z) for any vector fields X, Y and Z. Theorem 3 implies that the
conditions (1) and (2) are equivalent to these conditions (a), (b) and (c)
under the assumption for M to be generic.

In the process of the proof of Theorem 3, we obtain the conditions of
covariant derivatives in terms of principal curvatures (cf. [3]). Let V' be the
standard connection of R*, and N unit vector field normal to M. Then we
get the following:

A A
X = _ﬁX 7 x AN
Xt ) — L B + \A—v Y + ’
/ M Hey
X = 5 X +-EX, 4,
X = V”_‘“AXQ + 2 X, +uN,
(2.3) \ a \
B
Vi, Xp = —me Vi, Xy = —A—j,,Xa=
Vi X, =t x Ve X, = -t x
X,B e 2 ,U/_)\ B X/g YT U—v B
/ . Vo / _ Vs
Vi, Xa=——— )\XV, Vi, Xp= - ,uX’Y
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Note that the covariant derivatives with respect to V are also determined
by (2.3).

63. Proofs of Theorem 1 and Corollary 1

We assume that a metric g of 3-manifold M is represented as g =
e?P{(dz")? + (dz*)* + (dz®)?}. Note that the metric g is conformally flat.
Then, Christoffel’s symbols of the Levi-Civita connection V are given by

Iyy= P, Ty=h, Ty=-P, Iiz=", Ty=-P,
I, =-P, T34, =P, T4 = P, T4 =P, T4 =-P,
Iy =-P;, Tiy=P, T3 =-P;, I33=PF, I'= B,
I =0 if (i,7,k) = permutation of (1,2,3).

(3.1)

The curvature tensor R is given by

Rio1p = —e*P{ P11 + Py + (P5)?},
Rizi3 = —e*P{Pi1 + P33 + (P)?},
Rysaz = —€2P{ Py + P33 + (P1)?},
Rigis = P (PyP3 — Pa3),
Rips = €*F' (P13 — PLP3),
( Risas = P (PP — Ppo).

(3.2)

We assume that the hypersurface (M, g) C (R?,g,) is generic, that is,
a=eldet, B =el dz? and v = el d® in (2.1).

LEMMA 3.1. The following equations (1) and (2) hold:

-P Ko Vo
P = —
© w— A v—2X\
A v
-pr B B
P = —
(1) € R —
G_PP3:— )"y :—L.
A—v w—v

(2) The function e~ P@) s a sum of one variable functions of each x', x?

and 3, that is, e @) = U(2') + V(22) + W (z?).
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Proof. We have X, = e 10/02', X5 = e 19/02? and X, =

e P0/0x3.

(1) Since

A Ay _ —P P ON___p -P

ety = V%(e @) = e PPX;— e PPX,

by (2.3) and (3.1), we obtain the equations e F'P, = —X\g/(\ — u) and
e PPy = =\, /(A — v). The proofs of other equations of (1) are similar to
the above.

(2) We have P;P; — P;; =0 (i # j) by (2.2) and (3.2). Since (e~ F);; =
e (=P + P,P;), we obtain (e )13 = (e7F)13 = (e77)23 = 0. 0

LEMMA 3.2. We have the following statements (1) and (2):

(1) Each principal curvature is constant along the principal curvature
line, that is, Aoy = pg = vy = 0.

(2) Each principal curvature line is a part of circle or line in R*.

Proof. (1) Since (v — Ao + (A — )ve = 0 by Lemma 3.1, we obtain
Ao = 0 by Theorem 3-(2). In the same way, we have pug = v, = 0.
(2) We prove the statement only for x!'-curve. We have

i As 7& P A2\ _ _-p D -P__ M
8x1<A—M)_8x1<e )\—u)_)Q{ ¢ )\—,u+€ (A —p)?

Ha -P M1
= A4 — +e }—0
{ A —p)? O\ —p)?
Ay

by Lemma 3.1-(1) and A; = 0. Furthermore, the equation %(/\_V) =01is
obtained in the same way. Therefore, since

(V)Xo = — [(%)2 + (%)2 + AQ]XQ

and the function [(;‘TK’H)Q + (%)2 + )\2} is constant along z'-curve, each
1

zl-curve is a circle or a line in R*. []

Remark. If C3 = 0 in Theorem 1, then C; = C4 = 0. In this case we
have y = 0 by Theorem 1-(2), that is, each z2-curve is a part of line in R?.
If C2C3 > 0, then each z'-curve (i = 1,2,3) is a part of circle in R*.
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LEMMA 3.3. We assume A > p > v. Then, there exists a constant C
(> 1) such that
)\—Vic A—p 1 u—VﬁC’—l‘

- - d —
A— U T u—v C—lan A—v C

Proof. By Theorem 3-(2) and Lemma 3.2-(1), we have

(1) - g
( >2 (v—rn —:)2()\—,“):0’
( >3 +l,it)3()\ v) —0

Futhermore, since ( L) + (%) =1 and ( =) — (2:5) = 1, we have

Lemma. U

Let us put g — v = Q(x!, 2% 23) (> 0). We have to find the function
Q;u=0Q+v, A\=[C/(C—-1)]Q + v. Since the Gauss equation implies

Ae?t = —(Pyy + Pao + (P3)?),
(3.3) pve?t = —(Pag + Py3 + (P1)?),
vae?t’ = —(Py1 + P33 + (P2)?),
we have
pA—=v) =e P{(e ") — (e ")a3},
(3.4) Mp—v)=e"{(e7)2 — (e7")z3},
v(p—A) =e "{(e7 Mo — (e}
For a while we assume pv # 0 (see the statement before Lemma 3.6). Then,
we have

C = A—v _ (e )11 — (e )3 v _ (eMu—(eP)z v
A=p (e Plu—(ePl2p (eP)n—(eF)nQ+r

Therefore, since

1{(6”3 11— (e )3z} —C{(e7 )1 — ()22}
C (e )1 — (e7P)a2 ’

Q=
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we have
A 1 v

(e P)ag— (e P)3s  C—1 (e F)11— (e P)a’
I 1 v

e P—( P CePu—(eP
LEMMA 3.4. There exists a constant A such that v = A{(e )11 —
(e7")az}.

Proof. Since A\ = Az%,23), u = p(zh,23), v = v(z},2?) and e ¥ =

U(zh)+V (2?)+ W (2?) from Lemmas 3.1 and 3.2, the function v//[(e=F)1; —
)

(3.5)

(e7%)a2] depends only on variables 2! and 22, i.e., v/[(e )11 — (e7F )] =

A(z!, 2?). Similarly, we have

A — A2 B H _ 2 PRI
(e P)a2 — (e7P)33 A2, (e P)1 — (e7P)33 Az, 7).

Therefore, we have that all A(z!,2?), A(x?,23), A (x!,23) are constant
by (3.5). U

We get the following Lemma from (3.5) and Lemma 3.4.

LEMMA 3.5. We have
\ = %{(6_13)22 — (e )3}, p= g{(e_P)n — (e ")s3},
v=A{(e )1 — (e )}

Since M is generic, the constant A is not zero. We may assume A > 0.
If £ =0 or v =0, then we have Av # 0 or Ay # 0. Therefore, even in the
case ;4 = 0 or v = 0, we also have Lemma 3.5 in the same way.

LEmMA 3.6. We have
AQ
-P B
T =ce-pi©
Proof. We have p(A —v) = e "{(e™")11 — (¢7")33} by (3.4). On the
other hand, we have

— 1) (e )+ Cle™P)az — (e )as}

pA —v) = ﬁ{(ep)n — ()33}

x{—=(C = 1) (e )1+ C(e a2 — (e7F)33}

by Lemma 3.5. Therefore, we have Lemma. 0
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LEMMA 3.7. We have

e P = 1 sin(@xl + 01) + CQe%mg + Cge—%x2
. C(C—-1) 4
+Cy sm(Taﬂ + 492) )

where C; (i =1,2,3,4) and 6; (i = 1,2) are constant.
Proof. Since e~ = U(z') 4+ V(2?) + W (z?), we have

A? A? A?
U=s-GFUn, V=G5—7Va, W= —mwzss

by Lemma 3.6. O

In Lemma 3.7, we have at least Cy > 0 and C3 > 0, because e~ > 0.

Furthermore, we may assume C; > 0 (i = 1,4) from the representation of
-P
e .

LEMMA 3.8. The constants C; (i = 1,2,3,4) satisfy the equation
4(C —1)CyC3 = CCE + C(C —1)C3.
Proof. We have

A=ePle )+ (e )] = [(e77)F + (e F)3 + (e F)3]
2
- ﬁ [—(C =1 (e )1 +C(e )22 — (e77)33]

<[(e™ )+ (67 )22] = [(e77)F + (e77)3 + (e77)3]
by (3.3) and Lemma 3.6. On the other hand, we have

A = ﬁ{(ep)n — (e )as}{(e7 )22 — (e )3}

by Lemma 3.5. Thus, we have

A? _ _ _
ISl [(C=1)(e )i = Cle Mg + (e77)35]
== [+ (e M3+ ()]
Finally, we have Lemma from Lemma 3.7. b
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From Lemma 3.8, we have Cy > 0 or C3 > 0. Indeed, if Cy = C5 = 0,
then C; = Cy = 0 and e~ ¥ = 0. Therefore, we may assume Co > 0.

Finally, we study the condition that the right hand side of e~* in

P

2 _
" = wu, then we have e =

VC—1
Lemma 3.7 becomes positive. Putting e T
Cou + Csu~! + D(x!,23). Since

(C —1)[4C5C3 — D? (2!, 2%)] > 4(C — 1)CyC3 — (C — 1)(Cy + Cy)?
={C; - (C—=1)C4}* >0

by Lemma 3.8, we have Cou + C3u™! + D(z!, 23) > 0 if Oy # (C —1)Cy. If
Cy = (C — 1)Cy, then it vanishes at u = (C] + Cy4)/2C5 and (sin(@x1 +

61),sin($x3 +65)) = (—1,—1). Therefore, we assumed C; # (C' —
1)Cy in Theorem 1.

Conversely, the metric g and the second fundamental form s given by
Theorem 1 satisfy the Gauss and the Codazzi equations. Therefore, the 3-
manifold is realized as a hypersurface in R*. Furthermore, since the prin-
cipal curvatures A, p and v satisfy the condition (2) of Theorem 3, the
hypersurface is conformally flat. This completes the proof of Theorem 1.

Now, we prove Corollary 1-(1). We have

Vi = = [ () (522" + ] X

A=
1 c(c-1
= -7 |(C - D(Cu~ Czu™1)? + (C — 1)CC? cos? (#x?s n 92>
ciCc-1 2
+ {Cgu + Csu™' + CCysin <¥x3 + 92)} X,

where u = e\/?xQ. If u = /C5/Cs, cos(i”c(AC*l):l:3 + 02) = 0 and Cou +
Csu™! — CCy =0, then 4C,C3 = C?C? and (V’Xa)QXa = 0. The condition
4C5C3 = C?C% is equivalent to C; = (C'—1)Cy by Lemma 3.8. We omit this
case from Theorem 1. Therefore, since the coefficient of X, in (V/Xa)QXa is
negative, each z'-curve is a circle in R*. Similarly, each z3-curve is a circle
in R* if C1 # (C — 1)Cy. In particular, we have

1

(vl)ﬂ,)2X’Y = A2

CC? cos? <§xl - 91> 4 (C = 1)(Cou — C3u™1)?
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2
+ {CC& sin (@xl + 01> + (C - 1)(Cou + Cgul)} ]Xw-

In the case C; = (C — 1)Cy4, an z'-curve for fixed (22, 23) satisfying

(e‘ﬁCA_le,SiM%xS + 6?2)) = (1/C3/C5,—1) is a line in R*. We note

\/C3/Cy = (Cy + C4)/2Cs5 in this case.
Finally, we prove Corollary 1-(2). Since

== [(GE5) + G = ()

the radius r(z!, 2%) of an z

2_curve is

A
B \/C — 1\/40203 — D2(£L'1,.’/U3)

r(zt, x3)

by Lemmas 3.6 and 3.8. The length L(z!,23) of an z%-curve is

0o 0o 1 A
Lzt 23) = P(z!,22,23) dr? = / dt
(z",2%) /OO6 . o Cot?+ D(xt,z3)t+ C3/C —1

—or(a! 4?) [g — tan! ( \/40253(%’1;3:()561’ xg)):| .

In the case C; = (C — 1)Cy, we have (V’XB)QXﬁ = 0 along an x?-curve

for fixed (2!, 23) determined by (sin(@ac1 + 91),sin(7”C(AC_1)x3 + 65)) =
(=1, —1). Therefore, the x2-curve is a line in R*.

84. Proofs of Theorem 2 and Corollaries 2 and 3

We assume that a metric g of 3-manifold M is represented as g =
e/ (dx')? 4 e2h(dx?)? + (dx3)?. Chistoffel’s symbols of the Levi-Civita con-
nection V defined from g are given by

F%l = f17 F%Z = f27 F%Z - _62h_2fh17 F%S = f37
F% = _€2f_2hf27 ]-_‘%2 = hq, F%z = ha, F%g = hs,
le‘)l = —€2ff3, F%Z = —€2hh3,

F%s:F%,:a:F%s:F§3:F?2:F§3:F%3:F§3:0-

(4.1)
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The curvature tensor R is given by

(4.2)

Ry1o = —fo2 = (fo)? + faho
— "2 (hyy + (h)? = fihy) — € fhs,
Rjy3 = €721 (hyg + hyhsg — fshy),
Ry3 = —faz — fafs + fahs,
R?1>13 = —f33— (f3)27 R§23 = —hs3 — (h3)27 R§23 = R§13 =0.

Since the metric g is conformally flat, we have

(4.3)
(4.4)

(4.5)
(4.6)

(4.7)

(4.8)

A . 1 A
Ch=Ry — Ry — 1(5127”,1 —org)=0:

Caz = 0 <= {h13 + hihs — f3h1}2
= {h13 + hihs — fsh1} fa + {fos + fafs — feha}hi.
C51 =0 <= {fo3 + fofs — fohsh
= {h13 + hihs — fsh1} fa + {fos + fafs — foha}hi.
CPy =0 <= {fo3 + fofs — fohs} = {h1s + hihs — f3h1 }o.
Coy =0+
{e72"(faa + (f2)? = faho)}o + {e7 2 (h11 + (h1)? — fih1)}
—{fa3 4+ (f3)® + has + (h3)? — fshs}2
= —2{fa3 + fofs — fah3}3 — 2{f23 + fof3 — fah3}hs.
C3 =0+
{e72"(faa + (f2)? = faho)h1 + {e ¥ (huy + (m1)? — fiha) 1
—{fs3 + (f3)* + has + (h3)? — fshs}h
= —2{h13 + hihg — fah1}3 — 2{h13 + h1hs — f3h1}f3.
Ch =0
e fan + (f2)? — faha}s + {e7* (hu1 + (h)? — f1h1)}3
+ {f3hs + hsz + (h3)* — faz — (f3)*}3
= 2e 2" {fog + fofs — fohs}a — 2¢ 72" fo3 + fofs — fohs}ho
+2e 2/ {h13 + h1hs — f3hi}
— 272 {h11 + (M)? = fihi}hs
+ 2{ f33 + (f3)? — fhs}hs.
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Now, we assume that (M, g) is a generic and conformally flat hypersur-
face in R?, that is, a = e/ da', 3 = e dz? and vy = d2?® in (2.1).

LEMMA 4.1. The principal curvature v depends only on the variable

3.
Proof. Since X, = e~/ 9/0x', X5 = e "0/02?, and X, = /92>, we
have
Vo . V8 —h Y2 _—2h
0=Tl, = @ f = 2f 0=12, = =
33 2 v~ 33 1/—,ue 1/—,u6
by (2.3) and (4.1). Thus, we have v, = vy = 0. [

We proved a part of the statement in Theorem 2-(1) by Lemma 4.1.

PROPOSITION 4.1. We assume v(z3) = 0. Then, we have g = (ax® +
b)2g, + (dz3)?, where a and b are constant, and g, is a metric of surface S
with constant Gaussian curvature. Furthermore, each x>-curve is a part of

line in R*.

Proof. That each x3-curve is a part of line follows from (2.3) and v = 0.
Since (Au)1 = (A)2 = (A\/p)3 = 0 by Theorem 3-(2), there exist functions
k(z3), £(z',2?) and a constant C such that

k(23
(4.9) A= Ck(@3)(zt, 2%, p= W
Furthermore, we have
(4.10) fa=Tl3==X3/\, hg=T3=—ps/p
by (2.3) and (4.1). Thus, we have
(4.11) f3=hs=—ks/k,
that is,

1 27 3)

f @5 = Oy (21 2?) Jk(2®) and M) = Cy(at, 2?) k(D).

On the other hand, since (e/)33 = (e)33 = 0 by (2.2) and (4.2), e/ and

el are at most degree one with variable z3. Therefore, we have 1/k(z3) =

ax® +b, ie.,

ef@he®e®) — Cl(xl, :c2)(ax3 +b), ehtela®a®) — 02(931, x2)(a$3 +b).
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Let S be a surface with local coordinate system (z!,2?) for fixed z°.
The Gaussian curvature K of S with the metric g = €2/ (dz!)? + €?(dz?)?
is given by

)

= —e M hyy + (M) = filn] — e " faz + (f2)? — fahal.

By Rly; = R =0, (4.2), (4.6), (4.7) and (4.11), we have K; = Ky = 0.
Thus, we have K (2!, 22, 23) = K(23) = C/(az® + b)2. 0

Proposition 4.1 completes the proof of Theorem 2-(2).

From now on, we assume that the set {23 € I | v(z%) = 0} does not
include any open interval, where I is the domain of v. Since V’XVX,Y =vN
and V’XWN = —vX, by (2.3), each z3-curve in M is a plane curve in R*, and
then all 23-curves are congruent in R*. This fact together with Lemma 4.1
implies Theorem 2-(1).

Now, we prove Theorem 2-(3) in sequence. First, we show that a generic
and conformally flat hypersurface does not exist in the case v(x?) = ¢
(non-zero constant). The proof is almost similar to one of Proposition 4.1
until a half way: We assume v(z%) = ¢ (# 0). Then, there exist functions
k(z3), £(z',2?) and a constant C such that A — v = Ck(x3)¢(z', 2?) and
p— v = k(x3)/¢(x!,2%) by Theorem 3-(2). Since f3 = —A3/(A — v) and
hs = —us/(n —v) by (2.3) and (4.1), we have f3 = hg = —k3/k. Therefore,
since \v = Rél:)) = —f33 - (f3)2 and uy = R§23 = —h33 - (h3)2 by (22)
and (4.2), we have A = p by v # 0. This is a contradiction to the assumption
A # .

Therefore, our assumption that the set {z3 € I | v(2®) = 0} does
not include any open interval is equivalent to that the set {#® € T |
(dv/dxz3)(z®) = 0} does not include any open interval.

LEMMA 4.2. Let an x3-curve be in a plane H. Then, both vector fields
Xo and Xg along the curve are constant vectors perpendicular to H.

Proof. The vector fields X, and Xg are perpendicular to X, and N.
Therefore, they are perpendicular to H. Furthermore, we have, by (2.3),

Vg Xo= ——2_X, =0, ’iXﬁ:—V"_ﬁuxyzo.

93 vV — )\ 93
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By Lemma 4.1 and Lemma 4.2, the immersion ® which represent the
hypersurface M is given as follows: There exist a plane Hy in R*, a curve
P(23) in Hy with arc-length parameter 23, amap A : (2!, 2%) — A(2!,2?) €
SO(4) with A(0,0) = F and a map a : (z',2%) — a(z!,2?) € R* with
a(0,0) = 0 such that

(4.12) M : &zt 2%, 2%) = A(z!, 2?)P(23) + a(a!, 22).
Furthermore, both vector fields X, and Xg,

Xo (2, 2?) = e T {A@E, 22 P(2?) + a(ih, 22)},
Xp(2',2%) = e "{A(2!,2?)P(2®) + a(z!, #%)},

do not depend on variable 23, and they are perpendicular to the plane
Azt 2?)Ho+a(z!, 22), where A(i', 22) = 0A(x!,2%) /02! and A(x!,i?) =
OA(x!, 22)/0x2.

PROPOSITION 4.2. If there exists a point (a',a?) such that A(a',a?)|y,
= A(a',d?)|y, = 0, then we have v = 0, where A(d',a?)|y, denotes the
action of A(a',a®) on Hy.

Proof. Since (ef X,)(a',a?,2%) = a(c'L1 a?) and (e"Xg)(at,a? 2) =
a(a',a?), we have ef (a!, a2, x )*Ha(a1 a?)|| and e (a', a2, 2%) =||a(at, @?)]|.
Therefore, f3(a',a? 23) = hs(al,a? 23) = 0. On the other hand, since
VA = R313 == f33 - (f) = 0 and uy = R323 = h33 - (h3)2 = 0 for
(ala :c)by( 2) and (4.2), we have either A = y = 0 or v = 0 for
(a',a? 2%). This implies v = 0 by the assumption A # pu. b

We may assume that there exists a point (a', a?) such that A(al,a?)|g,
# 0 by Proposition 4.2 and the assumption for v. Let us put U = {z =
(x1 2% 2%) € M | A(i',2%)|p, # 0}. We assume that U is connected. For
a Whlle, we restrict our discussion only on U (cf. Proposition 4.5 below).
We simply denote z* by t. Let us put P(t) = e1(t) and P(t) = v(t)es(t),
where P(t) = dP/dt and P(t) = d*P/dt?. Then, we may assume that frames
{ei(t),ea(t)} determine an orientation of the plane Hy so that the Gauss
map e (t) moves to positive direction if v is positive.

LEMMA 4.3. Let (z%,2%t) € U. We define orthonormal frames
{b(z!,2%,t), c(zt, 2%,t)} of Hy along the curve P(t) for any (z',2?) by

—Xe; — fse fse1 — e
1 .2 _ 1 3€2, 1 2 1 .2 _ J3€l1 2 1 .2
b(.’E y L 7t)_ [f32+)\2]1/2 (.’E y L 7t)7 C(.’E y L 7t)_ [f32+)\2]1/2(x )
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Let us define a positive function s(z', 2%,t) by
s?(a', 2%, t) = [(ef f3)7 + (! N)?] (2, 22, 1).
Then, we have
Azt 2?)b(xt, 2% t) = 0,
(4.13) o1 .2 12 4y — ol .2 1.2
A x%)e(x %, t) = s(x', x%, t) Xo(zh, 2°).

In particular, the vector fields b, ¢ and the function s are independent
of t, i.e., b(z! 2% t) = b(a!, 2?), c(a!, 22, t) = c(z!,2?) and s(z!,2%,t) =
s(zt, 2?).

Proof. Since

A
e*fA(a'cl,xQ)el = V’XQXA, =-3 jVXa = f3Xa,

e TA(i 2%)ey = Viy N = =X,

by (2.3), (4.1) and (4.12), we have (4.13). Then, the function s is positive
by A(it, 2%)|g, # 0. In particular, vector fields b, ¢ and the function s are
independent of ¢, because A(i!, 2?) and X, (2!, 2?) do not depend on t. []

For each (x!,2%), we represent the curve P(t) in terms of basis
{b(z!, 22), e(x!, 22)}: P(t) = u(z!, 22, t)b(z!, 22) + v(zh, 22, t)c(2t, 2?).

PROPOSITION 4.3. Let (z',22,t) € U. There exists a function o =
o(x!, x?) such that

()@, 22, 1) = s(z', 22) cos[/t: o(t) dt + J(xl,x2)],

(1) Ol (@t a2 ) = s(ab, ?) Sin[/t v(t)dt + o(g;17x2)],

to

w(al, 22, {) = —sin“t:z/(t) dt + J(xl,x2)}

(2) v(x!, 22 1) = cos[/tt v(t)dt+ U(xl,:cQ)} ,
(3) o(a, 22 1) = m sin[/t: V() dt+ J(xl,xQ)] .

Furthermore, the vector a(x!,x?) at (4.12) is independent of x', i.e.,
a(z!, 2?) = a(2?).
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The proof of Proposition 4.3 is divided into Lemmas 4.4, 4.5, 4.6 and 4.7
below.

LEMMA 4.4. We define a function c(x!, x?) by c(x!, 2?)
s(zt, 2®)v(x!, 22, t). Then, we have a(it, 22) = c(zt, 22) Xo (2!, 22).

Proof. We have

el (a!,2% 1) Xo (2!, 2”) = A(&',2?) P(t) + a(i',2?)
1

= s(z, 2?)v(at, 2%, ) X (2!, 2%) + a(i!, 2?).

Furthermore, since both vectors X, and a(#!,2?) are independent of vari-
able ¢, so is the function c. []

LEMMA 4.5. There exists a function o = o(x', z?) such that
(eNs(zt, 2% t) = (¢f f3)(at, 22, 1)
t
= s(z!, 2?) cos[/ v(t)dt + o(x?, 562):| )

to

el (2!, 22 1) = (xl,:cQ)sin[/tV(t)dt—i—o(azl,xQ)].

to

Proof. We have

(e f3)3 = el [fs3 + f3] = —v(Xef),
(Ael)s = el (N3 + Afs) = e/ [= (A =) f3 + Mfs] = v(fzel).
Indeed, the first equation follows from (2.2) and (4.2), and the second follows

from (2.3) and (4.1). Furthermore, since s2(z',2?) (= (ef f3)%(x!, 22,t) +
(Xef)2 (2!, 22, 1)) is independent of ¢, we have Lemma. U

LEMMA 4.6. We have

(@', 22, f) = —sin[/ty(t) dt + a(xl,gﬂ)],

to

t
v(xt, 2% f) = cos[/ v(t)dt + o(a?, xQ)] .
to

Proof. Differentiating the function ¢ in Lemma 4.4 with respect to t,
we have (ef f3)(z', 22,t) = s(z', 2?)v(2!, 22,{). Thus, we get the second
equation by Lemma 4.5. Since ¢ is an arc-length parameter and the Gauss
map (u(z!,2%,1), v(zt, 22,1)) for fixed (2!, 2?) moves to positive direction
if v is positive, we have Lemma. 0
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LEMMA 4.7. We have

1 t
v(z!, 22, t) = msin[/ v(t)dt + ozt z?)

to
Proof. We have
ef ¢ 1 [

vV=———- = —sin

s s A /tV(t)dtJra(xl,x?)]_E

to

by Lemmas 4.4 and 4.5. b

We continue the proof of Proposition 4.3. We may assume a(i!, z%) = 0,

i.e., c(z!,2?) = 0. Indeed, since

d(ih, 22 t) = A(EY, 2*)P(t) + a2, 2%) = (sv + ) X4

t
= <fsin[/ I/(t)dt+0':| —c+c)Xa
A to
i
A

t
sin{/ v(t)dt + 0':| Xo,
to

®(i!, 22 t) depends only on (s/)\) sin[ftz v(t)dt 4+ o|. This completes the
proof of Proposition 4.3.

PROPOSITION 4.4. Let (z',2%,t) € U. Then, we have the following
statements:

(1) The function o = o(xt,x2) in Proposition 4.3 is constant.

(2) The principal curvatures A\, p and functions u, v depend only on
variable t, i.e., Nz, 2%,t) = \(t), plat,22,t) = p(t), u(zt, 22,t) = u(t),
v(zt, 22, t) = v(t).

(3) The frames {b(z',2?),c(z!,2%)} of Hy do not depend on (x',z?),
i.e., b(x!,2?) = b and c(z!,2?) = c.

The proof of Proposition 4.4 is divided into Lemmas 4.8, 4.9 and 4.10
below.

LEMMA 4.8. We have

v(@t, 2 t) = u(zh, 22 t)o (2!, 2?),
v(zh, #%,t) =  u(zt, 22, t)o (2!, i?),
u(it, 22, t) = —v(zt, 22, t)o (2!, 2?),
u(zt, 3% t) = —v(zt, 22, t)o (2!, 22).
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Proof. We have

v(@t, 22, t) = ai (e, P(1)) = < ’ic(xl,x2)7P(t)>

ozl
:< "o c,ub+vc>:u<vla c,b>.
E Bzl

On the other hand, we have

/ <f3€1 )\32>_)\1f3_)\f13b

V', c=
2. ¢ ESSEE 2+

21

) eff:s) b
effg + (efX)?

- (7
< [ dt%—o]>1c052[jajy@)dt%—a}b

)b

Thus, we have v(a’cl,x ,t) = u(x!, 2%, t)o(i!, 2%). Other equations are ob-
tained in the same way. 0

If o(x!,2%) is a constant function, then we have u(z!,2%,t) = u(t),
v(zt, 22, t) = v(t), b(z!,2%) = b and c(x! 2) = ¢ from Lemma 4.8 and
its proof. Then, from wv(t) = A\~ sm[ft t)dt + 0’] in Proposition 4.3,
we also have A(z!,22,t) = A(t). Furthermore since (A(t) — v(t))pi = 0
(¢ = 1,2) by Theorem 3-(2), we have u(:cl,xQ,t) = pu(t). Therefore, to get
Proposition 4.4, we have only to prove that o(x!, z?) is constant. We set

R' = {Xfi+Yfo+ Zf;+ Wi ="(X.Y,Z,W) | X,Y,Z,W € R},

Ho={Xf, +Yf,=%X,Y,0,0) | X,Y € R}.
Let P(t) = *(u(t),v(t),0,0) be a curve in Hy with arc-length parameter
satisfying (i, %)(t) = v(t)(=0,4)(t). Then, we have M : ®(z' 22 t) =
Az, 2?)P(t) + a(2?) and

N(I'I,CC2,t) - A(:Ul?‘TQ) _/l.)(t)fl + ?‘.L(t)fQ)v
(4.14) Xo(z', 2?) = (e (2!, 22,4)0/0x!
= (e7/) (2", 2? t)A(2",2) P(t)

by Lemma 4.2, (4.12) and Proposition 4.3. From v = v(t) and Theorem 3-
(2), there exists a function ¢(t) such that

(4.15) (A2, 1) — (D) (ula", 22, t) — (1)) = g(t).
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LEMMA 4.9. We have the following:

O(t)sino(zt, 2?) — a(t) cos o(x!, 2?)

(1) A% ) = u(t)sino(zt, %) + v(t) cos o(a!, 22)’

(2) For each (x',2?), there exists t such that \(zt, 2%,t) # 0.

Proof. (1) We consider the action of A=!(z!, xQ)A(dcl,xQ) on Hy for
each (z!,2?), and denote it by A~ (a!, 22)A(it, 22?)|y,. For this purpose,
we put

HyCR={Xfi+Yf+Zf="X,Y,Z2) | X,Y,Z € R},

1 0 0
B(x)=| 0 coszx —sinz |,
0 sinz coS T
cosa(zt,x?) —sino(zt,2?) 0
C(z',2?) = | sino(z!,2?) coso(xl,2?) 0
0 0 0

If we identify b(z!,2?) = f,, c(2},2?) = f, and A* (1, 2% X, (2!, 2?) =
f3, then we have A~ (2!, 22) A(z!, 22)| g, = s(z', 22)B(0 )’Ho by Lemma 4.3.
However, since

b(z',2%) = coso(z!, 2%)b(0,0) — sino (2!, 2%)c(0,0),

c(zt, z?) = sino (2!, 2%)b(0,0) + cos o (x!, 2%)c(0,0)

by the proof of Lemma 4.8, we have

(4.16) ANt ) AL, 22) | gy = s(at, 22 B(0)C(xt, 22)| m,

by taking b(0,0) = f;, ¢(0,0) = f, (ie., ¢(0,0) = 0) and identifying

A (2 22 X (21, 22) = f; for each (2!, 2?). Since X, = e /0®/0x' and
—AXo = V' N, we have
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—(AeN) (@, 22 ) A 2t 2 X o (2, 22)
)A_l(xl,:cQ)(V'XaN)(xl,x?,t)
= 71(1'17xQ)A<i17x2)(_1}(t)fl + 4(t) fy)
= (2,22 BO)C(a, 2?)(—0(t) f, + () f)
= s(z', 2?){—0(t) sino(z', 2%) + 0(t) coso(z',2%) } f5

by (4.14) and (4.16). Therefore, we have

O(t)sino(zt, 2?) — a(t) cos o(x!, 2?)
u(t)sino(z!, 22) + v(t) cos o(x!, 22)

(2) If A(a',a?,t) = 0 for some (a',a?), then (u(t),v(t)) is a line in Hy
by (1), which contradicts the assumption for v. U

Mzt 22 t) =

LEMMA 4.10. The function o(x!,22) is constant.

Proof. First we note that, if u = 0, then we have \(x!,2%,t) = \(¢)
by (4.15). Therefore, differentiating A in Lemma 4.9 with respect to !
(i = 1,2), we have either o(i!,2?) = o(2!,4%) = 0 or utt + vd = 0. This
implies o (4!, 2%) = o(z!,4?) = 0, because v(t) is not constant. Thus, if
p =0, then o(x!, 2?) is constant.

Next, we assume A(z!, #2)|y, # 0. Then, we shall show that there is no
curve (u(t),v(t)) satisfying the assumption for v if o(x!, 2?) is not constant.
By the assumption A(z!,3?)|y, # 0, we have ®(z!,22,t) = A(x!,2?)P(¢)
in the same way to get Proposition 4.3. Furthermore, since we have Lem-
mas 4.3, 4.8 and 4.9 and Proposition 4.3 by A(i',2%)|y, # 0, we may
obtain similar results by A(z!,4?)|g, # 0: We define functions 5(z!, 22)
and o(x!, 2?) by

(at,22) = [("hs)? + (ehpn)?) (2,2, 1),

(M) (a, 22, 1) = 5(z", 22) cos[/t V() dt + 5, :1:2)} ,

to
t
(pe™) (2t 2%, t) = 3(xt, 2?) sin[/ v(t)dt + 5 (z?, :cQ)} )
to
Then, in the same way to get Lemma 4.9, p is represented as

O(t)sing(zt, 22) — a(t) cosT(at, 22)

1.2
; 7t - P— — .
pla, 2%, t) u(t)sina(z!, 22) + v(t) cosT(at, x2)

https://doi.org/10.1017/50027763000007273 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007273

CONFORMALLY FLAT HYPERSURFACES 25

We note (2!, 22) # o(z!, 2?). Indeed, if (2!, 2?) = o(z!, 22), then A\(z!, 22, t) =
w(xt, 22 t), which condradicts the assumption. For each (z!,2?), there ex-

ists t such that p(z!, 22,t) # 0. Since A = A(o (2!, 2%),t) and p = p(@(zt, 22), 1),
there exists a function F such that o(x!,2?) = F(o(z!,2?)) by (4.15).
From (4.15), we obtain

Y?2sinosin F(o) + X2 cosocos F(o) — XY sin(o + F(o))

4.15) q(t) =
(415)" a(t) u?sinosin F(o) + v% cos o cos F (o) + wvsin(o + F(o))

9

where X = a4+ vv and Y = 0 — vu. We assume that o is not constant. We
differentiate ¢(t) with respect to o. From ut 4+ v0 # 0, we have

_uY sin? F(o) + {—uX 4+ vY}sin F(o) cos F(0) — vX cos? F (o)

F,(o) =
=) uY sin? o + {—uX +vY}sino coso — vX cos? o

Since F'is independent of ¢, we have d(F,)/dt = 0. Putting a(t) = (uY)(¢),
b(t) = (—uX 4+ vY)(t) and ¢(t) = —(vX)(t), then we have

sin(F—o){ (ab—ab) sin F sin o+ (ac—aé) sin(F+0)+(be—bé) cos F cos o}=0.

Since F (o) # o, we have two cases:
(1) There exist constants C; and Cy such that

<g>(t) _ (‘“i#)(t) ~ ¢ and
Bo- (255200

(2) There exist constants Cy, Cy, C3 and a funciton £(¢) such that
(Cy,C,C3) # (0,0,0) and

Cysin F'sino 4 Cysin(F + o) + Cg cos F coso = 0,
(ab— al'))(t) =L(t)C1, (ac—ac)(t) = L(t)Cy, (be — bé)(t) = £(t)Cs.

In the case (1), we have

U+ vo

=—Ci+=-=(Co+ %)71.

v —vu

Therefore, the curve (u(t),v(t)) should be a quadratic curve (except circles).
However, there is not any quadratic curve satifsying (4 + vv)/(0 — vu) =
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—C1 + v/u. Thus, the case (1) does not happen. Furthermore, under our
assumption for v, there is no curve satisfying the case (2). However, since
this proof is too long, we shall prove this fact later, and continue the proof
of Lemma.

Since there is no curve (u(t),v(t)) under the assumption that o is not
constant, o(z!, 2?) is constant function if A(x!,4?)|y, # 0.

If o(x!,2?) is constant, then A(z!,22,t) = A\(¢) and p(zt, 22,t) = u(t)
as we see before. If there exists a point (a',a?) such that A(al,d?)|y, = 0,
then u(a',a?,t) = 0 for any ¢ from the proof of Proposition 4.2 and the as-
sumption for v. Therefore, if there exists (a', a?) such that A(a',d?)|y, # 0,
then A(x!',3%)|y, # 0 for any (z!,2%¢t) € U by the continuity of u, and
o(x!,2?%) is constant on U. Conversely, if there exists a point (a!,a?) such
that A(al,a?)|g, = 0, then A(z',4?)|gy, = 0 for any (z!,22,¢t) € U and
1 =0 on U. This completes the proof of Lemma.

Finally, we prove that there is no curve (u(t),v(t)) satisfying the
case (2). The conditions on curve (u(t),v(t)) are as follows:

(i — ud)Y? + u?(XY — XY) = (C},
(4.17) (i — ud) XY —uv(XY — XY) = —(Cy,
(v — ud) X% + v*(XY — XY) = (Cs.

We note XY — XY = i(uti + vd). Since X2Y?2 = (XY)? and (4.17), we
have
(4.18) ([C1C3 — O3] = (C1v? + Csu® — 2Couw) (uts + vd).

C3 —Cy
-Cy O
Furthermore, (u(t),v(t)) for each ¢ is an eigenvector corresponding to the
eigenvalue by C1v? + Csu? — 2Couv = 0, that is, the curve (u(t),v(t)) is a
line. Therefore, we may assume C1C3 — C5 # 0.

From (4.17), we have

If ChC5 — 022 = 0, then the matrix [ ] has zero-eigenvalue.

(4.19) (tw — ud)(CoY? + C1XY) + (XY — XY)(Cou? — Cruv) =0,
' (i — ud)(C3Y? — C1X2) + (XY — XY)(Csu? — Cro?) = 0.

Therefore, we have

CQY2 +C1 XY CQ’U,2 — Ciuv

= 0.
03Y2 - ClX2 Cgu2 - 011}2
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Thus, there exists a function Q(t) such that

CoY2 + C1 XY = Q(C3Y? — C1X2),
(420) { 2 1 Q( 3 1 )

Cou? — Cruv = Q(C3u? — C1v?)

When we consider coefficients of (Co — C5Q) and C4, we have

Y2 XY +QX?
(4.21) QX" _ 0, ie, Q= —"¥
u2 —Uuv —|— QU2 ’UY — ’LLX
From (4.20) and (4.21), we have
(4.22) (CQU — Cgu)Y = (Cgu — Cl’U)X.
Therefore, there exists a function R(t) such that
(4.23) X = R(CQU — C3u), Y = R(Cgu — Cl’U).
Since
i+ vv =X = —Cs(Ru) + C2(Rv),
0 —vu=Y = Cy(Ru) — C1(Rv),
we have
(4.24) uti 4+ vd = —R(C1v? + Csu® — 2CHuv),
d(Ru) — Pud Ri— v(Cou — 6’121))’
(4.95) dt (C1C5 — C3)
’ d(Rv) Bot Bb — v(Csu — Cav)
dt (0103 -C3)
From (4.22) and (4.25), we have
(4.26) R(uX +vY) + R(4X +0Y) = 0.

Next, we find the function R(t) explicitly. From (4.18) and (4.24), we
have R = o(uti + v9)?/¢(C5 — C1C3). On the other hand, from (4.19)
and (4.23), we have R? = o (ut+vd)/{(tw—ud)(C1C5—C3)}. Thus, we have

R? = —(R/{(tw + ud)(tw — ud)}. Therefore, we have another expression for
R(t):
(4.27) R(t) = —0{(utt 4 v0) (tw — ud)} L.
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Since

d(ui + vd)
dt

d(tv — ud)
dt

=1+ v(dv — ud), = —v(ut + v0),

we have £/0 = —v(uti 4 v0)/(tw — ud) by (4.26), (4.27) and &% + 0% = 1.
If /(t) = 0, then ut@ + vdo = 0, which contradicts the assumption for v.
Therefore, we may take ¢(t) = (v — u®)(t). Then, we have R(t) = —(ut +
vd)~L(t) by (4.27), and © = (C1C3 — C2) (4w — ud) / (uti +vd)3. Furthermore,

we have
( w 2
y? + (0103 — C%)(uu n ’UQ'}) = (1,
2
/ v
(4.17) X2 + (0103 _ 022) (uﬂ — U{}) = (s,
XY — _cy_w
| (G105 = Ca) (utt + vi)? C2

by (4.17). We have to consider two cases C1C5—C3 > 0 and C3 —C1C3 > 0
in (4.17)".

Assume C1C5 — 022 > 0, C1 > 0 and C3 > 0. Then, there exists a
function ¢(t) such that

(¥, V/C1Cs — Cu/(uit + vb)) = (VT cos o, /T sin ),
(4.28) (X,—\/Cng —022 ’U/(’U,?'L-FU’I')))
= (VG5 cos(p + C),/Cssin(p + C))

by (4.17)", where /C1C3cos C = —Cj. On the other hand, if (4.28) holds,
then we have 022 = (C1C5 or Cy = 0. Indeed, since we have

C1C5 — C3 = C1C3[sin®(¢ + O) + sin® ¢] + 2C5/C1C3sin psin(p + C)
by (4.24) and (4.28), we have
C1C3[sin(yp + C) cos(p + C) + singcos @] + C2y/C1Cssin(20 + C) = 0

by differentiating the equation and ¢(t) # 0. Thus, we have cosC = 0 or
cos C' = £1. We have only to consider the case Co = 0. By the condition
of the case (2) and Cy = 0, we have tano tan F' = —C3/C,. Furthermore,
we have that (tano + tan F') is constant. Indeed, if tan o tan F' is constant
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but (tan o + tan F)) is not constant, then ¢(t) has to depend on o by (4.15)
and Cy = 0. Thus, both functions tan o and tan F'(o) have to be constant.
However, since we consider the case (2) under the condition that o(z!, 22)
is not constant, this case does not occur.

Next, we assume C3 — C1C3 > 0. First, we argue the case C; > 0 and
Cs > 0. We may consider the case C1 < 0 and C3 < 0 in the same way as

the case C > 0 and C5 > 0. We may take a function ¢(¢) such that

{ (Y,1/C3 — C1C3u/(ui + vd)) = (v/Ci cosh g, /Ty sinh ),
(X,1/C2 — C1C3v/(uts + v)) = (v/C5 cosh(C — ), +/Cssinh(C — ¢)),

where cosh C = —C3y/+/C1C5 (> 1). However, we have C = 0 and /C1C3 =
—() in the same way as the case C1C3 — 022 > 0, which contradicts 022 -
CC5 > 0.
If 6’22 —C1C3 >0, Cy > 0 and C3 < 0, then we have Cy = 0 in the same
way as above. However, this case does not occur as we see before.
Therefore, there is no curve satisfying both conditions of the case (2)
and assumption for v. []

This completes the proof of Proposition 4.4.

PROPOSITION 4.5. If there exists a point (a',a?) such that A(a',a?)|y,
# 0, then A(z',22)|g, # 0 for any (x!,2?).

Proof. Assume that there exists a point (2!, 2?) such that A(Z!, 2%)|g,
= 0. Let us take a point p = (b*,b%,¢g) € (U \ U) N M. Then, we have
A(b*,b?)| g, = 0 by the definition of U. Then (Av)(b',b%,t) = 0 for any ¢
from the proof of Proposition 4.2. From p = (b',b%,tg) € (U \ U) and
Azt 22 t) = A(t) on U, we have A\(b!,b%,t) = A(t) for any t and (\v)(t) = 0,
and then A\(t) = 0 for any (z',22, ) € U by the assumption for v, which
contradicts the definition of U by Lemma 4.9-(2). 0

The conclusions of Lemma 4.3 and Propositions 4.3 and 4.4 hold true
on M by Proposition 4.5. From now on, we start our discussion on whole
M. We prove at first Theorem 2-(3a).

PROPOSITION 4.6. We assume that there exists a point (a*,a?) such
that A(a',a®)|p, # 0 and A(a',a?)|y, = 0. Then, we have A(x', 2% t) =
A(t), 1 = 0. Furthermore, the metric g is given by g = g4 + (dz?)?, where
g is the metric of a surface S of revolution in Euclidean 3-space R3 with
constant Gaussian curvature.
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Proof. We have A(i!,2?)|y, # 0 and A(z!,3?)|g, = 0 for any (z!, 2?)
by Proposition 4.5. Then, we have A = A(t) by Proposition 4.4, and p =0,
A(t) # 0 and v(t) # 0 from the proof of Proposition 4.2 and assumptions of
genericalness and for v. Furthermore, each z2-curve is a part of line in R*
by u =0 and (2.3). In this case, the equation (4.12) becomes as follows:

(4.12) M : ®(x!, 22, t) = Az P(t) + az?,

where A(z!) € SO(4) and a € R?, because of a(x!,2?) = a(2?) by Propo-
sition 4.3. Furthermore, we have

VE Xy =— {(/\/Y’V)Q - ,\2} X,

by (2.3). Since the coefficient of X, in V;%QXQ depends only on ¢, each

xl-curve is a circle in R*. Therefore, we may assume

cosx! —sinz! 0 u(t) 0
A(zM)P(t) = | sinz!  cosz! v?t) , a= 8 ,
0 I 0 1

because X is perpendicular to the plane Hy and X,, and any (z!,¢)-surface
is not included in a plane. Furthermore, the Gaussian curvature K of (z!,t)-
surface is given by K = A\v, and then v is constant by Theorem 3-(2). []

We continue the proof of Theorem 2-(3a). The assumption A(al,d?)|g,
= 0 in Proposition 4.6 can be replaced by hsz(a',a®t) = 0. Indeed, if
A(at,a?)|y, = 0, then hz(a',a? t) = 0 from the proof of Proposition 4.2.
Conversely, if h3(al, a?,t) = 0, then 0 = (—hsz—h3)(a',a?t) = pv(at,a?,t).
Thus, we have u(al,a?,t) = 0 by the assumption for v. Furthermore, since
p = u(t) by Proposition 4.4 and A(a',a?)|y, # 0, we have p = 0. This
shows that each x2-curve is a line and A(z!,4?)|y, = 0 for any (2!, 22) in
the same way to get (4.12)" in proof of Proposition 4.6. This fact together
with Proposition 4.6 completes the proof of Theorem 2-(3a).

We still leave the proof of Theorem 2-(3b). We start its proof. As-
sume that there exists a point (a',a?) such that A(a!,a?)|y, # 0 and
A(a',a?)|g, # 0. Then, we have

(1) A(z',2?)|g, # 0 and A(x!,3?)|y, # O for any (2!, 22),
(2) Mzt 2%,t) = A(t) and p(zt, 22,t) = u(t),
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(3) P(t) = u(t)b + v(t)e, where A(i!,2?)b = 0 and A(i',2%)c =
s(zt, 2%) X4 (2!, 2%), and b and ¢ do not depend on (z!,2?).
In the same way to get (1), (2) and (3) from A(a!, a?)|m, # 0, we also define
frames {b,¢} of Hy and a positive function 5(z', z?) from A(a',a?)|y, # 0

by
Bl 2 —per —hzes | o
b(z",x t)zw(xﬂﬂ,t),
hse; — pe
—/ 1 2 3€1 He2 1 2
C(xaxat)zw(ﬂﬂaw,t)y

(L, 0%, 1) = [(e"hg)? + (e )] (a1, 2%, ).
We have the following:
(4) Both vectors b and € are constant, and 3(z!, 22,t) = 3(z!, 22).
(5) A(z',i%)b =0 and A(z',i?)e = 5(z!, 2?) X5(2t, 22).

(6) Putting P(t) = wu(t)b + v(t)¢, then there exists a constant 7 such

that
(ﬁ@:—m{£w0ﬁ+ﬁ,é@:m%é}@ﬁ+4,

() = + in tV T
o(t) = ,us {/to (t)dt + ],
t
(eM)s(zt, 22, t) = 5(at, 2?) cos[/ v(t)dt + 7':| :
\ to
(7) Putting 7 = o + 6, then 6 # 0.
(8) ®(xt, 2%, t) = A(zh, 2?)P(t), ie., a(z!,2?) = 0 in (4.12).

PROPOSITION 4.7. We assume that there exists a point (a*,a?) such
that A(a',a®)|g, # 0 and A(a',d?)|g, # 0. Then we have the following:

(1) By choosing a suitable admissible coordinate system if necessary, we

may assume that both functions f(x', 2%, t) and h(z!', 2% t) depend only on
variable t, i.c., f(x', 22 t) = f(t) and h(z',22,t) = h(t), and s(z',2?) =
3zt 2?%) = 1.

(2) 0 = +m/2.

(3) ®(xt 22 t) = , where the plane curve

(u(t),v(t)) satisfies (1(t))?+(0(t))? = 1 and (ii(t), i(t)) = v(t)(—=0(t),u(t)).
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Proof. (1) Since f3 = —A3/(A = v), hg = —ps/(n —v), A = A1),
= p(t) and v = v(t), functions f3 and hs depend only on variable ¢. Since
R}3 = 0and fo3 = 0, we have fo(f3 —hs) = 0. Furthermore, since Rly; =0
and hi3 = 0, we have hi(hs — f3) = 0. Thus we have either fo = hy =0 or
fs = hs. If f3 = hs, then A = u by the Gauss equation and the assumption
for v. Therefore we have fo = h; = 0. Moreover, since fi3 = hgg = 0,
we have f(z!,t) = f(x!)+ £ (t) and h(x?,t) = h(x?)+ h (t). Thus we may
assume f(z!, 22 t) = f(t) and h(z!, 2%,t) = h(t) by changing the admissible
coordinate system. Then, since (ef); = s(a!,z?) cos[fti v(t)dt + o] and
(e")3 = 3(zt, 2?) cos| ftf) v(t)dt+7], s and S are constant. In particular, we
may take s =5 = 1.

(2) and (3). Since Vl)%oéXCv =— [(%)2—1-)\2] Xo and VI)%BXﬁ = - [(%)2"‘
1?] X5, each z'-curve (i = 1,2) is a part of circle in R*. Since each z'-curve
A(zt, 2%)c for fixed 22 is a unit circle and A(2!,22)c = X, (2!, 2?), we
have (A71(z!,22) A2, 22))e = A7 (2!, 2?) X, (2, 22) = X,(0,22). Fur-
thermore, since V’XBXO[ = ;ﬁ‘;\Xg = 0, we have (A7!(z! 2?)
At 2?))e = Xo(0,0). We put B = (A~ (at,2?)A(i!, 22)). The matrix
B is constant and skew-symmetric, and it satisfies

(4.29) Bb=0, Be= X4(0,0), BX,(0,0) =—¢, BX3(0,0)=0.

We put C = A~ (2!, 22) A(2!, #?). Similarly, since Vi Xp = —/\)‘T’GNXQ =0,
we have

(4.30) Cb=0, Ce= Xz(0,0), CX,(0,0)=0, CX3(0,0) = —¢.

Since By = C1 = 0, we have

(4.31) BC =CB = A" (', 2*)A(z', #%).

Since Ce = —CBX,(0,0) = —BCX,(0,0) = 0 by (4.29) and (4.30),
we have ¢ = £b. Therefore, we have {b,c} = {+¢, Fb}, because {b,c}
and {b,¢} are oriented orthonormal frames of Hy. Thus we have 6 =
+7/2. In particular, we note BC = CB = 0 by (4.29) and (4.30), i.e.,

A(z',4%) = 0 by (4.31). We assume 0 = /2, i.e., {b,c} = {€, —b}. Since
both A(il,z?)c = X, and A(z!,4%)b = Xj are unit vectors, and each
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zi-curve (i = 1,2) is a circle in R*, A(#',4?) = 0 and 6 = 7/2, we have

(4.32) Ozt 2% t) =

Since (u(t),v(t)) has an arc-length parameter and curvature v, we have

(@(t))? + (6(1))* = 1L and (ii(t), 6(t)) = v(t)(—0(t), u(t))- i

For the convenient of the calculation, we denote @ (= ug) by v for a
function u = u(t) from now on. Next, we prove the last equation of (1.1) in
Theorem 2-(3b).

PROPOSITION 4.8. The plane curve (u(t),v(t)) given in Proposition 4.7-
(3) satisfies the following condition: There exist positive constants a and b
such that a®(u' + vv)? £ b?(v' — vu)? = 1.

The proof of Proposition 4.8 is divided into Lemmas 4.11, 4.12, 4.13
and 4.14 below.

LEMMA 4.11. The following equation holds:
(4.33) wo(un + 00" ) + (v’ — o) (v + o) (v — vu) = 0.

Proof. Since the unit vector field N normal to the hypersurface M :
(zt, 22,t) — ®(x!, 2%, t) € R* is given by

we have A = —u//v and p = v'/u by X, = v~19/0z" and X5 = u~10/022,
where we denote “(—v/(t),0,/(t),0) by *(—v'(t),u/(t)) for the simplicity.
The principal curvatures A(¢), u(t) and v(t) satisfy the equation

A=V + (v = )X + A=) =0

by Theorem 3-(2). Using the equations (u/)? + (¢v/)? = 1 and (u”,v") =
v(—v',u'), we have

voou u v2
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u v"'u — u''
(2
v U

/ / /

_ v / n, v . N .
—uv(uu —|—vv)—|—u (vu—v")(vv+u) U(u + vv)(vu — ')

v? u?
—v ' / 1 / / / /
= (uu’ + ') — —— (' —u'v)(u' +vv)(v" — vu).
v

O

LEMMA 4.12. The equation (4.33) is equivalent to each of the following
equations (4.34): There exist constants A and B such that

(4.34)  u= AW +wvv)(ud + '), v= B0 —vu)(uu + ).
Proof. Since

(uu’ +vv") = ()2 + (V)2 +uu” + 00" = 1+ v(—uw' +u'v),
(4.35) (W +vv) =u" + v + Vv =1,

(W —vu) =v" — v —Vu=—vu,
we have the following equation by (4.33):

wv(un + v )W+ v(uw — uv)o(v — vu) + o (w’ — u'v) (v — vu)
= wv(uu’ + v )V — [1 + v(—uw + u'v) (v — vu)
o 4wV — (W) (v — vu)
= wo(ur + v ) — [1 + v(—uw + u'v)jv(v) — vu)
+(ur’ + v’ ) (v — vu)

N —rvu) — (uu 4+ 00" o (v = vu)

= —v(uu +vv
+(ur’ + v’ ) (v — vu)

=0.

If uu' 4+ vv' = 0, then (u(t),v(t)) is a circle in Hy. Then M is a sphere in
R?, which is a contradiction to the assumption. Since (u(t),v(t)) is not a
circle, we have v' — vu # 0 and

(W —vu) (w0

- - +—=0.

v —vu un! + vv’ )
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This shows the second equation of (4.34). Similarly, we have, from (4.33),

wo(un + v )W —v(uw’ — uv)u(u + o) + 0 (w’ —u'v)(u + o)
= wv(uu’ + v )V + [1 + v(—uw + v'v)u(u’ + vv)
+—u 4 u(v)? — v V'] (' + vv)
= u(uu' +vv’)(u' + vv) + u(u' + vo) (v + ')

—u/ (uu’ 4+ vv") (0 + vv)

—0,
that is,
(v +vv) | (w +o) W 0
u + vv uu’ 4 vv’ u
This shows the first equation of (4.34). [
We have

u  Au +wvv

v Bv —vu

by (4.34). Thus, we have

(=v'u)  Au +wvv
Vv Bv —wvu

, and then —

A +vo)( +vv) + B —vu) (v —vu) =0
by (4.35). Therefore, there exists a constant C' such that
(4.36) A +vv)? + B —vu)? = C.

LEMMA 4.13. We have C # 0 in (4.36).

Proof. We assume C = 0. Then, we may assume A = a? and B = —b?.

Thus we have
[a(u + vv) + b(v — vu)]a(u’ + vv) — bV — vu)] = 0,
that is,
au' + ' = —v(av —bu) or au —b' = —v(av + bu).

If au' + 0" = —v(av—bu), then auv” +bv" = —v(av’ —bu') — v/ (av —bu), that
is, V/(av —bu) = 0. If v/ = 0, then (u(t),v(t)) is a circle. If av(t) —bu(t) = 0,
then (u(t),v(t)) is a line, that is, v = 0. Neither case happens. Similarly,
the case au’ — bv’ = —v(av + bu) also does not happen. U
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We assume C' = ¢? > 0 in (4.36). Then, we have the following two cases:
For positive constants a, b and c,

{ (1) a®(u’ +vv)? + b2 (v — vu)? = 2,

(2) a?(u +vv)? — B2 (v —vu)? = 2.

(4.36)

LEMMA 4.14. We have ¢ =1 in (4.36)’.
Proof. (2) We take a function 6 = 0(t) given by
a(u' +vv) = ccosh @, b(v' —vu) = csinh 6.
Then, we have
uu + v’ = u(E cosh§ — m}) + v(% sinh 6 + yu)
a
= Sucosh + Svsinh .
a b
Furthermore, since v = accoshf(uu’ + vv'), v = —besinh f(uu' + vv')
by (4.34), we have
ur 4 vv’ = (¢ cosh?  — 2 sinh? 0) (uu’ + vo') = (uu’ + vv').

Therefore, we have ¢ = 1. We take a function § = (t) given by a(u’'+vv) =
ccos and b(v' — vu) = csinf in Case (1). Then, we have also ¢> = 1 in the
same way to prove Case (2). 0

The plane curve (u(t),v(t)) satisfies the following (1) or (2):

{ (1) a®>(u/ +vv)? + b2 (v —vu)? =1,

(4.37) 2) CLQ(UI 1 VU)Q - bQ(v’ B Vu)2 =1.

This completes the proof of Proposition 4.8. Moreover, Propositions 4.7
and 4.8 show Theorem 2-(3b). Thus, we complete the proof of Theorem 2.

We determine plane curves (u(t),v(t)) defined by (4.37), that is, we
prove Corollaries 2 and 3. First we consider the equation (4.37)-(1). Let
e(s) = (cos s,sin s) be a parametrized unit circle. We define functions H =
H(s) (> 0) and t = t(s) by equations

di LH(s) Va=2cos? s+ b2sin? s
(4.38) ds V1—(a2cos?s+ b 2sin’s)
' dt H(s)

— q: .
ds V1 — (a=2cos? s + b=2sin? 5)

https://doi.org/10.1017/50027763000007273 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007273

CONFORMALLY FLAT HYPERSURFACES 37

PROPOSITION 4.9. We assume that the set {t € I | V/(t) = 0} does
not include any open interval. A curve (u(t),v(t)) with (u')? + (v)? =1
and (u”(t),v"(t)) = v(t)(—v'(t),u'(t)) satisfies the equation a®(u' + vv)? +
V2(v' — vu)? = 1, if and only if (u(s),v(s)) := (u(t(s)),v(t(s))) is defined
by (u(s),v(s)) = H(s)e(s) and (4.38), where s € R if b > a > 1, and
se{seR|a?cos?s+b2sin’s <1} ifb>1>a>0.

Proof. (1) We assume b > a > 1. We put (X,Y)(t) = (v’ + vv,v —
vu)(t). For a while, we assume v/(t) # 0.

{7 \

(X+u,Y+v)
40t
(X,Y)
—40 \\_/4'0
9X244y2=1 { ggg;ez(si/?)(s €R)
Figure 1.
Then, (X', Y')(t) = —V’(t)/(—v,u)(t) and (uv/,0")(t) = (X,Y)(t) +

v(t)(—v,u)(t). Thus, we have (u',2')(t) = P or Q in Figure 1 by (u/)? +
(v')2 = 1. Let e(t) := e(s(t)) = (cos s(t),sin s(t)) be a unit vector field nor-
mal to the curve (X,Y)(¢). Then, there is a function H(¢) (> 0) such that
(u,v)(t) = H(t)e(t) from (X', Y') = —v/(—v,u) and Figure 1. We replace
the parameter ¢ by s, which is the parameter of the unit circle. When we
take (d(X,Y)/ds)/||(d(X,Y)/ds)|| = (sins, — coss) (=: e1(s)), we have

92 -2
—a~“coss —b~“sin s
X(s) = 2 a2 2in2 o Y(s)= 2 a2 2in2 o
\/a* cos? s+ b?sin“ s \/a* cos? s+ b?sin“ s
Indeed, we have
d a"2b2sins d —a"2b2coss

—X ) )
ds (\/cr2 cos? s + b2 sin® 5)3 ds (\/@*2 cos? s + b2 sin? 5)3
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and a?X?%(s) + b2Y?2(s) = 1. Since (u(t),v(t)) = (u(s(t)),v(s(t))), (X(¢),
Y (1)) = (X(s(t)), Y (s(t))) and

d dH ds

(o), v(s)) = rels) — Hea(s) = (X,Y)(s) + v(=v,u)(s),

we have

(U ((B0) efs)) = (X Y)(0), (o) + (v, 0)(s), ()

= ((X,Y)(s),e(s)) = —vVa2cos? s+ b~2sin? s,

dH\? ds
H=Z) =1.
(MY (n)

These equations are quivalent to (4.38).

Since the assumption for v, there is the open set J C I such that
V'(t) # 0 for t € J. The above argument holds true on J. However, since

1 /1—(a=2cos?s+b2sin’s)
a?b?H? (\/cr2 cos? 5 + b2 sin? 5)3

V() =7 (1)

and continuity of v/, we have v/(t) # 0 on I, where I is the interval that H

is defined. This fact is also true for other curves which we study below.
(2) We assume b > 1 > a > 0. Then, the variable s moves on {s |

a=?cos? s+ b 2sin? s < 1}, because (u/,v') does not exist on the unit circle

for other s as we see in Figure 2. 0

Finally, we consider the equation (4.37)-(2). We define functions H =
H(s) (>0) and t = t(s) by equations

dH n Hy\a2cos?s —b2sin?s

ds — (0-2cosls —b2s23)
(4.39) V1-(a cos® s b=2sin” s)

o, T

ds V1= (a2cos?s — b—2sin’s)

where s € {s € (—7/2,7/2) | a2cos?’s > b~ 2sin’s} if a > 1, and s €
{s € (—m/2,7/2) | a=%cos?s > b~ 2sin? s and a=%cos? s — b~ 2sin% s < 1} if
0<a<l

https://doi.org/10.1017/50027763000007273 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007273

CONFORMALLY FLAT HYPERSURFACES 39
Y=-2X Y=2X
-0.03

FX24H4Y2=1 Y=-—2X
- 0.02

Y=2X

/
7

—0.01 —0.005

{ H(s)e(s) (Jtans|<2)
H(1277/360) = 0.01

Figure 2.

PROPOSITION 4.10. We assume that the set {t € I | V' (t) = 0} does
not include any open interval. A curve (u(t),v(t)) with (v')? + (v')? =1
and (u”(t),v"(t)) = v(t)(—v'(t),u'(t)) satisfies the equation a®(u' + vv)? —
b (v —vu)? = 1, if and only if (u(s),v(s)) := (u(t(s)),v(t(s))) is defined by
(u(s),v(s)) = H(s)e(s) and (4.39).

Proof. (1) We assume a > 1. We put (X,Y)(t) = (v + vv,0" —
vu)(t). Then, (X", Y")(t) = —V/(t)(—v,u)(t) and (v/,2")(t) = (X,Y)(t) +
v(t)(—v,u)(t).

Thus we have (u/,v")(t) = P’ or Q' in Figure 3. Let e(t) := e(s(t)) =
(cos s(t),sin s(t)) be a unit vector field normal to the curve (X,Y")(¢). Then,
there exists a function H(t) (> 0) such that (u,v)(t) = H(t)e(t) from
(X"Y'") = —V/(—v,u) and Figure 3. We replace the parameter t by s.
When we take d(X,Y)/ds/||d(X,Y)/ds| = (sins,—coss) (=: ei(s)), we
have

cos s
- )
a2v/a2cos?s — b—2sin? s
sin s

b2/ a—2cos?s — b—2sin? s
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40

Pl
Yy=1x
2 0.5

| . .
(u,v) 1.8 | 2.2
y=—1Xx

Q' y=-1Xx
4X2-Y2=1

{ H(s)e(s) (|tans|<1/2)
H(—597/400) = 2

4X?2 -Y%2=1
Figure 3.

Indeed, we have

d sin s

X = )
ds a2b? (\/a_2 cos? s — b—2sin? 8)3

d CcoS S

Sy _ ’
ds a?b? (\/cr2 cos? s — b=2sin? 8)3

and a2X? — b?Y? = 1. Since (u(t),v(t)) =
(X(s(t)),Y (s(t))) and

d dH —ds

L uls) v(5)) = les) - Her(s) (= (X ¥)(5) + v(—2,u)(5))

we have .
( dd—f _ <(fl_1;, %),e@ = ((X,Y)(s),e(s))

= vVa2cos?s — b~2sin? s,

— 2 2

dH —ds

— H— | =1.
L (dt) +< dt)
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If [tans| < b/a and s € (—7/2,7/2), e(s) becomes the vector field normal
to (X,Y)(s).

(2) If 0 < a < 1, then (u/,v")(t) exists on the unit circle only for
s€{se (—n/2,7/2) | |tans| < b/a and a=2cos? s — b~ %sin’s < 1} as we
see in Figure 4. 0

Y=2X

0.055

H(s)e(s)
IX?2-y?=1 (v6/2 < tans < 2)
H(1277/450) = 0.1
Figure 4.
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